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Abstract. The main objective of this article is the exploitation of a stochastic hybrid mesh-free method
based on stochastic generalized finite difference (SGFD), Newmark finite difference (NFD) methods and
Monte Carlo simulation for thermoelastic wave propagation and coupled thermoelasticity analysis based on
GN theory (without energy dissipation). A thick hollow cylinder with Gaussian uncertainty in mechanical
properties is considered as an analyzed domain for the problem. The effects of uncertainty in mechanical
properties with various coefficients of variations on thermo-elastic wave propagation are studied in details.
Also, the time histories and distribution on thickness of cylinder of maximum, mean and variance values of
temperature and radial displacement are studied for various coefficients of variations (COVs).

Keywords: second sound; stochastic generalized finite difference (SGFD) method; thermal shock; coupled
thermoelasticity; Gaussian uncertainty

1. Introduction

Uncertainty in some thermo-elasticity parameters such as mechanical properties has a
significant effect on transient behavior of displacement and temperature fields and also on thermo-
elastic stresses in structures subjected to transient or thermal shock loadings. The reliability and
safety evaluations of displacement and temperature fields in structures should be stochastically
studied considering uncertainty in some parameters such as mechanical properties. To assess the
thermo-elastic wave propagation and transient behaviors of displacement and temperature fields in
structures from engineering perspective, the coupled thermo-elasticity governing equations should
be analyzed using mechanical properties with Gaussian or other distributions.

Recently, some works were presented in this field. The statistics (i.e., mean and variance) of
temperature and thermal stress were analytically obtained in functionally graded material (FGM)
plates with uncertainties in the thermal conductivity and coefficient of linear thermal expansion
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(Chiba et al. 2008). They assumed the FG plate to have arbitrary nonhomogeneous thermal and
mechanical properties through the entire thickness of plate and were subjected to deterministic
convective heating. In another work, the second-order statistics (i.e., mean and standard deviation)
of the temperature and thermal stresses were evaluated in an axisymmetrically heated functionally
graded annular disc of variable thickness with spatially random heat transfer coefficients (HTCs)
on the major surfaces of the disc (Chiba 2009). This annular disc was assumed to have arbitrary
variations in the HTCs and material composition along the radial direction only. Stochastic
analysis of generalized coupled thermoelasticity with one relaxation time in a half space was
carried out considering stochastic boundary conditions, which were white noise (Sherief et al.
2013).

The uncoupled theory of thermo-elasticity is not a realistic approach for thermo-elasticity
analysis, especially for structures under shock loading. To simulate the finite speed thermal wave
propagation and also the real physical behaviors in high strain rate and highly varying thermal
boundary conditions, some theories have been presented to simulate the mutual dependency
between temperature and displacements. In thermo-elasticity, these approaches are usually
indicated as coupled thermo-elasticity theories. Green and Naghdi presented a theory in which the
finite speed of thermal wave was simulated and the propagation of thermo-elastic waves was
modeled in a domain with high rate excitation (Green et al. 1993, Chandrasekharaiah 1998). Their
theory has been called as GN theory in coupled thermo-elasticity.

There are some literatures in which the coupled thermo-elasticity analysis has been carried out
by researchers. Melnik studied on the properties of discrete approximations for mathematical
models of coupled thermoelasticity in the stress-temperature formulation (Melnik 2001). The
locally transversal linearization (LTL) technique with the numerical inverse Laplace transform
method were successfully used to solve GN coupled thermo-elasticity in an annulus (Taheri et al.
2005). To study on coupled thermoelasticity of isotropic and homogeneous hollow spheres and
cylinders based on LS, GL and GN theories, Bagri et al. presented a unified formulation for all
theories (Bagri et al. 2007a). Also, they (Bagri et al. 2007b) developed their unified formulation
for functionally graded cylinders and used the transfinite element method and numerical inverse
Laplace technique to solve it.

