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Abstract. This paper presents a novel method for predicting the failure probability of structural or
mechanical systems subjected to random loads and material properties involving multiple design points.
The method involves Multicut High Dimensional Model Representation (Multicut-HDMR) technique in
conjunction with moving least squares to approximate the original implicit limit state/performance function
with an explicit function. Depending on the order chosen sometimes truncated Cut-HDMR expansion is
unable to approximate the original implicit limit state/performance function when multiple design points
exist on the limit state/performance function or when the problem domain is large. Multicut-HDMR
addresses this problem by using multiple reference points to improve accuracy of the approximate limit
state/performance function. Numerical examples show the accuracy and efficiency of the proposed
approach in estimating the failure probability.

Keywords: structural reliability; weight function; high dimensional model representation; multiple
design points; failure probability.

1. Introduction

Structural reliability assessment requires the computation of multidimensional probability
integrals. Often, second moment reliability methods such as first- or second-order reliability method
(FORM/SORM) (Breitung 1984, Rackwitz 2001, Adhikari 2004, Nair and Keane 2002, Adhikari
2005) are employed to predict the reliability, provided that the failure function of the structural/
mechanical system can be defined in a closed form (Gavin and Yau 2008). But in reality, the failure
functions are highly nonlinear and implicit in nature. Therefore, a detailed finite element (FE)
modeling of the structure is necessary in combination with reliability analysis tools. FE methods for
linear and nonlinear structures in conjunction with FORM/SORM have been successfully applied
for structural reliability computations (Liu and Der Kiureghian 1991). But, such methods are
effective for evaluating small-scale problems and for small probabilities of failure (Impollonia and
Sofi 2003). In general, FORM/SORM provides fairly accurate estimate of reliability, if single design
point exists on the limit state/performance function and no other important regions are found on the
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limit state/performance function. The existence of multiple design points could give rise to large
errors in traditional FORM/SORM approximations (Adhikari 2004, Der Kiureghian and Dakessian
1998). In that case, multipoint FORM/SORM is required for improving the reliability analysis (Der
Kiureghian and Dakessian 1998).

The limitations of the conventional approximate methods (FORM/SORM) can be suitably
replaced by using simulation methods (Yonezawa et al. 2009, Au and Beck 2001, Melchers 1989,
Rubinstein 1981, Schuéller er al. 2004). But the main disadvantage is that, simulation methods
require tremendous computational effort due to large number of deterministic structural analysis for
different realizations of the random variables. Several issues related to the applicability of FORM/
SORM and the efficiency of simulation methods for reliability analysis have lead many researchers
to assess and improve the viability of approximate methods in the field of reliability and system
safety.

Therefore there is considerable interest to investigate alternate efficient approaches for the
reliability analysis of structural systems. Recently High Dimensional Model Representation
(HDMR) concepts have been successfully applied to find an equivalent continuous function to
replace a univariate or multivariate piece wise continuous function, rather than seeking an exact
continuous function (Chowdhury et al. 2008) and for generation of the original limit state/
performance function to predict the failure probability of structural or mechanical systems subjected
to random loads and material properties with single design point (Chowdhury and Rao 2009).

This paper presents a novel method for predicting the failure probability of structural or mechanical
systems subjected to random loads and material properties involving multiple design points. The
method involves Multicut-HDMR technique in conjunction with Moving Least Squares (MLS)
technique to approximate the original limit state/performance function with an explicit function. In
this paper a weight function is presented to identify multiple reference points closer to the limit
surface in a rather simplistic manner. Weight function provides an idea about multiple reference
points closer to the limit surface reducing the whole sample space. After identification of reference
points closer to the limit state/performance function, individual Cut-HDMR approximations of the
original limit state/performance function are locally constructed at each of the identified reference
points and subsequently blended to form Multicut-HDMR approximation. MCS is carried out on the
approximated limit state/performance function to estimate the failure probability.

The paper is organized as follows. Section 2 presents a brief overview of HDMR and its
applicability to reliability analysis. Section 3 describes the concepts of Multicut-HDMR. Section 4
describes the weight function for identification of multiple reference points closer to the limit
surface. Section 5 presents approximation of the original limit state/performance function using
Multicut-HDMR. Section 6 details the proposed sampling schemes. Section 7 presents the failure
probability estimation by MCS using the approximate limit state/performance function generated by
Multicut-HDMR. Numerical examples involving elementary mathematical functions and structural
problems are presented in Section 8 to illustrate the proposed method. Comparisons have been made
with alternative approximate (FORM/SORM) and simulation method to evaluate the accuracy and
the computational efficiency of the present method.

2. Fundamentals of HDMR

The fundamental principle underlying the HDMR (Alis and Rabitz 2001, Li et al. 2001a, b, Tunga
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and Demiralp 2004, 2005, Sobol 2003, Yaman and Demiralp 2009) is that, from the perspective of
the output/response, the order of cooperative effects between the independent variables will die off
rapidly. This assertion does not eliminate strong variable dependence or even the possibility that all
the variables are important. Various sources (Alis and Rabitz 2001, Li ef al. 2001a) of information
support this point of there being limited high-order correlations. First, the variables in most systems
are chosen to enter as independent entities. Second, traditional statistical analyses of system
behavior have revealed that a variance and covariance analysis of the output in relation to the input
variables often adequately describes the physics of the problem. These general observations lead to
a dramatically reduced computational scaling when one seeks to map input-output relationships of
complex systems.

