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Abstract. A plated beam is strengthened by bonding a thin plate to the tension face; it often fails
because of premature debonding of the thin plate from the original beam in a brittle manner. A sound
understanding of the mechanism of such debonding failure is very important for the effective use of this
strengthening technique. This paper presents an improved analytical solution for interfacial stresses that
incorporates multiple loading conditions simultaneously, including prestress, mechanical and thermal loads,
and the effects of adherend shear deformations and curvature mismatches between the beam and the plate.
Simply supported beams bonded with a thin prestressing plate and subjected to both mechanical and
thermal loading were considered in the present work. The effects of the curvature mismatch and adherend
shear deformations of the beam and plate were investigated and compared. The main mechanisms
affecting the distribution of interfacial stresses were analyzed. Both the normal and shear stresses were
found to be significantly influenced by the coupled effects of the elastic moduli with the ratios E,/E, and
EJE,.
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1. Introduction

Strengthening beams of reinforced concrete (RC) and other materials by bonding a steel, fiber-
reinforced polymer (FRP), or plastic plate to it has become a popular method because it is a simple
and quick technique, and it also affords other advantages. This method glues a plate to the tension
faces of beams. Its effectiveness depends on the bonding between the plate and the beam because
debonding along the interface leads to premature failure of the structure.

The debonding mode of plated beams has been studied extensively (Roberts and Haji-Kazemi
1989, Malek et al. 1998, Smith and Teng 2001, Rasheed and Pervaiz 2002). Yao and Teng (2007)
presented an experimental study on plate end debonding failures in FRP-plated RC beams. Maalej
and Leong (2005) investigated the effect of the beam size and FRP thickness on the interfacial shear
stress concentration and failure mode of FRP-strengthened beams based on an experimental research
program. Ahmed et al. (2001) tested a series of RC beams strengthened with carbon fiber reinforced
polymer (CFRP), and Fanning et al. (2001) presented the results of flexural tests on ten reinforced
concrete beams strengthened with different plate configurations. Tests revealed that debonding
failure is a common cause of brittle failure in beams strengthened with a plate (Jones ef al. 1988,
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Swamy et al. 1989, Oehlers 1992, Arslan 2008). To investigate the structural behavior of reinforced
concrete beams strengthened with adhesively bonded fiber reinforced polymer (FRP), Ascione and
Feo (2000) conducted experimental and theoretical analyses using 2D nonlinear finite-element
modeling incorporating a “damage” material model for concrete. Experimental investigations (Jones
et al. 1988, Swamy et al. 1989, Oehlers 1992, Yao and Teng 2007, Arslan 2008, Maalej and Leong
2005, Garden et al. 1998, Etman et al. 2000, Ahmed ef al. 2001, Fanning et al. 2001, Bonacci et al.
2001, Maalej et al. 2001, Schnerch et al. 2006, Ascione and Feo 2000, Saadatmanesh and Ehsani
1991) and numerical results (Téljsten 1997, Malek et al. 1998, Teng et al. 2002, Ziraba and Baluch
1995, Ascione and Feo 2000, Rahimi and Hutchinson 2001, Arduini et al. 1997) have provided
significant insights into the behavior and failure mechanisms of a plated beam and have been very
helpful in the development of predictive models.

Many researchers have made important contributions to debonding strength models (Oehlers 1992,
Baluch et al. 1995, Raoof et al. 2000, Smith and Teng 2001, 2002a, b, Saadatmanesh and Malek
1998, Yuan et al. 2004, Gao et al. 2005). Roberts and Haji-Kazemi (1989) proposed an analytical
solution based on partial interaction theory to predict the shear and normal stress concentrations in
adhesive joints. Results from both theory and finite-element analysis (Téljsten 1997) on a beam
with a strengthening plate bonded to its soffit and loaded with an arbitrary point load showed that
the stresses were very large at the end of the plate but quickly diminished nearer to the center of the
beam. Malek er al. (1998) provided a closed-form solution to calculate the stresses at the plate ends
and investigated the effect of large flexural cracks along the beam. Rabinovich and Frostig (2000)
provided a closed-form high-order analysis of reinforced concrete beams strengthened with FRP
plates that satisfied the free-surface condition at the ends of the adhesive layer. Smith and Teng
(2001), Yang et al. (2009) carried out a thorough review of these solutions, and the former
presented a general solution based on the deformation compatibility approach, which seems to be a
more widely applicable solution. Shen er al. (2001) developed a complementary energy method to
study the interfacial stresses for simply supported RC beams and slabs bonded with a thin
composite plate or steel plate. Based on the analysis by Smith and Teng (2001), Tounsi et al. (20006,
2009) developed an improved theoretical solution for interfacial stresses in concrete beams
strengthened with FRP plate in which the adherend shear deformations are considered. Yang and
Wu (2007) presented another improved solution for interfacial stresses in a concrete beam bonded
with a soffit plate by including the effect of transverse shear deformation on both the concrete beam
and the bonded plate. To accurately predict the distribution of interfacial stresses, Wang (20006)
established a bond-slip model to study the interface debonding induced by a flexural crack in an
FRP-plated concrete beam. Tounsi and Benyoucef (2007) proposed an analytical method that
includes the wvariation in fiber orientation for an FRP plate to predict the interfacial stress
distributions in concrete beams strengthened by composite plates. Recently, Wang and Zhang (2010)
presented a three-parameter elastic foundation model for interface stresses in curved beams
externally strengthened by a thin FRP plate. Yang and Ye (2010) reported an improved closed-form
solution to interfacial stresses in plated beams that uses a two-stage approach. In their solution,
beams and bonded plates can be further divided into a number of sub-layers to facilitate the
inclusion of steel bars or multiple laminates.

