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Abstract. A quasi ideal importance sampling simulation method combined in the conditional
expectation is proposed for the structural reliability estimation. The quasi ideal importance sampling joint
probability density function (p.d.f)) is so composed on the basis of the ideal importance sampling concept
as to be proportional to the conditional failure probability multiplied by the p.df of the sampling
variables. The respective marginal p.d.f's of the ideal importance sampling joint p.d.f are determined
numerically by the simulations and partly by the piecewise integrations. The quasi ideal importance
sampling simulations combined in the conditional expectation are executed to estimate the failure
probabilities of structures with multiple failure surfaces and it is shown that the proposed method gives
accurate estimations efficiently.

Keywords: structural failure probability; simulation-based reliability method; conditional expectation;
ideal importance sampling.

1. Introduction

This paper describes a quasi ideal importance sampling simulation combined in the conditional
expectation for the simulation-based structural reliability estimation. There have been various
simulation-based methods studied for the estimation of the structural reliability. It has been a very
important issue in the simulation-based structural reliability estimation to enhance the simulation
efficiency by making use of various variance reduction techniques (VRT).

The conditional expectation is one method of the powerful VRT (Rubinstein 1981), which is
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utilized by randomly generating all the basic random variables except one variable referred to as a
control variable and randomly generated variables referred to as sampling variables are selected as
the ones of least variability. The conditional expectation VRT reduces the variance of the estimate
of the structural failure probability under consideration by conditioning on the sampling variables
and resulting conditional failure probabilities can be evaluated by the cumulative distribution
function of the control variable (Ayyub et al. 1984, Karamchandani 1991).

The importance sampling method is also known as one of the powerful VRT tools. In the recent
years, a number of methodologies have been studied and developed in the importance sampling
techniques not only to compose the importance sampling density function (p.d.f)) but to enhance the
simulation efficiency of the high dimensional problems (Schuéller er al. 2004, Katafygiotis et al.
2006, Hurtado 2007, Au 2008).

In this study, a quasi ideal importance sampling joint p.d.f is defined on the basis of the ideal
importance sampling concept (Bucher 1988, Ang et al. 1989). And the respective marginal p.d.f’s of
the quasi ideal importance sampling joint p.d.f are so composed as to be proportional to the
expectation of the conditional failure probabilities multiplied by the p.d.f of the sampling variables.
These marginal p.dfs are determined numerically by the simulations based on the conditional
expectation and partly by the piecewise integrations (Yonezawa et al. 2007).

The quasi ideal importance sampling simulations combined in the conditional expectation are
executed to estimate the failure probabilities of structures with multiple failure surfaces. The
samples of the basic random variables are generated by applying the inverse transformation to the
cumulative distribution functions corresponding to the respective marginal p.d.f's determined in the
proposed method. It is shown that the proposed method gives accurate estimations with smaller
sample size and frequency of function calls.

2. Simulation based on the conditional expectation

2.1 Basic definition of structural failure probability

For the analysis of time invariant structural reliability problems, the probability of failure is given
by

P = prod (g, () <0) | = [fu(w)du 1)
/= Dy
where g; (u), (j =1, 2,..., m) are the limit state functions and fy(u) is the joint p.df of k-

dimensional basic random variables U = (U,, Uh,..., Uy)’, which are assumed to be independent
standardized normal variables. Dy is the failure domain defined by

2.2 Conditional failure probability

Q(gh(u)sm} )

The basic random variables are divided into two groups, one is a control variable U; and the other
are the sampling variables denoted as Us= (U;, U, ..., U_y, Usy,..., UY)". By using U, and Us, the



Structural reliability estimation based on quasi ideal importance sampling simulation 57

failure probability given by Eq. (1) is expressed as follows:

Pi= [fy(u)du

Dy

= | prod (g, (upu9) <O)|given Us = ug| fo (us)du
all ug /=

= J. Pfc(u1|"5) fUS(”S)(d”S) = EfUS[PfC(ul|uS)] 3)
all ug

where fys(us) is the joint p.d.f of the sampling variables. The notation Px(u;| us) is the conditional
failure probability of the event of g(u;, us) <0, (j = 1, 2,..., m) for a given Us= us. Egs| ] is the
expectation with respect to fys(us). ' .

