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Abstract. The Element-Based Lagrangian Formulation of a 9-node resultant-stress shell element is
presented for the isotropic and anisotropic composite materia. The effect of the coupling term between
the bending strain and displacement has been investigated in the warping problem. The strains, stresses
and congtitutive equations based on the natural co-ordinate have been used throughout the Element-Based
Lagrangian Formulation of the present shell element which offers an advantage of easy implementation
compared with the traditional Lagrangian Formulation. The element is free of both membrane and shear
locking behavior by using the assumed natural strain method such that the element performs very well in
thin shell problems. In composite plates and shells, the transverse shear iffness is defined by an
equilibrium approach instead of using the shear correction factor. The arc-length control method is used to
trace complex equilibrium paths in thin shell applications. Severd numerical analyses are presented and
discussed in order to investigate the capabilities of the present shell element. The results showed very
good agreement compared with well-established formulations in the literature.

Key words: 9-node resultant shell dement; Element-based Lagrangian Formulation; laminated compos-
ite plates and shells; assumed strain method; arc-length control method.

1. Introduction

In recent years, fibre-reinforced composite materials a new class of materials, have increasingly
being used in a large variety of structures including aerospace, marine and civil infrastructure fields.
Composite structures offer an attractive alternative to more conventional forms of construction due
to its high strength to weight ratio and resistance to corrosion. Recently, there has been a mgjor
emphasis made on the use of FRP composite materials as a means of developing new high
performance adternative materials for infrastructure applications such as seismic column wrapping
and lightweight deck development.
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The modeling of shell structures represents a challenging task since the early developments of the
finite element method. In fact, papers on the subject (focusing on computational aspects) can be
traced back to the original work of Ahmad et al. (1970). This work represented the onset of the so-
called degenerated approach, with a three-dimensional continuum being modeled by means of a
reference surface. Following this concept, isoparametric finite elements were formulated using
independent rotational and displacements degrees of freedom. Further, norma stresses in the
direction of the shell thickness were not included in the formulation. The original concept was then
extended to the non-linear range in the works of Ramm (1977), Hughes and Liu (1981) and Liu et al.
(1986), among many others.

However, a defect of this class of eements was found when thin shells were analyzed. Huang and
Hinton (1986) developed a 9 node assumed dstrain shell element. They used an enhanced
interpolation of the transverse shear strains in the natural coordinate system to overcome the shear
locking problems. Other finite elements employing the assumed strain method were then reported by
Jang and Pinsky (1987) independently and aso a variational background of the assumed strain
method was presented by Simo and Hughes (1986). Belytschko et al. (1989) presented a 9-node
assumed strain shell element with a stabilized matrix to control the hourglass modes. All the terms
in this shell element used a reduced integration.

Of these dements, for purpose of computational efficiency, the ‘resultant-stress’ theories may be
used, wherein the generdized stresses are the membrane forces, shear forces and moments,
respectively. The major drawback has arisen in the implementation of this method. Some
developments of the strain-displacement matrices from degenerated shell theory lead to the isotropic
and laminated composite elements that fail in problems such as twisted shells.

In large deformation analysis, the linearized non-linear equation has to be derived in order to
solve the non-linear equations of the structura system via Lagrangian formulations. Kanok-
Nukulcha and Wong (1988) introduced a new Lagrangian formulation referred to as the Element-
Based Lagrangian Formulation (ELF) since the parental element serves as a deformation reference
in ELF. It means that al equations governing a deformed body can be expressed with respect to
natural coordinate systems and so it appears in a simpler form than those of the traditiona
Lagrangian approaches. Lee and Kanok-Nukulchai (1998) presented a 9-node shell element using an
Element-Based Lagrangian Formulation concept for large deformation analysis of shell structures.
The Element-Based Lagrangian Formulation makes implementation simpler and easier than the
traditional Lagrangian formulations, especially when the assumed natural strain method is involved.
The shell element is based on the resultant-stress theories with the transverse shear deformation. By
using the assumed strain methods, the shell element is free of the membrane and shear locking in
the thin shell limit. All the results have very good agreement with references. However, the coupling
terms between the bending strain and displacement are ignored in the curvature. These terms are
particularly important in the twisted shell problem, where their absence leads to severe errors.