Hosseini et al. used the hybrid numerical method based on Galerkin finite element (GFE) and
Newmark finite difference (NFD) methods to analyze the GN coupled thermo-elasticity in a
functionally graded (FG) thick hollow cylinder with infinite (1D) and finite (2D) length (Hosseini
et al. 2008, Hosseini 2009). In their works, the FG cylinder was divided through radial direction to
many isotropic sub-cylinders to simulate the FGM features. In other works, the GN coupled
thermo-elasticity analysis was carried out with considering uncertainty in constitutive mechanical
properties of FGM (Hosseini et al. 2011a, b). The random field of mechanical properties was
generated using Monte Carlo simulation. The hybrid numerical method based on GFE (Galerkin
finite element) and NFD (Newmark finite difference) methods were employed to solve the GN
governing equations. In another work, Hosseini et al. developed the application of meshless local
Petrov-Galerkin (MLPG) method in GN coupled thermo-elasticity of functionally graded thick
hollow cylinder subjected to thermal shock loading (Hosseini 2011c), also solving a similar
problem in stochastic field by considering uncertainty in constitutive mechanical properties of
FGMs (Hosseini 2011d).

There is another method without any mesh generation, which is called generalized finite
difference (GFD) method, to solve the partial differential equations. Benito et al. developed
application of the GFD method in parabolic and hyperbolic differential equations and also they



Stochastic analysis of elastic wave and second sound propagation in media with Gaussian 43

analyzed the possibility of employing the GFD method over adaptive clouds of points
progressively increasing the number of nodes (Benito et al. 2001, 2003). A procedure in GFD was
given that can easily assure the quality of numerical results by obtaining the residual at each point
(Gavete et al. 2003). Also, they compared the GFD method with another meshless method, so-
called, element free Galerkin method (EFG). Benito et al. applied the GFDM to solve the
parabolic and hyperbolic differential equations. In their research, some examples from two kinds
of differential equations were solved (Benito et al. 2007).

In this article, a stochastic hybrid mesh-free method based on stochastic generalized finite
difference (SGFD) method is exploited to analyze the GN coupled thermoelasticity in thick hollow
cylinder with uncertainty in mechanical properties. The Gaussian distribution is considered to
generate the random mechanical properties with various coefficients of variations (COVSs). The
thermoelastic wave propagation across thickness of cylinder have been studied for various values
of COVs and also the time history of non-dimensional radial displacement and temperature are
obtained for various points on thickness of cylinder. The mean, maximum and variance of non-
dimensional displacement and temperature fields are studied in details for various times and COVs
at several points on thickness. The presented stochastic hybrid mesh-free method shows a high
capability to use in coupled thermoelasticity analysis.

2. Coupled thermoelasticity governing equations

Consider a thick hollow cylinder with inner radius r;, and outer radius ro,, which is subjected
to thermal shock loading. To find the dynamic response of displacement field, the coupled
thermoelasticity governing equations should be considered for the problem. One of the most
important theories in coupled thermoelasticity is Green and Naghdi (GN) model of generalized
coupled thermoelasticity (Green et al. 1993). The GN theory simulates the dependency between
the temperature and displacement with and without energy dissipation, which are called type Il and
type 111 of GN theory. The type | is reduced to the classical heat conduction theory (based on the
Fourier’s law). The governing equations of GN theory without energy dissipation are given as

V.o + pF = pu (1)

cT+yT,Vii=pg +V.(k'VT) @)

where u is the displacement vector, T is the temperature change with respect to the uniform
reference temperature To, F is the external force and g is the external rate of supply of heat.
Furthermore, p is the mass density, ¢ is the specific heat, A and x are the Lame constants and

y=(34+2u)f" 3)

where £ is the coefficient of volume expansion and k™ is a material constant characteristic of the
GN theory. The dot over the symbol denotes time differentiation. Assuming linear elasticity, the
stress field can be computed using the following equation

Gij:é‘ij(;tuk,k_7T)+.U(ui,j+uj,i) (4)
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The axi-symmetry and plane strain conditions are assumed for the problem. Consequently, the
following relations are taken into account.

u,=0,u,=0, o, :2,uu”+(le—7/T)
Ow=2uulr+(1e—yT) , o,=1e—yT, (5)

O-re =0,

u
e =, + "/ ™

The governing Egs. (1) and (2) can be rewritten as follows.

