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Exact stochastic solution of beams subjected to delta-correlated
loads

G. Falsone” and D. Settineri
Dipartimento di Ingegneria Civile, Universita di Messina, C.da Di Dio, 98166 Messina, Italy

(Received March 27, 2012, Revised July 16, 2013, Accepted July 17, 2013)

Abstract.  The bending problem of Euler-Bernoulli discontinuous beams is dealt with, in which the
discontinuities are due to the loads and eventually to essential constrains applied along the beam axis. In
particular, the loads are modelled as random delta-correlated processes acting along the beam axis, while the
ulterior eventual discontinuities are produced by the presence of external rollers applied along the beam axis.
This kind of structural model can be considered in the static study of bridge beams. In the present work the
exact expression of the response quantities are given in terms of means and variances, thanks to the use of the
stochastic analysis rules and to the use of the generalized functions. The knowledge of the means and the
variances of the internal forces implies the possibility of applying the reliability f-method for verifying the
beam.
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1. Introduction

The study of Euler-Bernoulli beams subjected to static concentrated forces can be of interest in
many engineering applications. For example, it can be useful for defining the static behaviour of a
bridge beam subjected to the vehicle actions, introducing the dynamic effects by means of
meaningful coefficients. As confirmed by many codes in all the world, the static analysis is accepted
because the dynamic characteristics of the vehicles and of the bridge are such that they have
negligible effects on the response quantities. Neglecting the dynamic effects, the vehicle action can
be represented by a point force applied to a certain abscissa of the beam axis. The solution of this
simple problem can be obtained by solving the classical fourth order differential equation governing
the response behaviour of the beam. This approach requires that the response quantities must be
continuous. This means that, if the concentrated loads acting on the beams are n, then it is necessary
dividing the beam into n+1 pieces, in each of which the response quantities are continuous. This
implies the necessity of evaluating 4(n+1) integration constants by imposing the corresponding
boundary essential and/or natural conditions (4 at the beam ends and # in correspondence of the
point loads).

This approach can be made computationally lighter if the so-called generalized functions are
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introduced for describing the concentrated loads, as made in some works (Macaulay 1919,
Brungraber 1965, Falsone 2002, Biondi and Caddemi 2007, Colajanni et al. 2009). As shown in
(Lighthill 1959) these functions can be all considered as derivatives or integrals, made in a
generalized way, of the Dirac delta function (Dirac 1947). This last is a generalized function used in
many field of the science for capturing the properties of some kinds of discontinuities, as those
defined by the concentrated loads on a beam. As shown by Falsone (2002), the use of these
functions, for the case under examination, allows to reduce the number of integration constants to 4,
only those related to the end conditions.

When some essential constrains, as the rollers, act on the beam, the use of the generalized
functions allows to reduce the number of the integration constants to be determined to r+4, against
4(r+n+1) necessary if the classical approach is used, » being the number of these constrains (Falsone
2002).

In the literature the generalized functions have been also used for solving the problem of
discontinuous beams via the Green functions (Failla and Santini 2007, Failla 2011) or by applying
the Finite Element method (Failla and Impollonia 2012).

Remaining in the field of the bridges, an accurate model of the concentrated loads simulating the
presence of vehicles on the beam is that based on a distribution of random forces placed
stochastically along the beam axis. In particular, a Poisson distribution along the beam axis with a
given mean rate can give an accurate model of the traffic on the bridge (if the traffic level augments
a bigger mean rate must be considered). In the field of random processes this kind of load is called
delta-correlated process (Ross 1983, Lin and Cai 1995, Iwankiewicz and Nielsen 1999).

Aim of the present work is the application of the approach based on the use of the generalized
functions for finding the exact response of beams subjected to delta-correlated processes.

2. Preliminary concepts

The differential equation governing the deflection u(x) of a homogeneous elastic Euler-Bernoulli
beam with constant bending stiffness subjected to a transversal continuous load p(x) can be written
as

u""(x) =$p(x> (1)

where EI is the constant bending stiffness of the beam. The integrations of this equation and the
consideration of the boundary conditions allow to find u(x). Once that the deflection law is known, it
is possible to obtain the other generalized quantities characterizing the beam from both a cinematic
and a static point of view; they are the rotation, the bending moment and the shear force. In
Appendix the sign convention about the cinematic and static quantities characterizing the beam is
reported.

In some cases the load is not continuous, as for example when it acts only in a limited part of the
beam, or, at the limit, when it is concentrated. However, as evidenced in some works (Macaulay
1919, Falsone 2002, Colajanni et al. 2009), even in these cases Eq. (1) can continue to be used if the
load p(x) is treated as a generalized function and all the integrations necessary for solving it are
considered in generalized sense (Lighthill 1959).