Evaluating the input-output mapping of the system generates a HDMR. This is achieved by
expressing system response as a hierarchical, correlated function expansion of a mathematical
structure and evaluating each term of the expansion independently. One may show that system
response that is a function of N input variables, g(x) = g(x;,x,,...,Xy), can be expressed as
summands of different dimensions

g(x) =got Zgi(xi)+ Z giliz(xilaxi2)+

i=1 1<i,<i,<N

+ Z gi,iz...i](xi]axiza"'7xi,)+"'+g12...N(x1ax2:"'axN) (1)
1<ij<...<i<N

where g, is a constant term representing the mean response of g(x). The function g;(x;) describes
the independent effect of variable x; acting alone, although generally nonlinearly, upon the output
g(x). The function g;; (x;,x;) gives pair correlated effect of the variables x; and x; upon the
output g(x). The last term g,, (x,,X,,...,Xy) contains any residual correlated behavior over all of
the system variables. Usually the higher order terms in Eq. (1) are negligible (Li et a/. 2001a, Tunga
and Demiralp 2004) such that HDMR with only low order correlations to second-order (Li et al.
2001a), amongst the input variables are typically adequate in describing the output behavior.

The expansion functions are determined by evaluating the input-output responses of the system
relative to the defined reference point ¢ = {c,,c,,...,cy} along associated lines, surfaces,
subvolumes, etc. (i.e., cuts) in the input variable space. This process reduces to the following
relationship for the component functions in Eq. (1)

8o = g(¢) 2)

8i(x) = gx, ¢)—gy (3)

Zi(%15%) = €% € ) = ()~ 21 (x,) ~ 2 4)

where the notation g(x,, ci) =g(c|,C9 ey Ci1,X5Cix15 -+, Cy) denotes that all the input variables are

at their reference point values except x;. The g, term is the output response of the system evaluated
at the reference point ¢. The higher order terms are evaluated as cuts in the input variable space
through the reference point. Therefore, each first-order term g,(x;) is evaluated along its variable
axis through the reference point. Each second-order term g; ; (x;,x;) is evaluated in a plane defined
by the binary set of input variables x;,x; through the reference point, etc. The process of
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subtracting off the lower order expansion functions removes their dependence to assure a unique
contribution from the new expansion function.

Considering terms up to first- and second-order in Eq. (1) yields first- and second-order HDMR
approximation of g(x) as

é(X) = Zg(cla ce Cin 15X Ci 1y "'7CN)_(N_ 1)g(C) (5)

and

N
g(x) = Z 8(Crs s 13X 5 Ci s e s Ci 15 X5 Ci i1 vy C)
i=1iy=1
i1 <iy

S(N=2) 3 (1 sy 1%y o )+ M=) (6)
i=1

respectively. It can also be noted that, compared with FORM (which retains only linear terms) and
SORM (which retains only quadratic terms), first- and second-order HDMR respectively, provides
more accurate approximation g(x) of the original limit state/performance function g(x)
(Chowdhury and Rao 2009). If first-order HDMR approximation is not sufficient second-order
HDMR approximation may be adopted at the expense of additional computational cost.

3. Multicut-HDMR

The main limitation of truncated Cut-HDMR expansion is that depending on the order chosen
sometimes it is unable to accurately approximate g(x), when multiple design points exists on the
limit state/performance function or when the problem domain is large (Li et al. 2001b). In this
section, a new technique based on Multicut-HDMR is presented for approximation of the original
limit state/performance function, when multiple design points exist. The basic principles of Cut-
HDMR may be extended to more general cases. Multicut-HDMR is one extension where several
Cut-HDMR expansions at different reference points are constructed, and the original limit state/
performance function g(x) is approximately represented not by one but by all Cut-HDMR
expansions. In the present work, a new weight function is proposed for identification of multiple
reference points closer to the limit surface. The theme of Multicut-HDMR approximation of the
original limit state/performance function is schematically explained through Fig. 1.

Let, dl, dz, ...,d" be the m identified reference points to be closer to the limit state/performance
function based on the proposed weight function presented later in Section 4. Multicut-HDMR
approximation of the original limit state/performance function is based on principles of Cut-HDMR
expansion, where individual Cut-HDMR expansions are constructed at different reference points
da,d’,...,d" by taking one at time as reference point as follows

N
k k k k
g(x)= g0+zgi(xi)+ Z giliz(xilaxiz +
i=1 1<i,<i,<N

k k
+ Z giliz...i,(xilaxiza"'5xi/)+"‘+g12...N(x15x2a~'~7xN); k: 1325~-~am (7)

1<ij<...<i<N
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Fig. 1 Concept of Multi-Cut HDMR approximation of original limit state/performance function in conjunction
with the weight function

The original limit state/performance function g(x) is approximately represented not by one but by
blending all locally constructed m individual Cut-HDMR expansions as follows

m N
gy /”tk(X)[gfi T3 G gl (X Xy s Xy) ®)
k=1 i=1

The coefficients 4,(x) possess the properties

1 if x is in any cut subvolume of the k-th reference point expansions
Ax)=9q .. : . 9)
0 if x is in any cut subvolume of other reference point expansions
and
Z L(x) =1 (10)
k=1

There are a variety of choices to define A,(x). In the present study, the metric distance o (x)
from any sample point to the reference point d*; k= 1,2, ...,m

12
N
a(x) = [Z(xi—df)z} ; dfzk-th reference point (11)
i=1
is used to define

(12)
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where

20 = T a0 (13)
ek

The coefficients 4,(x) determine the contribution of each locally approximated function to the
global function. The properties of the coefficients A,(x) imply that the contribution of all other Cut-
HDMR expansions vanish except one when x is located on any cut line, plane, or higher
dimensional (< /) sub-volumes through that reference point, and then the Multicut-HDMR expansion
reduces to single point Cut-HDMR expansion. As mentioned above, the /-th order Cut-HDMR
approximation does not have error when x is located on these sub-volumes. When m Cut-HDMR
expansions are used to construct a Multicut-HDMR expansion, the error free region in input x space
is m times that for a single reference point Cut-HDMR expansion. Therefore, the accuracy will be
improved.

Therefore, first- and second-order Multicut-HDMR approximation of the original limit state/
performance function g(x) with m reference points can expressed as

N N
g=y zk(x)(z g, ....d x,ds, .. dff,)J —(N-1)g"(d") (14)
and - o
S S d xdd o d)
303 4(x) v (15)
o —(N—Z)ZN:gk(dlk,...,df_l,xi,dfﬂ,...,a’,@)+%(]v_2)gk(dk)
i = i
respectively.