However, the development of laminated shell elements for large deformation analysis has been less
attempted, than those of single layered isotropic shell elements. In order to develop a laminated shell
element for large deformation analysis, a very similar development procedure to that of the single
layered shell dements is needed. However, the equivalent constitutive equation should be utilized for
the computationally efficient composite element. The resultant shell element concept used an
equivalent constitutive equation model which aobtains the condtitutive law of the equivaent medium in
terms of the properties of the individua layers. This concept was extended to the linear and non-
linear range in the 8-node finite eement works of Kim et al. (1998), Kim and Voyiadjis (1999), and
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Kim and Park (2002). In order to improve the transverse shear gtiffness, Rolfes and Rohwer (1997)
assumed two cylindrical bending modes for an improved transverse shear modulus based on first
order shear deformation theory for finite elements. In this study, equivalent natural constitutive
equation is derived using an explicit transformation scheme to capture the multi-layer effect.

The objective of this paper is to present the formulation of a geometrically nonlinear 9-node shell
dement based on the resultant-stress formulation and its application to geometrical nonlinear
anaysis of laminate composite shell structures. The ELF concept is adopted to present the initia
configuration and deformed configurations of the present finite element. The assumed natural strain
method has been used to remove the locking problems by the ELF form. In the laminated composite
formulation, instead of using the conventional transverse shear correction factor for laminates, the
equilibrium approach suggested by Rolfes and Rowher (1997) is used.

The formulation of the resultant shell element is based on Mindlin-Reissner theory, assuming
small strains and large rotations. The geometric stiffness is analytically integrated through the
thickness. In comparison with volume integration, which is generaly used in the degenerated shell
elements, the computationa time is significantly reduced for geometrically nonlinear analysis of
laminated composite structures. The effect of coupling term between the bending and membrane
strain-displacement matrix is investigated in the twisted beam problem. The results showed the
improvement caused by the coupling term in this example.

2. Geometry and kinematics of the shell element

Generdly the Lagrangian formulations for geometric nonlinear case can be classified into two
approaches. namely, (1) Total Lagrangian Formulation (TLF), where al the static and kinematic

Lagrangian mapping

/ [TLF] \

Initial configuration (B,) Deformed configuration (B,)

e —————

[TLF] .
[ULF] Finite element

Xz Finite element mapping
mapping &

2 ELF deformation

(0] X - .

1 dA o Lagrangian and

(0] (3] finite element

X o mapping
(3-D case) B o Linearization

ELF configuration

Fig. 1 The Element-Based Lagrangian Formulation method
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variables are referred back to the initial undeformed configuration (Bg), (2) Updated Lagrangian
Formulation (ULF), where all are referred to the current deformed configuration (B,).

Wong (1984) has proposed a new variation of Lagrangian formulation known as Element-based
Lagrangian Formulation (ELF), where al the static and kinematic variables are referred to a
nonphysical “Element-based” configuration (B) as shown in Fig. 1. Unlike the two traditional
Lagrangian formulations, a standard parenta element serving as the reference of deformation is to be
mapped directly into each element of the initial and deformed configurations in the Element-based
Lagrangian Formulation. Therefore, dl balance equations governing the deformed configuration can
be expressed over the parental element domain in terms of the element natural co-ordinates. It should
be noted that these three approaches for a problem should theoretically yield the same result.

The geometry of 9-node shell element shown is Fig. 2 has six degrees of freedom per node. The
initiad geometry of the nine-node Lagrangian element shown in Fig. 3 is defined by the following

X, u
Fig. 2 Geometry of 9-node shell element with six degrees of freedom

=2 A

Initial conflguratlon De formed configuration

A &

Natural coordinates

Fig. 3 Initial and deformed geometries of a shell element
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relations. The initial configuration of the shell element having constant thickness h can be written as

X(&y, &, &) = X (&1, &) +D(&y, &, &) D

where

_ 9 .
X (€1, &) = z Na(fl, &)X
a=1

9
D(&, & &) = 5 N(&,, &,)D*
a=1

h*&
2

D*(&) = —2D° @)

where X" are position vectors which have three Cartesian components, D* are nine unit normal
vectors and D* is a unit normal vector at node a.
The following relaions are introduced for the definition of deformed geometry of the element.