Two of the most known generalized functions are the Unit Step Function, usually indicated with
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U(x—xy), and the Dirac Delta Function, usually indicated with d(x—x,), having the following
definitions

U )_0 for x < x,
TR for x > x,

for x # x,

S(x—x,) = i [ 5 x)dx=lim, [ [ T (- xo)dx} -1 (2a0)

forx=x,’

The Dirac Delta Function, that in the following will be indicated with R  (x—x,), can be

considered as the generalized derivative of the Unit Step Function, that will be indicated with
R,(x —x,) . Hence, the following relationships can be written

O(x=x) =R (x—x))=Ry(x—x)) =U'(x - x;)
Ulr=1) = Ry(x=x,)= [ R (x=x)de= [ 5(x—x,)x (3a,b)

where the notation R (x—x,)=R/(x —x,) already introduced in (Falsone 2002) has been used.
The further integrations of R, (x —x,) bring to the following relationships

N 0 for x < x,
Rl(x—xo):J. Ro(x_xo)dxz(x_x) fOr.x>-x
o 0 0
) 0 for x < x,
Rz(x—x0)=jle(x_xo)dx:l(x_x )2 for x > x,
2 ’ '
) 0 for x < x,
R3(x—xo):J'_sz(x_xo)dx:l(x_x )3 for x > x, e
6 '

where the generalized functions R;(x—x,) (i=1,2,3) are defined as Linear Ramp Function,

Quadratic Ramp Function and Cubic Ramp Function, respectively.
The Unit Step Function can be advantageously used in order to represent an uniformly
distributed load acting between two axial abscissas x; and x, of the beam. In this case, the

continuous (in a generalized sense) load p(x) can be expressed as follows

p(x)=p[Ry(x—x)-R,(x—x,)] (5)

p being the constant load intensity.

On the other hand, the Dirac Delta Function is used for representing a concentrated force, of
intensity F and applied at the abscissa x,, writing as follows

p(x)=F5(x—xO) (6)

In this work the load acting on the beam is considered to be represented by a sequence of
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concentrated loads having independent random intensities F; characterized by the same probability
distribution and acting at the abscissas x; that are distributed along the beam axis following a Poisson
distribution, that is

N(I) N()

p)=) Fo(x-x)=) FR,(x-x) (7)

where N(/) is a Poisson counting process with constant average rate 4 and / is the beam length. The
quantity here introduced is a stochastic process called Poisson Delta-Correlated Process. It is
characterized by having the r-th correlation functions expressed as follows (Ross 1983, Lin and Cai
1995, Iwankiewicz and Nielsen 1999)

C (3%, ) = E[ F R (x=x) R (x=x,)... R (x—x,) )

where £ [D] indicates the mean of (L), so that E[F[’} represents the 7-th moment of the random

variables F;. For » = 1, 2, 3 these correlations coincide with some important statistical quantities of
the stochastic process, that are

CV(x)=E[p(x)]; CP(x.x%,)=E[p(x)p(x,)]-E[p(x)]E[p(x,)]=0,(x.x,);

CO (x.3,,%,) = E[ (p0s) ~ E[ p)])(p(x) ~ E[pGe)]) (p(x) - E[p()])]  9a-0)

These relationships show that the first correlation is the mean of the process, the second one is
the covariance and the third one is the third order central moment of the process evaluated at
different positions. When the abscissas are coincident, the second order correlation becomes the
second cumulant that coincides with the variance of the process, while the third order correlation
function degenerates to the third cumulant that coincides with the third central moment. For higher
order correlation functions similar simple relationships cannot be evidenced.

In the following sections the exact probabilistic response, in terms of the first two order
correlation functions, of some beams generically constrained and subjected to a delta-correlated
process will be studied and obtained.

3. Beams with constrains at the ends

In this section some beams subjected to a delta-correlated load expressed as into Eq. (7) and
characterized by different constrain conditions at their ends will be treated. Both the cases of
statically determinate beams and redundantly constrained beams will be considered.