=0,,=0 (6)

rz

where the term e is obtained as

,quu+(/1+,u)Vdivu—;/VT + pF = pli (8)

cT +yT,divii= pg +K VT 9)

The F and g are considered to be zero in this work. To analyze the problem, we use the non-
dimensional parameters as follows.

t_:Xt’ U:}Mu
I I 9T,

where | is a standard length (which can be assumed to be outer radius of cylinder for example) and
v is a standard speed (which can be assumed to be the elastic wave propagation velocity in
material of cylinder for example). The term T, stands for a certain value of temperature (for
example environment temperature) and the terms 4 and u stand for Lame’s constants. The
governing equations, which are (1) and (2) can be rewritten by using nondimensional parameters

T
r=—,
I

,f:l’o_-r:_r,o_-gzi (10)
TO

C’V?u+(C, -C?)vdivu-C/ VT =i (11)
C.2VT =T +£'divii (12)
where
A+2 k" . T
szz 2lu’ CTZZ_?_’ Cszziza & :)/—0 (13)
PV cv PV c(A+2u)

The governing equations for axisymmetry and plane strain conditions can be obtained as
follows
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CT {m 6r} or r (19)

To study the effects of uncertainty in mechanical properties on dynamic behavior and
thermoelastic waves, some random variables are replaced in the set of coupled equations.
Uncertain mechanical properties are numerically generated with Gaussian distribution with
different coefficients of variations using Monte Carlo simulation method. The mean values of
random variables are considered to be equal with the deterministic values of mechanical
properties. The symbol ~, which may be appeared above some parameters, stands for random
variables. Consequently, the governing equations can be rewritten in random field as follows

AV a+(A+a)Vdivi-7 V=5 (16)
&T + 77T, div i =K' VT (17)
where
=(31+24)F (18)
The non-dimensional parameters considering randomness are
B _q1(A+28) = F - & _ &
TZE,t :!'[,021-( )U,T=l,5'r=?-r ’5920_9 (19)
I I I 7T, T 7Ty 7T

For the sake of brevity, the following terms are used
f=u, T=T, 6,=6,, 6,=6, (20)

The coupled themoelasticity governing equations with uncertainty in mechanical properties for
axisymmetry and plane strain conditions can be obtained as follows

o%, 1au ~, 0T =
C2 +C2= —_CH—L-_c2 =i
5 L ¢ ) Por ' (1)
T 1af| = a4
C2 T+¢é ryr
{6r 6r} ‘ {ar r} @2)

A A

For the sake of brevity, it is assumed that U, =U,U, =U. To solve the derived coupled
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thermoelasticity equations with uncertainty in mechanical properties (21) and (22), some
numerical methods requiring mesh generation or mesh reduction or meshless techniques can be
employed. In this article, we explore the use of a very efficient method, called stochastic
generalized finite difference (SGFD) method which is not requiring any mesh. In the SGFD
method, the Monte Carlo simulation is used for random fields.

3. Solution technique
3.1 Stochastic generalized finite difference (SGFD) method

Here is developed the application of SGFD method without requiring any mesh generation for
coupled thermoelasticity analysis based on Green -Naghdi theory for thick hollow cylinder. In this
method, the partial derivatives are linearly approximated by Taylor series expansion on some
nodes (center nodes) in the analyzed domain that each center node is surrounded by some other
nodes. The partial derivatives of Taylor series expansion are obtained at the rest of each center
nodes and the group of nodes with a center node and surrounding other nodes is called a star in
this method.

Consider the non-dimensional radial displacement at a center node to be U, and non-
dimensional temperature to be T, and the terms G; and T, are the values of non-dimensional
radial displacement and temperature at the rest of surrounding nodes in each star. The function

values U; and T; can be approximated using Taylor expansion as

. o4, 1(,,0%

G, =0, +h; _aro +§(hi2 8?20}“' 23)
and

A of, 1(., 0%

Ti :TO + hi _ar_'o +§[hi2 6'720]—‘{- (24)

The term i is number of surrounding nodes. The term h; can be calculated as
h=r-r, (25)

The terms over second order are ignored in Egs. (23) and (24) and the linear approximation of
second order can be obtained for radial displacement and temperature. To minimize the error in
this method, the function of norm should be minimized. The functions of norm for radial
displacement and temperature are

2
N o4, 1(,.,0%
Norm(() = G, -0 +h —2+=| h2=—2 | jw(h. 26
() EJ[O = 2(. arzﬁ (.)} (26)

and
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2
oS5t o o 3 O,
Norm(T)_iZ:l:MTo T +h pe Jrz[hi P DW(hi)] (27)

where w(h;) is the weight function. In this article, we assume that the weight functions is defined
by

