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The Poisson effect on the curved beam analysis
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Abstract. The bending stress formula that taking into account the transverse deformation is developed
for plane-curved, untwisted isotropic beams subjected to loadings that result in deformations in the plane
of curvature. In order to account the transverse Poisson contraction effect, a new constitutive relation
between force resultants, moment resultants, mid-plane strains and deformed curvatures for a curved plate
is derived in a 6 x 6 matrix form. This condtitutive relation will provide the fundamental basis to the
analyses of curved structures composing of isotropic or anisotropic materias. Then, the bending stress
formula of a curved isotropic beam can be deduced from this newly developed curved plate theory. The
stress predictions by the present analysis are compared to those by the analysis that neglected the Poisson
contraction effect. The results show that the Poisson effect becomes more significant as the Poisson ratio
and the curvature are getting larger.
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1. Introduction

The technical theory of bending generaly yields results of good accuracy for straight slender
beams. However, there are many applications where the centerline of the beam is curved rather than
straight. For example, the airplane fuselage frame, as indicated in Fig. 1, is an instance where
stresses and displacements must be determined on the basis of a theory that accounts for the non-
straight geometries of the structures.

For a straight beam, the axial strain is distributed in a linear fashion across the cross section under
the Navier's hypothesis. Accordingly, the flexure formula of a straight beam is resolved to be
o =-Myl/l by assuming the beam as a one-dimensiona elastic isotropic structure. Due to the linear
axial strain distribution, the same flexure formula can also be deduced from the two-dimensional
plate theory by which the transverse deformation is considered. It means that Poisson’s ratio will not
affect the bending stress predictions. On the subject of curved beams, the axial strain is distributed
in a nonlinear fashion across the cross section due to the geometric curvature and the corresponding
bending stress digtribution is generally shown in Fig. 2. The bending stress formula of a curved
beam has been formulated by assuming the curved beam composing of a one-dimensiona elastic
isotropic solid behaving according to the stress-strain relation of gy = Eg, and 1, = Gy, (Bickford
1998). However, due to the nonlinear axid strain distribution of the curved beam, the different
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Fig. 1 Airplane fuselage frame Fig. 2 Bending stress distribution in a curved beam

bending stress formula will be deduced from the two-dimensional curved plate theory by which the
transverse Poisson contraction effect is taken into account. This paper will be devoted to develop a
new curved plate theory from which the bending stress formula of the curved beam can be deduced
to explore the Poisson contraction effect on the stress and strain predictions.

In order to account for the transverse deformation into the curved beam anaysis, a congtitutive
relation for a curved plate needs to be established. Similar to the classic 6 x 6 ABD matrix
congtitutive relation of a flat laminated composite plate (Vinson and Chou 1975, Christensen 1979,
Vinson and Sierakowski 1987, Herakovich 1998), a new 6 x 6 constitutive relation between force
resultants, moment resultants, mid-plane strains and deformed curvatures is formulated for a curved
plate. This new curved plate constitutive relation will provide the fundamental basis to the analyses
of curved structures (e.g., curved beams and plates etc.) composing of isotropic or anisotropic
materials. By applying this newly derived constitutive relation, the bending stress of a curved
isotropic beam subjected to loadings that result in deformations in the plane of curvature can be
formulated. Unlike the bending stress formula by one-dimensiona approach (Bickford 1998) that is
independent to the Poisson’s ratio v, the formula derived by considering the Poisson contraction
effect composes of the term of Poisson’s ratio v. It implies that the curved beams composing of
different Poisson’s ratio will result in different bending stress predictions. The bending stress
predictions are investigated as a function of Poisson’s ratio v and the geometric parameter of the
thickness-radius (h/R) ratio. The results show that the higher Poisson ratio v and the larger h/R ratio,
the more Poisson contraction effect exhibits on the bending stress predictions.

2. Curved plate theory

Consider a curved plate of thickness h as depicted in Fig. 3. Here, the x-axis is passing
everywhere through the centroid of the section and tangent to a circular arc of Radius R, that is,
ds=Rd6, where 6 is the angular variable associated with a change in location aong the curved
section. The z-axis lies along the local direction of the radius R with the y-axis such that a right-
handed coordinate system is formed.



