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Abstract. In this study, the stability of laminated homogeneous and non-homogeneous orthotropic
truncated conical shells with freely supported edges under a uniform hydrostatic pressure is investigated.
It is assumed that the composite material is orthotropic and the material properties depend only on the
thickness coordinate. The basic relations, the modified Donnell type stability and compatibility equations
have been obtained for laminated non-homogeneous orthotropic truncated conical shells. Applying
Galerkin method to the foregoing equations, the expression for the critical hydrostatic pressure is obtained.
The appropriate formulas for the single-layer and laminated, cylindrical and complete conical shells made
of homogeneous and non-homogeneous, orthotropic and isotropic materials are found as a special case.
Finally, effects of non-homogeneity, number and ordering of layers and variations of shell characteristics
on the critical hydrostatic pressure are investigated.
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stability; critical hydrostatic pressure

1. Introduction

Non-homogeneous composites have considerable technical and engineering importance. Therefore
analysis of the overall mechanical properties of the non-homogeneous composites must be studied
comprehensively. The materials and structural components are often non-homogeneous, because of
design, manufacturing process, production techniques, surface and thermal polishing processes or
physical composition and imperfections in the underlying material. Thus, the physical properties of
materials change from point to point as random, piecewise continuous or continuous functions of
coordinates. In an up-to-date survey of literature, authors have come across various models to
account for non-homogeneity of the shell material proposed by researchers dealing with the stability
and vibration (Babich and Khoroshun 2001, Shen and Noda 2007, Ootao and Tanigawa 2007). By
using these models, aspects of the buckling and vibration of single-layer non-homogeneous shells
have been examined (Massalas ef al. 1981, Zhang and Hasebe 1999, Elishakoff 2001, Ding et al.
2003, Gupta ef al. 2010).
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The laminated composite conical shells are being widely used in construction of engineering
structures is an important field of current area of research. The conical shells made up of composite
materials are one of the important structural elements in a variety of high performance engineering
systems including aircraft, submarine, and space structures. Considerable efforts have been made in
the past by researchers on the predictions of the dynamic and buckling response of laminated
homogeneous composite shells (Wang and Wang 1991, Tong 1999, Wu and Chen 2001, Li et al.
2005, Civalek 2005, 2007, Yas and Garmsiri 2010, Patel ef al. 2011). However, a limited literature
is available on the analysis of laminated composite shells with non-homogeneous material properties
(Mecitoglu 1996, Zenkour and Fares 2001, Sofiyev 2002, Sofiyev and Schnack 2003, Goldfeld and
Arbocz 2004, Li and Batra 2005, Sofiyev et al. 2010). Furthermore, studies of the stability and
vibration of freely supported (held circular but unrestrained axially) single-layer conical shells are
fewer in the literature. Aganesov and Sachenkov (1964) presented the stability and free vibration of
freely supported truncated and complete conical shells, by using energy method. Yakushev (1991)
studied the stability of freely supported truncated and complete conical shells under dynamic
external pressure. Sofiyev and Aksogan (2002) presented the dynamic stability of the freely
supported non-homogeneous orthotropic elastic truncated conical shell under the time dependent
external pressure. Sofiyev (2009) investigated the stability and vibration of freely supported FGM
conical shells under the uniform external pressure.

It is evident from the available literature that the studies on the buckling response of freely
supported laminated composite conical shells with non-homogeneous material properties are not
dealt by the researchers due to complexity associated with the conical shells. In the present work, an
attempt is made to address this problem.