In these existing models, most are limited to a single loading condition in order to obtain a
closed-form solution of interface stresses. Few researchers have considered plated beams that are
simultaneously subjected to mechanical and thermal loads or mechanical load and prestress. Deng et
al. (2005), Stratford and Cadei (2006) examined a plated beam under both mechanical and thermal
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loading. Klamer er al. (2008) reported a comprehensive experimental study on the influence of
temperature on strengthened beams. Yang et al. (2009) presented an interfacial stress analysis of
plated beams under symmetric mechanical and thermal loading. Rabinovitch (2010) analytically
investigated the effect of thermal loads on the debonding mechanisms in beams strengthened with
externally bonded composite materials by adopting a higher-order stress analysis model and a
fracture mechanics mode. Benachour er al. (2008) gave a closed-form rigorous solution for
interfacial stress in simply supported beams strengthened with bonded prestressed FRP plates.

To uncouple the coupling effect between shear stress and normal stress, a key assumption used in
most existing solutions is that the beam and bonded plate have equal curvatures; therefore, the
bending moments of the two adherends are proportional to their self-flexural rigidities. Consequently,
the contributions of the vertical displacement differences between the two adherends to the adhesive
shear deformation and then to the interfacial shear stress are ignored. Based on the deformation
compatibility approach developed by Smith and Teng (2001), Hao et al. (2010) provided a coupled
solution for interfacial stresses by releasing the assumption of equal curvatures when a plated beam
is subjected to an external mechanical load and by not considering the effects of adherend shear
deformation.

Because accurate predictions of interfacial stresses are a prerequisite for designing structures
externally bonded with a plate (Tounsi and Benyoucef 2007), there is a lack of a complete solution
that simultaneously considers the effects of the adherend shear deformations, curvature mismatch
between the beam and plate, prestress, and mechanical and thermal loads. This study aimed to
provide a comprehensive solution for interfacial stresses by incorporating the abovementioned
factors. A simply supported beam bonded with a thin prestressing plate and subjected to both
mechanical and thermal loading was considered in the present work. The effects of the curvature
mismatch and adherend shear deformations of the beam and plate were investigated and compared.

The influence of geometric and material properties on interfacial stresses have attracted a great
deal of attention. This paper presents an improved analysis of the main influences on the
distribution of interfacial stresses. The interfacial stresses in a plated beam were found to be
influenced by the coupled effects of the elastic moduli, which appear as ratios £,/E), and E/E,, but
not by single changes of them (elastic moduli: adhesive layer (£,), beam (£}), and bonded plate

(Ep))-

2. Theoretical derivation (Method of solution)
2.1 Interfacial shear stresses: governing differential equation

A differential element of a plated beam, as shown in Fig. 2, can be cut out from the simply
supported plated beam shown in Fig. 1, where the interfacial shear and normal stresses are denoted
by 7(x) and of(x), respectively. Fig. 2 also shows the positive sign convention for the bending
moment, shear force, axial force, and external applied loading. In this paper, the subscripts b, p, and
a denote the beam, plate, and adhesive, respectively.

All materials were assumed to show linear elastic behavior, and the adhesive layer was assumed
to be subjected to a constant stress throughout its thickness. The shear strain y, in the adhesive layer
can be written as
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Fig. 2 Differential elements of a plated beam
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Vo= +
oy ox

where u,(x,y) and v, (x,y) are the horizontal and vertical displacements, respectively, at any point
in the adhesive layer as defined in Fig. 2. The corresponding shear stress is given as

(ou(x,y) | Ovi(x,y)
) = G )y 2 )

where G, is the shear modulus of the adhesive layer.

)

2
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The adhesive was assumed to be subjected to uniform shear stresses; therefore, u,(x,y) must vary
linearly across the adhesive thickness #,. The

ou,(x,y)
oy

- }(upa(x)—ubam) 3)

and

Qu,(x,y) 1 (dupa<x>_duba<x))
dx dx

Ox0y t,
where u,, and u,, are the longitudinal displacements at the beam-adhesive and plate-adhesive
interfaces, respectively.
If the beam is strengthened by being bonded with a prestressed plate, Eq. (4) becomes

luxy) 1 (dupam_ P _duba(x))
Ox0Oy t dx EA, dx

where P is the initial prestressing tension force in the plate; thus, (Py/E,A4,) is the longitudinal
strain in the plate due to prestressing. E, is the elastic modulus and 4, the cross-sectional area of
the plate. The prestressing force was assumed to be uniform along the length of plate. The minus
sign in (—Py/E,A,) indicates that the initial longitudinal displacement difference between the beam
and the plate induced by the prestressing force is opposite to u,,,.