S a —a ha"a — =
K8 8) = 3 N(& &[0+ 5587 = x4 4,0 ®
=1

In Eq. (3), X, X, d, X,,d* and d* in the deformed geometry correspond to X, X, D, X*,D* and D
in Egs. (1)-(2). Hence, the displacement field u in the shell element can be defined as

S o &h
U6 8 8) = 3 N(E 8]+ 8] = 1 &8 @
a=1

where, at the node a the trandational displacement vector u® = x*—X", and the fibre displacement
vector & = d*-D°.

The trandationa displacement field can be expressed by shape functions in terms of nodal
trandational as shown in the first part of the right-hand side of Eq. (4). The three successive
rotations 6;, 6, and 6; have been introduced to express finite rotational displacement instead of the
Euler angle which usually guarantees the independence of two rotations in the Lagrangian
formulation since six degrees of freedom are adopted in the present study. If we introduce another
set of Cartesian co-ordinates at the nodal points with the assumption that the unit normal vectors are
firmly fixed into it and they move with the body, rotations which are undergone by the unit normal
vector during deformation could be expressed degantly via this co-ordinate set.

Basically, the transformation matrices for these rotations are

1 0 0 cosf, 0 sing, cosf; —sin@; 0
Tri(61) = (0 cosB, —sinfy|; Tr(€)=| 0 1 0 | Tre(63)=|sinf, cosd, 0 (5
0 sinB, cosH, -sing, 0 cosb, 0 0 1
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However, it is important to note that three successive rotations used in this study lost their
vectoria characteristics which remained in the cases when the rotations were infinitesimal. After
undergoing three rotations successively, the transformation matrix between the initial shell normal
and the deformed normal can be written as the result of a sequence of finite rotations 6,, 6, and 6;
as follows;

Tr = Tra(61) Tro(82) Trs(65)
c0s6,c0s6, —c0s6,sin0o; sinfd,
cos6;sin6; + sinf;sinB,cosf; cosH;cosf; —sinb;sind,sinf; —sinB,cos6, (6)
sinf,sinf; — cos,sinB,cosf; sinB,cosf; + cosB,;sind,sinf; cosb,coso,

Conseguently, using the transformation matrix of Eq. (6), the displacement field in Eq. (4) can be
expressed as

9 a —a ha a ~a
u(éy, €2, ¢3) = Z N(¢4, 52)[U + 532 (TrR=13x3)D } (7

where |5, IS a unit matrix.
In addition, with some mathematical manipulation, the incremental form of the displacement field
for the present shell element may be written in terms of the nodal incremental vector AU? as

9
Au(éy, &p ¢3) = z N*(&,, 62)[|3x3|63Va]AUa )
a=1
where
a
va:%TgwaTA, AU? = { AT, AUS, AUS, AS, A0S, NG 9)
in which
0 D -Dj cosB,cos0; sinf; 0
® =1_p2 o p?|; Ta = |-cosB,sinG, cosf; O (10-1,2)
D3 -D2 o0 sing, 0 1

3. Natural strain tensor

In the Element-based Lagrangian formulation, an Element-based strain tensor will be defined with
respect to the convected curvilinear coordinates (&5, &5, &) as

~ 1
Eaﬁ' = é(gaﬁ - Gaﬁ) (11)
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in which g, and G,z are the covariant components of the metric tensors to be obtained from the basis

i X
vector g, = g_?h and Gg = Z_EII' which are tangents to the curvilinear coordinate lines in B, and
a B
B respectivdly, i.e.,
_ _ 9% 0% _ _ 9X9%,
ga,B - ga Egﬂ - dfadfg’ GGB - GO! [Gﬂ - dgad€/3 (12)

Two major different definitions of gtrain, the so-called Lagrangian strain and the Eulerian strain,
which depend on the reference system measuring the deformation, have been extensively used in the
formulation of large deformation analysis. However, since the formulation used in this study refers
to the natura reference system, following the element-based Lagrangian formulation (Kanok-
Nukulchai and Wong 1988), the natural strain tensor corresponding to the Green strain tensor may
be defined as

= 100 0% 0X 0%

S0 = 2008,08, 02,08 =

It should be noted that the Green dtrain tensor and the natural strain have the following tensor
transformation relationship.