3.1 The hinged-hinged beam

Perhaps this is the most classical case of statistically determinate beam. The equation governing
the problem is obtained by replacing Eq. (7) into Eq. (1), that is

N()

u”"(x)zézERl(x_xi) (10)
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whose solution requires the following four integrations, some of which have to be considered in
generalized sense

N()

" 1
u (X)ZEZF;RO(X_Xi)_'_DI;
i=1

N()
u"(x) :EZERI (x=x,)+Dx+D,;
i=1
N()

u'(x) :E;E& (x—xl.)+%D1x2 +D,x+D;;

1 & 1, 1,
u(x) =§;ER3(x—x,.)+gD1x +2Dyx" + Dyx+ D, (11a-d)
where D;, with i = 1, ..., 4, are the integration constants that must be evaluated by imposing the

boundary conditions depending on the constrain conditions. It is not difficult to realize that they are
random variables.

It is important to note that if the generalized functions are not considered for solving this
problem, the use of continuous functions for solving Eq. (1) implies the necessity of dividing the
beam axis into N(/) + 1 pieces and, as consequence, of finding 4(N(/) + 1) integration constants
analogous to D;, each of them being a random variable. As a consequence the application of this
approach for finding the stochastic response appears to be very difficult.

In the field of random processes the summations appearing in the previous equations are
stochastic quantities known as Filtered Poisson Processes (Lin and Cai 1995, Iwankiewicz and
Nielsen 1999). Here they are indicated as follows

N(I)

G,(x)= Y FR (x-x); j=0123 (12)
i=1

and are characterized by the following correlation functions (Lin and Cai 1995, Iwankiewicz and
Nielsen 1999)

(x—xr)dx (13)

J

€5 (xr) = 2ELE IR () By (5 ) B,
For the constrains acting on the beam under consideration the boundary conditions impose
u(x)|,=0 = D,=0;, M(x)|_,=—FElu"(x)|,_,=0 = D,=0;
u(x),,=0 = iG3 () + 1D113 + Dyl =0;
El 6
M(x)|,_,=—Elu"(x)|_,=0 = G ()+EIDI/=0 (14a-d)

where M(x) indicates the bending moment. Egs. (14a, b) imply that the constants D, and D, are
deterministically zero, while the expressions of the random variables D; and D; are obtained by
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using Egs. (14c¢, d). In particular, they are

1 1
Di=-— Gl D= E[ G, () - G(l)} (15a, b)

Hence, the expression of the random processes defining the transverse deflection u(x), the
bending moment M(x) and the shear force 7(x), obtained by using Egs. (15), (12) and (11), are

u(x)=— {G (x)— G (DX ( G, () - G (l)j }

M(x)=-G, (x)+ %Gl Dx;  T(x)=-Gy(x)+ %G, ) (16a-c)

that are particular processes whose correlation functions can be exactly evaluated. For example,
their mean values are

E[u(x)]=— {E[G( )]——E[G(l)]x +(é [Gl(l)]—§E[G3(z)]]x}

E[M(x)]:—E[Gl(x)]+%E[Gl(l)]x; E[T(x)]:—E[Go(x)]+%E[Gl(l)] (17a-c)

In order to make explicit the above reported quantities, it is necessary to evaluate the mean values
of the filtered Poisson processes Gi(x) (i =0, 1, 3). This is obtained by particularizing Eq. (13) for »
=1, that are

E[G\(0)]=CQ ()= 2E[E] [ R, (x=p)dp = 2E[F] | dp=2E[F]x;
E[Gl(x)]=Cg}(x)=w[F,.]J':Rl(x—p)dp=ME[F,.]J:(x—,o)dp=%AE[F,.]X2

E[Gy(x)]=CY (x) = AE F]j (x-p)dp =—AE[F].[ (x=p) dp =§/1E[Fi]x4 (18a-c)
that, replaced into Eqgs. (17), give

E[u(x)]= 12551;][; ! x3+§x} E[M(x)]=%lE[Fi](lx—x2);

E[T(x)]= ﬂE[E](é—xJ (19a-c)

By setting x =0 and x =/ into Eq. (19¢) it is possible to obtain the mean values of the two hinge
reactions at the beam extremes as follows

E[V,|=-E[T(0)]= —é/lE[Fi]; E[V,]|=E[T()]= —éxlE[Fi] (20a, b)
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It is important to note that the laws of the displacement mean, the bending moment mean and the
shear mean given into Eq. (19) coincide with the laws of the same corresponding deterministic
quantities when the beam is loaded by a deterministic uniformly distributed force whose intensity is
equal to the mean value of the delta correlated input, that is p = AE[F]. The same consideration can
be made for the restrain reaction mean values given into Eq. (20). These results are not surprising if
the following consideration is made: by taking into account Eq. (11), it must be noted that their mean
values, obtained by using Eq. (18), too, are coincident with the deterministic equations governing
the derivatives up to the fourth order of the deflection of a beam subjected to a deterministic
uniformly distributed load with intensity p = AE[F]. As this consideration is not influenced by the
boundary conditions, it can be considered true for any beam constrain condition.