The Poisson effect on the curved beam analysis 709
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Fig. 3 Geometry for a curved plate

2.1 Strain-displacement relations

Under small deformation, a curved plate is assumed to deform by following the Kirchhoff-Love
hypothesis for plates (Vinson and Chou 1975):

(1) A lineal element of the curved plate extending through the plate thickness is normal to the
mid-plane (i.e., xy plane). Upon the application of loads, the lineal remain straight and normal
to the deformed mid-plane.

(2) The lineal element does not change length.

Based upon the foregoing assumptions, the most general forms for the displacements in the x and
y directions are

U(X, Y, Z) = UO(X! Y) + Za(X! Y) (l)

V(X! Y, Z) = VO(X! Y) + Z,B(X, Y) (2)

where u, and v, denote the mid-plane displacements in the x and y directions and a and 8 are

notations which will be further defined later. From the assumption (2), requires that &,= 0 and in
turn means that the lateral deflection w can be expressed as

W(X, ¥, 2) = Wo(X, y) =W ©)

By specidizing the strain-displacement relations in the cylindrical coordination into the present x-
y-z coordination, the strain-displacements become

1 @+KV\H=LE&)+20—G+KV\H ()

&= 14 kz[Ps 1+ kzUgs s

+ z%g ®)
0

(6)
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_0u,_1 ov_0uw da _1 N  Ify
Yo = oy T+ kzas = dy T Zoy T 1+ kzUas * “od] 0
_u__K 1 _Jw _ 9y K 1 ow
Vo= 5 Tk T 1+ kzos - oz Y1+ Kz(u°+za)+l+ KZ ds ®)
ov  ow Y ow
be= a2ty = Pty (©)

dy

where k = 1R is the curvature of the curved plate. The assumption (1) requires that the shear
strains of %, = 0 and K, = 0 are zero and leads to

a = Kuo—% (10)
_ _ow
B = Y (11)

Substituting Egs. (10-11) into Egs. (4-5) and Eq. (7), the remainder planar strains of &, & and y,
can be expressed as

_ 0 Z 1
& = &+ 1+ KZKX (12)
g = 58 + ZKS (13)
— 0 Z 1
Viy = y§y+ ZKyy + 1z KZKXy 14
where the mid-plane strains { €%} and deformed curvatures { k%} and { k'} are defined as
du
£ = d_so + KW (15)

Ki = —5%2% K2\I\H (16)

g = EO (17)

Ky = —‘jy—"zv (18)

iy %’ ‘;V; (19)
Ky = —Eloﬂ,z—W—K%D (20)
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Fw . oV
Kiy = —Epgy +K= 5 (21)
Combining Egs. (12-14) and Egs. (15-21) in matrix form, we obtain

0
00 0&0 000 Ok,
00 0,0 0.0 z 0.0

0&0 = Oeod + zOKyd + 000 (22)
o0 0’0 0,0 1*tkzg. 0
K0 O3 Ok DKy
or more smply
{8 = {&} +4K} + —Z{k} (23)

1+ Kz

Eq. (23) indicates that the planar strains { €} at any z-location in the curved plate are in terms of the
mid-plane strains { €%} and the deformed curvatures { kK% and {«%}; it is a fundamental equation of
curved plate theory.

2.2 Stresses

The stresses at any z-location can then be determined by substituting strain equation of (22) into
the plane stress congtitutive equation, and leads to

kiR
0o,0 = [Qlo&go (24)
00 O 0
000 Vo

where [Q] is the stress-dtrain stiffness matrix of the material which can be either isotropic or
anisotropic. Here, we only consider the curved isotropic plate and the stiffness matrix [Q] is, then,

given by

E VE
1-v2 1-V° 0
[Ql = | vE E_, (25)
1-v2 1-V°
0 0 G|

where E, G and v denote the Young's modulus, the shear modulus and the Poisson’s ratio of the
material, respectively. Combining Egs. (22) and (24) gives a general expression for stresses at z-
location in the plate:

s B B RO
0 Z
0oy0 = [Q0g0+ [Qzox0+ [Ql 15000 (26)
O 0,0 0,0 0,0
DTX)D Dyxﬁ D(xyD |:WX),D

The first term in Eq. (26) corresponds to the stresses associated with the mid-plane strains, and the
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second and third terms correspond to the stresses associated with bending strains. It is noted that
{%, {k%} and {k'}, which are only associated with the mid-plane displacements and geometric
curvature K, are independent of z location.