In existing solutions, Roberts and Haji-Kazemi (1989), Smith and Teng (2001), Tounsi (2006),
and others used 0v,(x,y)/0x = 0 by assuming the beam and plate to have the same curvature. In
the present work, mismatch between the curvatures of the beam and plate was considered

Ova(xy) _ 1(dv;<x)+dvi(x)J
ox” 20 dx’ dx’
where v,(x) and v,(x) are the vertical displacements of the plate and beam, respectively. Because
linear elastic behavior was assumed for all materials and the adhesive layer is very thin, the stresses
can be assumed to be constant throughout the layer thickness. Therefore, u(x,y) varies linearly
across the adhesive thickness in every differential element. Thus, when deriving Eq. (6), assuming
that the curvature of the mid-plane of the adhesive layer is the average of the curvatures of the
beam and bonded plate is acceptable.
Differentiating Eq. (2) with respect to x and using (5) and (6) gives

dr(x) _ G, (dupa(x)_ P, _duba(x))+t_a dvy(x) , dvy(x)
a1, dc  E,A, dx 20 dx’

The longitudinal shear deformations of both the beam and the plate are incorporated here. It is
reasonable to assume that the shear stresses that develop in the adhesive are continuous across the
adhesive-adherend interface. In addition, equilibrium requires the shear stress be zero at the free
surface. Using the same methodology developed by Tsai et al. (1998) and Tounsi et al. (2009), a
parabolic variation of the longitudinal displacements U,]:’ (x,y)) and UI’Y (x,y,) in the beam and
plate was assumed, i.e.

“

)

(6)

(M

Uy = A,(x)y>+ B, (x)y, + Cy(x) (8)
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Uy = 4,0}y, +B,(x)y, + C,(x) ©)

vy (or y,) is a local coordinate system with the origin at the top surface of the beam (or plate).
The shear strains in the beam (plate) are

aug awf
=5 t5 (10)
& oyy  Oyy
ou)  ow
= ok L (11)
8yp 8yp

Neglecting the variations in transverse displacements Wi,v and W;v induced by the longitudinal
forces with the longitudinal coordinate x

814?,\,
R (12)
vy
ou’
7= 5_2' (13)
Yp

Thus, the shear stresses in the beam (plate) are
7, = Gy(34,(x)y;” + By(x)) (14)
7, = G,(34,(x)y,” +B,(x)) (15)

The continuity condition and the assumption of uniform shear stresses throughout the thickness of
adhesive gives 7(x) = 7, and

7(x, 1) = 7,(x,0) = 7(x) = 7, (16)

There is no shear stress at the top surface of the beam (at y, = 0) and the bottom surface of the
plate (at y, = h,); then

7(x,0) =0, 1z,(x,h,) =0 (17)

where £, and A, are the thicknesses of the beam and plate, respectively.
Substituting Eqs. (14) and (15) into Egs. (16) and (17) yields

5 =Y o) (18)
b
12
7 = (1 —%j (x) (19)

The corresponding shear strains are
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2
W= y%—”éx 20)
hy, b
and
2

_ Yo | 7(x)
Yo = (I—J’—]— 1)
P hZ Gp

P

The longitudinal displacement functions uiv for the beam and ujjv for plate, due to the longitudinal
forces, are given as

uf ) = b+ [Py = uf,+ Ty Ty, (22)
b 3G,hy 3G,
o), Y
N N Vp ' r— N ’
zum=%ﬁk%mmm—%+g@r;§ (23)
p

where uﬁ,va and u;va represent the displacement at the interface between the adhesive and the beam
or plate, respectively, due to the longitudinal forces.
The longitudinal resultant forces N, and N, for the rectangular beam and plate are

ity @% Mdi
= Epb ("Leagy, = E 4 _ Db ar 24
Ny bbpjj dxdyb NP 4G, dx @4
and
N =Eb Jﬁpcﬁ’gld ' :EA(%JrihLd_T) (25)
= S0 hy T e T B e T 12G ar

The resultant deformation of the interface between the beam (or plate) and the adhesive combines
the deformations induced by both the longitudinal force and the bending moment at the beam
(plate); they can be expressed as

Uy = Uy, + Uy (26)
and
g = Uy + Uy 27)

The strains are then

du 5h, dr(x)

a y 1
Epy = —2 = — =M (x) + N, (x)- (28)
P dx EJL " EA, " 12G, dx
for the interface between the plate and adhesive and
duy, _ y, 1 hy, dr(x)
= —= = =M, (x)- Np(x) + —=——= 29
Eba dx El, 5(X) EA, 5(X) 4G, dx (29)

for the interface between the beam and adhesive.
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E, is the elastic modulus of the beam and A4,, the cross-sectional area of the beam. 7, and I, are
the second moments of area. M, (or M,) is the bending moment and N, (or N,), the axial force Vb
and y, are the distances from the bottom of the beam and the top of the plate to their respective
centroids, respectively.

