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Abstract.  Finite element analysis (FEA) combined with the concepts of linear elastic fracture mechanics 

(LEFM) provides a practical and convenient means to study the fracture and crack growth of materials. In 

this paper, a numerical modeling of crack propagation in the cement mantle of the reconstructed acetabulum 

is presented. This work is based on the implementation of the displacement extrapolation method (DEM) 

and the strain energy density (SED) theory in a finite element code. At each crack increment length, the 

kinking angle is evaluated as a function of stress intensity factors (SIFs). In this paper, we analyzed the 

mechanical behavior of cracks initiated in the cement mantle by evaluating the SIFs. The effect of the defect 

on the crack propagation path was highlighted. 
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1. Introduction 
 

In the clinical loosening of implants in total hip replacement surgery, fracture of the cement 

mantle is the main indicated reason (Sanjukta 2008). Cracks initiate from micro-voids in cement 

and propagate due to the cyclic loading of the human body weight during the walking gate cycles 

(Pérez et al. 2006). Crack growth analysis is important to improve the total hip life span. In 

literature; there has been a little amount of researches carried out in to the crack‟s growth path in 

the orthopedic cement, there has been some studies dealing with the fatigue life of orthopedic 

cement, but not following the crack‟s growth path (Jonathan et al. 2007, Colombi 2002, Lennon et 

al. 2003, Murphy et al. 2001). Byeongsoo et al. (2008) analyzed the fracture parameters (KI, KII 

and Keff) in a cross section of the femur part of the total hip joint. Benbarek et al. (2013) used the 

finite element method to analyze the propagation's path of the crack in the orthopedic cement of 

the total hip replacement. Results show that the crack propagation‟s path can be influenced by 

human body posture. Hambli (2014) investigated the FE model coupled to quasi-brittle damage 
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law to describe the multiple cracks initiation and to predict the fracture pattern of human proximal 

femur under quasi-static load. Baofeng et al. (2014) examined the effect of overlay on the crack 

propagation in old cement concrete pavement with an embedded crack and with an asphalt overlay. 

Benouis et al. (2015) investigated the 3D FE method to analyse the distribution of equivalents 

stress of Von Mises around a cavity located in the bone cement polymethylmethacrylate (PMMA). 

Results show that the micro-porosity located in the proximal and distal zone of the prosthesis is 

subject to higher stress field. 

In linear elastic fracture mechanics, the various fracture criteria for cracks subjected to mixed 

mode loading have been introduced for the determination of the propagation direction and the 

critical stress such as maximum tangential stress criterion (Erdogan et al. 1963, Chang 1981, Maiti 

et al. 1983), maximum principal tangential stress criterion (Wu 1974, Chang 1981), maximum 

strain criterion (Wu 1974 and Chang 1981), and strain energy density criterion (Sih et al. 1974, Sih 

1974, Kipp et al. 1975, Sih et al. 1973, Jayatilaka et al. 1977, Theocaris 1984). All these criteria 

are almost postulated that crack initiation will occur at the crack tip and propagate towards the 

radial direction. 

The strain energy density approach has been found as a powerful tool to assess the static and 

fatigue behavior of notched and unnotched components in structural engineering (Berto et al. 

2009, Berto et al. 2012, Berto and Lazzarin 2014, Lazzarin et al. 2013). Different SED-based 

approaches were formulated by many researchers. (Labeas et al. 2006, Zuo et al. 2002, Nobile et 

al. 2004, Balasubramanian et al. 2000, Ayatollahi et al. 2012, Spyropoulos et al. 2003). 

The aim of this paper is to present a numerical modeling of crack propagation trajectory in 

cement of reconstructed acetabulum. Using the Ansys Parametric Design Language (APDL) 

(ANSYS Inc. 2009), the direction crack is evaluated as a function of the displacement 

extrapolation technique and the strain energy density theory. The finite element method is used to 

carry out this objective. The effect of the inclusions and cavities on the crack propagation in 

cement orthopedic was highlighted.  