2.3 Force resultants and moment resultants

The force resultants { N} refer to the stresses integrated over the thickness of the plate. A similar
interpretation can be given to the moments resultants {M}. Thus, {N} and {M} in compact forms
are, respectively, expressed as

..
ON,O = [, 00,00z (27)
EN U 0 o
] Oy
9 .. B
oM,0 = (2, 0o,0zdz (28)
EM 0 o O
0] 0%
Substituting Eg. (26) into Egs. (27) and (28) gives
NGO DESD 000 ale
Z
DNVE - th/z[Q] Llgy Ddz th/z Ql EKVEZdZ+rh/2[Q] E 0 El + KZdZ (29)
g B 0 38 4
/2 0 /2 ol 2 /2 V4
oMo = [, ,[Ql0g,0zdz+ [, [QlOK,DZ dz+ [ " [QID0D dz (30)
yD th/z DgD th/z 0,0 th/z D1D1+KZ
xyD DVX)J] DK)()J:' D<X)J:|

Remembering that {£%, {k% and {k'} are independent of z location, the integrals in Egs. (29-30)
are eadly carried out. For example,

JWZ —Z 47 = 1—81 1|nm =1, (31)

w21+ k2 T kO Tk M —kh/20 T
/2 +Kh/ _ |1
th/21+KZ T 81 K 1= Kh/Z] =l = K (32)

where In represents natural logarithms.
2.4 Curved plate constitutive relations

By carrying out the integrations in Egs. (29) and (30), the fundamental equation of the curved
plate theory can be written in the following form:
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0

e
A0 C
OND 0
EM = DK“H (33)
. 0 D -C/k EK%
where [A], [D] and [C] matrices are defined as
[Al = h[Q] (34)
h3
[D] = $IQl (35)
[C] = L[Q] (36)
Eq. (33) can be written in expanded form as

0 o0

O0&0

0 o0

ONDO [ 1678

DNXD An Ap Az 0 O 0 Cn Cop Cis DygyD

OND 1Ay Az Az 0 0 0 Cu Cp  Cu |HoH
ENX)’E — A31 A32 A33 O 0 0 C31 C32 C33 EKSE (37)

EMXE O O 0 Dll Dlz D13 _Cll/K _ClZ/K _Cl3/K %KOD

EM,Z5 |0 0 0 Dy Dy Dy ~Cou/k —Co/K —Co/K|D fH

Mg [0 0 0 Dy Dy Dy —Ca/k —Cyu/k —Cau/K|HKH

Ood

Hei ]

00

The form of Eq. (37) is not suitable for matrix operations. Recalling Egs. (19-21), the deformed
curvature Ky, can relate to the mid-plane strain ), and the deformed curvature ki, by the
following form

Key = KYiy + Ky, (38)

Substituting Eq. (38) into Eq. (37), the congtitutive relation of Eqg. (37) can be expressed as the
following 6 x 6 matrix form

IND |An Ap A C 0 C 1580

X u A 13 1 13 X

EN E A Ap A C 0 C ESSE

097G 13 Az 23 12 23 alds

Nod _ A Az An  Cu O Cxu | (39
M 1

E XE 0 0 kD3 —Cu/k Dpp (=Cis/K+Dyg) EKXE

DMyE 0 KDy3 —Ci/ K Dy (—Ca/ K+ Dys) EKSE

%V'“D |0 0 KDz —Ci/K Dy (—Caa/ K+ Dg) %@E
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As can be seen in Eq. (39), the coupling between the stretching and bending responses is existed for
a curved plate. This coupling effect is caused by the non-flat geometry of the structure. This
stretching-bending coupling effect for a curved plate can not be shown by the flat plate. This new
curved plate congtitutive relation will provide the fundamental basis to the analyses of curved
structures (e.g., curved beams and plates etc.) of isotropic or anisotropic materials. For isotropic
materials, Eq. (39) turns into the form of