2. Basic relations and equations

Consider a circular conical shell as shown in Fig. 1(a), which is assumed to be thin, laminated
and composed of N layers of non-homogeneous orthotropic composite materials. A thickness of the
layers is equal, i.e., is § = h;/N. Here h, = 2h is the total thickness, L is the length of truncated
conical shell and y is the semi-vertex angle of the conical shell. R, and R, indicate the radii of the
cone at its small and large ends, respectively. S| and R, are the distances from the vertex to the
small and large bases, respectively. A set of curvilinear coordinates (¢, 6,S) is located on the
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(a) (b)

Fig. 1 (a) Geometry of a laminated conical shell, (b) cross sectional view of thickness of the laminated
composite truncated conical shell
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reference surface. The {~axis is always normal to the moving S-axis, lies in the plane generated by
the S-axis and the axis of the cone, and points inwards. The @-axis is in the direction perpendicular
to the S—¢ plane. Fig. 1(b) shows a cross-sectional configuration of the laminated composite
conical shell in thickness direction. The reference surface = 0 is located at a layer interface for
even values of N, whereas for odd values of N the reference surface is located at the center of the
middle layer.

The Young’s moduli and shear modulus of the layers are defined as continuous function of the
thickness coordinate { as

[E(k+1)(é,) E(k+1)(§)’ G(k+1)(§)] k+1)(é,)[E(k+1) E(k+1) G(k+1)]

C=(h, —1+kd<C<—1+(k+1)8 6=0h k=01,2,...(N-1) (1)

where E(k Y and E are Young’s moduli of the layer £+1 along the S and @ directions,
respectively, G(k Y s the shear modulus on the plane of the layer £#+1. Additionally

2 () = 1+ ue™ (E) )

where (p(kﬂ)(g“ ),k=0,1,2,...(N—1) is continuous function giving the variation of the Young’s
moduli in the layers, respectlvely, satisfying the condition |(p(k+1)(cf )%<1 M is variation coefficient
of the Young’s moduli and shear modulus, and satisfying the following inequality 0< < 1.

The stress-strain relations for non-homogeneous orthotropic layers are given as follows (Sofiyev
2009, Volmir 1967, Reddy 2004)

2
- %ﬁ
S0 gk gl
(k+1) = Q(k+1) (k+1) 0 gg_ (l@Jrla_Wj 3)
(M) e s'og SOS
Oso 0 0 66 | ow
o~ g(sasa*al_gia_e)

k+1) (k1 k+1 . .
where (S ) 0'(9 ) and 0'(39 ) are stresses in the layers; gs, 59, 535 are strain components on the

reference surface; 6, = Osiny; w is the displacement of the reference surface in the normal
direction, pos1t1ve towards the axis of the cone and assumed to be much smaller than the thickness.

The quantities Q i,j = 1,2,6 for orthotropic lamina are
(k+ 1= (k+]) (k+ )= (k+1)
w1y _ Eos (3 ) _ Eop ©) (k+1) _  (k+1) A(k+1) _ (k+1) (k+1)
11 (k+l) (k+1)° 22 (k+1) (k+1) 12 Vos 11 Q
1=Vso " Vos 1=Vsp " Vos
w =269, k=0,1,2, (N1 @

(k+1) (k+1)

. . k . .
in which v5, ’ and v ~ are Poisson’s ratios of the layer k+1, assumed to be constant.
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The force and moment resultants are expressed by (Volmir 1967)
N-1-h+(k+1)8

[(Ns, No Neg), (Ms, Moy Msp)1 = S [ (1,)(05 ", 0, o5 ) (5)

k=0 —h+ks
The relations between the forces Ny, Ny and Ny, and the stress function V¥ are given by

1w 18 o'y 10w  18¥ ©)
256 '53s’ o8’ 59506, 06,

The laminated orthotropic truncated conical shell is freely supported and subjected to a uniform
hydrostatic pressure, P

(N5, Ng» Nsp) = [

Ng = —0.5PStany : N(; = —PStany : Ngg =0 @)

where Ng,Ng, and Ngg are the membrane forces for the condition with zero initial moments.
The modified Donnell type stability and compatibility equations of a laminated truncated conical
shell are, respectively, as follows (Volmir 1967)
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Substituting Eq. (3) in Eq. (5) after some rearrangements, the relations found for moments and
strains, being substituted into Egs. (8) and (9) together with relation Eq. (7), then considering the
variable S = S,e", after lengthy computations, the modified Donnell type stability and strain
compatibility equations of the laminated non-homogeneous orthotropic truncated conical shells can
be written in the following form
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where the expressions J;, A; (j=1,2,...,16)are given in Appendix A.