When the thermal load is also considered, Eqgs. (28) and (29) can be rewritten as

d
P TR /T VA R S LR Y (30)
dx E,, EpAp 12G dx
and
duba hb dT(X)
= = =2 — N, + a, AT 31
Epa x Eblb M,(x) EbAb p(x) + 4G, dx (31)

a and o, are the thermal expansion coefficients of the beam and plate, respectively. AT is the
temperature elevation.

The transverse shear deformations in both the beam and the bonded plate are ignored here; the
equilibrium of the plate and beam then gives the following relationships.

For the plate

&v (x
L M (2)
LD _ )by, ) 63)
dx
dv,(x)
— = bol) (34)
For the beam
dvx) 1
P —*—Eijzﬂ@( x) (35)
dM,
LD~y byato) (36)
dv,
T~ b,0()—g (37)
The horizontal equilibrium gives
dN, dN,
) _ AN 58)

dx dx

dN,(x) _ dNy(x) _, drfx)
ax’ dx’ b dx
where b, is the width of the plate. The beam and plate were assumed to have the same width.

(39)
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Substituting the above equations into Eq. (7), we obtain
) _ G2ty !

hy dox) ,  AT— 22 M () - Py

dx E,l, EA, "7 3G, dx Eb]b EA,
) |

N,(x)— == + o, AT |+ 2| — — -—M, 40

0 -5 ) A M- ) (40)
Differentiating Eq. (40) with respect to x twice gives

L ox) _ Gf[dupe®) dup(0) 1 dv,(0)  dvi(x)

2 3 3 t3 ran 4 (41)

dx la dx dx 20 dx dx

Based on the above equilibrium equations, the fourth derivative of the vertical displacement can
be written as

dv,(x) _ 1 ( d(
_ 1 ( x)) 42
Py A G R “2)
d
2 L {5,004+ b, 220) @)
dx E [b dx
and the third derivative of the horizontal displacement can be written as
d 3
UpulX) _ L (b o)~ by, 8 _L_p d7) 2 iy 4 o) (44)
dx dx EA, " dx 12G, gy
3 3
d up,(x) (b olx )+q+bpybdf(x)) 1 bpdi(x)Jrﬂd 7(x) 45)
a’ E,, dx / E A, " dx 4G, g

By substituting Egs. (42)-(45) into Eq. (41), the governing differential equation for the interfacial
shear stresses can be written as

0‘0d3 qx) _ a, dox) + oo(x) + ozq (46)
e dx
t,12G, t,4G,
2

al:%(%Jr b, +by b, +zalzu_,+ta%)

L \E 1 EA " El Ed, 2E,1, 2El,
azzil(&__yL-kt_aL_t_a 1 ) a3:g(& t_a_l_)

1, \EyI, E,, 2E,, 2E,I, t, \Eyly 2E,I,

2.2 Interfacial normal stresses: goveming differential equation

When the beam is loaded, vertical separation occurs between the beam and the plate. This
separation leads to different curvatures of the beam and plate and creates an interfacial normal stress
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in the adhesive layer. The normal stress o(x) is given as

o) = Z4(1,(1)~v,(x) @7)

Substituting Eqgs. (42) and (43) into the fourth derivative of the interfacial normal stress obtained
from Eq. (47) gives the following governing differential equation for the interfacial normal stress

LD 4 o) + 210+ g = 0 “8)

dx dx

Eb,( 1 1 Eb,( Vs Y E, 1
where S, = —"E(—+—), =—“2(———f’—), =
P EJ, E,l, % t, \E,J, E|l, P t,E,l,

3. General solutions for the interfacial shear and normal stresses
The governing differential equations for the interfacial shear and normal stresses (Egs. (46) and

(48)) are clearly coupled; the task becomes to seek the solution of the following differential
equation system

3
Ofod dx) 0‘1dT(x) +apo(x) + azq
ax’ dx (49)

LoD 1 o)+ L8 1 g = 0
dx dx

For simplicity, the general solutions presented below are limited to loading that is either
concentrated or uniformly distributed over part of the span of the beam, the whole span, or both.
For such loadings, the second and higher-order derivatives of the load are zero.