The expressions of the second order correlation functions of the deflection and of the two internal
forces M(x) and 7T(x) can be obtained by applying the relationships given into Eq. (16) and into Eq.
(9b), that, after some algebra give

1 1 ) . |
€ %)= | O )+ (e 1= g e[ 15
1 [ 1 . 1
+ (E[)2 _;(Céf) (-xlal)-xz + Cg) (xz,l)xl)Jr%C(G? (l,l)xlxz (l_lezxg _x12 _x22 +12]:|
+(E11)2 %Cg& (2,1)xx, (;?xf +#x§ _1j+li2c(6§)(l:l)xlx2:|;

C](MZ) (xl,xz)z Cg) (xl,xz)—%(C(G?) (xl,l)x2 + C(G?) (xQ,Z)xl)JrllzC(G?) (l,l)xlxz;

1 1
P (x,x,)=CL (xl,xz)—;(Céi)G] (x.0)+CSY, (xl,l))+l—2cg> (LI) (21a-c)

By setting x; = x, = x and after some algebra, the previous equations give the corresponding
values of the variances in the form

{ag} (x)+%Céf)Gl (x,l)x(l—%ﬁj_%

)

o, (x) =

Cé;f)(x’l)ij%Gé] (l)x2 (Zizx“ —2x? +12J:|

(EII)2
oo o (05 (3 ket 02

o2 (x) =02 (x) _%cg? (nl)x+02 (I);  o2(x) =02 (x) —%ngl (x.0)+ ILJ (1) (2a-0)

The explicit values of the above response variances can be obtained once that the explicit values

of the variances, covariances and cross-correlations appearing into the second members of the above
equations are obtained by particularizing and/or extending Eq. (13), that are

x AE| F* |x*
C‘G?(x,z):/iE[Fz]L R3(x—p)R3(Z—p)dp=%[Z3_%xlz+gle_3_15x3}
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AE| F* |x’
0'23 (x):%;
2 2 x AE[FZ}XZ 1
€2 (x1)=2E[F*][ R (x=p)R (1= p)dp Zf(’—ngé
2 3
O'él (x) =@’

cQ) (x0) :/‘LE[FZJJ.:& (x—=p)R, (1_p)dp:@(l_%xj;
AE[FY %
06, (x) =046, (x) = %J
Coa (XJ)=/“5[F2]j':Ro(x—p)R1 (l—p)d/O:iE[Fz]x(l—%xj (23a-h)

At last, by replacing Eq. (23) into Eq. (22), the following results are obtained

AE| F? 3
o’ (x) =[—;(Lx8 —ix7 +2x6 —1—x4 +2—1x3}
45(EI) 71 7 3 3 21
AE| F?
o2, (x) =#x2 ze —2x+ IJ; o2(x)= AE[FZJG)CZ —x+éj (24a-c)

It is not difficult to verify that at the beam ends the variances of both the displacements and the
bending moments are zero, as must be because these quantities are deterministically zero in
correspondence of the constrains. On the contrary, the variances of the shear forces and, hence, of
the constrain reactions are given by

L, . AE[F]
o, =0;(0)=—5—= o} =o;(l)=—5— (25a, b)
In Figs. 1(a)-(f) the diagrams related to the response mean values and variances are reported in a
non-dimensional form. From the analysis of the results related to the bending moment and to the
shear force, the critical section for the moment seems to be the middle one in which the moment
mean value and the corresponding variance are maxima. In terms of shear force, the most critical
sections seem to be the extreme ones with maximum mean value and variance. Hence, verifying the
beam in these sections seems to be necessary. In the next sections a procedure to implement this kind
of operations will be introduced.
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Fig. 1 Dimensionless means and variances for the response quantities of the hinged-hinged beam
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3.2 The clamped-clamped beam

In this section the case of the clamped-clamped beam subjected to the same load defined into Eq.
(7) is analyzed. Respect to the previous restrain conditions, the differences arise starting from Eq.
(14) where the boundary conditions are imposed. For the case now under consideration, these
conditions are

u(x) |x 0 0 = D - 0 (D(x) |x:0: _u,('x) |x:0: O = D3 = 0’

u(x)[,=0 = G(l)+ Dl3+2Dl2

p(xX)|o=—u'(x)],=0 = éGZ(ZH%DllerDzl:O (26a-d)

Egs. (26a, b) evidence that the constants D5 and D, are deterministically zeros, while Egs. (26¢,d)
allows to find the following expressions for the other two constants