3. Solution of basic equations

For the laminated non-homogeneous orthotropic conical shell, freely supported boundary
conditions at both ends are considered and expressed as (Aganesov and Sachenkov 1964, Yakushev
1991, Sofiyev 2009)

v=w=M;=T¢=0 at S=S(x=-x) and S=S,(x=0) (12)

where v is displacement in the circumferential direction.
The solution of Egs. (10) and (11) is sought in the following form (Sofiyev 2009)

w = &eMsinfixcos 0, V= ¢S,e " sinBxcos 3,6, (13)

where A is a parameter which is found from the minimum condition of the critical hydrostatic
pressure, & and ¢ are amplitudes and the following definitions apply
Bi=Z p=L =2, x-—hd (14)
X0 siny S, S,
Multiplying Eq. (10) by wSie” dxd6, and Eq. (11) by WSie™'dxd6,, for 0<6,<2rsiny and
—x,<x<0, applying the Galerkin method to Egs. (10) and (11), thus obtained, one gets

27siny 0
[ [Liw, WY)wSse™dxd6, = 0 (15)
0 —Xq

27siny 0 5 2y
[ [La(w, ¥)¥Sse™dxd6, = 0 (16)
0 —Xq

Substituting Eq. (13) into the Egs. (15) and (16) after some rearrangements, for the critical
hydrostatic pressure of the laminated non-homogeneous orthotropic truncated conical shells with
freely supported edges, the following expression is obtained

pre _ Q105 0.0, n

0,405



94 Zihni Zerin
where the expressions Q(i=1,2,...,5) are defined as follows

O =814 + 84, + (85 = 6o 53 ) A5 + 384 + 255 5 =36, 83 = 26383 10, = 2(A° + 37 )60, coty
Oy =280 = (61082 + O15)As + 285 (811 — S12) + S134s — S14 A — 2616102
Os =[(A+DA+ B +05+25516,S> tany
Os =[2A18 — Ay B3 By + 20557 — 2A,4 33 + AsB, + AgBs + A7 By + 2A4]6,

[ 28085 + (Ais — AwfBE)By — An i -

Os = ,
=2Ap B — Ai3Bs + Ay Bg + Ajg

0.1 —2(A” + )6, cot y (18)

in which expressions 4, B(i=1,2,...,6) are defined as follows

A =2BA+D)}A-D+28A+D)A+4) - B A =—[fFAA+T)+(A+1)* (41 -5)]
A5 =-20(A-2)(A+D)+ 1] Ay =-2[(A-2)A+ S]]
As = 21 BA=4)+ 2B AUA+2) = B, As = —[BE (41 +2)+ A (41 -6)]
B = =2[(A-D(A+D)+f]; By =-2A(A+1)’BA-D+25 (A +1)(A+3) - B]
Bs =[S (441 +6) + (A +1)* (44 =2)]; By = -2[(A - DA+ B]
Bs = 2[A(BA=2)+ 282 A3 -2) - B']; Bs = —fE(4A+1)+ A% (44 -3)]

201 _ (24
= ﬂl!:l" € _ ] —;i=-2;-1;0; 1 (19)
[(QA+i) +45712A +1)

Eq. (17) can be used for the study of stability of laminated non-homogeneous orthotropic
complete conical and cylindrical shells with freely supported edges;
a) The laminated truncated conical shell is transformed into the laminated complete conical shell
when R, —>0,x,— o, —0,e “°—>0,a>0 (Aganesov and Sachenkov 1964). In this case,
P,Sfr in Eq. (17) is transformed into Pf,f,., respectively.

b) If = 7/180000—>0, S, —> o0, S,siny= R, B,siny= ’ﬂ-L’Z@ =m,, S, =S, +L, x,= 1ngz = 1n(1 +3L-)
1 I
oy ,e 1 —a—L— , a >0 are substituted in Eq. (17) corresponding formula for the laminated

1 1

cylindrical shell is obtained. In this case, P,{,S, in Eq. (17) is transformed into Pf,flr , respectively.
c) When u =0, from Eq. (17), the expressions for critical hydrostatic pressures are obtained for
the homogeneous conical and cylindrical shells.