 

 

2. Strain energy density theory and SIFs 
  

Sih et al. (1974) has postulated the critical value of the local strain energy as a criterion of 

crack instability. The minimum of strain energy density (SED) around the crack-tip determines the 

direction of crack propagation. The angle of crack propagation θ can be determined by solving the 

following equations (Balasubramanian et al. 2000) 
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Where r is its distance from the crack-tip and S is the strain energy density factor. 

For the case of mixed modes I and II loadings, the strain energy density factor S was given by 

Sih as follows 

     
)2(

1 2

22112

2

11 IIIII KaKKaKaS 
  

(3) 

94



 

 

 

 

 

 

Numerical analysis of crack propagation in cement PMMA: application of SED approach 

The coefficients aij (i,j=1, 2) are determined as 
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where μ is the shear modulus, such that E=2μ(1+) with E being the Young‟s modulus, and 

k=3−4 for plane strain and k=(3−)/(1+) for plane stress. dw/dV is elastic energy per unit 

volume V. 

In this paper, the displacement extrapolation method is used to calculate the stress intensity 

factors KI and KII as follows (Souiyah et al. 2008, Alshoaibi et al. 2006, Alshoaibi et al. 2007) 
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where:  

L is the length of the element side connected to the crack-tip.  

ui and vi (i=b, c, d and e) are the nodal displacements at nodes b, c, d and e in the x and y 

directions, respectively (see Fig. 1). 

In order to obtain a better approximation of the field near crack-tip, special quarter point finite 

elements proposed by Barsoum (1974) are used where the mid-side node of the element in the 

crack-tip is moved to 1/4 of the length of the element, as shown in Fig. 1. 

 

 

2. Geometric and Material's definition 
 

The model was generated from a roentgenogram of 4mm slice normal to the acetabulum 

through the pubic and ilium. The inner diameter of the UHMWPE cup is 54 mm and the cement  

 

 

 

Fig. 1 Special elements used for displacement extrapolation technique 
 

95



 

 

 

 

 

 

Benouis Ali, Boulenouar Abdelkader, Benseddiq Noureddine and Serier Boualem 

 

Fig. 2 (a) Geometrical model, (b) Initial crack emanating from interface cup/cement 

 
Table 1 Mechanical properties of materials used in the study (Kayabasi et al. 2006) 

Materials Young modulus E (MPa) Poisson ratio (ν) 

Cortical bone 17000 0.30 

Sub-chondral bone 2000 0.30 

Spongious bone 2 70 0.20 

Spongious bone 3 2 0.20 

Cup (UHMWPE) 690 0.35 

Cement (PMMA) 2300 0.30 

Metallic implant 210000 0.30 

 

 

thickness was taken as 2 mm (Benbarek et al. 2009, Benbarek et al. 2007, Tong et al.). Fig. 2(a) 

presents the geometrical model used in this study. The initial crack of length of a=50 μm 

emanating from the interface cup/cement is supposed to exist in the cement layer (Fig. 2(b)). 

The model was divided into seven regions (Fig. 2(a)) of different elastic constants with 

isotropic material properties assumed in each region. The femoral head was modelled as a 

circularize surface that was mated with congruent spherical acetabular socket. The mechanical 

properties of cement, cup and all subregions of the acetabulum bone are given in Table 1. 

 

 

3. Loading conditions 
 

In this section, the force F=2400 N is applied to the centre of the femoral head (Fig. 3). These 

conditions of loading are considered as the extreme case of an effort which the prosthesis can 

support. It is the force which man can exert on only one support at time of rise of staircase (Leroy 

1991). The model used in this study allows us to reproduce all the phases of each movement by  
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Fig. 3 Boundary conditions 

 

 
Fig. 4 (a) Mesh model and (b) Special elements used for displacement extrapolation method 

 

 

changing the direction of the applied force (Dalstra et al. 1995). The loading cases analysed in this 

study correspond to 0° of the metallic implant position. It is the cases when the femoral head is in 

contact with one extremity of the cup. A great area of the left part of cement is in tension. Fig. 3 

shows boundary conditions acting on the model. The boundary conditions imposed on the 

geometrical model are taken from the references (Benbarek et al. 2013). In Fig. 3, ux and uy 

indicate the displacements in the x and y directions, respectively. 