11
wih ):(dist)3 e

If the norms (26) and (27) are minimized with respect to the partial derivatives, a set of linear
equations system is obtained as follows

(28)

l//uzQuzzéguz (29)

WTzQTzzéTz (30)

where the terms y", and y', stand for 2x2 matrices in displacement and temperature fields,
respectively. The components of matrices ", and a//Tz and vectors ¢, and &, are obtained in the
Appendix. The vectors Q,, and Qr, are given, respectively, by

.
ou, 0°U,

=0 31

Qu {ar arz} Y

Q.= o, o, T (32)
> | or’or?

There are some methods to solve the system of differential equations that one of them is
Cholesky method (Benito et al. 2007). In Cholesky method, the symmetric matrices ', and y',
are decomposed to upper and lower triangular matrices. The method is explained as follows for

72
v'=L |—2T (33)

The components of the matric L, are denoted by I(i, j) with i, j=1, 2, ..., P, where P=2 in our
case, and

Q,, (k) :ﬁ(Y(k)—Zl(k +1,k)Q,, (k+i)j (k=1..,P) (34)



48 Seyed Mahmoud Hosseini and Farzad Shahabian

Y(k)=(—UOZPZI\/I(k,i)Ci+in (ZP:M(k,i)dji)] (k=1...P) (35)

. P = L (36)
M (i, j)=(—1)'“ﬁ2|(l, PDM(k, j) with j=<i (i, j=L...,P)
1 )i
M i, )=——— with j =i i, j=L...,P) 37)
(i, j)
M@, )=0 with j=i(i,j=1..,P) (38)
where
N h.2
c=y.d;,d,=hW? ,djzz?w2 (39)
i=L
and
W=(w(h))’ (40)

The similar approach can be used for Q.. Also, the first and second derivatives can be
calculated as

5"10 - Af{i(— d, + 0, )hw?(h )} - Aé‘{i(— 0y +4 )h—ZiZW2 (h )} (41)

e wlS o capn)-e o) T

and

To- {3 thwet)f - )T o

Tooa S hthet] s S w

i=1 i=1

where the coefficients A', A, B/, By, A", A B/ ,B, are obtained in details in Appendix. The
derivatives of radial displacement and temperature can be also rewritten in star forms as follows

&, s .
— = Qg + E a;U; (45)
or =
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where

aﬁZOﬁ

i=1
For second derivative of radial displacement, we have

or? -
where
N N h-2
ﬂo = Blu Z h|2 w? (hi )_ Bzu Z?WZ (h| )
i=1 i=1
h-2
ﬂl :Blu h|2 Wz(hi)_BZu ?Wz(hl)

oT, N
a—;——VoTo"‘iZ:l:?/iT.
where
N N h-2
7/0:A1Tzhlzwz(hi)_AZTZI?Wz(hl)
i=1 i=1

N
7/0:274
i-1

For second derivative of temperature, it can be written as

49

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)
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aZf . N .
aTZO =Wyl + Z‘/’iTi (57)
r i1
where
N N h_2
vo=B 207w (h)-B," 2 = -w(h) (58)
ie i=1
h—2
Wi:B1T hi2 Wz(hi)_BZT?WZ(hi) (59)
N
Vo=dw, (50
i=1

Also, the second derivative of radial displacement with respect to time can be approximated for
first derivative with respect to radius as follows

860 s Nn
= = “QUp + Zaiui (61)
or =)

where the terms ag and a; were introduced in Eq. (47). By substituting the obtained relations in
star forms for first and second derivatives in governing Egs. (21) and (22) at a center node, the
coupled thermoelasticity governing equations can be obtained in new form based on SGFD
method. In other words, the governing equations should be valid at every center node on analyzed
domain.