I,.E
hE2 hVE2 0 1 _ 0 0
1-v- 1-v 1-v
0
DNXD hVE hE O |1VE O 0 EEXE
oo 1-v% 1-V° 12 0 ol
ON, 0 0&0
0’0 0 0 hG O 0 ,G |(O0,0
ENXVE = ILE 3 2 (40)
oM 0 o o0 = h VE_ Ok.0
O, O 1-v2 12(1-V9) 00
oMy . Ox°0
0 I,VE h’E 070
El\"xﬂ 0 0 0 5 > 0 010
1-v° 12(1-v) 70
kh®G _D
_ 0 0 > 0 0 B +1sz

It is found in Eq. (40) that the normal responses are unrelated to the shear responses. Thus, Eq.
(40) can be separated into two matrix equations as

hE hvE |1E
2 2 2 0
1-v- 1-v 1-v 0
ON,O I.E 060
ENE hVE2 hE2 45 2 0 EEOE
1-v 1-v 1-v
EMy = , 00 (41)
N I,E h’vE DK,E
0 0 0 5 > |0
v 1-v® 12(1-Vv) |
y
0 I,VE h’E
2 2
i 1-v- 12(1-v") |
and
Nyo | G 1hG Dyoym
Oy, 0 = kG _D O (42)
o | B +7576| Ok ﬁ

It is noted that the curved plate congtitutive equation of Eq. (39) for anisotropic materials exhibits
the coupling between the normal and shear responses and cannot be separated to two matrices as
the forms of Egs. (41-42).
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(a) Beam cross-section (b) Plate cross-section

Fig. 4 lllustration of anticlastic effect in curved beam and plate showing the distortion of the cross-section

3. Curved beam analysis

As the aspect ratio of the cross-section, that is, the ratio of the cross-section width to height of a
curved plate is reduced to a certain value such that the axia strain gives rise to a free transverse
distortion of the cross-section because of the Poisson contraction effect, as shown in Fig. 4(a). Then,
the configurations of curved plates can be referred to as the curved beams. On the other hand, a
curved plate does not show the “anticlastic” effect except the outer edges of the cross-section, as
illustrated in Fig. 4(b).

3.1 Bending stress

Consider a curved isotropic beam with rectangular cross-section subjected to the loadings that
result in deformations in the plane of curvature. The situation of a curved beam can be described
mathematically by setting the transverse moment resultant My = 0 and the transverse force resultant
N, = 0. Then, the curved plate congtitutive relation of Eq. (41) with the inverse becomes

he hvE ILE 0
2 2 2
0 1-v- 1-v° 1-v
0&0 vI.E ON,O
ogn |WwE _hE Y 0 00
0e,0 1-v° 1-v° 1-v 0ooOd
00d-= . - (43)
[k |2E h°vE U
0 0 0 > 2 |00
gKa] 1-v- 12(1-v°) |V
0 0 |,VE h’E
2 2
1-vo 12(1-Vv)

It should be noted that the stress resultant N, and moment resultant M, are on a unit width basis,
and must be multiplied by the width of the beam to get the axial force and moment used in the
beam theory. For the axial force denoted as N (=bN,) and the beam moment denoted as M (=bM,),
the axia and transverse strains can be obtained from Eq. (43):

Z 1 _ N+ kM Z M
+ K, = +
1+«kz ™ AE 1+ kzbl,E

& = &y (44)
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_WN__wM

AE IE
where A (=bh) and | (=bh*12) are, respectively, the area and the moment of the inertial of the cross
section. It is clearly shown in Eq. (44) that the axia strain, &, is distributed in a nonlinear fashion

a&cross the cross section. The bending and transverse stresses are obtained from the stress-strain
relaion given by Eq. (25):

- 0 0 _
& —£y+ZKy—

y (45)

_ N, Mok vz 1p
O = 1_V2(£x+vey) - A+1_V2EA T kzbl - (46)
_ _E - W 1,z 1n
%= 1_V2(V£X+ &) = 1A a1+ kzbl H (47)

The curved beam anaysis developed by Bickford (1998), in which the beam was assumed
composing of a one-dimensional elastic isotropic solid behaving according to oy = E& and 1, =
Gy, gave the following bending stress formula:

N yx,_z 10
%= AT MR TH kbl 0 (48)

Unlike the bending stress formula of Eq. (46), which is the function of the Poisson’s ratio v, Eq. (48)
is independent of the Poisson’s ratio v.