12 6
D, = {G(l) G(l)} Dy =sy

e [ G,(I)+~ G (1)} (27a, b)

Hence, the expressions of the random processes defining the transverse deflection u(x), the
bending moment M(x) and the shear force 7(x) for the case of the clamped-clamped beam are

3

u(x)——{G(x)+(2G(Z) G(Z)J (G(l) G(I)J}

M () =—Gl<x)—1%(§63<l>—Gz (z>jx+§@63<l>—cz<l>j;

T(x)=-G,(x)— (G () - G(l)j (28a-c)

The mean values of these processes are obtained by simply applying the mean operator to each
member of the previous equations

E[u(x)]=$[E[G3(x)]+(%E[G3(l)]—l2E[G2(Z)]J ( £[G,0))-LE[G, (z)]j }

E[M()]=—E[G,()] - ( E[G,()] - E[G, (z)]jﬁf(?5[c3(z)]_5[cz(z)]j;

E[T(x)]=-E[Gy(x)]- (E[G 0] ——E[G (1)]) (29a-c)

that, besides of the mean value expressions already reported into Eq. (18), require the knowledge of
the expression of E[G»(x)], that is

E[G,(x)]= € (x) = 2E[F] [ "R, (x~ p)dp_—,iE[F]j (x=p) dp :%ﬂE[F]f (30)
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Taking into account Eqgs. (18) and (30), the mean values given into Egs. (29), after some algebra,
can be rewritten in the following explicit form

AE[F]
24EI

2

E[u(x)]= (x—1)2x2; E[M(x)]z—%/lE[F](xz_1x+%}

E[T(x)]= —iE[F](x—éj (31a-c)

By setting x =0 and x =/ into Egs. (31b, ¢) it is possible to obtain the mean values of the reactions
at the beam ends as follows

E[V,]=-E[T(0)]= —éﬂ,E[F]; E[V;]|=E[T()]= —élE[F];

E[M,]=-E[M(0)] =$/1E[F]12; E[M,]=E[M()]= —%AE[F]F (32a, d)

It is important to note that what before said about the fact that the laws of all the response
quantity means coincide with the laws of the same corresponding deterministic quantities when the
beam is loaded by a deterministic uniformly distributed load whose intensity is equal to the mean
value of the delta correlated input, is confirmed for the present case of clamped-clamped beam, too.

The expressions of the second order correlation functions of the deflection and of the two internal
forces M(x) and T(x) can be obtained by applying the relationships given into Egs. (28) and (9b),
that, after some algebra, give

4 36
C}Ej)(xl,xz) = Cé,?)(xl,xz)wtl—étaé2 (l)(l—3x1)(l—3xz)+1—6Jé3 (1)(2x1 —l)(2x2 —l)

2 2 6
+Z—2Cé?éz (xl,l)(l—3x2)+l—2C(G%2 (xz,l)(l—3xl)+l—3C(G%3 (x.0)(2x, =1)

6 12
+l—3cgg} (x,,0)(2x, —1)+Z—Sa% (D[(2x, = 1)(1 -3x,) +(2x, = 1) (1=3x,) ];
1

o) =

Lo ()37 (5 1) =)+ O (1) (233

1
O ()45 ()37 (23 -3 25,30

1 1 1
+ [—C(G? (x,,0)x (2x, —31)—1—2Céf2;2 (x,,0)x; (x, —l)}

1 1 1
- {—Céfg;z (xz,l)xl2 (x, _l)+l_506362 (l)xfxz2 (2x, —3!)(x2 —l)}
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144 36 12 12
C (x,x,) = Cé;i) (xl,x2)+l—60é3 (Z)+l_40<2;2 (l)+l_3c((}i)6‘3 (xpl)+l—3€éﬁ3;3 (x,.1)

6 6 144
_I_ZCézo)Gz ('xl’l)_l_ZCéi)Gz (XZ’Z)_I_SO-GgGg (l)

By setting x; = x, = x, the variances of the response quantities are obtained as

(33a-c)

o’ (x) :(E;])z{aéz (x) —I%Céf)cz (x,0)x? (x—l)+I£3C(Gf) (x,0)x*(2x-31) +li40'é2 (/)x* (x—l)z}
+(E%){-l%a% (1) (x-30)(x-1) 407, (1) (zx-sz)z}
2 36 ,

o2 (x) =02 (¥) +Zi40g2 (1)(1-3x) + 3002, (1)(2x-1) +Zi2cg;2 (x.0)(1-3x)