The minimum values of the critical hydrostatic pressure of the laminated cylindrical, truncated
and complete conical shells are obtained by minimizing Eq. (17) with respect to m, n and A. The
values of the parameter, A, changed depending on the geometry of the shell, loading and boundary
conditions. After the various numerical computations and analyses for the critical hydrostatic
pressure of the freely supported cylindrical, truncated and complete conical shells, the following
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generalized values are obtained for parameter, 4. The minimum values of the critical hydrostatic
pressure of laminated and single-layer cylindrical, truncated and complete conical shells are
obtained, at 4 = 0, 4 = 2.4 and A = 4, respectively.

In numerical computations part, by taking into account these values for A and for the longitudinal
wave number m = 1, the critical hydrostatic pressure are minimized only according to 7.

4. Numerical computations and results
4.1 Comparative studies
To check the accuracy of the present work, two comparisons with the results in open literature are

made. In the first comparison, the values of the critical uniform hydrostatic pressure of the freely
supported orthotropic truncated conical shell are compared with the results of Ya.kushev (1991),

Sofiysv (2009) is given in Table 1. By taking #=0; k=0; E(kH) E; Ef)kgﬂ) Eyp; v + D= Vs
VQS = v, in Eq. (17), the formula for a single-layer homogeneous orthotropic truncated conical

shell is obtained. The compared values of the critical hydrostatic pressure, which are shown in Table 1,
are taken from Sofiyev (2009). Computations have been carried out for the following data: orthotropic
material properties and conical shell characteristics are Eos=2.225 x 10'° Pa; Ejp= 1.085 x 10'° Pa;
Ws=0.117; wy =0.057; hy=1.3x10"* m; R;=0.0225 m; R,=0.08 m (Yakushev 1991, Sofiyev
2009). The values of the critical hydrostatic pressure of orthotropic truncated conical shell of the
present study are in good agreement with results of Yakushev (1991), Sofiyev (2009).

Table 1 Comparison of Pj.(MPa) for orthotropic truncated conical shells with results of Yakushev (1991),
Sofiyev (2009)

Py (MPa), (n.., A =2.4)

4 Yakushev (1991) Sofiyev (2009) Present study
10° 0.01110 0.01129(5) 0.01125(5)
30° 0.02636 0.02649(9) 0.02646(9)
50° 0.02582 0.02561(10) 0.02555(10)
70° 0.01230 0.01207(9) 0.01202(9)

Table 2 Comparison of Pi.(MPa) for isotropic complete conical shells with results of Aganesov and
Sachenkov (1964), Sofiyev (2009)

Py (MPa) , (n,, 2= 4)

Aganesov and Sachenkov

14 (1964) Sofiyev (2009) Present study
10° 0.28712 0.28832(4) 0.28830(4)
30° 0.66708 0.68102(7) 0.68100(7)
50° 0.63743 0.65217(7) 0.65215(7)

70° 0.29207 0.29411(7) 0.29409(7)
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Table 2 shows, the comparison of the critical hydrostatic pressure for homogeneous complete
conical shells, with results presented in studies of A/ganesov and Sachenkov (1964), Soﬁyev (2009)
By taking u#=0; £=0; E(kH) E(k+1), ngg+1) +1)= v, Ri—>0, xp—>w, -0, ‘>0,
a>0 in Eq. (17), the formula for a single-layer homogeneous isotropic conical shell is obtalned.
The compared values of the critical hydrostatic pressure, which are shown in Table 2, are taken
from Sofiyev (2009). Computations have been carried out for the following data: material properties
are E;=1.93 x 10" Pa; 1=0.3 and shell characteristics are 4;=0.00105m; #A;/R,=0.006,
Ri=10"%0. It is seen that the values of the critical hydrostatic pressure for the single-layer
isotropic complete conical shell of the present study are in good agreement with results of