£ = X%
W 08,085

- 200&,085 08,08 0&,0&,

By substituting Eqg. (1) and Eq. (4) in Eqg. (14), and using a shifter transformation between the
local and global displacement, the following strain-displacement relation can be obtained

=~ _1 0()_(| + 535|)0(5| +&58) O(Uy+ f3é3)0()_(3+ fsBJ) (U + &38,) O(Ux + €58)
R S e S S

The incremental membrane, bending and transverse shear strains with Eqg. (9) can be separated
into linear and nonlinear parts such as:

AE™ = AE™ 4+ ANET

_ ALEb+ANLEb

>
m
I

AE°+ ANE® (16)

>
M
Il
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where

1§

SC
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9%, 0 |
0 0
dfldfl mullj
ALEm - 0 dXZ d 0 EAUE = émAU (17)
dfzdfz o _od
_ AU
19X 0 19X 91 0
200¢, 08 200,080
i AT
D1 d 0 Kid 0 olD 0
&, 9F, 08, 0&, EM%
ig .
D2 9 Xz 0. _
0 0 0 ol0. _0=4¢&BsAU  (18)
562052 552052 EA JE
19D; 0 109D, 07 o 1% 0 109X 0 |CAeL]
200¢, 961 2008, 0600 ~ 200&, 08 2008060 ~ el
(AGO
) 0.0
00 @ 19X EAL_I%
ALES = 207°%0e] 20¢&, ﬁit—% - BAU 9)
13)(1 1]
0 0 90 olg. _
3P *9E0 208, Hhe,
Op = O
Peq

In Eqg. (18), By is the bending strain matrix which cooperates the coupling term between the
bending strain and displacement, which is different from the formulation by Lee and Kanok-
Nukulcha (1998). The additiona terms in the two first columns of By reflect the contributions of
warping problem shown in the numerical examples 1.

The present strain-displacement B matrix may be derived from the assumed displacement field
using the above definition.

me

AE.0 R
R P
B B
0 _0 ¢sBra ¢3Bu: EAC
DA E DBX]. le 852 8x6

(20)

In order to remove the locking behaviour, the assumed natura strains described in the following
section have been derived and a new Bas matrix has been implemented instead of using the
standard B matrix.
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Fig. 4 Sampling points for assumed strains of &,;, &5, &,,,&,; and &,

4. Transverse shear and membrane locking

In order to avoid locking problems, the assumed natural strain method in the 8-node shell element
by Kim et al. (2003) is used to the 9-node composite shell element. Thus the transverse shear and
membrane strain fields are interpolated with the following sampling pointsin Fig. 4.

The interpolation function for assumed natural strain is shown in the following Table 1.

For assumed membrane strains €, €,, and assumed transverse shear strain €, €,; the following
sampling points are used as shown in Fig. 4:

é13’ é11>>(1/”\/§’! 1)1:(1/”\/5! 0)2:(1/A/§!_1)3:(_1/”\/§! 1)4:(_1/”\/51 0)5:(_1/”\/51 _1)6
&, €,>>(1,1/./3)1:(0,1/./3)2: (-1, 1//3)3:(1,~1//3)4:(0,-1/./3,0)s5:(-1,-1//3)s  (21)
On the other hand, the standard 2 x 2 Gauss-Legendre numerical integration points are used as

sampling points of the assumed membrane shear strain €,,. Using these three kinds of sampling
points, we can establish assumed strains as

€ = H'Els, 23 = H’Ez, ép = H’EL (22)
Table 1 Interpolation function for assumed natura strain fields

i H' *P(&) *Q(&)

1 T SPEIQE) &) = 50+.BE)  QuE) = ZE(E+ 1)
iT1j=

2 T SPEIQE)  Po&) = 3(1-BE) Q&) = 1-&
iT1j=

3 S S PUEIP(E) - Q&) = 3E(&-1)
1=

*P(&,) and Q(&,) can be obtained by changing variables.
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in which 8 = 3(i—1) +j denotes the position of the sampling point as shown in Fig. 3. The
remaining terms in Eqg. (22) are given in Table 1. The assumed strain €, €,, have the same
interpolation scheme as €, €,;, respectively.

5. Constitutive equation

Since the present formulation is based on the natural co-ordinate reference frame, we have
introduced here an explicit transformation scheme between natural co-ordinates and the global co-
ordinate system, to obtain a congtitutive equation based on the natural co-ordinate system.