The conditional failure probability Pfc(uz‘u(l')) for a given Ug=u'" in a two-dimensional
reliability problem with two limit state surfaces, as an example illustrated in Fig. 1, is evaluated as
follows:

Uy |

_[fUz(uz)duz + _[fUz(uz)duz for u, <u,,

PfC(u2|u(ll)) =

“4)
IfUz(uz)duz =1 for u, >u,,
An unbiased estimate of Eq. (3) and its variance are given by
L)
Failure region

Uy =i (uy(i) Pre(u 2 [u)

Limite state surface 2
& fuy,u2)=0

ui(d

u2~l:g”-/.](ul(2\

81y, u2)=0

Limite state surface 1 Safety region

Fig. 1A conditional failure probability for a sample u(li) in a two-dimensional reliability problem with two

limit state surfaces
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= ]sz fc(”1|”s ) )
i=1

Var[P Poo(uu)—P 6
[P = MNUZ{MAM Y ©)
where N is the sample size of the simulation to estimate Py
In the conditional expectation VRT, most of samples are made use of yielding the conditional
failure probabilities, that is to say, they contribute more or less to estimate the structural failure
probability. Furthermore in this study, in order to enhance the simulation efficiency it is proposed to

combine the importance sampling VRT in the conditional expectation VRT as described below.

3. Importance sampling simulation
3.1 Importance sampling probability density function

An importance sampling joint p.d.f hys(us) is introduced into Eq. (3), which is rewritten as
follows:

Pf: I Pfc(”/’”s)fus(”s)d”s
all ug
Ju,(us)
= P — d
a”_[us fc(u/|”s) hUS(uS) fus(”s) Uug
Ju(us)
=E, |P 5
o P95 )
where E,ys| ] is the expectation with respect to Ays(us).
An unbiased estimate of Eq. (7) and its variance are given by
(@)
A 1 { u? Ju(ug’)
Pr= =" Pre(u|ug)——— ®)
N hy,(us)
(@) 2
ArDT 1 Al ) ng(s) A
Var[Py] = m;{Pfc(ud ) —— o (u (,)) —Py €))

A conditional failure probability for a given sample u generated from an importance sampling
p-df centered at the f-point based on the concept of ISPUD (Shuéller er al. 1987) is illustrated in
Fig. 2 for a structural reliability problem with one failure surface of two basic random variables.
This is one approach to combine the importance sampling VRT in the conditional expectation VRT.

For the structures with multiple failure surfaces, various multiple checking point (S-point) methods
have been proposed (Shuéller er al. 1987, Murotsu et al. 1990, Yonezawa et al. 1998), where
samples are allocated to the respective failure surfaces according to the weight related to the
respective fvalues. If the multiple checking point method is applied to cope with the structures with
multiple failure surfaces, it is inevitable to identify the Spoints of the respective failure surfaces.
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)
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gy(uy,uz)=0 |
) B point
ul(l)
0 u

hyy(u)

)
fU 1(ul(i)) \
o) )
An importance sampling p.d.f.
centered at the B point original p.d.f

Fig. 2 A conditional failure probability for a sample u'” taken from the importance sampling p.d.f hy(uy)

centered at the £ point

It should be noted that the simulation based on the conditional expectation can treat the multiple
failure surfaces without using the multiple S-points as illustrated in Fig. 1. Then it is proposed in
this paper to combine the importance sampling in the conditional expectation for the estimation of
the structural failure probability without using the S-points.

3.2 Ideal importance sampling

In the importance sampling, how to compose the importance sampling joint p.d.f. is the most
important matter of concern. Suppose that the importance sampling p.d.f in Eq. (7) is given by

Pfc(”1| us) fUS( us)
Py

fUS(”S) = (10)

Then the structural failure probability is expressed as the expectation of Py itself with respect to
hys(ug) as follows:

_ Je US(uS)
P,= a//'[usp fC(u1|”S)W fUS(”S)d”S
= EhUS|:PfC(u/|”S) ;US((ZS))J = EhUS[Pf] (11)
IAUN

Therefore Eq. (10) gives an ideal importance sampling p.d.f (Bucher 1988, Ang et al. 1989),
however it is impossible to compose such a sampling p.d.f, because it contains the P,to be
estimated and it is also difficult to determine analytically the conditional failure probability
Pe(u)|us) -

Then instead of treating the ideal importance sampling p.d.f. directly, it is proposed to compose
approximately a quasi ideal importance sampling p.d.f. And the respective marginal p.d.f's of the
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quasi ideal importance sampling joint are so composed as to be proportional to the expectation of
the conditional failure probabilities multiplied by the p.df of the sampling variables. These
marginal p.d.fs are determined numerically by the simulations based on the conditional expectation
and partly by the piecewise integrations. In the following section, the procedure to compose the
quasi ideal importance sampling marginal p.d.f’s is described.