4. Weight function for identification of multiple reference points

The most important part of Multicut-HDMR approximation of the original limit state/performance
function is identification of multiple reference points closer to the limit state/performance function.
The proposed weight function is similar to that used by other researcher (Kaymaz and McMahon
2005) for weighted regression analysis. Among the limit state/performance function responses at all
sample points, the most likelihood point is selected based on closeness to zero value, which
indicates that particular sample point is close to the limit state/performance function.

In this study two types of procedures are adopted for identification of reference points closer to
the limit state/performance function, namely: (1) first-order method, and (2) second-order method.
The procedure for identification of reference points closer to the limit state/performance function
using first-order method proceeds as follows: (a) n(=3,5,7 or 9) equally spaced sample points
w—(n-1o/2, y—(n-3)o/2, ..., iy ..., ;+¥(n—3)o0/2,1;+(n—1)oc/2 are deployed along
each of the variable axis x; with mean g and standard deviation o;, through an initial reference
point. First-order method for identification of multiple reference points closer to the limit state/
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Fig. 2 Sampling scheme for first-order HDMR (a) for a function having one variable (x), and (b) for a
function having two variables (x; and x,)

performance function, for a function having one variable (x) and two variables (x; and x,) is shown
in Figs. 2(a) and 2(b) respectively. Initial reference point is taken as mean value of the random
variables; (b) The limit state/performance function is evaluated at each sample point; (c) Using the
limit state/performance function responses at all sample points, the weight corresponding to each
sample point is evaluated using the following weight function

W] _ exp(_(g(clﬂ "'7ci—17xi7 Ci+17 ‘--7CN)_g(X))|min)
|g(x)|min|

Second-order method of identification of reference points closer to the limit state/performance
function, proceeds as follows: (a) A regular grid is formed by taking n(=3,5,7 or 9) equally

(16)

spaced sample points u —(n—-1)o;/2, w,—(n-3)o;/2, ..., t, ..., M+(n-3)0;/2,
t; +(n—1)o; /2 along x; axis with mean g; and standard deviation o; , and n(=3,5,7 or 9)
equally spaced sample points g, —(n—1)0,/2, p,—(n=3)0,/2, ..., p;, ..., y+(n=3)0,/2,

i, +(n—1)o; /2 along x; axis with mean g and standard deviation o; , through an initial
reference point. Second-order method for identification of multiple reference points closer to the
limit state/performance function, for a function having two variables (x; and x,) is shown in Fig. 3.
Initial reference point is taken as mean value of the random wvariables; (b) The limit state/
performance function is evaluated at each sample point; (c) Using the limit state/performance
function responses at all sample points, the weight corresponding to each sample point is evaluated
using the following weight function
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A |

Fig. 3 Sampling scheme for second-order HDMR for a function having two variables (x; and x,)

17 ( (g(cla'“ t]—laxl czl+la---9ci2—1:x11 ctz+1a'-~:cN)_g(X)|min))
w' = exp

|g(x)|min|
Sample points d, dz, ...,d” with maximum weight are selected as reference points closer to the

limit state/performance function, for construction of m individual Cut-HDMR approximations of the
original limit state/performance function locally.

(I

5. Limit state/performance function generation

Multicut-HDMR in Eq. (8) is exact along any of the cuts through m reference points
d',d’ ...,d", and the output response g(x) at a point x off of the cuts can be obtained as follows:

Step 1: Interpolate each of the low dimensional individual Cut-HDMR expansion terms with
respect to the 1nput Values of the point X. For example, consider the first- order “component function
g (xl,d ) =g (a’l, cnd; 1,x,,d,ﬂ, .. dN) for k-th reference point. If for x; = x, n function values

g%%d%=g%ﬁn.,hnﬂﬁwnﬂb; j=1,2,..,n (18)

are given at n(=3,5,7 or 9) equally spaced sample points y,—(n—1)c/2, y,—(n—-3)c/2, ..., i,
ves it (n=3)0/2, y;+(n—1)0c/2 along the variable axis x; with mean g; and standard deviation
o;, the function value for arbitrary x; can be obtained by the MLS interpolation (Lancaster and
Salkauskas 1986) as

& d) = 3 ) dl Xodhe dh) (19)

j=1
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where
kol gi 1 1 W[ kot qi
gh(xd) | 1 a(x) A(x) - 4(x) | | & (x,d)
A | (20)
gh(.d)) 4@ 4G e 4,60 (g1
Similarly, consider the second-order component function. g (x, X d"”) = (d 1s s 1,x,l
dﬁﬂ,. ,d’,’;,l,xlz,dﬁﬂ, . dN) If for x; = x" and x; = x’2 #* function values
gk(xjilaxji;dklz):gk(dllca' i zl—laxlI: 1+la-..:df;—lax]z:zadZJrla'--adII;)
h=1L2..,n, j,=12..n (21)

are given on a grid formed by taking n(=3,5,7 or 9) equally spaced sample points y; —(n—1)0; /2,
i —(n=3)0; /2, .oy ty s ooy py T (n=3)0; /2, g, +(n—1)0; /2 along x; axis with mean g, and
standard deviation o;, and n(=3,5,7 or9) equally spaced sample points x; —(n—1)o;/2,

—(n-3)0,/2, ..., ,u, s ooy Myt (n=3)0,/2, p; +(n—1)0; /2 along x; axis with mean s, and
standard devratlon (o the function value for arbltrary (x;,x;) can be obtained by the MLS
interpolation as

'k 2 k
g (le xh d ) - Z Z ¢lj2(xll xh)g (d17 zl—lax]zl i +1s e df( 12 i+ 1 --'7dN) (22)
Ji1=1j=1
where

kel 1 qiibN) [+ o1 1 U INT (ke ol 1 qii
g (xilﬁxiz’dlllz) Gi(x;.x) - B(x 11’ ,7) B (x5 x;) g (xil,xiz,d”’?)

g (xf,x,di) =] gy (x) X)) s ¢.n<x}l,x,;) o () | g ()i (23)

k ii k .
SRR L) N N E I R W e B W ee 0] B PUEHRTR L

The interpolation functions ¢,(x;) and ¢, ; (x;,x;) can be obtained using the MLS interpolation
scheme.