# e Cl (R0) (2x 1)+ 220, (1) (26 1)(1=3):

24 12 144
2ty (e -2 () Moy, (1) G

Besides of the quantities reported into Eq. (23), the explicit expressions of these variances
require the evaluation of

o7 (x)=0g (x)+——0¢ (I)+—og (1)+

x AE| F? |x°
aéz(x)z/lE[Fz]LRz(x_p)Rz(l_p)dp: [20] :
x AE| F? |x* 1 ] 2
C, (o) = 2E[F*]] Rz(x—pmz(z—p)dw%(%xz‘gﬁz}
ﬂE[Fz]xé
96,6, (x) :T: 06,6, (x);

x AE| F? |X? / 1
Cgés(x”)zw[ﬁ”oRl(x—p)Rs(l—p)df%[ﬁ_12“5’“2‘5)63);
AE| F* |xX°
o-G|63 x :%:O—QG} x)’

: AE|F X (P 1 1
i e =4[] R - phap =20 L),
AE[FZ]X“
GG, (x): 8 = G,G, (X),
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1E[F2]x3
06,6, (x) = T =04, (x);
x AE| F?
Cgé} (x,l):/IE[Fz]IO RAx—p)&(l—p)dp:#(ﬁ —%xlz +x21_£x3j;
AE[Fz]x“
0G0G3 (x) = T = O-G3G0 ('x) (3Sa-g)

At last, the use of Egs. (23) and (35), after some algebra, gives

2 4 6 5 4
o= X [ X sX X e 131 43P ;
(E]) 1260 [ / /
6 5 4
o2 (x) = AE[F*] —1x—3+§x—2—lx——lx3 B e, g
5P 5P 310 3 35 105 105
4 3
aﬁ(x)zzE[F2][—’l“—3+z’;—2—x+%lj (36a-c)

In Fig. 2 the graphic representations of these laws are reported in a dimensionless form.

4. Continuous beams

In this section the case of the generic continuous beam of the type represented in Fig. 3 is taken
into account.

The fourth order differential equation governing the behavior of the transverse deflection can be
written as

i
lN()

n—1
u,”,(x):EZER—I(x_xl')—'—ézll/jR_l(x_lj) (37)
j=

i=1

J
where V, is the reaction of the j-th intermediate constrain and /, = Zlk , [, being the length of the
k=1
k-th beam piece among a constrain and the successive one. The solution of Eq. (37) requires the
following four integrations, some of which have to be considered in generalized sense

ey 1 1< ,
u (x)=EG0(x)+E;VjRO(x—Zj)+DI,

" 1 1 <
u (x):EGl(x)+EZI/-/R‘ (x—lj)+D1x+D2;

Jj=1
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Fig. 2 Dimensionless means and variances for the response quantities of the clamped-clamped beam
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Fig. 3 Continuous multi-span beam.
1 n—1 1 " ‘
u(x)——G (x)+EIZVR x—1, )+5D1x +D,x+D;;
1 1
u(x)z—G(x)JrE[ZVR x— z)+6Dx +2Dx +Dx+D, (38a-d)

In these expressions (n + 3) random unknowns appear. They are the four integration constants D; and
the (n — 3) reactions V. In order to find their expressions, it is necessary to impose the four
conditions at the ends of the beam and the (z — 1) conditions at the intermediate constrains, that are

U 2p=0 = D=0, Mx)[,=0 = u'(¥)[,=0 = D,=0;

1 RS 1
u(x),, =0 = EG3(ln)+EZI/jR3(In_lj)+ngls+D31n:O;
=1

n—1

M®)|,=0 = =u"(x)]_,=0 = —G(l)+EIZVR )+Dil, =0;

u(x)],, =0 = G(Z)+ ZVR +2Dl3+Dl—O k=1,2,--,(n—-1)(39%-¢)

Egs. (39a, b) evidence that D, and D, are deterministically zero, while the expressions of D;, D; and
of the reactions V; must be obtained by solving Eqs. (39¢c-e) that are conveniently rewritten in matrix
form as follows
Lirys hid =—LG (Z,); LrTv+th __Llg (Z,); L Rv+H d =—Lg (40a-c)
EI"’ ’ EI "7 EI : EI " ELC } EI™’

where

3
¢ (R0 R) R W= 0 (S
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3
by
0 0 -0 6 1
Rs(lz ll) 0 0 123 /
R;= R3(l3_ll) R3(l3_lz) - 0] Hy=| 6 ? (41a-g)
RS(Zn—l_ll) R3(ln—1_12) 0 I;—I /
n-1
Eq. (40) can be again compacted in the following form
1
—R, H; T r
% G, (!
V) ) ) ) e
1oy \d) Erg r h] G (1,)
EI

that is able to give the expressions of the random variables included into v and d as follows
-1 1
v=(R,-H,H'R) (H,H'g-g,); d=-—H"(g+Rv 43a,b
(Ry—H;H'R) (H;Hg-g;) o H(@+RY) (43a,)

