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Abstract. We study thickness-shear (TSh) free vibrations of an unbounded, laminated elastic plate with
three layers of different materials. One of the two interfaces is slightly weakened as described by the
shear-lag model that allows the displacement to be discontinuous across the interface. A frequency
equation is obtained from the linear theory of elasticity. A perturbation solution of the frequency equation
is obtained from which the frequency shifts of TSh modes due to the weakened interface can be
calculated. It is shown that the frequency shifts of TSh modes of different orders are different, and they
satisfy different conditions when different interfaces are weakened. These conditions are obtained which
can potentially be used as criteria for determining specifically which interface is weakened.
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1. Introduction

Laminated elastic plates are widely used in various engineering structures, airplanes, and vehicles
(Piskunov and Rasskazov 2002, Reddy 2004). Failure of these structures often begins with local
weakening of an interface in the laminates. The weakened and damaged interfaces (including
delamination and interlayer slip, as limiting cases) will degrade the integrity of the laminated
structures in general. Thus, a lot of research effort has been made to investigate the effect of
bonding imperfections on the static, dynamic and thermal responses as well as buckling of elastic
laminated structures (Lu and Liu 1992, Tomar and Gogna 1995, Cheng et al. 1996, Di Sciuva 1997,
Icardi 1999, Librescu and Schmidt 2001, Cheng and Batra 2001, Shu 2001, Chen ef al. 2003, Chen
et al. 2004, Chen et al. 2005, Fan et al. 2006, Kim and Lee 2007, Li et al. 2007, Wang et al. 2008,
Kumar and Singh 2009, Wang et al. 2010). These direct analyses are very important for us to gain a
comprehensive understanding of the behavior of damaged structures. In practice, the inverse
analysis is also important for the purpose of structural health monitoring (Friswell and Mottershead
2001, Friswell 2007). In particular, how to locate a specific weak interface in a laminated plate is
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fundamental to the strength and safety consideration of laminated structures. At present it is not
difficult to determine which area of a laminated plate has a weak interface (Chen ef al. 1998, Yang
et al. 2001, Rinker et al. 2003), but how to locate the specific weak interface when there are two or
more interfaces remains a challenging problem.

This paper attempts to locate a specific weak interface in a laminated plate using TSh or antiplane
or shear-horizontal (SH) vibration modes of different orders. The weak interface is described by the
so-called shear-lag model (Cheng er al. 1996, Di Sciuva 1997, Icardi 1999, Librescu and Schmidt
2001, Cheng and Batra 2001, Jin et al. 2005, Yang et al. 2006) that allows the interface shear
displacement to be slightly discontinuous. Such a weak interface causes the TSh resonant
frequencies of the laminate to be different from a perfectly bonded laminate without a weak
interface. Since TSh modes of different orders have different displacement profiles along the plate
thickness, these modes feel a weak interface at a specific location differently, with different
frequency shifts. Therefore it seems possible to use different frequency shifts of different modes to
determine which specific interface is weakened.

2. Governing equations and fields

Consider the three-layered elastic plate in Fig. 1. The layers are of isotropic materials. We discuss
the first (top) layer in detail. The two other layers are similar. For isotropic layers the so-called SH
motions described by the following displacement field are allowed by the linear theory of elasticity

up =1y =0, Uy = u(x,,1) )

Eq. (1) is for specialized, x;-independent antiplane motions called TSh modes in a plate. The only
equation of motion for TSh modes is

Ty, = pyii ()

where p; is the mass density. The relevant shear stress component is related to the displacement
gradient through the following constitutive relation

Ty =cu, (3)

where ¢; is the shear modulus of the material. Substitution of Eq. (3) into Eq. (2) yields the
displacement equation of motion

Cly, = pyil “4)
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Fig. 1 A three-layered plate with weak interfaces
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It is straightforward to verify that for time-harmonic motions with an exp(iwf) time factor the
general solution to Eq. (4) is

u = A,sinhk,x, + B,coshk,x, 4)
where 4, and B; are undetermined constants, and
k=i P (6)
€y
From Eq. (3), the shear stress corresponding to Eq. (5) takes the following form
T,y = ¢ k(A4 ,coshk,x, + B,sinhk,x,) @)

which will be needed for boundary and interface conditions. For the second and the third layers, the
displacement and stress fields are similar to Egs. (5) and (7), with material constants and
undetermined constants associated by subscripts 2 and 3, respectively.