By using Eq. (19), g; (x ) can be generated if n function values are given at correspondlng sample
points. Similarly, by using Eq. (21), gzlzz(le’ x;) can be generated if n* function values at
corresponding sample points are glven The same procedure shall be repeated for all the first-order
component functions, i.e., g; (x) i= ,-.nN; k=1,2,...,m and the second-order component
functions, i.e. g,lz(x,l, B)s b Il =1, 2 ,N; k=1,2,...,m.

Step 2: Sum the interpolated values of individual Cut-HDMR expansion terms from zeroth-order
to the highest order retained in keeping with the desired accuracy and blend all locally constructed
m individual Cut-HDMR expansions using the coefficients A,(x). This leads to first- and second-
order Multicut-HDMR approximation of the original limit state/performance function g(x) with m
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reference points closer to the limit state/performance function as

HOE zik(x) zzqf(x)g”‘(dl,. dE X dh L d) (N 1)g(d) (24)
i=1lj=
and
N " &k ok 1 Ja i |
Z ZZ@JZ(xilaxiz)g (dys.end; _1,%; d,l+1,---, iz—lax[2>dz+1a--->dN)
B m L=Li=1j=1j,=1
g3 4| i 25)
k=1
~(N- 2)ZZ¢(x)g'k(d1,...,dZ‘1,)d ey + U2 @ |
L i=lj=
respectively.

In contrast to FORM (which retains only linear terms) and SORM (which retains only quadratic
terms), first- and second-order Multicut-HDMR respectively, provides more accurate approximation
g(x) of the original limit state/performance function g(x). If first-order Multicut-HDMR
approximation is not sufficient second-order Multicut-HDMR approximation may be adopted at the
expense of additional computational cost.

If n is the number of sample points taken along each of the variable axis and s is the order of the
component function considered, starting from zeroth-order to /-th order and m is the number of
identified reference points closer to the limit state/performance function., then total number of
function evaluation for interpolation purpose is given by, st o(NW(n— 1) )/((N—s)!s!) which
grows polynomially with # and s. As a few low order component functions of HDMR are used, the
sample savings due to Multicut-HDMR are significant compared to traditional sampling. Hence
uncertainty analysis using Multicut-HDMR relies on an accurate reduced model being generated
with a small number of full model simulations. An arbitrarily large sample Monte Carlo simulation
(MCS) can be performed on the outputs approximated by Multicut-HDMR which result in the same
distributions as obtained through the MCS of the full model. The tremendous computational savings
result from just having to perform interpolation instead of full model simulations for output
determination.

6. Sampling schemes

For approximation of the original limit state/performance function using Egs. (24) and (25) four
types of sampling schemes, namely FF, FS, SF and SS, are adopted in this study which are
schematically illustrated in Figs. 4(a), (b) and Figs. 5(a), (b). Fig. 4(a) shows FF sampling scheme
involving first-order method of identification of reference points closer to the limit state/
performance function (adopting sampling scheme shown in Figs. 2(a) or 2(b)) and blending of
locally constructed individual first-order HDMR approximations of the original limit state/
performance function (adopting sampling scheme shown in Figs. 2(a) or 2(b)) at different identified
reference points da,d’,..,d" using the coefficients 4,(x) to form Multicut-HDMR approximation
2(x) of g(x) using Eq. (24). Fig. 4(b) shows FS sampling scheme involving first-order method of
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Fig. 4 Multi-Cut HDMR approximation of original
limit state/performance function; with (a) FF
sampling scheme and (b) FS sampling scheme

Fig. 5 Multi-Cut HDMR approximation of original
limit state/performance function; with (a) SF
sampling scheme and (b) SS sampling scheme

identification of reference points closer to the limit state/performance function (adopting sampling
scheme shown in Figs. 2(a) or 2(b)) and blending of locally constructed individual second-order
HDMR approximations of the original limit state/performance function (adopting sampling scheme
shown in Fig. 3) at different identified reference points d,d’ ...,d" using the coefficients 4,(x) to
form Multicut-HDMR approximation g(x) of g(x) using Eq. (25). Fig. 5(a) SF sampling scheme
involving second-order method of identification of reference points closer to the limit state/
performance function (adopting sampling scheme shown in Fig. 3) and blending of locally
constructed individual first-order HDMR approximations of the original limit state/performance
function (adopting sampling scheme shown in Figs. 2(a) or 2(b)) at different identified reference
points da,d’,..,d" using the coefficients 4,(x) to form Multicut-HDMR approximation g(x) of
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g(x) using Eq. (24). Fig. 5(b) SS sampling scheme involving second-order method of identification
of reference points closer to the limit state/performance function (adopting sampling scheme shown
in Fig. 3) and blending of locally constructed individual second -order HDMR approximations of
the original limit state/performance function (adopting sampling scheme shown in Fig. 3) at
different identified reference points dl,dz, ...,d" using the coefficients 1,(x) to form Multicut-
HDMR approximation g(x) of g(x) using Eq. (25).

7. Failure probability estimation

The failure probability Py can be easily estimated by performing MCS on first- or second-order
Multicut-HDMR approximation g(x) of the original limit state/performance function g(x)
(obtained by using Eqgs. (24) and (25) and adopting any of four types of sampling schemes
discussed above) and is given by

Start

i

Identify multiple reference points closer to the limit state/performance function by the weight function

presented in Eq. 16 or 17
dk

!