Aganesov and Sachenkov (1964), Sofiyev (2009).
4.2 Selection of non-homogeneous functions and buckling analysis

Numerical computations, for the symmetric cross-ply laminated homogeneous and non-
homogeneous truncated conical shells with freely supported edges have been carried out using
Eq. (17). The Young’s moduli variation function of materials of the layers are assumed to be linear
and quadratic functions which, ¢*(2)=2 and ¢*""(&)=2". In all tables and figures the
variation coefficient is taken into account as x#= 0.9 for the non-homogeneous case. In tables and
figures, H and NH are corresponding to the homogeneous and non-homogeneous cases, respectively.
The material of lamina is assumed to be graphlte/epoxy, with the followmg orthotropic propertles
(Han and Simitses 1991): E(kﬂ) 21.7x10° psi; Ok;l)— 1.44%10° psi; ngﬂ) 0.65x10° psi:

(kﬂ) =0.28; k=0,1,...,7. The following expression is used for percents: [(NH—H)/H]x100%.
The negative sign in front of the percents show that the values of the critical hydrostatic pressure in
non-homogeneity case are smaller than in the homogeneity case.

Table 3 Variations of P,T,f,(psi), P,C{f,(psi) and n, for H and NH orthotropic laminated conical shells with
different ordering of layers (R,/h; = 100 or R, = 10"~ 0; R,/h; =200; y=30° u=0.9)

P(psi), (g, A =2.4) Pli(psi), (n, A= 4)
ssetgilé;rz:ge Homog. ¢ ¢ ’ Homog. ¢ ¢ ?
(0,/90)s 5.788(9) 5.387(9) 7.983(9) 5.868(8) 5.531(8) 8.040(8)
(0/90/0)s 11.928(8) 9.932(8) 15.870(8) 12.690(7) 10.587(7) 16.772(7)
(0/90,)s 12.045(7) 10.624(7) 16.180(7) 12.733(6) 11.428(7) 17.058(6)
(90/0,)s 20.716(7) 12.757(7) 31.413(6) 22.453(6) 13.966(7) 34.567(6)
(90/0/90)s 20.537(7) 15.828(7) 30.312(6) 21.975(6) 17.028(6) 33.712(5)
(90,/0)s 23.555(6) 17.358(7) 33.712(6) 26.387(5) 18.708(6) 37.024(5)
(05/90,)s 8.266(8) 7.531(8) 10.956(8) 8.525(7) 7.898(7) 11.202(7)
(0/90),5 12.889(7) 11.075(8) 17.701(7) 13.798(6) 11.858(7) 18.849(6)

(0/90,/0)s 14.680(7) 12.438(7) 19.729(7) 15.747(6) 13.482(7) 21.032(6)
(90/0,/90)s  18.263(7) 14.137(7) 28.609(7) 19.646(6) 15.348(6) 30.650(6)
(90/0)s 20.054(7) 14.742(7) 30.030(6) 21.595(6) 16.023(6) 32.820(6)
(90,/0,)s 23.213(6) 15.463(7) 33.587(6) 25.494(6) 16.863(6) 37.500(5)
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Fig. 2 Variations of Pj,(psi) for (a) H and (b) NH orthotropic laminated truncated conical shells,
respectively, with the semi-vertex angle y for seven ordering of layers (Ri/h; =100; Ry/h;=200;
PN =2 k=5 and 7; £=0.9)