3. Boundary and interface conditions

At the top and bottom of the plate and the two interfaces we prescribe the following boundary
and interface conditions

T5(0) =0 @®)

Tys()" = Tos(hy) = Ky [uChy) —u(hy) ] €

Tos(hy+hy)" = Tos(hy+hy)” = Kylu(hy +hy) —u(h, +hy) ] (10)

Tys(hy+hy+hy) =0 (11)

where “+” and “—" as superscripts represent upper and lower limits. Egs. (8) and (11) are traction-

free boundary conditions at the top and bottom of the plate. Egs. (9) and (10) are according to the
shear-lag interface model with which the shear stress is continuous at an interface but the
displacement is allowed to have a discontinuity (Chen et al. 1996). In the shear-lag interface model
the thickness of the interface is treated as zero. K is the effective interface elastic stiffness that
describes how well the two materials are bonded. K = oo is for perfect bonding with continuous
displacement. Physically, we may think the interface as a separate phase with a very small thickness
26, in which the shear strain can be considered as uniform along the thickness direction. Since for
TSh mode, the shear strain is calculated as S,; = u,, the shear stress of the interface without
neglecting thickness can be approximately written as

e (12)

where ¢ is the usual shear modulus of the interface material, and [u(J)—u(—0)]/20 is the
approximate shear strain, which is obtained by replacing the differentiation by the difference.
Comparing Eq. (12) with Egs. (9) or (10) we can identify the relation between the real interface
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shear modulus ¢ and the effective interface shear modulus K as ¢ = 20K . Therefore K in fact
represents a combination of the interface elasticity and thickness. We note that Egs. (9) and (10) in
fact each represents two conditions. Therefore Egs. (8)-(11) together are six conditions.

4. Frequency equation

For later convenience, we introduce the interface effective compliance by
S, =1K,, S,=1/K, (13)

Substituting Egs. (5), (7) and similar expressions of the second and the third layers into Egs. (8)-
(11), we obtain six linear and homogeneous equations for 4; through 4; and B; through B;. For
nontrivial solutions the determinant of the coefficient matrix of these equations has to vanish, which
gives the following frequency equation that determines the free vibration resonant frequency w

F(o)+G(w)S,+H(w)S,+J(w)S,S, =0 (14)

where
F(w) = N\NyN¢ksc;+ N,NsNgk,c, + (N, N3Nsksc; + N,NyNskyco)k e/ ky e (15)
G(w) = (NN, k;c53+N,N;k,c,)Nsk ¢, (16)
H(w) = (N3Ngk,cy + NyNsk e )N, kscs (17)
J(@) = N\N;Nsk,c k,c,kscs (18)

and

N, = exp(k;hs)—exp(—k;hs) (19)
N, = exp(k;h;) +exp(—k;h;) (20)
N; = exp(kyh,)—exp(—k,h,) 21
N, = exp(kyh,) +exp(—k,h,) (22)
Ns = exp(k h))—exp(—k,h;) (23)
Ng = exp(k,h))+exp(—kh,) (24)

Eq. (14) determines a series of resonant frequencies @, , withn =1, 2, ....

5. Frequency shifts due to a weak interface

An interface with nearly perfect bonding is represented by a small S. In this section we consider
these slightly weakened interfaces. First we denote the resonant frequencies when both interfaces
are perfectly bonded (S, =S, =0) by a)(()”) which satisfies F (a)?n)) = 0. Although our ultimate
goal is to determine the specific weak interface when there is only one such weak interface, we
begin with the situation when both interfaces are slightly weakened (both S; and S, are nonzero and
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small) and denote the resonant frequencies perturbed by the weak interfaces by @, = a)?n) +Aw,,
where A@,, is small. Then, to the first order of Aw,,, from the frequency equation in Eq. (14), we
obtain, approximately

G(a, H(o,
Aoy =2l g M) (25)

1 2
F(@n)  F(og)
Eq. (25) shows that modes of different orders (different values of n) feel the weakened interfaces

differently, with different frequency shifts. In the special case when there is only one weak
interface, e.g., the upper interface (S, #0, S, = 0), Eq. (25) reduces to

G 0
Aw(n);—ﬂg”ﬁs, (26)
F'( a)(n))