Calculate response quantities at all sample points of each variable including reference point
g'(d")

g* (x;.",dk' ) =g (d]k,...,d,f],xf,d,’;,,...,dl’{.)

and then compute

g (x/d" )= g (df sl o dl)
{

Interpolate each of the low dimensional Multi-Cut HDMR expansion terms with respect to the input

values of the point X using the MLS interpolation
g (x d"'):iqj‘.‘ (x)g" (dk dt ,x/,df dk)
i j \Ai Lo A sty
i=1

!

Sum the interpolated values of Multi-Cut HDMR terms from zeroth order to the highest order retained

in keeping with the desired accuracy

N n

&(x)= ak<x>{22¢_f(x,->g’k(df,..‘,d,.a,x/,d,:,...,d:r)—(N—l)gk(dﬂ
{

| Failure probability P, estimation by MCS ‘

Fig. 6 Flowchart of failure probability Pr estimation using first-order Multi-Cut HDMR approximation of
original limit state/performance function
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Start

i

Identify multiple reference points closer to the limit state/performance function by the weight function

presented in Eq. 16 or 17
d/r

f

Calculate response quantities at all sample points of each variable including reference point
gk (dk)’gk (Xif,dk’ ),gk (x:,/‘ ’xiiz ,dkw )
and then compute
g;k (X,-/,dk/ ),g!k (x’]/, ’x: ,dk’\': )

!

Interpolate each of the low dimensional Multi-Cut HDMR expansion terms with respect to the input

values of the point X using the MLS interpolation
k K\ _ O ok th gk k Jo gk k
g (x,.,d ) = z¢, (xi )g (dl ’-"’dr—l’xi ,dM,...,d’\,)
j=1

- 0 on
k K\ _ 3 1k ( gk ki gk ko gk k
g (xll,xiz,d )—zz%h (xil,x[z)g (d| IO TS AN RIS T4 ’d/3+1’~~-ad.w)

!

Sum the interpolated values of Multi-Cut HDMR terms from zeroth order to the highest order retained

in keeping with the desired accuracy

N
K 1k ( gk ki gk k gk k
3 S (55, ) (ol

B(x)=2 4, ()| (N =2) X 30 () & (df sl ) ol ool

| Failure probability P, estimation by MCS

Fig. 7 Flowchart of failure probability Pr estimation using second-order Multi-Cut HDMR approximation of
original limit state/performance function

Pp= igl[é(xf><01 (26)

where X' is ith realization of X, Ny is the sampling size, /[-] is a deciding function of fail or safe
state such that /=1, if g(x)<0 otherwise zero. A flow diagram for the limit state/performance
function generation using first-order Multicut-HDMR approximation with multiple reference points
closer to the limit state/performance function and the failure probability Py estimation by MCS is
shown in Fig. 6. Likewise, computational flow for the limit state/performance function generation
using second-order Multicut-HDMR approximation with multiple reference points closer to the limit
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state/performance function and the failure probability P estimation by MCS is shown in Fig. 7. The
reliability index S corresponding to the failure probability Pr can be obtained by

=" (Py) 27)

where ®(e) is the cumulative distribution function of a standard Gaussian random variable.

8. Numerical examples

Three numerical examples involving explicit performance functions from mathematical problems
(Examples 1 and 2) and performance functions from structural or solid-mechanics problems
(Example 3) are presented to illustrate the proposed method. To evaluate the accuracy and the
efficiency of the present method, comparisons of the estimated failure probability Pr using Multicut-
HDMR (given by Egs. (24) and (25) and adopting any of four types of sampling schemes discussed
above) based and second-order HDMR (given by Eq. (6)) approximation of the original limit state/
performance function, have been made with FORM/SORM and direct MCS. The coefficient of
variation o of the estimated failure probability Pr by direct MCS for the sampling size Ng

considered, is computed using
5o [A=PD 28)
NPy

When comparing computational efforts by various methods in evaluating the failure probability
Pg the number of original limit state/performance function evaluations is chosen as the primary
comparison tool in this paper. This is because of the fact that, number of function evaluations
indirectly indicates the CPU time usage. For direct MCS, number of original function evaluations is
same as the sampling size. While evaluating the failure probability Pr through direct MCS, CPU
time is more because it involves number of repeated actual finite-element analysis. However, in the
present method MCS is conducted in conjunction with the proposed approximation of the original
limit state/performance function based on Multicut-HDMR. Here, although the same sampling size
as in direct MCS is considered, the number of original function evaluation is very less. Hence, the
computational effort expressed in terms of function evaluations alone should be carefully interpreted
for problems involving explicit functions. In all the sampling schemes the initial reference point ¢ is
taken as mean values of the random variables. In all the numerical examples presented same value
of n is used for identification of multiple reference points closer to the limit state/performance
function and subsequently for construction of local individual Cut-HDMR expansions, even though
different values of » could be adopted.

8.1 Example 1: parabolic performance function
The limit state/performance function considered is a parabola of the form
g(x) = 7-xi-x, (29)

with two independent standard normal variables x; and x,. As shown in Fig. 8 the limit state
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X2

Fig. 8 Limit state function of Example 1

Table 1 Identification of multiple design points for Example 1 with FF sampling

Sample points Response Minimum response W
X1 X2 g(x) g(x) | i
—2.00 0.00 3.00 1.00
-1.00 0.00 6.00 0.37
0.00 0.00 7.00 0.26
1.00 0.00 6.00 0.37
2.00 0.00 3.00 3 1.00
0.00 -2.00 9.00 0.14
0.00 -1.00 8.00 0.19
0.00 0.00 7.00 0.26
0.00 1.00 6.00 0.37
0.00 2.00 5.00 0.51

function given by Eq. (29) is symmetric about x, and has two design points. The two actual design
points obtained using recursive quadratic programming (RQP) algorithm (Arora 2004) are (2.54,
0.49) and (-2.54, 0.49) with reliability indices g, = £, = 2.588.