In Table 3, variations of the critical hydrostatic pressure and corresponding circumferential wave
numbers for the symmetric cross-ply laminated homogeneous and non-homogeneous orthotropic
truncated and complete conical shells, in which the Young’s moduli of the materials of the layers,
graded through the thickness, are described by linear and quadratic functions with different numbers
and ordering of layers are presented. The non-homogeneous symmetric laminated orthotropic
truncated and complete conical shells are compared with the symmetric laminated fully
homogeneous orthotropic truncated and complete conical shells, respectively; for example; the
Young’s moduli being linear function, the highest effect of non-homogeneity on P:,Sr and Pfhc, is
(—38%) in a conical shell (90/0,)s, whereas, the lowest effect are (-6.93%) and (-5.74%),
respectively, in a conical shell (0,/90)s. The Young’s moduli being quadratic function, the highest
effect of non-homogeneity on Pf,f, and Pf,fr is 56% in a conical shell (90/0,/90)s, whereas, the
lowest effect is 33% in conical shells with lamination (0/90/0)s and (0./90,)s. It is observed that
compared to the homogeneous case, the foregoing effect of the variation of material properties in
the thickness direction on the critical hydrostatic pressure is more pronounced for the quadratic
variation than that for the linear one.

In Fig. 2, variations of P;f,(psi) for the symmetric cross-ply laminated orthotropic truncated
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Fig. 3 Variations of PIT{f,(psi) and Pf,f,(psi) for (a) H and (b) NH orthotropic laminated conical shells,
respectively, with the semi vertex-angle, y for two ordering of layers (R;/#; =100 and R, = 100~ 0;
Ro/hy =200; @** () =27 k=5 and 7; u=0.9)

conical shells made of a) homogeneous and b) non-homogeneous materials with the semi-vertex
angle, y, for seven ordering of layers and the quadratic non-homocgeneity profile are presented. As
the semi-vertex angle, y, varies from 10° to 30° the values of P,Tﬂ,,(psi) increase, whereas, y> 30°
the values of P,T,S,(psi) decrease for the homogeneous and non-homogeneous cases. The effect of
non-homogeneity is independent from the variation of values of the semi-vertex angle, y. It is
observed that in the homogeneous and non-homogeneous cases, the number and ordering of the
layers affect the values of P,{,f,(psi) appreciably. Variations of the values of P,{,fr(psi) for H and
NH conical shells with the semi-vertex angle, y, are similar.

In Fig. 3, variations of the values of critical hydrostatic pressure for the symmetric cross-ply
laminated a) homogeneous and b) non-homogeneous orthotropic, truncated and complete conical
shells with the semi-vertex angle, 7, for two ordering of layers and the quadratic non-homogeneity
profile are presented. The effect of non-homogeneity on the values of P,T,fr(psi) and P,C,f,(psi) is
considerable. It is seen that the values of P,C,f,(psi) is lower than the values of Py, (psi) as y<45°,
whereas, this rule is changing with the variation of the ordering of layers as y>45°.
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Table 4 Variations of Pi,f,(psi) and n,, for H and NH orthotropic laminated truncated conical shells with R,/
with different ordering of layers (L/R,=1; y=30% 1=0.9)

P (psi), (M, A =2.4)