Let D = d/dx’; then, the above expressions can be written as

{(%D3_051D)T = m0(x) + o3q (50)
(D' +B)o+ D+ fig =0
The first equation of (50) gives
D’ — ;D) (x) -
o= (o a,D) 1(x) — azq (51)
129)

Substituting (51) into the second Equation of (50) gives

(a0D7 + a0ﬂ1D3 - ale —a D)t /DTt o frg - a3D4q— asfhq =0 (52)

By assuming d’t/dx’ = 0 because d’/dx’ is generally negligible to the final solution (Smith and
Teng 2001), the general solution of interfacial shear stresses can be easily given by
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ox) = C, + Cye™™ + Cye™™ + ngx (53)
where m = M and n = M. It is not difficult to find m>0.
B ap—a, By

Substituting (53) into the second equation of (50) gives
D45+ﬂ10': _Clﬂzﬁeﬁx+czﬂ2«/;7€7ﬁx_(”ﬂz +5)q (54)
The solution of this equation can be written as
o(x) = ekx(Blcoskx + B,sinkx) + eikx(B3coskx + B,sinkx) + J*(x) (55)

where k£ = 4/4,/4 and 0'*(x) is the particular solution.
Assuming the particular solution

o (x) = Ce™ + Cre ™ 4 Gy (56)

_ﬂzclﬁ G,= ﬂzzcz«/% ,and G; = _,32” + ﬂ3q.

mz"'ﬂl ’ m + f by

Then, the general solution for normal stress is

and substituting it into (53) gives G, =

o(x) = € (B,coskx + B,sinkx) + e *(B;coskx + B,sinkx)
LBCodm e foConlm e (Bon + B)
m’ + B, m’ + f, A
Because f,<0 and the normal stress tends to be zero when x is very large, the coefficients
C, = B, = B, = 0 and the normal stress can be expressed as

ﬂzc3ﬁefﬁx_(ﬁzn +B3)q
m’ + b

(57)

o(x) = ¢ “(Bscoskx + B,sinkx) +

(58)

4. Interfacial stresses for a uniformly distributed load

We now compare the results predicted by the present method with others through an example
where the plated beam is subjected to an uniformly distributed load ¢. The first step is to determine
the parameters B, B, and C;, C; in Egs. (53) and (58) from the boundary conditions:

1) The first boundary condition requires zero interfacial shear stress at the mid-span due to
symmetry of the applied load: i.e., #«(L,/2) =0 when x = L,/2. Substituting these into Eq. (53)
gives

L
~(3)

nq(%) +C,+Cse =0 (59)
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e tends to zero when L, is very large, so C, = —n%ﬁq.
2) The second boundary condition is the applied bending moment at x = 0. Here, the moment
M,(0) at the plate end and the axial resultant force of either the beam or plate N,(0) = N,(0) are
zero: i.e., M,(0) =0 and N,(0) = N,(0).
Subsequently, the moment in the section at the end of plate is resisted by only the beam; we can
then obtain M,(0) = MA0) = qz—a(L—a). From Eq. (40), we can obtain

di _( +’—Q)Mb(0)+ _a)Aar- Lo Ji 60
dxx:o |: yb 2 Eblb (ap ab) E~F1417 taao ( )
From Eq. (53)
drl = pg—Cydm (61)
dxx=0

Substituting Eq. (60) into (61) gives

g+ (e DO gz L]

c, = 1ol 2) E,l EA,
Jm
On the other hand, Eq. (58) gives
32
Folx)  _ —2sz4+ﬂ2(;3m ©2)
2
dx” |- m”+ [
From Eq. (47), we obtain
dza(x) _E, dzvp(x)_dzvb(x) 63)
dx’ 1.\ dx, dx’
Substituting Eqs. (32) and (35) into Eq. (63) gives
dzO'(ZX) - ]it(_ —l-Mp(x) + —I-M,,(x)) (64)
dx ta Eplp Eb[b
Substituting the boundary conditions M,(0) = 0, M,(0) = ga(L—a)/2 into Eq. (64) gives
dot) - Lo (65)
a’ |, Laliply
By combining Egs. (62) and (65), we obtain
pCom’” Ega(l-a) (66)

Yoot )R ALE LK
3) The resultant shear force at the end of the plate is zero: i.e., V,(0) =0, V,(0) = V#(0), and
VA(0) =ql/2—qga. From Eq. (47), we can obtain
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a a
d30(3x) _ Zi( vpgx)_ vng) )
dx 1.\ dx dx
Substituting Egs. (32), (33), (35), and (36) into Eq. (67) gives
dFox) Ef 1 1
= ——V,(x)-b +—(Vy(x)—b 68
T = BT bt () bt (68)
Substituting boundary conditions ¥,(0) = 0 and V,(0) = V7(0) into Eq. (68) gives
d o) = B,(0)-47(0) (©9)
dx x=0
From Eq. (58), we can obtain
3 2
do)|  — o, +2k'p, LS (70)
dx3 x=0 m +IBI
Combining Egs. (69) and (70) gives
Cym’
BV A0 frt0) + 220,
B, = RANS & (71)
2k

5. Results

To verify the analytical model, the present predictions were first compared with those of Tousi
(2006), Tousi et al. (2009), Hao et al. (2010), and Smith and Teng (2001), both the prestressing
force and thermal loads were ignored. The effects of curvature mismatch and adherend shear
deformation were then considered when the plated beam was subjected to mechanical loads,
prestressing, and thermal loads. Finally, the effects of various parameters on the distributions of the
interfacial stresses were investigated.