4. Composition of the quasi ideal importance sampling marginal probability den-
sity functions

4.1 Marginal probability density functions in a three-dimensional reliability problem

A reliability problem with three basic random variables is considered for convenience of
explanation, where u; is specified to be the control variable and u; and u, are specified to be the
sampling variables. The two-dimensional ideal importance sampling joint p.d.f denoted as A, (u, u,)
is expressed according to Eq. (10) as follows:

Pfc{u3|(u1= uz)}fus(uh uy)
Py

Since u; and u, are assumed to be independent, fys(u;, uy) is rewritten as a product of the
respective marginal p.d.fs, fi(u1) and fin(u,), as follows:

huy,u,) = (12)

Ju (uy,u3) = 1y (1) -, () (13)

The marginal p.d.f's of hfu;, u;) denoted as hp(u;) and hp(u,) are determined by integrating
Eq. (12) over u, and u; respectively by taking into account of Eq. (13) as follows:

hl,(”l) = J. hyuy, uy)duy

all u,

_[ PfC{u3|(ulau2)}fUl(ul)'fUz(MZ)dMZ

— all u,
Py
_ Efuz[Pfc{u3|(ul,u2)}] 'fU,(ul) (14)
Py
hg(“z) = .[ h(uy,uy)du,
all u,
_[ Pfc{u3|(”1=”2)}fUl(“1)'fUz(uz)dul
_ all u
= 7
_ Ef‘U][Pfc{u3|(”17 uy)}] 'fuz(uz) (15)

Py

where Eg,[ ] and Ep [ ] are the expectation with respect to fi»(u>) and fi1(u) respectively.
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It is seen from Egs. (14) and (15) that A;(u;) and hp(u,) are proportional to the expected
conditional failure probability multiplied by the respective p.d.f. The proportionality constant is 1/Pz.
By taking into account of Egs. (7) and (13), Ps, the denominator of Eq. (14), is expressed so as to
be related with the numerator of Eq. (14), as follows:

Pr= j PfC(ul|”S)fUS(”S)d”S

all ug

J J PfC{u3|(ulau2)}fU](ul)'fUz(uZ)dulduz

all uy all u,

J | ] Pt o (udue | 10

all uy ~all u,

[ B [Pyetun) ()} fo () (16)

all u,

For the denominator of Eq. (15) in turn

[ Prec(uy|us) fu(us)dug

all ug

J | T Pretus| (. ms) o, (), | o )l

all uy ~all u,

[ Ep, [Pretus| (s un) 31 for (1) (17

all u,

Py

4.2 Determination of the quasi ideal importance sampling marginal probability density
functions

In this study the ideal importance sampling marginal p.d.f’s, h;(u1) and hp(uy) are determined
numerically as the quasi ideal importance sampling marginal p.d.fs denoted as hyi(u;) and hgy,(u>)
respectively.

First, it is proposed that the expected conditional failure probabilities contained in the integration
of Egs. (16) and (17) are evaluated by the piecewise integration. The specified interval [u,, u] of
the respective sampling variables is split into #» segments and the respective quasi ideal importance
sampling marginal p.dfs at u; = u,"", (p; =1, 2, ..., n) and u, = u,"?, (p,= 1, 2, ..., n) are written
as follows:

( I) ( 1)
ho () = Ey, [Pretus| () 1)} s ()
QI 1 - n
> By [Pretus| () 11y, () A

=1

() (P1)
_ Efuz[PfC{u3|(ul sun) 1y, (uy ) (r,=1,2,...,n) (18)
= 1
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»2) »2)
(P) EfUI[PfC{u3|(ul7 U )}]fUz(uz )
ho (u27) = ) )
Z EfU1 [Pretus|(uy,uy )}y, (uy “)Au
py=1
®>) )
N EfL,I[PfC{u3’(ulau2 )}VUZ(uZ ) (p,=1,2,...,n) (19)

4,

where n is the number of the segments of divided interval of the sampling variables, Au is the
constant width of each segment and A4,, 4, are the results evaluated by the piecewise integrations of
the respective denominators.

Next, it is proposed that the expected conditional failure probabilities both in the numerators and
the denominators of Eqs. (18) and (19) are estimated by the simulations based on the conditional
expectation as follows:

e 1 & @) ()
EfUz[Pfc{u3|(u1 >u2)}]zzvzpfc{u3|(u1 s u )b, (pr=1,2,..,n) (20)
Oj=1
) 1 G )
EfUI[PfC{u3|(u1’u2~)}]zFZPfC{MSKMI sy )Y, (p=12,.,n) 21
9j=1

where Ny is the sample size of the simulation to estimate the expected conditional failure
probability.