S=JTDT'E = CE (23)

where J, is the determinant of the Jacobian matrix. The constitutive matrix for orthotropic materials
with the material angle 6, D is given by

D = T,CT, (24)

where C, T; and D are obtained strai ghtforwardly.
The transformation matrix T is given as

XuXu XaiXar XXz 2X1uX2 2Xn Xz 2X1uXn
X12X12 X22X22  Xz2X32 2X12X22 2X2X32 2X12X32
T = |X13X13 XXz XaaXas 2X13X23 2X23X33 2X13X33 (25)

XuXe XX XXz XuXzet XweXor X2uXze ¥ X22Xa1 XXz T Xw2Xa1
X2X13 X22X23 XXz X12X23 T X13X22 X2 X33+ X23X32 X2 X3+ X13Xa2
(X11.X13 X21X23 XaaXs3  XuXas+ Xi3X21 X21X33 + X23Xa1 X1aXas + X13Xai

where

0é&;
Xij = o"'_Xl,

In the case of composite materials, there is a need to adequately define the effective transverse shear
stiffness for a wide range of material properties. The effective transverse shear stiffness is obtained
by summing the transverse shear gtiffness of each layer in the laminate. From the integration of the
transverse shear stresses through the laminate thickness,

(26)

N
ZD.J(Es ENE = KGE® for i,j=4,5 27)

The shear dtiffness obtained in this method is too large to dea with the real response of the
transverse shear energy. Reissner's value of 5/6 may be used as the transverse shear correction
factor (kg in Eqg. (27). Rolfes and Rohwer (1997) proposed an approach based on equilibrium
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conditions that result in the real transverse shear dtiffness. The formulation considers the actual
stacking sequence and more realistic stress distributions. The basic idea is to derive the transverse
shear stresses for each layer by integrating the equilibrium equations. Simplification may be done
for the integration by assuming two cylindrical bending modes. Having obtained an expression for
the transverse shear stresses, the effective transverse shear iffness is obtained by using the
complementary energy density.

The transverse shear stresses, solved using the equilibrium forces in the &; and &, directions, are

~ k =k ~k
~ _ [54] [Sug, + Siz ¢
0. O » %d‘fs

> 0541 ENSEZ’ g+ Sp, e %)
The reduced stiffness matrix Q;; in of the layer (K) is separated as
. 1e,0 (—g — — (k)~ — — — 7K .0
&= +Z|:||:_ll (_312 916:| E.+ {916 926 966} E .0dé&, (29)
Qs Qx Qe Q. Q2 Qs

By using laminate elasticity law and assuming cylindrical bending modes, the strain derivatives
can be expressed in terms of moment derivatives, then transverse shear forces. The layer-wise
parabolic distribution of the transverse shear forces can be comprised to a 2 x 2 function matrix.

S = {Hﬂ HH } o & =h2)Q (30)
H21 H22 23

Then the fina effective laminate stiffness matrix can be obtained through the strain transverse
shear energy and is expressed as follow:

G = [[7h'G hdé;] (31)

where G are the transverse shear moduli.

6. Incremental equation of equilibrium

At large strain the generalized Hook’s law does not represent an approximate material behaviour
description because stress-strain relation is non-linear. In practice Hook'’s law is only applicable to
smal strain, which constitutive tensor is constant coefficient. Using small strain assumption, the
following incremental equilibrium equation is obtained.

[O(A"E)' CA"EdV + [S(AME)AV = T YOW,, — [S(AE) SdV (32)
where superscript t which is generally used as the current configuration is ignored in the above

Eq. (32) and superscript t + At is the adjust incremented configuration, '* “8W.,,, is the external
virtual work int + At.
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7. Element stiffness matrices

The total tangent stiffness comprises the materia stiffness and the geometric stiffness. The linear
part of the Green strain tensor is used to derive the material stiffness matrix and non-linear part of
the Green strain tensor is used to derive the geometric tiffness matrix.

7.1 Material stiffness matrix

If the strain-displacement Eq. (17) - Eqg. (19) are substituted into Eq. (32), the linearized element
material stiffness matrix (K ;) is obtained.

Ié(ALE)TéALEdV = 6AUT(J’I§T6I§dV)AU = 6AUTK AU (33)
The element giffness matrix is analyticaly integrated through the thickness and for the laminate

composite rigidity is integrated over each layer. Finaly the element stiffness matrix has 6 x 6 size
on the reference-surface of shell element.