5.1 Main parameters influencing the distribution of interfacial stresses

The parameters that affect the distribution of interfacial stresses have been investigated by many
researchers. The interfacial shear and normal stresses can expressed as

O'(OI’ T) = ﬂhln bb7 L;Lp’ hp’ bp;ta;Eh Ep: Em Hps ,Up, Harq> PO’ AT) (72)

The strengthened beam is already in situ; thus, the mechanical properties (£, and ) and the sizes
(hy, by, L) of the beam are also fixed. g is the external load on the beam, and the width b, of the
plate is generally equal to that of the beam b,. Thus, the main parameters that influence the
distribution of interfacial stresses include L, 4,;t,;E, E,, E,, tty, 1, 14,;P0, AT . From the above
derivation, £, E,, E, are usually coupled as E /E, and E,/E,. Consequently, we focused on the
effects of Py, AT, E,/E,, E,JE,, h,, L,, and #, on the interfacial stresses. In addition, future
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Table 1 Geometric and material properties

Component Width(mm) Depth(mm) Young’s Modulus (MPa) Poisson’s ratio
RC beam 200 300 30000 0.2
CFRP plate 200 4 100,000 0.3
Adhesive layer 200 2 2000 0.35

research will examine the impact of temperature on interfacial stresses by incorporating the
temperature-dependent elastic and shear moduli of the adhesive.

5.2 Geometric and material properties

An RC beam bonded with CFRP plate was analyzed. Table 1 summarizes the geometric and
material properties. The beam was simply supported and subjected to a uniformly distributed load
(UDL) ¢ = 50 N/mm. The span of the beam was L = 3000 mm; the distance from the support to the
end of the plate was ¢ = 300 mm.

5.3 Comparison with other solutions when P, = 0 and AT =0

To compare the results obtained with the present theory and the existing solutions, first consider a
plated beam carrying only mechanical loads but neither prestress nor thermal loads. The effects of
both curvature mismatch and adherend shear deformation should both be demonstrated to be
considered in the present analyses. Tousi (2006) and Tousi et al. (2009) produced results that
included the effect of adherend shear deformation but did not include the effect of curvature
mismatch. Hao e al. (2010) considered the effect of curvature mismatch but did not consider the
effect of adherend shear deformation. Neither of these effects were considered in Smith and Teng’s
(2001) solution.

Figs. 3(a) and (b) plot the distributions of interfacial shear and normal stresses, respectively, near
the plate end for an RC beam bonded with a CFRP plate as calculated by these four methods. The

2.8 . Present method (effects of curvature mismatch 1.6 Present method (effects of curvature mismatch
o and aherend shear deformation) R and aherend shear deformation)
244 = o Hao et al. (2010) (effects of curvature mismatch) o O Hao et al. (2010) (effects of curvature mismatch)
D;; v Tounsi (2006) (effects of aherend shear deformation) 124 ® v Tounsi (2006) (effects of aherend shear deformation)
204 o *  Smith and Teng (2001) : %0 *  Smith and Teng (2001)
® % Tounsi et al. (2009) X R’ ¥ Tounsi ef al.(2009)

Interfacial shear stress (MPa)

Interfacial normal stress (MPa)

T T 1
0 30 60 90 120 150

Distance from the plate end (mm) -0.4- Distance from plate end (mm)
(a) (b)

Fig. 3 Comparison of interfacial shear and normal stresses for a plated beam subjected to a UDL. (a) shear
stress, (b) normal stress
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Table 2 Comparison of peak interfacial shear and normal stresses
Present method Tousi (2006) Hao ef al. (2010) Smith and Teng (2001) Tousi et al. (2009)

Tmax (MPa) 1.817 1.612 2.760 2.740 1.803
Omax (MPa) 1.038 0.982 1.495 1.484 1.094

solutions from this work, Tousi (2006), and Tousi et al. (2009) gave lower maximum interfacial
shear and normal stresses than those predicted by Smith and Teng (2001) and Hao ef al. (2010).
However, the differences between the present results and those of Tousi er al. (2009) and the
discrepancy in the solutions of Smith and Teng (2001) and Hao et al. (2010) were both small. This
indicates that the inclusion of adherend shear deformation leads to lower values of 7, and Gy
and thus reduces the level of stress concentration. However, the influence of curvature mismatch on
interfacial stresses is small, even though it may induce larger interfacial stresses (Table 2). The
maximum interfacial shear and normal stresses given by Tousi (2006) may be lower than the results
of this work and those of Tousi et al. (2009) because the assumptions used in the theories of this
work and by Tousi ef al. (2009) agree with the beam theory (parabolic distribution of shear stresses
through the depth of the beam).