4. Results and discussions

The influences of the Poisson effect on the stress predictions of a curved beam will be illuminated
in the following example. Consider a curved beam of thickness h and width b with a radius R
subjected to the loading P, as shown in Fig. 5. This is a statically determined problem in which the
axia force N = Psinf = bN, and the bending moment M = PRsing = bM, can be resolved from
force equilibrium relations.

For specific examples of h = R and h = 1.5R, the through-thickness bending stress distributions oy
a the location of 6 = 772 are, respectively, plotted in Figs. 6 and 7 for different Poisson’s ratio
values of v =0, 0.25 and 0.5. For the case of Poisson’'s ratio v = 0, the bending stress equation of
Eqg. (46) reduces to Eq. (48) of Bickford (1998). As illustrated in Figs. 6 and 7, the maximum

> bl

=

Fig. 5 Bending of a curved beam with rectangular cross section
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Fig. 6 Bending stress distributions gy for various value of Poisson’s ratio v at the case of h = R
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Fig. 7 Bending stress distributions o, for various value of Poisson’s ratio v at the case of h = 1.5R

bending stresses occur at the inner surface. At the presence of non-zero Poisson ratio, the bending
stresses will shift to higher tensile stress at the inner radius and shift to smaller compressive stress at
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Fig. 8 Bending stress distributions o for v = 0 and 0.5 a h = R by finite element analysis

the outer radius, as shown in Figs. 6 and 7. The amount of shifting will be more significant as the
Poisson ratio v is getting larger. The influence of the /R ratio on the bending stress predictions can
be illustrated by the comparison between Figs. 6 and 7. It is indicated that the Poisson effect
becomes more noticeable as the h/R ratio is getting larger.

The Poisson effect on the bending stress predictions is investigated by the finite element anaysis
(FEA). For the curved AISl 4340 steed beam of h = R = 20 in and b = 10 in with the loading
P = 23100 Ib, the through-thickness bending stress distribution o, at the location of 8 = 12 for
different Poisson’s ratio values of v = 0 and 0.5 is plotted in Fig. 8, where the maximum tensile and
compressive stresses occur at the inner and outer surfaces, respectively. As analogous to the
theoretical predictions as shown in Figs. 6 and 7, the FEA results aso indicates that the bending
stress of v = 0.5 shifts to higher tensile stress at the inner radius and shifts to smaller compressive
stress at the outer radius.

The Poisson effect on the stress predictions can be exhibited more profound in the through-
thickness transverse stress distributions oy, which are plotted in Fig. 9 for the case of h = 1.5R at
the location of 8 = 72 for different Poisson’s ratio values of v = 0, 0.25 and 0.5. In the case of
Poisson ratio v = 0, the transverse stress equals to zero through the thickness. On the other hand, at
the presence of non-zero Poisson ratio v, the transverse stress is distributed in a nonlinear fashion
which exhibits tensile stress at both end and compressive stress in between. The amount of
deviation from the case of v = 0 will be more significant as the Poisson ratio v is getting larger.



The Poisson effect on the curved beam analysis 719

oy (PR*/bh’)
y -

0.6

6 -

Fig. 9 Transverse stress distributions gy, for various value of Poisson’s ratio v at the case of h = 1.5R

5. Conclusions

1. The equations that describe the linear elastic response of a curved plate subjected to in-plane
loads and bending moments has been developed in this paper. Similar to the classic 6 x 6 ABD
matrix congtitutive relation of a laminated composite plate, a hew 6 x 6 congtitutive relation
between force resultants, moment resultants, mid-plane strains and deformed curvatures for a
curved plate has been formulated. This new curved plate congtitutive relation will provide the
fundamental basis to the analyses of curved structures composing of isotropic or anisotropic
materias.

2. The bending stress formula of Eq. (46) for a curved beam has been deduced from the newly
derived constitutive relation of a curved plate. The bending stress predictions by Eq. (46) are
compared to those by Eg. (48), which was derived by one-dimension approach and, therefore,
neglected the Poisson effect. The results show that the Poisson effect becomes more significant
as the Poisson ratio v and the h/R ratio are getting larger.

3. The Poisson effect on the stress predictions can be exhibited more profound in the through-
thickness transverse stress distributions gy, which are distributed in a nonlinear fashion and
exhibit tensile stress at both end and compressive stress in between at the presence of non-zero
Poisson ratio. The transverse stress oy is caused by the nonlinear distribution of the bending
stress through the thickness.
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