Table 1 illustrates computational details and identification of reference points da,d’ ..., d" using
FF sampling scheme with five equally spaced sample points (» = 5) along each of the variable axis.
Table 1 shows two reference points (2, 0) and (-2, 0) closer to the limit state/performance function
producing maximum weight (obtained using Eq. (16)). After identification of the two reference points
(2, 0) and (-2, 0), local individual first-order HDMR approximations of the original limit state/
performance function are constructed at the two reference points by deploying five equally spaced
sample points (# =5) along each of the variable axis. Local approximations of the original limit state/
performance function are blended together (using Eq. (24)) to form global approximation. Comparison
of the failure probability estimation by different methods is presented in Table 2. A sampling size
Ng = 10° is considered in direct MCS to evaluate the failure probability Pr and the coefficient of
variation (COV) of P corresponding to this sampling size is 0.01 (computed using Eq. (28)).
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Table 2 Estimation of failure probability for parabolic function in Example 1

Method Failure probability =~ Number of function evaluation®®
FORM 0.004823 41
SORM (Adhikari 2004) 0.004926 116
Direct Monte Carlo simulation 0.009747 10°
Multicut-HDMR Approximation: FF sampling 0.009747 21
Multicut-HDMR Approximation: FS sampling 0.009747 45
Multicut-HDMR Approximation: SF sampling 0.009747 33
Multicut-HDMR Approximation: SS sampling 0.009747 45
Second-order HDMR 0.009747 25

@Total number of times the original performance function is calculated.
®Curvature fitting method is used to approximate the required curvatures of the limit-state surface.

Table 3 Identification of multiple design points for Example 1 with SF sampling

Sample points Response Minimum response

WII

X1 X g(x) 8(X) | i
-2 -2 5 1 0.02
-1 -2 8 0.00
0 -2 9 0.00
-2 8 0.00
2 -2 5 0.02
-2 -1 4 0.05
-1 -1 7 0.00
0 -1 8 0.00
1 -1 7 0.00
2 -1 4 0.05
-2 0 3 0.14
-1 0 6 0.01
0 0 7 0.00
1 0 6 0.01
2 0 3 0.14
-2 1 2 0.37
-1 1 5 0.02
0 1 6 0.01
1 1 5 0.02
2 1 2 0.37
-2 2 1 1.00
-1 2 4 0.05
0 2 5 0.02
1 2 4 0.05
2 2 1 1.00
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Effect of FS sampling scheme on the estimated failure probability Pr is studied by constructing
local individual second-order HDMR approximations of the original limit state/performance function
at the two reference points (2, 0) and (-2, 0) by forming a regular grid around the two reference
points with five equally spaced sample points (n=5) along each of the variable axis. Local
approximations of the original limit state/performance function constructed at the two reference
points are blended together (using Eq. (25)) to make a global approximation. Table 2 also shows the
failure probability P estimate obtained by the proposed method based on FS sampling scheme.

Table 3 presents computational details and identification of reference points closer to the limit
state/performance function using SF sampling scheme. Five equally spaced sample points » = 5
along each of the variable axis are deployed to form a regular grid through the initial reference
point c. Table 3 shows two reference points (2, 2) and (-2, 2) closer to the limit state/performance
function producing maximum weight (obtained using Eq. (17)). After identification of the two
reference points (2, 2) and (-2, 2), local individual first-order HDMR approximations of the original
limit state/performance function are constructed at the two reference points by deploying five
equally spaced sample points (» = 5) along each of the variable axis. Local approximations of the
original limit state/performance function are blended together (using Eq. (24)) to form global
approximation. The failure probability Py estimate obtained by the proposed method based on SF
sampling scheme is shown in Table 2.

In addition, effect of SS sampling scheme on the estimated failure probability Py is studied by
constructing local individual second-order HDMR approximations of the original limit state/
performance function at the two reference points (2, 2) and (-2, 2) by forming a regular grid around
the two reference points with five equally spaced sample points (# = 5) along each of the variable
axis. Local approximations of the original limit state/performance function constructed at the two
reference points are blended together (using Eq. (25)) to make a global approximation. Table 2 also
shows the failure probability Py estimate obtained by the proposed method based on SS sampling
scheme.

In an effort to reduce the computational effort in FF, FS, SF and SS sampling schemes without
compromising on the accuracy of the failure probability estimate second-order HDMR
approximation of the original limit state/performance function (refer Eq. (6)) is constructed using a
regular grid formed with five equally spaced sample points (» = 5) along each of the variable axis
with reference point taken as the mean value of the random variables. Table 2 also shows the failure
probability Pr value obtained using second-order HDMR approximation (refer Eq. (60) and the
associated computational effort in terms of number of function evaluations. Interestingly, second-
order HDMR approximation does not require any knowledge of existence of multiple reference
points d',d’ ...,d" closer to the limit state/performance function. This is mainly due to the
sampling performed on a plane through the reference point and thus existence of multiple reference
points closer to the limit state/performance function, are taken care inherently. The estimated failure
probability Pr using second-order HDMR approximation is also in good agreement with direct
MCS estimate.

The effect of number of sample points used for multipoint approximation of the original limit
state/performance function using FF, FS sampling schemes and second-order HDMR approximation
on the reliability estimation is examined by carrying a similar analysis varying » form 3 to 9.
Fig. 9(a) and Fig. 9(b) presents respectively, the variation of the reliability index £ and the estimated
failure probability Pr with respect to number of sample points.
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Fig. 9 Variation of reliability estimation (Example 1) (a) reliability index, £ and (b) probability of failure, Pr

8.2 Example 2: two mathematical functions

The limit state/performance function of the following form with two independent standard normal
variables x; and x, is considered

g(x) = C+Cy(x, + C5) = Cyx, + C3)’ = x, (30)
C,,C,, C;, C, are real valued parameters and 7 is an integer valued parameter.