5.4 Effects of curvature mismatch and adherend shear deformation when P,=0 and
AT#0

Fig. 4 shows the results for a beam strengthened by a prestressed CFRP plate. The prestressing
force Py =100 kN and temperature elevation AT =20°C. The coefficients of thermal expansion were
1.2 x 107> °C™! for the concrete and 0.2 x 107> °C™' for the CFRP plate, but the variation in elastic
modulus with temperature was not considered here. The effects of both curvature mismatch and
adherend shear deformation presented a similar tendency to the case discussed in section 5.2 when
Py=0 and AT =0. Consequently, prestressing and thermal loads do not change the contribution of

—Oo— Incorporating the curvature mismatch but not —O0— Incorporating the curvature mismatch but not
20+ include the adherends shear deformation effect 10+ include the adherends shear deformation effect
Considering effects of both adherends shear —— Considering effects of both adherends shear
deformation and curvature mismatch 8 deformation and curvature mismatch
15+ v Including the adherends shear deformation effect v Including the adherends shear deformation effect

but not consider curvature mismatch 6. but not consider curvature mismatch

Interfacial shear stress (MPa)

Interfacial normal stress (Mpa)

0 1(I)O 2(I)O 3(')0 4(I)0
Distance from plate end (mm)
(@) (b)

Fig. 4 Effects of curvature mismatch and adherends shear deformation on interfacial stresses. (a) shear stress,
(b) normal stress
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Fig. 5 Effects of temperature elevation (A7) on interfacial stresses. (a) shear stress, (b) normal stress

either adherend shear deformation or curvature mismatch to the interfacial stresses. The inclusion of
the adherend shear deformation effect on the beam and plate remarkably reduces the values of the
maximum interfacial shear and normal stresses.

5.5 Effects of temperature elevation (AT)

As the beam and plate material (e.g., concrete, steel, and FRP) generally have different thermal
expansion coefficients, large thermal stresses may arise in the plated beam because of temperature
changes (either increases or decreases). The effect of the difference in thermal expansion of two
adherends on the interfacial stresses was considered for four cases: AT = 0, 20, 30, and 50°C. The
variation in mechanical properties such as the elastic modulus of the adhesive was not considered.
For the initial prestressing force, Po=100kN. Fig. 5 shows that an increase in temperature
elevation (AT) results in a higher stress concentration and higher interfacial shear and normal
stresses.

5.6 Effects of the prestressing force (Py) on interfacial stresses

The edge interfacial shear and normal stresses of a plated beam with variable prestressing force
were compared. Four cases of constant prestressing forces were examined: Py = 0, 60, 100, and
120 kN. A uniformly distributed external load of ¢ = 50 N/mm was assumed. As shown in Fig. 6,
an increase in the initial prestressing force (Py) clearly leads to a high stress concentration.

5.7 Parametric study

To better understand the behavior of the plated beam, the influence of various parameters on the
values of interfacial stresses were investigated. A case of a plated beam strengthened by a bonded
prestressing plate subjected to both mechanical and thermal loads was considered; the presented
solutions include both the effects of curvature mismatch and adherend deformation. The initial
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Fig. 6 The effect of the prestressing force (Py) on interfacial stresses. (a) shear stress, (b) normal stress

prestressing force was set to P, = 100 kN, and the uniformly distributed external load was g =
50 N/mm.

5.7.1 Effects of the ratios E/E, and E/E,

Many researchers have investigated the respective effects of the elastic moduli of the adhesive
layer (E,), beam (E,), and bonded plate (E,). However, Egs. (49), (53), and (58) make it clear that
these three parameters are coupled and appear as ratios E/E, and E,/E, From the analytical
solutions of the interfacial stresses (see Egs. (53) and (58)), the interfacial stresses do not change if
both E,/E, and E,/E, are kept constant when the thermal effect is not considered.

Fig. 7 shows the interfacial shear and normal stresses when E/E), is equal to 1/30, 3/30, and 6/30
but E,/E, is kept constant as 1/100. The results when E,/E, was kept constant at 1/10 and E,/E, was
1/100, 3/100, and 6/100, are shown in Fig. 8 The modulus ratios clearly affected both the

—=— E/E,=1/30
—o— EJE,=3/30
—v— EJE~6/30

—=— EJE=130
34 —o— EJE=3/30
—v— EJ/E~6/30

Interfacial shear stress (MPa)
N

Interfacial normal stress (MPa)

0
14 0 !
20 0 20 40 60 80 100 120 140
Distance from plate end (mm) -1- Distance from plate end (mm)
(a) (b)

Fig. 7 Effects of the ratio E,/E;, when E/E, is kept as 1/100. (a) shear stress, (b) normal stress
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Fig. 8 Effects of the ratio E,/E, when E/E, is kept as 1/10. (a) shear stress, (b) normal stress
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Fig. 9 Effects of thickness of the adhesive layer on interfacial stresses. (a) shear stress, (b) normal stress

interfacial shear and the normal stresses to a substantial degree. Increasing E,/E), produced lower
interfacial stress values, but increasing E,/E, increased the interfacial stresses.

5.7.2 Effects of adhesive layer thickness

The thickness of the adhesive layer is a significant parameter. Fig. 9 shows the effect of the
adhesive layer thickness on interfacial stresses. The level of stress concentration decreased with
increased thickness of the adhesive layer.