 
 
5. Finite element model 

 

Computational methods such as finite element method are widely accepted in orthopaedic 

biomechanics as an important tool used to design and analysis the mechanical behaviour of 

prosthesis (Nocollela et al. 2001). Several authors used this method to analyse the mechanical 

behaviour of hip prosthesis, among them, we can quote: (Colombi 2002, Lennon et al. 2003, Harry 

et al. 1991, Sim et al. 1995, Weiman et al. 1993, Doblaré et al. 2002, Oguz et al. 2008, Ahmet 

2010, Dyrkacz et al. 2015). 
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Fig. 5 Flow chart of FEM algorithm of the problem 

 

 

Contributing to this field, we analysed the behaviour and propagation of cracks in the cement 

layer, which fix the acetabular cup to the contiguous bon, by calculating the SIFs around the crack 

tip. 

For the mesh generation of the cracked plate, the element type „PLANE183‟ of ANSYS code is 

used. It is a higher order two dimensional, 8-node element having two degrees of freedom at each 

node (translations in the nodal x and y directions), quadratic displacement behavior and the 

capability of forming a triangular-shaped element, which is required at the crack tip areas. 

A typical FE model is shown in Fig. 4(a). The special quarter point singular elements proposed 

by (Barsoum 1974), are used for modeling the singular field near the crack tip (Fig. 4(b)). This 

mesh will serve to calculate the stress intensity factors KI and KII using the displacement 

extrapolation method implemented in ANSYS software. 

 
 
4. Crack growth algorithm 

 

This section presents a finite element analysis for modeling fracture problems in orthopedic 

cement. Fig. 5 shows the flow-chart of the prepared APDL code based on the combination of the 

finite element analysis and the strain energy density concept. According to the algorithm, after 

initial geometrical and physical modeling of the problem, the mesh pattern is generated around 

crack tip. In order to find new crack tip position at each step of propagation, the displacement 

extrapolation technique and the strain energy Sih‟s theory are employed, to obtain the SIFs and the 

crack direction. At each increment Δa of crack propagation, the special mesh is generated around 

crack tip, using the quadratic six-node triangular element. It is noted that, the same numeration of  
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Fig. 6 (a) Crack propagation mechanism proposed in this study, (b) FE modeling for crack propagation 
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Fig. 7 Variation of KI vs. inclination angles α (a=0.05 mm) 

 

 

the nodes around the crack tip is taken during the crack propagation to calculate automatically the 

SIFs KI and KII, using Eq. (5a) and (5b). The algorithm is repeated until ultimate failure of material 

or by using another criterion for termination of the simulation process. Fig. 6 illustrates the crack 

propagation mechanism proposed in this study. 

 

 

3. Results and discussion 
 

3.1 Evolution of stress intensity factors 
 

In order to simulate the behavior of a crack under mixed mode loading (mode I+II); we 

considered an example of a crack of length 50 μm in cement layer. This crack is inclined to the 

horizontal x-axis from −35° to 90° (see Fig. 2(b)). 

Figs. 7 and 8 show, respectively, the variation of the SIFs KI and KII vs. the inclination angles 

of crack in cement layer. 
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Fig. 8 Variation of KII vs. inclination angles α (a=0.05 mm) 
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Fig. 9 Variation of SIF KI vs. crack size a and angle α: (a) in 2D and (b) in 3D 

 

 

The results obtained in Fig. 7 show that: 

1. The SIF KI is maximum when the angle α=40°, then it decreases gradually with the increase 

of the positive angle and tends to a very low value as one approaches the Cup-Cement interface. 

2. The factor KI decreases with the angle α, up to a minimal value corresponds to an angle 

α=−18° from which factor KI takes values negative with the decrease of the angle α. 

The SIF KII is null when the inclination angle α=40° and increases with this angle (Fig. 8). The 

factor KII decreases with the angle α up to a minimal value corresponds to an angle α≈−18° from 

which the curve takes on a downward look with the decrease of angle α. 

Through these results, we can conclude that the angle of 40° represents the initial direction of 

the crack propagation according to the opening mode (mode-I) with: KI> 0 and KII=0. 