Hom. NH, gu(kﬂ)(é_') =é_’2
R/l
Stacking 100 200 300 100 200 300
sequence
(0,/90)s 14.718(10) 2.602(13) 0.961(14) 20.600(10) 3.612(13) 1.328(14)
(0/90/0)g 27.407(9) 5.155(11) 1.943(12) 36.998(9) 6.891(11) 2.588(12)
(0/90,)s 27.864(8) 5.227(10) 1.970(12) 37.696(8) 7.025(10) 2.634(12)
(90/0,)s 43.712(7) 8.688(9) 3.384(11) 65.438(7) 13.130(9) 5.072(10)
(90/0/90)s 43.406(7) 8.549(9) 3.288(10) 64.895(7) 12.935(9) 4.944(10)
(90,/0)s 49.653(7) 10.011(9) 3.839(10) 72.441(7) 14.429(8) 5.591(10)
(05/90,)s 20.053(9) 3.675(12) 1.359(13) 27.007(9) 4.873(12) 1.802(13)
(0/90),s 29.149(8) 5.539(10) 2.097(12) 40.451(8) 7.643(10) 2.900(12)
(0/90,/0)s 32.868(8) 6.325(10) 2.414(11) 44.724(8) 8.539(10) 3.249(11)
(90/0,/90) 40.147(7) 7.820(9) 2.990(11) 60.301(7) 11.901(9) 4.591(10)
(90/0),s 42.782(7) 8.437(9) 3.273(10) 63.261(7) 12.588(9) 4.846(10)
(90,/0,)s 48.053(7) 9.670(9) 3.739(10) 70.929(7) 14.372(9) 5.510(10)

In Table 4 are given variations of the critical hydrostatic pressure and corresponding
circumferential wave numbers for symmetric cross-ply laminated homogeneous and non-
homogeneous orthotropic conical shells, in which the Young’s moduli of materials of the layers vary
quadratic in the thickness direction with the ratio, Ri/A;, for different ordering of layers. As the
ratio, Ri/h;, increases, the values of the critical hydrostatic pressure decrease, whereas,
corresponding circumferential wave numbers increase for the homogeneous and non-homogeneous
cases. When the ratio, Ri/h;, increases, the effect of non-homogeneity on the values of critical
hydrostatic pressure does not change. It is observed that, in the homogeneous and non-homogeneous
cases, the number and ordering of the layers affect the values of the critical hydrostatic pressure
appreciably. The effect of non-homogeneity on the critical hydrostatic pressure also changes with
the number and ordering of layers.

In Table 5, variations of P,Z;f,.(psi) and corresponding circumferential wave numbers for the
symmetric cross-ply laminated homogeneous and non-homogeneous orthotropic conical shells, in
which the Young’s moduli of the materials of the layers vary parabolic in the thickness direction,
with the ratio, L/R,, for different ordering of layers are presented. It can be seen that as the ratio,
L/R,, increases, the values of P;Sr(psi) and corresponding circumferential wave numbers degrease
for the homogeneous (1= 0) and non-homogeneous cases. As 1<L/R,<5 and Young’s moduli of
the materials of the layers is varied parabolic, the effect of non-homogeneity on the critical
hydrostatic pressure chances same, for the certain lamination of the conical shell. It is easily
observed that, as the number and ordering of the layers change, P,T,f,(psi) takes the minimum
values at different wave numbers for homogeneous and non-homogeneous cases. Thus, it looks as if
the minimum values of P,T,fr(psi) is affected by number and ordering of layers.
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Table 5 Variations of P,T,f,(psi) and 7., for H and NH laminated truncated conical shells with the ratio L/R,;
with different ordering of layers (Ry/h; =100; y= 30% x=0.9)

P (psi), (g, A =2.4)

Homog. NH, o* V&) =C"
L/R,
Stacking | 3 5 1 3 5
sequence
(0,/90)s 14.718(10)  3.252(9) 1.45809)  20.600(10)  4.481(9) 2.008(9)
(0/90/0)s 27.4079)  6.961(7) 3208(7)  36.9989)  9.219(7) 4243(7)
(0/90,)s 27.864(8)  6.832(7) 3.097(7)  37.696(8)  9.166(7) 4.166(7)
(90/0,)s 43712(7)  12395(7)  5.758(7)  65.438(7)  18.416(6)  8.629(6)
(90/0/90) 43.406(7)  11.812(6)  5.446(6)  64.895(7) 17.635(6)  8.136(6)
(90,/0)s 49.653(7)  13.762(6)  6367(6)  72.441(7)  19.838(6)  9.152(6)
(0,/90,)s 20.053(9)  4.679(8) 2.1128)  27.0079)  6.175(8) 2.788(8)
(0/90)1s 20.1498)  7.373(7) 3376(7)  404518)  10.147(7)  4.652(7)
(0/90,/0)s 32.868(8)  8.519(7) 3914(7)  447248)  11.443(7)  5.255(7)
(90/0,/90)s 40.147(7)  10811(7)  4990(7)  60301(7)  16.604(6)  7.728(6)
(90/0)1s 42782(7)  11.926(6)  5.528(7)  63261(7)  17.481(6)  8.132(6)
(90,/0,)s 48.053(7)  13.571(6)  63386)  70.929(7)  19.774(6)  9.195(6)