Case |I: C1 = 5, C2 = 05, C3 = 2, C4 = 15, r=3:

Fig. 10(a) shows the limit state/performance function. This function has two design points (0, 3)
and (1.62, 3.06), with two reliability indices S, = 3, and with £, = 3.462, which are obtained
using RQP algorithm (Arora 2004). The proposed method in conjunction with all the four sampling
schemes i.e., FF, FS, SF and SS is studied by taking » = 7. Using FF sampling scheme, sample
point (0, 3) is identified as reference point closer to the limit state/performance function producing

10 10

8 I g |
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Fig. 10 Limit state function of Example 2 (a) Case I, (b) Case II
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Table 4 Estimation of failure probability of Example 2 (Case I)

Method Failure probability =~ Number of function evaluation®
FORM 0.001349 21
SORM (Adhikari 2004) 0.000409 188
Direct Monte Carlo simulation 0.000698 10
Multicut-HDMR Approximation: FF sampling 0.000672 22
Multicut-HDMR Approximation: FS sampling 0.000689 52
Multicut-HDMR Approximation: SF sampling 0.000692 58
Multicut-HDMR Approximation: SS sampling 0.000698 100
Second-order HDMR 0.000696 49

@Total number of times the original performance function is calculated.
®)Curvature fitting method is used to approximate the required curvatures of the limit-state surface.

maximum weight (obtained using Eq. (16)). Table 4 compares the failure probability estimation by
different methods and associated computational efforts. A sampling size Ng = 10° is considered in
direct MCS to evaluate the failure probability Pr and the COV of P corresponding to this sampling
size is 0.038 (computed using Eq. (28)). In this example one of the design points is located along x,
coordinate axis and the second design point is located at disparate distance (difference between two
reliability indices is 0.462) from the origin. Therefore, the contribution to the failure probability
estimate from the second design point is very less. The failure probability estimate by the proposed
Multicut-HDMR approximation with FF sampling scheme is more accurate and efficient than either
FORM or SORM and requires significantly less computational effort than direct MCS for the same
accuracy. Table 4 also shows the failure probability Pr value obtained using Multicut-HDMR
approximation of the original limit state/performance function with FS, SF, and SS sampling
schemes and second-order HDMR approximation with n = 7.

Casell: C;, =3, C, =2 C3=-0.1,C4 =10, r = 4:

Fig. 10(b) shows the limit state/performance function. For this function RQP algorithm (Arora
2004) results in two design points (0.5355, 2.9202) and (-0.2742, 2.8763), with two reliability
indices S, = 2.932, and with S, = 2.912. Again the proposed method in conjunction with all the
four sampling schemes i.e., FF, FS, SF and SS is studied by taking » = 7. Using FF sampling
scheme, one sample point (0, 3) is identified as reference point closer to the limit state/performance
function producing maximum weight (obtained using Eq. (16)). FF sampling scheme identifies only
one sample point as reference point, due to the reason that the sample points are positioned along
the coordinate axes and the limit state/performance function is almost flat along the coordinate axis
x;. Comparison of the failure probability estimation by different methods and associated
computational efforts are listed in Table 5. Compared with the benchmark result of direct MCS with
COV =0.032, the present method using FF sampling scheme provides significant accuracy to the
failure probability estimation (error = 0.093%) than FORM or SORM.

The present method using FS sampling scheme predicts the failure probability more accurately
(error = 0.062%) than the present method using FF sampling scheme at the expense of the
additional computational effort. Using SF sampling scheme, one sample point (0, 3) is identified as
the reference point closer to the limit state/performance function producing maximum weight
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Table 5 Estimation of failure probability of Example 2 (Case II)

Method Failure probability =~ Number of function evaluation®®
FORM 0.001687 21
SORM (Adhikari 2004) 0.000552 188
Direct Monte Carlo simulation 0.000968 10°
Multicut-HDMR Approximation: FF sampling 0.000967 22
Multicut-HDMR Approximation: FS sampling 0.000967 52
Multicut-HDMR Approximation: SF sampling 0.000967 52
Multicut-HDMR Approximation: SS sampling 0.000967 63
Second-order HDMR 0.000948 49

@Total number of times the original performance function is calculated.
®)Curvature fitting method is used to approximate the required curvatures of the limit-state surface.

(obtained using Eq. (16)). Inability of properly identifying the two reference point closer to the limit
state/performance function, even with grid based sampling (i.e., SF sampling scheme) is due to the
following reason. The x; coordinates of actual design points (0.5355, 2.9202) and (—0.2742, 2.8763)
obtained using RQP algorithm (Arora 2004) are 0.5355 and —-0.2742. The sampling schemes
adopted in this study involves equally spaced sample points along each of the variable axis, or a
regular grid formed by taking equally spaced sample points along each of the variable axis, The
position of the sample points depends on the standard deviations o; of each of the random variables.
In the present case, standard deviation of both the random variable is 1 and the initial reference
point ¢ is taken as mean values of the random variables, which is zero. Therefore, using any of the
sampling schemes, the sample points are always positioned at a minimum distance of 1 unit from
each other. As x; coordinates of the two design points are 0.5355 and —0.2742, these two design
points are within a unit distance from x, coordinate axis the weight functions presented in Egs. (16)
and (17) are producing only one point (0, 3) having maximum weight.