In order to find the response statistics of the continuous beam, it is convenient to rewrite the laws
of the deflection, of the bending moment and of the shear force as follows

u(x)= é@ (x)+ ér{ (x)v+ hST(x)d; M(x)=-G,(x) - rlr (x)V—EID,x;
T(x)=-G,(x)—r, (x)V—EID, (44a-c)

where
' ()=(R(x=14) R(x—L) -~ R(x-1_)); i=0,13; hg(x)z[x—; xj (45a,b)

Applying the mean operator to both the members of Eq. (44) the expressions of the beam mean
responses are obtained as follows
Elu(x)|=—E|G,(x)|+—r1, (x)E|[V|+h; (x)E|d];
(4] =2 E[G@)]+ 1 WE[V]+ i (0 E[d]

E[M(x)]|=-E[G,(x)]-1] (x)E[V]- EXE[D,];
E[T(x)]=—E[G,(x)]-r, (x)E[V]-EIE[D,] (46a-c)

in which the expressions of the mean values E [Gl. (x)] have been already given in the previous

section, while the other mean values appearing before are obtained by applying the mean operator to
both the members of Eq. (43), that are
e\ - |
E[v]=(R,~H,HR) 1 (H;HE[g]-E[g,]): E[d]= —H '(E[g]+RE[V]) (47a.b)
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Atlast E[D] into Eq. (45) is the first element of the vector E[d]. Thanks to the expressions given
in the previous section for £[G(x)] and to those given into Egs. (41¢) and (42d), the evaluation of the
vectors E[g] and E[Q;] appearing in the previous relationships becomes very simple.

The expressions of the corresponding second order correlation functions can be obtained starting
again from Eq. (44) and they are

1
(EI P [Céf) (x.,) +15 (x) 2y (%, )]‘*‘ hs (%) Zaghs (x,)

+ﬁ[r; (x, )GG_W (x)+1 (% )GGJV (x, )]

+$[h3r (xz)ccsd (x)+hs (x )GGsd (2 )]

1
+E[r3r (xl )Zvdh3 (xz ) + r3T (xz )Zvdh3 (x1 )],

c? (xl,xz) = C(G?) (xl,x2 ) +r! (x, )Eer (xz)

C;Z) (xl’x2 ) =

+ (EI)2 af)] xx, + 1 (x, )GGIV (x)+r (x )GGIV (x,)
+ EI(O-GIDI (x1 )x2 +0Gp, (x2 )xl + rlT (x2 )csD]vxl + rlT (x1 )O'D]sz );
C;Z) (xl ’xz) = Cé'zo) ('xl ) ) + roT ('xl )Zvvro (xz)

+ (E[)z O'é, +1 (x, )O-GDV (%) + ry (x )GGOV (xz)

+ EI(o—GODl (x)+ 060 (5,)+10 (x,)0,, +10 (% )GD,V) (48a-c)
where X, and X,, are the covariance matrices of the random vectors vV and d, respectively,
while X, is their cross-covariance matrix; moreover, the vectors of the type o, (x) collect the
covariances o, (x) = E[A(x)a,|- E[A(x)]|E[a,], with i=1,2,---n—1; it must be noted that if A is
independent by x also o, (x) is.

It is not difficult to realize that the beam response variances, that are obtained by setting x;= x,= x
into Eq. (48), have the following form

. —;szJrrTx r,(x)+2r] (x)o.,(x)|+h](x X
O-M(X)_(EI)Z[ o ()15 (x) 215 (x) +2r5 (x) o6, ( )] hy (x)Zegh; (x)
1 T T .
+(EI) [2h ( )O'Gsd(x)+2r3 (x)Zvdh3(x)],
O'AZ/[(x)zaé (x)+rT(x)Z r( ) (El)zalz)x2+2rlr(x)csqv(x)
+EI[2UGD (x x+2r x GD\,x],

1

)
o7 (x)=0g, (x)+1y (x)Z,5 (x)+(E 1)’ o +2r, (x)og, (x )+EI[2060D1 (x)+2r0T(x)chv}

(49a-c)
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(a) Geometry of the beam
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Fig. 4 Means and variances of a three-span beam
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In Figs. 4(b)-(g) the means and the variances of the beam response quantities are represented for
the continuous beam represented in Fig.4a, characterized by: / =/ =5m; /, =6m and bending

stiffness EI =6.5625x10" N/mm” . The first and second moments of the random variable F,
assumed in the analysis are E[E] =3x10*N and E[Ez] =9x10°N?, while 21=30.