Let m be an integer different from ». Corresponding to m, we can also write

G 0
Awy, = (—“’gmL)Sl 7)
F’(a)(m))
We can eliminate S from Eqgs. (26) and (27). This results in the following relationship between
the frequency shifts of two different modes corresponding to m and »
Aoy, G(@) | G( @)
AGw)  F'() F' (@)
Eq. (28) is a condition on the frequency shifts of the nth and the mth modes when the upper

interface is weakened and the lower interface is perfect. Similarly, if the lower interface is
weakened and the upper interface is perfect (S, = 0,5,#0), we have

(28)

H 0
Aa)(n);—MSz (29)

0
AWy =———25, (30)

Ay, ~ H( a)?n)) H( a)?m))
AOGy ~ F' () F' ()

€2))

We propose to use Egs. (28) and/or (31) to determine the specific weak interface when there is
only one weak interface. The procedure begins with the choice of two modes, i.e., the specification
of n and m. The corresponding resonant frequencies when the interfaces are both perfect can be
obtained from solving F (a)?n)) = 0. Then the right-hand sides of Egs. (28) and (31) are known.
Aw,, and Aw,, are obtained from experimental measurement. If they satisfy Eq. (28), the upper
interface is weak. If they satisfy Eq. (31), the lower interface is weak.

6. Numerical results

For a numerical example, consider the case when the two outer plates are AIN with density
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Fig. 2 Relations among frequency shifts of different  Fig. 3 Relations among frequency shifts of different
modes when Interface 1 is weakened modes when Interface 2 is weakened

P = p; = 5665 kg/m® and shear modulus ¢, = ¢; = 4.23 x 10" Pa (Tsubouchi et al. 1981), and the
middle layer is SiO, with p, = 2200 kg/m® and ¢, = 3.1 x 10" Pa (Accuratus Corporation 2012).
h, = 0.6 mm, i, = h; = 1.2 mm. In the numerical calculation, both S; and S, are assumed to be
the order of 1077 m’/N. With such values, the frequency shifts calculated from the approximate
expression, Eq. (25), are almost the same as that from the exact expression, Eq. (14). In such a
situation, the interface can be considered as slightly weakened, since the weakness almost doesn’t
affect the dynamic behavior. With the increase of interface effective compliance, however, the first-
order approximation of Eq. (14) based on Taylor’s expansion may become insufficient, and Eq. (25)
will no longer be valid.

Egs. (28) and (31) are plotted in Figs. 2 and 3, respectively. For the plate considered in the
numerical example, with its thickness being of the order of millimeters, the resonant frequencies
(~«c/ph*) are of the order of MHz. The frequency shifts are found to be of the order of 10? to 10°
Hz for the chosen values of S (of the order of 10™'7 m*/N). These frequency shifts are considered as
clear signals in millimeter-sized acoustic wave devices or structures, and can be easily measured by
appropriate existing techniques. As we can see from Figs. 2 and 3, the ratios of frequency shifts for
different modes almost keep constants when the interface is slightly imperfect, and the slopes can
be rather different. Furthermore, there exist cases, e.g., the location of the weak interface makes a
big difference in the slope of the straight solid line without any markers in Fig. 2 and 3 for Ao,
and Aw,). Such a characteristic can be used to determine the location of the weak interface. For
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example, we can measure the frequency shifts of the first two frequencies of the structure, and
compare the ratio with the slopes in the two figures to see which one is closer to the measured
result. In such a way, the imperfect interface may be located easily. Of course, if the location of the
weak interface dose not make big difference between the ratios of the frequency shifts of the two
chosen modes, e.g., the solid line with solid square markers in Figs. 2 and 3 for A, and A,
then it is difficult for us to determine the damage location since the measured result is close to both
analytical results. When this situation happens, we can try to make use of high-order frequencies, or
explore vibration modes other than the TSh.

Finally we note that the data points in Figs. 2 and 3 as calculated from Egs. (28) and (31) fall into
straight lines exactly as shown only when S; (or S) is small (of the order 10" m*N). When S, (or
S,) is not small, frequency shifts cannot be expressed in the form of (25) and need to be calculated
directly from Eq. (14). In that case calculations show that frequency shifts deviate the straight lines
shown in Figs. 2 and 3.

7. Conclusions

When one of the two interfaces in a three-layered plate is slightly weakened as described by the
shear-lag model, TSh modes of different orders feel the weakened interface differently, resulting in
different frequency shifts. Frequency shifts of two specific modes are proportional, and the
proportionality depends on which interface is weakened. This provides a potential way for locating
the specific weak interface. The approach in this paper may be generalized to other modes like
thickness-stretch in plates, plates with more than three layers, or weak interfaces described by other
models.
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