~, 0%, x> 1060, ,x» =20, =0T,
2 2 2 2 2 A
Co arzo +Cp Ea_ro_(cp_cs)r_g_cpa_ro:uo (62)
0
~2 " - ~ g 1 A N ~
Co —ﬂouo+2ﬂiu, +Cpr_ — Uy + ) ay;
= 0 =
> ~2\U ~2 N N
_(Cp_Cs )r_g—cp(—ﬂ/oUoJrZ?/iuij:Uo (63)
0 i
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+Ceroffy Z{ 7 fi =ty (64)

and also the second governing equation can be written as

- 2L -~ " . n n
Cﬁ{a_Tf +%@}=To+s FL_M“—(’} (65)

or I, or or )

The following system of equations is obtained for the distributed nodes on the analyzed
domain.

[M ](N+1)*(N+1) {é}(Nﬂ)"l +[K](N+1)*(N+1) {¢}(N+l)*1 - [ f ](N+1)*l (68)
where
{¢}T :{'jo -Ico lj1 -|:1 S ljN -ICN }T (69)
and
Br-ftat ..t )

3.2 Time domain analysis stochastic

There are some numerical methods to solve the system of equations based on SGFD method
(68). In this article, the Newmark finite difference method with suitable time step is used and the
dynamic behavior of temperature and displacement domains are obtained for the cylinder.

Consider the system to be in non-dimensional time t =t in which the governing equation of

system is shown as follows
[M1ig" K" = 1 a

Using the initial conditions {f’} and {¢°}, the following equation can be concluded as
[MJ{#°}= {1} =[K]{¢"} 72
The new matrices can be defined as follows

[Kn]=[K]+

1
A, At

[M] (73)

(fol={fo)+ ﬂlitz (M({e" "+ at{g 4 (05-2)at {37 ) g

The matrices of l¢t” J l¢'t"J and léﬁ't" Jcan be calculated using following equations.
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t -1 t
("} =K. ] {1 (75)

()= I itz ({#"]-{o""}-at{g"?} -t (05-2){¢"}) 76)

(0} = (g} st - 2) o 2 () o

Using aforementioned equations, the matrices of {f°} and {¢°}can be obtained for an arbitrary
time. The best convergence rate can be reached in this method by choosing A4,=1/4 and 4,=1/2.

4. Numerical examples and discussions

To study the thermoelastic wave propagation in thick hollow cylinder, we consider an
axisymmetric hollow cylinder in plane strain conditions with inner and outer radii 7, and T,

respectively, which was defined in previous section. The term H is defined as H=r,,,— T, and
H(t) stands for Heaviside unit step function.

The mechanical properties are generated as random variables, with mean value equal to the
deterministic value of mechanical properties presented (Taheri et al. 2005) as follows

C,=05 C, =10, C =0267, & =0.073 (78)

The random variables are generated with Gaussian distribution (Normal distribution) having
various coefficients of variations (COVs) such as COV=2.5%, COV=5% and COV=10%. To
verify the results and method of solution, the mean values of results in both non-dimensional radial
displacement and temperature are compared to the presented results based on the locally
transversal linearization (LTL) method (Teheri et al. 2005) and also with presented data based on
meshless local Petrov-Galerkin (MLPG) method (Hosseini et al. 2011c). The inner surface of
cylinder is assumed to be under suddenly heat flux, the outer surface is isolated and radial
displacement of nodes on both inner and outer surfaces are considered to be fixed.

q(r,.T)=-H(t), u(r,.t)=0 (79)
—aT((Erj“t):o, T(Fy T)=0 (80)

where ( is the heat flux that is defined in the GN theory of coupled thermoelasticity as

q(F.T)=-C,? M (81)

In GFD method, we consider N nodes distributed on thickness of cylinder through radial
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direction and the first node i=1 is located on inner surface and the last one i=N is located on outer
surface of cylinder.

The non-dimensional temperature distributions through radial direction of cylinder are depicted at
various non-dimensional time using three different methods including SGFD (presented method),
MLPG and LTL methods. The comparison between results of these three methods shows that the
SGFD method is an effective method with high capability for coupled thermoelasticity analysis
considering uncertainty in some inputs parameters. Also, the propagation of thermal wave through
radial direction of cylinder (across thickness) can be seen in Fig. 1 at various non-dimensional
times. The similar behavior can be found for non-dimensional radial displacement distribution,
which is illustrated in Fig. 2. The propagation of non-dimensional radial displacement distributions
based on three numerical methods are plotted in Fig. 2 for comparison. It can be also concluded
from Fig. 2 that the obtained results (mean values) from SGFD method are in good agreement with
the MLPG and LTL results at different non-dimensional times. The non-dimensional radial
displacement wave front can be tracked in Fig. 2.
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Fig. 1 Thermal wave propagation through radial direction across thickness of cylinder in first example
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Fig. 2 Radial displacement wave propagation through radial direction across thickness of cylinder
in first example
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Fig. 3 Variation of non-dimensional radial displacement versus number of samples in Monte Carlo
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Fig. 4 Maximum and minimum values of non-dimensional temperature distributions across
thickness of cylinder for various values of COV and non-dimensional times at first example