11 12
K =gt Kl aa (34)
21 22
K Ky 6x6
where

Kt = (Bm)aslAl (Bm)as+ Boi[B] (Bm)as + (Bm)as[B] Boi + Boi[D] Bo1 + (Bs1)as[ Gl (Ber)as

K{® = (Bm)as[B]Boz+ Bp1[ D] Bos + (Bs1)as[ Gl (Bs2)as
K = Boa[ Bl (Bm)as+ Boa[ D] Bo1 + (Bs2)as[ Gl (Bsias
K2 = Bpo[D] (Bo2)as + (Bs2)asl Gl (Bss)as (35)

7.2 Geometric stiffness matrix

Structures composed of plates and shells are stiff in in-plane deformation but flexible in bending
deformations. The following geometric stiffness formulation is developed to incorporate the
membrane-bending and transverse shear forces on the reference surface and it can be compared with
formulation based on Von-Karman theory suitable for thin plate and shell application. Yoo and Choi
(2000) presented the nonlinear analysis of the laminated shell element in the three dimensiona
space. The following geometric stiffness with the stress resultant form may be computationally more
efficient than that with the volume integration in the general laminated shell element.

In order to formulate geometric stiffness matrix accurately, the stress values should be evaluated
accurately. The accuracy of the computation of stresses for formulation of geometric stiffness matrix
is maintained by obtaining the same interpolated strains in the computation of linear giffness
matrix. The stresses are computed at the integration points based on these strains. Ignoring the
second order term E§ in Eqg. (8), the following relation is obtained.
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The each component of displacement gradient can be expressed as follows:

m”% Ddd 7 090

%9 o S alaila C0&0F
ou, [oud Og900. 0 0O _ OO0
A D—;D = [pp 00U+ &0 0 OCF4)

! 0 P%a0. 0 Cped O

O, 0 O,00U0 O °0OfPd

PV 520 Oo0

PEO D940

= é‘lul + 3626
Similarly the other terms are as follows:
du ~ ~ _
d_flz = G3U| + EgG4e|
dU| _ =~ =
oz, = ©*°
The incremental gradient displacement (Q) for non-linear part with Eq. (15) is as follow:
98Uy
Edg‘l% . .
nq = AU _ o IO _ s gy
5‘951% Gs &Camen e
0 G

FPAuE 5
00,0

Then incrementa variation of the non-linear part of Green strain is as follows:

50" E) = s0QBAU

819

(36)

(37)

(38)

(39)

(40)

(41)
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Substituting the non-linear part of strain into Eq. (32), the following geometric stiffness matrix is
obtained.

NLZ~

[S:pd(8" E)aV = [5(A E)'SypdV = [30Q"AQ"S, sV (42)

The geometric giffness matrix in the natural coordinate is analyticaly integrated through the
thickness. By the transformation the natura to the globa frame, the dement geometric giffness
matrix is obtained on the global frame with 6 x 6 sub matrix.

21 22

11 12
[KG]=1[KG Kﬂ dA (43)
Ke Ksg 6x6

where

1 _ |j§1N11 é3N12D~ EélNlZ é3N22D”
Ko = 2=+ =206, + 25— =2 + =416,

12 _ grﬁélMll_l_GéSMlﬂ;\ +2|—6é1M12+6é3M2ﬂ;\
- 30 h2 h2 -2 30 h2 h2 04

3 grﬁélQl N 3é3Qg|—|;; N ﬂ?ﬁélQl N 3é3Q2ﬂ,:
30 2 2 07°70 h h O°°

2 206G:My; | 6GaMy, 3GsQix |, 2r6G2Mip  6GaMy  3GsQy~
G~ 30 h2 h2 2 017 30 2 2 o 073

. 3658161 . 3G5S263

2&754’\112_'_ éleJlj,: + 2&54’\'22_‘_ éleEDfi
30 h h 0°2730 h h O0°¢

Ke = (44)

8. Numerical examples

Several numerical examples are solved to vaidate the performance of the shell element in both
linear and geometrically nonlinear applications. The isotropic and anisotropic composite materials
are used for vaidation. Since the present study shows complex load-deflection curve, it is necessary
to use the arc-length control method (Crisfield 1981) in order to trace the full path of load-
deflection. The automatic arc-length procedure (Chaisomphob et al. 1988 and Ma et al. 1989),
which has been implemented in the program XFINAS (2003), is used for tracing equilibrium paths
of geometrically nonlinear shells.
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X Twist =90°