The denominators 4; and 4, in Egs. (18) and (19) should result in the same value, since they give
the same value of P, by the piecewise integrations of the expected conditional failure probabilities
given by Egs. (20) and (21). Some differences between them, however, may arise due to the
numerical error, so 4; and A4, should be evaluated separately to normalize the respective marginal
p.dfs.

The histograms of the respective quasi ideal importance sampling marginal probability densities
thus determined are illustrated in Fig. 3.

For a reliability problem with k£ basic random variables, where u, is specified as the control
variable and the others as the sampling variables, the respective quasi ideal importance sampling
marginal p.df's at p-th segment (p;= 1, 2, ..., n) are determined as follows:

®) ®)
@) EfUg _[P/C{ul|(”1a”2, s U U Uy s U) ] 'ij(uj )
o)) = —= v 22)
J
4 = u E ) )
j z fl,sij[PfC{ulKubuZa"'>uj >""u/—l>u/+l>"'>uk)}]'ij(uj )Au
=1
G=1,2,..,1-1,1+1,...,k) (23)

where Eys [ ] is the expectation with respect to a joint p.d.f fys{us), in which the j-th fi,(u),
G=1,2,...,1-1,1+1,...,k) is excluded from fys(us), and the expected conditional failure
probability is estimated by the simulation based on the conditional expectation as follows:
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Fig. 3 The sampled distribution of the conditional failure probabilities and the histograms of the resulting
quasi ideal importance sampling marginal probability densities

(D)
Efu 7_[PfC{u/|(u17u27 '--7uj ! sees Ul 15 Upe s '--7uk)}]

Ny
@ (@) ®) (@) (9 (9)
Z fC{u (ulq7u2qa- wuj/a ulqlaul-qi—la---aukq)} (pjzlrza'--an) (24)

where the samples are generated from fys (us).

The above procedure to construct the marginal p.d.f's of the quasi ideal importance sampling p.d.f.
is referred to as a preliminary stage, where (k-1) X n x Ny samples are totally required. Finally, the
quasi ideal importance sampling joint p.d.f ho(us) is composed of the product of the respective
marginal p.d.f's above determined as follows:

k
ho(ug) = T ho(u) (25)

j=1j#l

In the main stage of reliability estimation, the importance sampling simulations combined in the
conditional expectation are executed to estimate the failure probabilities of structures with multiple
failure surfaces by using N samples. The random outcomes of k—1 sampling variables are generated
by applying the inverse transformation to the cumulative distribution functions corresponding to the
respective marginal p.d.fs given by Eq. (22). This simulation procedure for the estimation of the
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structural failure probability is referred to as “the quasi ideal importance sampling simulation
combined in the conditional expectation.”

5. Numerical examples

Numerical examples to estimate the structural failure probabilities are presented to demonstrate
the feature of the proposed method. The estimated results of P, by the proposed “Quasi ideal
importance sampling simulation combined in the Conditional Expectation” (denoted as “QCE”) are
compared in Tables with those estimated by the conventional “Conditional Expectation™ (denoted as
“CE”) and those by the crude Monte Carlo Simulation (denoted as “MCS”). The exact solution of
Py (denoted as “Exact”) is substituted for the estimation by MCS with N = 10° samples. The value
of the coefficient of variation of the estimated P, (denoted as “cov”) of 0.01 is specified as a
required accuracy level in the main simulation procedure.

In the Preliminary stage to determine the quasi ideal importance sampling marginal p.dfs in
“QCE” method, the specified interval [u,, u,] = [-6.0, 6.0] of the respective sampling variables is
divided into » = 12 segments, that is, Au = 1 and Eq. (23) is evaluated by the piecewise integration.
The expected conditional failure probabilities given in Eq. (24) are estimated through simulations
based on the conditional expectation with sample size of Ny. Then (k—1) - n - Ny samples are used
to determine all the marginal p.d.fs in the preliminary stage and N samples are used to estimate P
in the main simulation.

The frequency of limit state functions calls is compared as an index of the calculation efficiency
for both in the preliminary stage and the main simulation procedure. In the case of the reliability
problem with m failure modes, the frequency of function calls is obtained by {(k—1)-
n- No+N} - m, where k is the number of the dimension of the problem, #» that of segments of the
piecewise integration in Eq. (23) and m that of the failure modes. The effect of various Ny on the
results of the estimated Py and the required total frequency of function calls is also compared.