The results in time and displacement domains are random variables, if the inputs such as
mechanical properties of cylinder are considered as random parameters and generated by Monte
Carlo simulations. Consequently, for certain time and radius, the results can be found as random
values, which are distributed around a mean values. Fig. 3 shows the random results versus
number of samples in Monte Carlo simulation for radial displacement domain at t =1 for middle
point of thickness. The maximum and minimum values are shown in this figure. The propagations
of thermal wave based on maximum and minimum values of temperature are drawn in Fig. 4 for
t=0.1andt =0.3. The difference between minimum and maximum values is increased by
increasing of coefficient of variations (COVs), which can be concluded from Fig. 4. From
engineering perspective, it means that the maximum or minimum values of non-dimensional
temperature should be considered for designing purposes. Also, the estimation of thermal wave
speed is different based on minimum and maximum values of non-dimensional temperature. It can
be seen in Fig. 4 that the wave front for maximum values is propagated faster than minimum
values. The similar behavior can be seen for non-dimensional radial displacement distribution,
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Non-dimensional radial displacement
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Fig. 5 Maximum and minimum values of non-dimensional radial displacement distributions across
thickness of cylinder for various values of COV at a certain non-dimensional time in first example
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which is shown in Fig. 5 for t =0.2 and various values of COV. Also, the wave front of
maximum non-dimensional radial displacement s is propagated faster than minimum values for
each value of COV.

To show more abilities of GFD method in coupled thermoelasticity case, the following thermal
shock loading is considered as second example. The inner surface of cylinder is assumed to be
under suddenly temperature rising and simply supported conditions for displacements as follows

T(5,D)=H(E), (5, 1)-0 )

-r(rout’t_)zo ! U(Tout’t_)zo (83)

where H(t) is the Heaviside unit step function. In the GFD method, there is no any interpolation

or discretization on boundary conditions. It can be considered as another advantage of the SGFD
method.

The propagation of thermal wave has been obtained through radial direction across thickness of
cylinder using three numerical methods including finite element (FE), MLPG and SGFD methods,
which the results are drawn in Fig. 6. Also, the Fig. 6 shows us the obtained results using SGFD
method have a good agreement with those obtained using other methods in second example too.
There are some fluctuations before thermal wave front in the diagrams of results. The main
justification of this physical phenomenon is the disturbances in displacement and temperature
fields, which are created by shock loading. The fluctuations depend on the selected parameters of
GN theory such as C,, Cr and Cs and also depend on the some parameters of solution methods.
The non-dimensional radial displacement wave propagation based on mean values can be tracked
in radial direction on thickness of cylinder at various times, which can be found in Fig. 7. The time
history of non-dimensional radial displacement and temperature based on mean values at various
point on thickness are shown in Fig. 8 and Fig. 9, respectively.

In Fig. 9, the non-dimensional temperature of point close to inner surface r=r,,+H /4 starts
to oscillate earlier than other points. It means that the thermal wave front reaches to this point
earlier than other point, which is compatible with realistic behavior of temperature domain from
physical view. Both dynamic behaviors of non-dimensional radial displacement and temperature in
time domain show a periodic behavior. There is no any damping in these periodic waves that
shows a good compatibility with GN theory of coupled thermoelasticity without energy
dissipation. Also, these behaviors in time domain can be used to estimate the velocity of thermal
and non-dimensional radial displacement waves propagation. The application of SGFD method in
coupled thermoelasticity furnishes a ground to study the wave propagation analysis and also
natural frequency analysis using time history of non-dimensional variables. The authors would like
to develop the application of SGFD method to aforementioned analysis in their future works.