For better a study of these parameters, we represented respectively, in Fig. 9(a) and 9(b), the 

variation of the SIFs KI and KII vs. the inclination angles α, by variation of initial crack size. We 

note exactly the same behavior of the SIFs KI and KII as in the as in the previous case. In addition, 

we note that: 

√ The SIF KI increases with the crack length and takes values positive for angles in the range 

between 90° and −18°, some is the inclination angles α, i.e., it does not depend on the direction of 

initial crack.  
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Fig. 10 Variation of SIF KII vs. crack size a and angle α: (a) in 2D and (b) in 3D 

 

 

Fig. 11 Description of the parameters r, α and θ 

 

 

Fig. 12 Variation of (dw/dv) vs. initial angle of propagation 

 

 

√ For cracks initiated in the range between −35 and −18°, the factor KI present of the values 

negative, this can is explained by the existence of the crack in the compression zone. 

Fig. 10 show that, in the case of the angles α vary between −35° and 90°, the SIF KII takes 

positive values and its negative values are evaluated in the opposite case, i.e., it depends on the 

direction of crack orientation. This behavior is similar with this remark by Boulenouar et al. 
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(2013), in the case of cracked plate under mixed mode loading. 

The results obtained show that, whatever the crack length, the angle of 40° represents the initial 

direction of the crack propagation according to the mode-I.  

 

3.2 Minimal strain energy density criterion 
 

Fig. 11 illustrates the description of the parameters: r, α and θ. Where: r is the distance from the 

crack-tip, α is the crack inclination angle and θ is the kinking angle. 

Using the equations 1, 2 and 3, we represented in Fig. 12, the evolution of the strain energy 

density SED according to the radius r and of the initial angle of propagation θ. One can notice, that 

apart from a certain zone around the crack tip, the minimum of the density of deformation energy 

(dw/dv)min of (dw/dv) is reached for a constant value θ=θ0 independently of radius r.  

 

3.3 Crack propagation simulation 
 

In the case of a cracked structure under mixed mode loading, the crack does not propagate in a 

straight line, and it is necessary to determine the direction of crack trajectory. Many criteria have 

been proposed to determine the kinking angle of the crack propagation. Once this particular angle, 

the crack propagates a distance Δa. More this distance is small, and the closer to the exact solution. 

Most authors prefer set Δa as a user setting, preferably small (Červenka 1994). For our part, to 

determine whether the criterion used in this study provides a good final crack trajectory, we have 

performed our numerical calculation with a succession of crack increment length Δa=20 μm.  

In this section, we propose to study the propagation path of three cracks, a crack inclined to the 

horizontal x-axis with α=40° and two other cracks which are symmetries to the first crack (for 

example, one takes the angles 20° and 60°).  

The determination of the SIFs KI and KII, the possible direction and the path propagation of 

these cracks are carried out under plane stress conditions with the same boundary conditions. Fig. 

13 shows the final crack trajectory for three inclination angles (α=20°, 40° and 60°). 

The calculations carried out using SED approach, show that the two crack propagations for 

α=20° and 60° are symmetries to the propagation trajectory possible of the crack inclined with 

α=40° (Fig. 14).  

In the general case, we can still note that we can have the same trajectory of propagation for 

other cracks which have a symmetry to the crack inclined with α=40°. Fig. 15 shows the final 

crack trajectory for three inclination angles (α=30°, 40° and 50°). 

In order to determine the effect of a geometry defect on the crack propagation, we chose a 

circular cavity of radius r=100 μm located in cement layer, at a vertical distance y=0.25 mm from 

 

 

   

Fig. 13 Crack propagation trajectory (20 steps) with: α=20°, 40° and 60° 
 

102



 

 

 

 

 

 

Numerical analysis of crack propagation in cement PMMA: application of SED approach 

0,00 0,05 0,10 0,15 0,20 0,25 0,30 0,35

0,00

0,05

0,10

0,15

0,20

0,25

0,30



Crack-tip

y
 c

o
o
rd

in
a

te
 (

m
m

)

x coordinate (mm)

 =20?

 =40?

 =60?