5. Conclusions

In this study, the stability of cross-ply laminated non-homogeneous orthotropic shells with freely
supported edges under uniform hydrostatic pressure is investigated. At first, the basic equations
have been obtained for cross-ply laminated orthotropic conical shells, the Young’s moduli of which
vary piecewise continuously in the thickness direction. Applying Galerkin method to basic
equations, the expression for the critical hydrostatic pressure is obtained.

The numerical results support the following conclusions:

a) The number and ordering of the layers affect the values of the critical hydrostatic pressures

appreciably, in homogeneous and non-homogeneous cases.

b) The effect of non-homogeneity on the critical hydrostatic pressure is more pronounced for the

quadratic variation than that for the linear one.

c¢) The effect of non-homogeneity on the critical hydrostatic pressure changes with the number and

ordering of the layers.

d) As the number and ordering of the layers change, the critical hydrostatic pressure takes the

minimum values at different wave numbers.

e) As the semi-vertex angle increases, the values of the critical hydrostatic pressure increase firstly

and then decrease.

f) As the radius to thickness ratio increases, the values of the critical hydrostatic pressure

decrease, whereas, corresponding circumferential wave numbers increase for the homogeneous

and non-homogeneous cases.

g) As the length to radius ratio increases, the critical hydrostatic pressure and corresponding

circumferential wave numbers decrease, for homogeneous and non-homogeneous cases.
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Appendix. A

The expressions 0, A; (j=1,2,...,16) are listed below

Oy =C1pj 03 = ¢y —4epn — €3 Oy =501, + 30 =3¢ — €215 8y = 2(¢py = — €13 +Cay)
05 = €15 O = ¢ — 203 + i 07 =4¢y =30 —eni G =2(c — ¢35 +¢3); Gy =y
Oig = €1y + 03 + 20325 Oy =301y + €3 +4c32; 012 = 2(Cy + 032 +004); O3 = €13

- — 2 2 - —
Oy = €3 — g 40135 G5 = €24 — 3¢ + 314 — 30135 16 = 2(C3 — €1y — € +€13)

Ay = by Ay = 2bsy +boy + biai Ay = 4byy 4 3byy + bias Ay = 2(byy + by + by )i As = by
Ag = by —4byy — b2y Ay = 5byy +3by, — by —3byy3Ag = 2(by) — by — by + byy)
Ay = biy;Avg = 2bsy — bis = by Ayy = bis +3byy — 4bsy; Ay = 2(bsy — by — b ); Az = by
Ay = bz = boy +4by3; Ars = by —3bys +3byy —Sbass Ajg = 2(bis — by + by — biy)

where

i = Aby + Abyy, cip = Alby + Abby, a3 = Aib + Abby + A
Oy = ALbyy + Abboy + A, 2 = Avby + Anbyy, € = Avbyy + Anby,
C3 = Aybis + Anbiy + 431, o = Anbi + Apbis + A3, €31 = Agsbs,
Cn = As!ébsz + Agfn by = ASEL{]', by = —Alnth_n]sbJJ = (Alq.!Aél - AI1IA202 )Lﬁl
b = (Aindy — A dn)Ly', by = = ALy, by = ANLY', oy = (A Ay — An AL
b = (A Ay — A AV L', by =1/ Agg, by = —Ais | Ag, Lo = A Ay — AL A3,

in which

e k+1 k+1
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