Fig. 10 shows the differences between maximum and minimum values distributions across
thickness of cylinder for various values of COV. The differences are increased by increasing the
values of COV. Also, it is concluded that the thermal wave fronts for maximum values are
propagated faster than minimum values. The propagation of maximum values of non-dimensional
temperatures are depicted in Fig. 11 for COV=5%. The time histories of maximum values, which
are depicted for middle point of thickness and various values of COV in Fig. 12, show the similar
behaviors. The differences between maximum values and results obtained from deterministic
inputs are increased by increasing the value of COV. Fig. 13 is drawn to show the comparison of
time histories of maximum values and time history of result obtained from deterministic inputs in
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non-dimensional temperature domain. The non-dimensional radial displacement distributions
across thickness of cylinder for minimum and maximum values can be compared together in Fig.
14 for various values of COV at t =0.2. Also, the elastic wave propagation based on maximum
values and the obtained results from deterministic inputs can be found in Fig. 15 at various non-
dimensional times and COV=5%.

Figs. 16 and 17 show the time histories of variance of non-dimensional temperature and radial
displacement for middle point of thickness and various values of COV, respectively. The peak
points in diagrams are increased by increasing the values of COV and the biggest one is for
COV=10%. The distributions of variance across thickness of cylinder for non-dimensional radial
displacement and temperature are illustrated in Figs. 18 and 19, respectively. In both figures, the
distributions are plotted for COV=5% at various non-dimensional times. Also, the propagations of
variances can be tracked through radial direction of cylinder.

5. Conclusions

The application of a stochastic hybrid mesh-free method based on stochastic generalized finite
difference (SGFD) method has been developed to solve the coupled thermoelasticity governing
equations based on Green-Naghdi theory (without energy dissipation) in media with Gaussian
uncertainty in mechanical properties. The second sound phenomenon is stochastically studied in
details. The thick hollow cylinder is considered as the analyzed domain for the problem, which is
under thermal shock loading. The axi-symmetry and plane strain conditions are assumed in this
article.  The main outputs of this paper can be outlined as follows.

- The governing coupled thermoelasticity equations of thick hollow cylinder are derived in
SGFD forms. The propagations of thermal and non-dimensional radial displacement waves
through radial direction of cylinder are simulated and discussed in details for two kinds of thermal
shock loading.

- The elastic wave propagation and second sound are stochastically studied in details. Also, the
effects of COV on second sound are determined and discussed in both non-dimensional
temperature and radial displacement domains.

- The uncertainty in mechanical properties influences on the thermal and elastic wave
propagation through radial direction and also on the time histories in temperature and
displacement domains. The thermal and elastic wave fronts are different for maximum and
minimum values, which are discussed in details in the paper. Also, the value of COV influences on
the distributions and time histories of temperature and displacement.

- The time history of non-dimensional temperature and radial displacement show periodic wave
that furnishes a ground to use the SGFD method to estimate the wave propagation velocity with
uncertainty in some parameters in teh problem and also for natural frequency analysis of cylinders.
It is concluded from presented results in the paper that the thermal and elastic wave velocity are
different for maximum and minimum values.

In general, the paper develops the application of the presented stochastic hybrid mesh-free
method based on SGFD method in thermoelastic wave propagation and stochastic coupled
thermoelasticity analysis of thick cylinder as an efficient method.
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Appendix

The first and second derivations of non-dimensional radial displacement and temperatures can
be calculated using following method.

Shew(n) 3w () |[ 28] | S g ea)nwin)
IN=1h3 I;1h4 ou, [ N h? (A1)
Izl?W (hl) ;TW (hl) arz _;(_UO—FUI);ZW (hl)
and
ihﬁwz(h,) ih—jwz(hi) 2—@ 3 (<T+T)hwi(h)
Il\:llh3 I;1h£1 aZf = rl\j:l h2 (A_l)
;—éw (h) Zﬂ:jw (h) arg _IZ_;(— O+Ti)+2w (h)
The first and second derivatives are calculated as
ou N L 5 . N o hi2 )
aur_OZA'Lu {Z(—u0+u,)hlw (hi)}—A2 {Z(—uo+ui)?w (h,)} (A-2)
62_o R Sy 2 uN——hi22
o =B, {Zl:(—u0+ui)hiw (h,)}—B2 {Zl:(—uo+ i)?w (hi)} (A-3)
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