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Stress analyses of solids with rectangular
holes by 3-D special hybrid stress elements

Z S. Tiant, J. S. Liut and B. Fangt

Department of Mechanics, Graduate School, The University of Technology and Sciences of China, Bejing 100080, China

Abstract. Two kinds of special 3-dimensional 12-node finite elements-each one contains a traction-
free planar surface-have been developed based on Hellinger-Reissner principle by assumed stress hybrid
method. Example solutions have demonstrated the advantage of using these special elements for analyzing
plates and solids with rectangular holes.
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1. Introduction

For stress analyses of solids with traction-free cylindrical surfaces by the finite element method,
it has been shown that the special hybrid stress elements which contain cylindrical surfaces
not only provide much more accurate results than those obtained by using conventional assumed
displacement elements and ordinary assumed stress hybrid elements, but also possess high com-
putational efficiency (Pian and Tian 1986, Tian 1990a, 1990b, Tian and Tian 1990, Tian, et al.
1991).

In the paper two kinds of 3-dimensional 12-node special elements with traction-free planar
surfaces are derived by hybrid stress method. The combination of the new special elements
with above special hybrid stress elements which contain traction-free circular surfaces can be
conveniently used for stress analyses around rectangular holes with rounded corners.

2. Hybrid formulation of two 12-node special solid elements
The special elements are shown Fig. 1(a) and (b). The plane 1584 is a traction-free surface.

The element stiffness matrix is formulated by Hellinger-Reissner principle (Pian and Chen
1982). The energy functional for an individual element is given by
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Fig. 1 Geometry of special 12-node elements with traction-free planar surfaces.
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The stress field can be expressed in terms of stress parameters S
o=Pp
The displacements u are interpolated in terms of nodal displacements q.
u,=Nq
From the variation of IT; the element stiffness matrix K is then given by
K=G'H'G
where
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The stress fields are then chosen to be uncoupled and complete in quadratic terms of &
By the use of the equilibrium equations and the boundary conditions of the traction-free surface,

the following stress assumption o*(=P*p) can be obtained.
o'=0,"=(1+S)p
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Fig. 2 Thin square plate with a center square hole of rounded corners.
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where o° : stress assumption of special element “a”
o’ : stress assumption of special element “b”

c= h/b (for element “a”); —h/b (for element “b”)
d= h/a (for element “a” and element “b”)

The 30 independent B parameters are the minimum numbers required for the suppression
of kinematic deformation modes.

3. Numerical results
3.1. Square plate with a square hole of rounded corners

A thin square plate with a centre rectangular hole is acted upon by uniform tension T (Fig.
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Mesh 2 Mesh 3

Fig. 3 Meshes for 1/4 plate with square hole of rounded comers.

2). The problem is analyzed by using only one layer of 3-D elements in three different meshes
for 1/4 of the plate. The mesh 2 and mesh 3 with 16 and 25 elements are shown in Fig. 3
while the coarse mesh 1 consists of only 7 elements. Fig. 3 also shows the combination of
following different elements which are used to analyze the stress around the rectangular hole.
(1) Two kinds of present special 12-node assumed stress hybrid element with a traction-free
planar surface on the straight sides of the hole
(2) The special 12-node assumed stress hybrid element with a traction-free cylindrical surface
at the corners of the hole (Tian 1990a)
(3) The ordinary assumed displacement isoparametric element in the rest area of the
plate
The computed results are given in Table 1. For comparison of element performance the results
obtained by using the ordinary assumed displacement solid elements everywhere are also included
in the Table. The reference solutions are given by Shawen (1965) by using angle-preserving
mapping method. Case A and Case B in the Table are corresponding to using 3 and 4 terms
of the mapping function given by Shawen. The values R are the desirable radii at the corner
to imitate the mapping function with the rectangular hole of rounded corners.
It can be seen that the stress concentration factors provided by the present special elements

Table 1 Computed stress concentration factor (SCF) (2-D problems; Thin square plate with a rectangular
hole of rounded corners under tension)

T ‘ol Mesh 1 Mesh 2 Mesh 3
ype of elements SCF  error% SCF  emmor%  SCF  error%

Case A: Reference solution SCF=5.156; R=0.616a
Present special elements and
previous special elements and
ordinary displacement elements 5.509 6.85 5.465 599 5.151 —0.10

Ordinary displacement elements 6.294 2207 5.686 10.28 5464 597

Case B: Reference solution SCF=6464; R=0.347a
Present special elements and

previous special elements and
ordinary displacement clements 5.760 —10.89 6.066 —6.16 6.088 —5.82

Ordinary displacement elements 9.387 46.58 7.981 24.63 7.608 18.80
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Fig. 4 Thin rectangular plate with a rectangular hole of rounded cormers.

are much closer to the reference solutions in comparison with those by using the ordinary
assumed displacement elements. When the largest circumferential stress oy is acting on point
P, letting a be the angle between x-axis and radial line OP, the values of a obtained by the
special elements and the ordinary assumed displacement elements are the same. ie. a equals
to 46.82° for Case A and 46.01° for Case B. They are different from 45.67° (Case A) and 45.32°
(Case B) given by Shawen’s formula. For both of Case A and Case B the location of point
P obtained by the present finite element method is very close to the intersection point of the
straight side and the circular arc and is near by the y-axis. The result is proved by photoelastic
method (Nisida 1982).

3.2. Rectangular plate with a rectangular hole of rounded corners

A thin rectangular plate with a centre rectangular hole of rounded corners under uniform
tension is shown in Fig. 4. The problem is also analyzed by only one layer of 16 elements
for 1/4 of the plate.

The distributions of the circumferential stresses o, at the rim of the hole obtained by the
present elements are shown in Fig. S. It is seen that it is close to the analytical solution (Nisida
1982). But the stress concentration factor will be reduced to 2.25 by using fine meshes.

3.3. Square block with a square hole of rounded corners

A square block with a centre hole is acted upon by uniform tension over two opposite faces.
The Poisson’s ratio v for the material is taken as 0.25. The problem is analyzed by using five
different meshes with 16, 32, 64, 128 and 256 elements for 1/8 of the block. The mesh 3 is
shown in Fig. 6. The top view of Fig. 6 is the same as that shown in Fig. 3. The results of
the stress concentration factors at the point P and point Q are given in Table 2.

It shows that the stress concentration factors are equal to 6.1 in the middle plane and 64
on the face when a thick square block with a centre square hole of rounded corners under
tension over two opposite faces.
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Fig. 5 Variations of oy/T at the rim of the hole.

Fig. 6 Thick block with square hole of rounded corners under uniform tension (Mesh for one-eighth
of block)

Table 2 Computed stress concentration factors (v=0.25; 3-D problems; Thick square block with a square
hole of rounded corners)

Meshes 1 2 3 4 5

Degrees of freedom 155 250 440 820 1580
Stress concentration factors of middle plane 5.980 6.052 6.070 6.068 6.064
Stress concentration factors of face 6.020 6.192 6.291 6.357 6.386

4. Conclusions

Two kinds of special 12-node solid assumed stress hybrid elements with traction-free planar
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surfaces are developed by hybrid stress approach. These special elements together with ordinary
solid assumed displacement elements can be efficiently used for stress analyses of rectangular
holes in a solid or in a plate.
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