 

Fig. 14 Crack propagation trajectory with: α=20°, 40° and 60° 
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Fig. 15 Crack propagation trajectory with: α=30°, 40° and 50° 

 

 

Fig. 16 Typical mesh model near the cavity and the crack 
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Fig. 17 Three steps of crack propagation (Cavity effect) 
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Fig. 18 Cavity effect on the propagation path 

 

 

Fig. 19 Typical mesh model near the inclusion and the crack 

 

 

the crack tip. The geometrical model is meshed by triangular elements and by special quarter point 

singular elements around the crack-tip (Fig. 16). 

Fig. 17 presents three steps of crack propagation path. We find that the crack is moving towards 

the cavity. This is because the cavity creates a “depression” of stress that will change the 

maximum principal stress in the cement layer and drew the crack. Once the cavity past, this crack 

is shifting under mode I loading, and it departs slightly from the cavity (Fig. 19). The comments 

we get correspond with those obtained by Banbarek et al. (2013) for crack growth path in the 

cement mantle of the reconstructed acetabulum using the maximal circumferential stresses 

criterion. 
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In what follows, we propose to study the crack propagation in our model containing an 

inclusion of radius r=10 μm. Fig. 19 shows the typical mesh model near the inclusion and the 

crack. 

We recall that the mechanical properties of the cement are: Young‟s modulus E1=2300 MPa 

and Poisson‟s ratio ν1=0, 3 and the inclusion considered is characterized by its Young‟s modulus 

E2 and Poisson‟s ratio ν2=ν1. 

To demonstrate the inclusion effect on the propagation path, we evaluated for three ratios 

E2/E1=1, 0.1 and 10, the SIFs and the kinked direction for each increment Δa to predict then the 

propagation path. Fig. 18 show respectively the steps of crack trajectory for three ratios E2/E1=1, 

0.1 and 10. A calculation made by our integrated model shows that:  

(a) When the matrix (cement layer) and inclusion have the same mechanical properties 

(E2/E1=1), the crack is propagated in its possible direction as a single homogeneous material (Fig. 

20(a)).  

(b) In the case of the inclusion less rigid than the matrix (E2/E1=0.1), we find a result similar to 

that which had been obtained for the cracked cement with a cavity (see Fig. 17); this inclusion 

changes the stress distribution and attracts the crack. Once the inclusion exceeded the crack in its 

possible direction (Fig. 20(b)).  

(c) In the case of the inclusion is more rigid than the cement (E2/E1=10), the crack is this time 

slightly delayed (Fig. 20(c)).  

 

 

   

E2/E1=1 

   

E2/E1=0.1 

   

E2/E1=10 

Fig. 20 Inclusion effect on the propagation path with: (a) E2/E1=1, (b) E2/E1=0.1, (c) E2/E1=10 
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Fig. 22 Inclusion effect on the propagation path 

 

 

Fig. 22 shows the final crack trajectory for three cases (E2/E1=1, 0.1 and 10). The comments we 

get correspond with those obtained in the case of cracked plates with inclusions (Boulenouar et al. 

2014, Boulenouar et al. 2013, Bouchard et al. 2003). 

 

 

4. Conclusions 
 

In this study, the quarter-point singular elements proposed by Barsoum are used to consider the 

singularity of stress and deformations fields at crack tip in cement of reconstructed acetabulum.  

The displacement extrapolation technique was used to determine the SIFs to predict then the 

final crack trajectory by evaluation, for each propagation step, the kinked angle using the strain 

energy density approach. 

 Numerical calculations made by FEM have shown that the integrated model can correctly 

describe the stress and deformation field near the crack tip by evaluating the SIFs, and the results 

are very acceptable on the crack propagation in Biomechanics fracture problems. 

The good trajectory of crack under mixed mode conditions is dependent on the crack increment 

length; over this distance is small, and the closer to the exact solution. The angle of 40° represents 

the initial direction of the crack propagation according to the opening mode (mode-I) with: KI> 0, 

KII=0 

The implementation of 2D crack propagation process in FE code can account for the influence 

of inclusions on the path of crack propagation. This feature can be very interesting for propagation 

in multilayered or in composite parts. 
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