8.3 Example 3: 10-storey building with vibration absorber

Consider a 10-story shear building with a vibration absorber (VA) at the roof. The building is
modelled in SAP2000 (Computers and Structures 2004) by a 10-DOF multi-linear plastic link
system and the VA is modelled by a SDOF mass-spring-damper attached to the roof of the building,
as shown in Fig. 11. The system is excited by random harmonic base accelerations. This problem is
first studied by Der Kiureghian and Dakessian (1998) and subsequently by Gupta and Manohar
(2004) in the context of illustrating the treatment of multiple design points in reliability analysis. In
their study VA was modelled in such a way that, natural frequency of the system and VA coincides.
But due to randomness of material and structural properties a perfect tuning would not occur in all
sample realizations of the problem. Thus, depending on the relative values of the VA frequency and
building frequency, the entire system could be either overtuned or undertuned. Therefore, it leads to
two regions of importance in reliability estimation. The building has each floor masses m;,
(i=1,...,10), storey stiffnesses k;, (i=1,...,10) and modal damping ratios &, (i=1,...,10).
The VA has mass m, and stiffness k;. In the present study, all the structural parameters
Moy ooy Myg, Koy + s k105 Sy -+ &9 have been considered to be uncertain parameters along with the
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VA: my, k()

Building:

Floor mass: m;

Storey Stiffness: k;

Modal damping coefficient: ¢;

b
R ]

A T
e ]

ii = Asin(et)
Fig. 11 10-storey building with vibration absorber

Table 6 Statistical properties of the random variables of Example 3

Rand
VZII‘lial())ﬁ:l my, ..., My, ki, ..., ki my ko oy ooes S 10}
Distribution LN LN LN LN LN Uniform
Mean  8.75x10'kg  2.1x10°N/m  7.16x10° kg  3.85x10° N/m 0.05  [539-7.79]
C.0.V. 0.2 0.2 0.2 0.2 0.3 radls

frequency @ of the ground acceleration Asin(w?). Therefore, total 34 random variables are
considered in the formulation of reliability problem. All the random variables are taken as
independent. Statistical properties of the random variables and their distributions are presented in
Table 6.

For reliability analysis we consider the limit state/performance function expressed in terms of base
shear and is given by

g(X) = Vo= Vpae(X) G1)

For the mean values listed in the Table 6, the first mode frequency of the structure and the VA are
identical and equal to 1.16 Hz. We also assume that threshold quantity of the base shear
V, =2x10" kN.
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Fig. 12 Probability of failure for Example 3

To study the applicability of weight function present in this study for identification of multiple
reference points closer to the limit state/performance function, FF sampling scheme is used with
seven equally spaced sample points (» = 7) along each of the variable axis. Two sample points are
identified as reference points closer to the limit state/performance function producing maximum
weight (obtained using Eq. (16)). The weights of two identified points are 1.0 and 0.98. Eigenvalue
analysis of 11-DOF system with the structural properties at sample point with the weight equal to
1.0 reveals the fundamental frequency of the building as 0.80 Hz and that of VA as 1.09 Hz. This
situation indicates the case where VA is overtuned. Similarly, eigenvalue analysis with the structural
properties at sample point with the weight equal to 0.98 reveals the fundamental frequency of the
building as 1.02 Hz and that of VA as 0.68 Hz. This situation indicates the case where VA is
undertuned. After identification of the two reference points closer to the limit state/performance
function, local individual first-order HDMR approximations of the original limit state/performance
function are constructed at the two reference points by deploying seven equally spaced sample
points (n = 7) along each of the variable axis. Local approximations of the original limit state/
performance function are blended together (using Eq. (24)) to form global approximation of the
original limit state/performance function. Comparison of the estimated failure probabilities is shown
in Fig. 12, for 4 varying from 0.2 m/s*-0.5 m/s®. The results are obtained using FORM, SORM
(Adhikari 2004), Multicut-HDMR approximation of the original limit state/performance function
using FF sampling scheme, and direct MCS using 5000 samples. Compared with actual simulation
result of MCS, the present method consistently provides accurate estimation to the failure
probability, while FORM/SORM results fluctuate with the variation of 4. To study the performance
of the proposed method, comparative study is carried out with improved response surface method
(Gupta and Manohar 2004), at 4 = 0.4 m/s*>. Compared with benchmark solution (Pr=0.1748),
FORM and SORM overestimates the failure probability by around 24.31% (Pr=0.2173) and 7.15%
(Pr=0.1873), respectively. Multicut-HDMR approximation and improved response surface method
(Gupta and Manohar 2004) underestimates the failure probability by about 4.41% (Pr=0.1671) and
10.29% (Pr=10.1568), respectively. However, the present method needs only 615 function
evaluations, while improved response surface method (Gupta and Manohar 2004) and direct MCS
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requires 14317 and 5000 number of original function evaluations, respectively. This shows the
accuracy and the efficiency (in terms of original function calculations) of the multicut-HDMR
approximation, over existing methods and direct MCS.

9. Conclusions

This paper presented a novel method for predicting the failure probability of structural/mechanical
systems involving multiple design points. The method involves multicut-HDMR technique using
multiple reference points and MLS as interpolation scheme. A new weight function is proposed for
identification of multiple reference points closer to the limit surface. The failure probability is
estimated by constructing multicut-HDMR approximation of the original limit state/performance
function around the identified reference points.

Three numerical examples are illustrated to show the performance of the present method.
Numerical examples show that the proposed method not only yields more accurate estimate of the
failure probability than the alternative approximate methods (FORM/SORM) for highly nonlinear
problems, but also reduces the computational effort significantly over direct MCS. Four types of
sampling schemes, namely FF, FS, SF, and SS, are adopted in this study for multicut-HDMR
approximation of the original limit state/performance function construction. Multicut-HDMR
approximation using FF and FS sampling scheme provides desired accuracy to the predicted failure
probability with least number of function evaluations. In order to reduce the approximation error
further, SF and SS sampling based multicut-HDMR approximation of the original limit state/
performance function could be used in reliability analysis, but the number of function evaluations
increases significantly compared to FF and FS sampling. It is also observed that, second-order
HDMR approximation of the original limit state/performance function does not require any
knowledge of existence of multiple reference points closer to the limit state/performance function.
This is mainly due to the sampling performed on a plane through the reference point and thus
existence of multiple reference points closer to the limit state/performance function, are taken care
inherently. A parametric study is conducted with respect to the number of sample points # used in
FF and FS sampling based multicut-HDMR approximation and its effect on the estimated failure
probability is investigated. An optimum number of sample points » must be chosen in
approximation of the original limit state/performance function. It can be observed from the reported
results in this manuscript, that » = 5 or 7 works well for all problems.
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