In all simulation methods, the algorithm of “Mersenne Twister” for generating uniform pseudo-
random numbers is adopted, which provides uniform random variables with a super astronomical
period 2'”*’-1 and 623-dimensional equi-distribution up to 32 bits accuracy (Matsumoto et al.
1998). Numerical examples are compiled in C++ on a Windows XP personal computer.

5.1 Case 1

First consider the structural system with limit state functions given in Eq. (26). The basic random
variables are assumed to be standardized normal U;: N(0, 12), (i=1, 2, 3, 4). The variable U, is
specified as the control variable for applying the conditional expectation. The results of the
estimated failure probabilities are given in Table 1.

2,(U) = U;-0.05U, - U;U, +7.55
2,(U) = 0.03U,U,-U,Us; +7.2 (26)
&) =-U,-U,-Us;-U;+7.0
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Table 1 Estimation results for Case 1

65

Method Preliminary Main simulation Estimated Frequency of

(Vo) sample size sample size P function calls

0 (k=1) - n - Ny N 4 {(k=1) - n - No*+N} - m
MCS 0 2.737x10’ 3.6524x10™ 8.211x107
CE 0 1.030x10’ 3.5943x107 3.091x10’

QCE(10% 3.60x10° 6.469x10’ 3.6224x107 1.941x108
QCE(10%) 3.60x10* 4.758x10° 3.5732x107* 1.535%10°
QCE(10%) 3.60x10° 7.406x10" 3.5903x107* #1.302x10°
QCE(10°) 3.60x10° 6.862x10" 3.6141x10™ 1.100x10’
QCE(10°) 3.60x107 7.649x10* 3.5920%x107 1.823x10’

Exact 0 1.0x10° 3.6165x107 3.0x10°
(by MCS) (cov = 0.0044)

Note: Required accuracy level of the estimated P, in the main simulation: cov < 0.01

Ny is the sample size of the simulation used in Eq. (24).

Parameters: k=4, n=12and m=3

5.2 Case 2

Next consider a ten-member truss structure shown in Fig. 4. The limit state functions of eight
significant failure modes considered are given in Table 2 (Ono ef al. 1990), in which T, (i = 1, 2,
..., 10) are the strength of the members and F;, (i = 1, 2) are the external forces. The standardized
variable of F; is specified as the control variable for applying the conditional expectation. The
statistical data of the basic random variables are given in Table 3 and the results of the estimated
failure probabilities are given in Table 4.

10
F, F,
Ty
To Ty
T, | 10
T;
TS T4
T] TZ 10

Fig. 4 A ten-member truss structure for Case 2
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Table 2 List of the limit state functions for Case 2

Mode no. Limit state function

0.7071T, + 0.7071Ts — 2.2F,
Ty + 0.7071Ty — 1.2F, —F,
T3 + 0.7071Ts + 0.7071T; — 2.2F,
Ty + 0707170 — 1.2F,
To+ Ty — 1.2F
T+ 0.7071Ts + Ts — 1.2F, — F»
0.70717, + 0.7071T, — 1.2F,
T, + 0.7071Ts — 3.4F, — F,

01N VN AW

Table 3 Statistical data of basic random variables for Case 2

Variable Me?lr(ll\}l]a lue Standar[clidiiﬁwatlon Distribution type
T, T, 90.0 13.5 Normal
T 9.0 1.35 Normal
T4, Ts 48.0 7.20 Normal
Ts, T, 21.0 3.15 Normal
Ty 15.0 2.25 Normal
Tg, T]o 30.0 4.50 Normal
F, 11.0 3.30 Normal
F, 3.6 0.72 Normal

Table 4 Estimation results for Case 2

Method Prehmmayy Main 51mu1.at10r1 Estimated Freql_lency of
sample size sample size function calls
(No) P
0 (k=1)-n-Ng N 4 {(k=1) - n-NytN} -m
MCS 0 1.953x10° 5.1189%107° 1.562x10°
CE 0 2.119x10° 5.0740x107 1.696x107
QCE(10Y) 1.32x10° 6.663x10° 5.0609x107 5.332x107
QCE(10?%) 1.32x10* 1.045x10° 5.0978x107 *9.421x10°
QCE(10%) 1.32x10° 7.019x10* 5.0664x107 1.617x10°
QCE(10% 1.32x10° 7.447x10* 5.0941x107 1.116x107
Exact 0 1.0x10° 5.0844x107 8.0x10°
(by MCS) (cov = 0.0044)