The knowledge of the mean values and of the variances of the internal forces M(x) and T(x)
allows to apply the § -method for the reliability of the beam, as will be shown in the next section.

5. Application of the reliability p -method

The knowledge of the mean values and of the variances of the internal force S(x), where S(x) may
be the absolute value of the bending moment M(x) or the absolute value of the shear force 7(x),
allows to apply the f -method approach for studying the beam reliability. It is obvious that it is also
necessary the knowledge of the corresponding quantities referred to the resistance force R(x), that
indicates the resistance bending moment if S(x) = |M(x)| and the resistance shear force if S(x) = |7(x)|.
In the following, the case of deterministic resistance will be treated; but this does not invalidate the
proposed approach that can be simply rearranged for taking into account the eventual randomness of
R(x).

It is known that in the cases treated in this work the f -method gives approximate results because
of the non-Gaussianity of S(x). As a matter of the fact, the beam responses would be Gaussian
processes only if their input is Gaussian and this happens only if 1 — o and E[F’] — 0
simultaneously. However, even if the beam response quantities are not Gaussian processes, for
relatively high values of 4, the f -method gives sufficiently accurate results.

Once that the significance of the internal action S(x) and of the resistance R(x) are defined, it is
possible to introduce the so-called success variable defined as follows

K(x)=R(x)—-S(x) (50)
The corresponding f -coefficient is defined as follows (Papoulis and Pillai 2002)
_E[K®)] _R-E[S()]

ok (x) og(x)

£ (x) (51

where the hypothesis that R(x) is deterministic and independent by x has been taken into account.
The knowledge of f(x) allows to evaluate the beam failure probability against the given load
conditions in the form

P (x) =~ erf [ ()] (52)

It is interesting to identify the critical abscissa x; where the failure probability above defined is
maximum. Due to the properties of the error function erf [[I] , the failure probability is maximum
where £(x) is minimum. For example, for the hinged-hinged beam treated in the section 3.1 it is
possible to define the following two f -coefficients for the bending moment and the shear force,
respectively
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Fig. 5 S -coefficients for the bending moment and shear force of the hinged-hinged beam
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Fig. 6 B -coefficients for the bending moment and shear force of the clamped-clamped beam

~E[M@] R —*/15[ Jx(1=x)

o4 (x) \/J,E[F ( . Zj
X+

R, —E[|T(] _ j
o7 () \/ZE[FZ]UxZ —x+;)

Ry and Ry being the values of the bending moment resistance and of the shear force resistance.

In Fig. 5(a), (b) the corresponding graphics of f(x) for the bending moment and the shear force
are reported, assuming / = 5m, E[F] = 10*N, E[F*] =10 N* 1 =10, Ry, =4 x 10’ Nm, R;=4 x 10’
N. In Fig. 6(a), (b) the same graphics referred to the clamped-clamped beam are given. The

Ry
Py (x)=

R, - /‘LE[F]U -x

Pr(x) = (53a,b)
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Fig. 7 S -coefficients for the bending moment and shear force of the three-span beam

[ -coefficients for the bending moment and the shear force of the continuous beam studied in the
previous section are shown in Fig. 7(a), (b), where it has been assumed Ry, =5 x 10°Nm and R;=3
x 10°N. It is important to note that, for any example taken into account in this work, the most critical
sections evidenced by the study of the § -coefficients are coincident with the most critical sections
deriving by the application of an uniformly distributed deterministic load on the same beam.

6. Conclusions

The bending problem of Euler-Bernoulli discontinuous beams, where the discontinuity is due to
the loads and eventually to essential constrains, has been dealt with. Studying this problem could be
important in the static analysis of the bridge beams if the load is modeled as a delta-correlated
process along the beam axis. In this case, it has been shown that the use of the generalized function
has reduced the computational effort of the problem. In particular, it has made easily applicable the
rules of the structural stochastic analysis, allowing to find the beam exact response in terms of
means and variances of the deflections, the bending moments and the shear forces. The evaluation of
these quantities has implied the possibility of applying the reliability f -method. In all the examples
taken into account, it has been shown that the critical sections for the bending moments and the shear
forces found with this approach coincide with those related to an uniformly distributed deterministic
load.
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Appendix. Sign convention
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(b) generalized internal forces (c) generalized displacements

Fig. A1l Sign convention