5.7.3 Effects of plate thickness and length

The thickness of the bonded plate is an important design variable in practice (Tousi et al. 2009).
Fig. 10 shows the effect of the thickness of the plate on the interfacial stresses. Three thicknesses of
h, =1, 2, and 4 mm were considered for a constant length L, = 2400 mm. The interfacial stresses
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Fig. 10 The effect of plate thickness on interfacial stresses when L,=2700 mm. (a) shear stress, (b) normal
stress.
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Fig. 11 The effect of plate thickness on interfacial stresses when L,=2700 mm. (a) shear stress, (b) normal
stress
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were found to be considerably influenced by the thickness of the plate. The results indicate that the
maximum values of both the interfacial shear stress and the normal stress decrease with increased
plate thickness. In addition, the maximum values of both normal and shear stresses decreased with
increased plate length, as shown in Fig. 11. This figure shows the results when the length of the
plate L, was 2000, 2200, 2400, and 2800 mm for a constant thickness of 4, = 4 mm.

5.8 Impacts of thermal loads on interfacial stresses

The effects of the different temperature expansion coefficients for the beam and plate on
interfacial stresses are discussed in section 5.5. However, not only are the adherends expanded by
temperature elevation but the elastic modulus of commonly used epoxy adhesives may decrease
significantly with increased temperature (Kelmar e al. 2008, Rabinovitch 2010). A high
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Table 3 Temperature dependent elastic and shear moduli of the adhesive (adapted form Kelmar er al. (2008)
and Rabinovitch (2010))

Temperature (°C) 20 30 40 50 60
E,(MPa) 12800 12000 10400 6700 1000
G, (MPa) 4925 4615 4000 2575 385
12+
v o—30C 10 1 .
X o ¥ o 30T
104 g% xodoe b *— 40T
SRR v v—50C 5 8 - v 50T
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Fig.12 Impacts of thermal loads on interfacial stresses. (a) shear stress, (b) normal stress

temperature elevation (A7) was demonstrated to lead to a high stress concentration (see section 5.5),
and a decrease in adhesive elastic modulus reduces the maximum values of both interfacial shear
and normal stresses (see section 5.7.1). Thus, the impacts of thermal loads on the interfacial stress
distribution were examined by simultaneously considering the thermal expansion of adherends and
the change in adhesive elastic modulus induced by thermal loads.

Table 3 refers to Kelmar et al. (2008) and Rabinovitch (2010) to give the temperature-dependent
elastic and shear moduli of the adhesive.

Fig. 12 shows the distribution of interfacial shear and normal stresses near the end of plate when
the temperature is 30, 40, 50, and 60°C, assuming that the initial temperature is 20°C. It indicates an
increase in interfacial shear stresses with increasing temperature when the temperature was 30—
50°C. However, the interfacial normal stress is reduced by increasing the temperature to 50-60°C.
Both the interfacial shear and normal stresses at the plate end clearly dropped when the temperature
was 60°C because of a notable reduction in the elastic properties of the adhesive.

6. Conclusions

In this paper, we presented an improved solution for the interfacial stresses of a beam
strengthened by bonding a plate onto its tension surface. The solution can be used to analyze plated
beams that are simultaneously subjected to mechanical loads, prestressing, and thermal loads. The
coupled equations for interfacial shear and normal stresses were derived by considering the
curvature mismatch between the plate and beam induced by adhesive deformation. The new
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analysis also includes the effect of the adherend shear deformations by assuming a parabolic
variation of longitudinal displacements in both the beam and the bonded plate. The results indicated
that incorporating the adherend shear deformation effects of the beam and plate clearly reduces the
level of interfacial stress concentration. The curvature mismatch between the beam and the plate
induces a small increase in interfacial stresses.

The main quantities that affect the distribution of interfacial stresses were analyzed. The
maximum values of interfacial stresses at the end of the plate decrease with increased plate
thickness and length. Moreover, increasing the thickness of the adhesive layer decreases the level
and concentration of the interfacial stresses.

Both the normal and the shear stresses were demonstrated to be significantly influenced by the
coupled effects of the elastic moduli, which appear as ratios E,/Ej, and E/E,. Increasing E/E,
reduces interfacial stresses at the end of the plate, but increasing E,/E, induces higher interfacial
stresses.

The difference in thermal expansion coefficients between the beam and the plate results in an
increase in interfacial stress concentration when the temperature elevation (A7) is increased. In
addition, an increase in the initial prestressing force (P,) markedly increases the level of interfacial
stress concentration. However, if the thermal expansion and variation in the elastic modulus of the
adhesive with temperature are considered simultaneously, the interfacial shear stress near the plate
end increases with increasing temperature when the temperature is 30-50°C. However, the interfacial
normal stress is reduced by increasing the temperature to 50-60°C. Both the interfacial shear and the
normal stresses clearly decrease when the temperature is 60°C because of a notable reduction in the
elastic properties of the adhesive.
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