Note: Required accuracy level of the estimated Py in the main simulation: cov < 0.01
Ny is the sample size of the simulation used in Eq. (24).
Parameters: k=12, n=12and m = 8

5.3 Results and discussions

Generally speaking, sampling variables are selected as the ones of least variability and one of
larger variability should be selected as a control variable. Furthermore variables involved in the
nonlinear terms among the limit state functions should be carefully treated and possibly avoided as
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a control variable. In the case of the reliability problems with multiple failure modes, the variables
commonly appearing among the limit state functions should be preferably selected. In the present
numerical examples, U, involved in the square term is avoided and any one of U,, U;, U; may be
applicable, then U, is selected as the control variable for Case 1 and F; appearing most commonly
among eight limit state functions is selected as the control variable for Case 2.

-3
1.0x10
S B oS
—@- CE
—A— QOCE(10™)
—&- QCE107)
4 —k— QCE107)
1.0x10 N
QOE10™)
10407
10x10° — — - . — ;
100 1oa0' 100 1oad® 100t 10a0®  10a0®  10x0” 100 10x0°
Fig. 5 Simulation results of the estimated P, vs. sample size for Case 2
1.0x10°
] B Mos
] —@- CE
i —A— QCE10™)
—0— QCEI0)
—— QCE10)
cov ] QCE(10"4)
10407
10407 i A

1040 1040 10407 10407 10d00  1040° 1040 10d0" 10407 1040

Fig. 6 Simulation results of the cov of the estimated Py vs. sample size for Case 2
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] —- QCE10™)
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035 \\\ / \ —&- QCE10™®
0303 / \\ “\‘ A
h (u ) 0.25 3 J
Q4 4 ] / }
0203 ‘
5 A o2\
77\
0.103 -
] "W
0.05
OOO—:_L‘ T - | T T T T T T T T T 77"1_ n T {‘A— u4
-6.0 40 20 00 2.0 40 6.0

Fig. 7 The effect of Ny on the shape of the resulting quasi ideal importance sampling marginal p.d.f. of uy (u4:
the standardized variable of 7, in Case 2)

It is observed from Table 1 for Case 1 that the proposed QCE method with Ny = 10* gives the
best estimation at the smallest frequency of function calls compared with other methods. It is seen
from Table 4 for Case 2 that the proposed QCE method with Ny = 10* gives the best estimation at
the smallest frequency of function calls compared with other methods. Generally the smaller Ny is
the better, but it can be said that too small or too large size of Ny is inappropriate for enhancing the
simulation efficiency in terms of the frequency of function calls.

For Case 2, the estimated failure probabilities and their cov vs. sample size are shown in Figs. 5
and 6. The effects of Ny on the shape of the resulting quasi ideal importance sampling marginal
p.df. of uy, the standardized variable of T}, are compared in Fig. 7 with various Ny. It is seen from
Fig. 7 that the shape of the resulting marginal p.df at Ny = 10' seems to converge to a certain
stable shape as the value of Ny increases. The quasi ideal importance sampling marginal p.d.fs of
other sampling variables also tend to reflect the same tendency. In this case, Ny = 10” seems to be
appropriate for the determining the quasi ideal importance sampling marginal p.d.fs.

Since the determination of the quasi ideal importance sampling marginal p.dfs usually requires
(k1) times (k—2)-th multiple integral, then the calculation amount of the piecewise integrations will
increase drastically and confront the lack of computer memories as the number of k increases.
Therefore it can be said that instead of executing the piecewise integrations in the entire process of
the preliminary stage, the simulation approach is effective when constructing the quasi ideal
importance sampling marginal p.d.f's. for the reliability problems whose dimension is not too high.

6. Conclusions
A quasi ideal importance sampling simulation combined in the conditional expectation is proposed

for the estimation of the structural failure probability. A quasi ideal importance sampling joint p.d.f.
is defined on the basis of the ideal importance sampling concept. For all sampling variables, the
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respective marginal p.d.fs. of the quasi ideal importance sampling p.d.f are determined numerically
by the simulation based on the conditional expectation and partly by the piecewise integration.

It is shown by the numerical examples that the proposed method gives accurate estimations with
smaller sample size and frequency of function calls and the proposed method can be applied for the
estimations of the failure probabilities of the structures with multiple failure surfaces.
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