Length =12

Width =1.1
Clamped

E =29x10°

v=0.22

Fig. 5 Twisted beam with 1 x 6 mesh

Table 2 Normalized solutions for twisted beam

Tip load . Thickness

dir%ction Formulation t=032 t=005 t = 0.0032

Lee et al. (1978) 1.002 - 1013

In-plane Liu et al. (1986) 1.413 - 1.392

el Belytschko et al. (1989) 0.997 - 0.903

Lee et al. (1998)* 1.4047 1.3601 1.3792

Present 1.0000 1.0000 1.0080

Lee et al. (1978) 0.998 - 1.002

Liu et al. (1986) 1.358 - 1.719

O“t's?:'p' A€ Baytschko et al. (1989) 0.980 ; 0.958

e Lee et al. (1998)* 1.3592 1.7027 1.7187

Present 1.0028 1.0029 1.0054

*Results by Lee and Kanok-Nukulchai are computed independently.

8.1 Twisted beam

Twisted beam suggested by MacNeal and Harder (1985) and has been tested to check the effect of
dement warping. The in-plane and out-of-plane shear cases are considered for the three type of
thickness t = 0.32, 0.05 and 0.032. Observing many elements failed in this test by Belytschko et al.
(1989), this problem can be considered as a good validation example for general shell elements.

Numerical results shown in Table 2 represent the very good performance of the proposed element.
The present element with the kinematic coupling terms improve the warping problem significantly
when compared with the element without using the coupling terms by Lee and Kanok-Nukulchai
(1998). The absence of the coupling terms caused the error for out-of-plane shears. In this example,
it can be pointed out that the resultant shell formulation may need the proper coupling of
displacement and bending strain in the twisted beam praoblem.

8.2 Linear analysis of laminated composite twisted plate

In order to investigate the effects of the coupling term between displacement and bending strain,
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Table 3 Deflections by in-plane and out-of-plane shear
0/90/90/0 45/-45
t=0.32 t=0.05 t = 0.032 t=0.32 t=0.05 t =0.032

Out of plane  Solution A —.4576E+02 -.8955E+04 -.3387E+08 —.4582E+02 -.8975E+04 —.3395E+08
shear Solution B® -.6216E+02 -.1524E+05 -.5802E+08 -.6208E+02 -.1522E+05 -.5795E+08
In plane Solution A —.1425E+03 —.3656E+05 —.1394E+09 —.1412E+03 —.3621E+05 —.1380E+09
shear Solution B® —-.2001E+03 -.5008E+05 —.1908E+09 -.1982E+03 —.4956E+05 —.1888E+09

®Results using Lee and Kanok-Nukulchai theory are computed independently.

Tip load direction

the linear analysis of the twisted composite beam with the same geometry in the example 1 is
carried out. Material properties used are E; = 3.3 x 10% E, = E3= 1.1 x 10%, Gy, = G3; = 0.6 x 10°,
Gy = 0.44 x 10° and v = 0.25. Two lay-ups (0/90/90/0 and 45/-45) are used.

Numerical results are presented in Table 3 for two lay-ups. The present solution with the coupling
(Solution A) and without coupling terms (Solution B) are shown in the Table 4. The results without
the coupling term show also give errors as same as isotropic cases in the previous example.

8.3 Stress analysis of Z-section plates

The problem in Fig. 6 is used to check the stresses of shell element for problems involving faces
and junctions of shell surfaces. Normdized results of stresses a point A and B are presented in
Table 4, in comparison with those of White and Abel (1989). With the 8 x 3 shown in Fig. 6, both
elements give very close solutions. Material properties used are E = 6210, v = 0.3 and the thickness
t=0.1

Fig. 6 Z-section plate

Table 4 Normalized stress results for torsion of Z-section plate
Reference solution : (Se)a = 108, (Se)s = 36 (quoted from White and Abel (1989))

(Sea (Sele
White and Abel (1989) Present White and Abel (1989) Present

4x3 1.006 1.030 1.032 1.175
8x3 1.017 1.018 1.025 1.026

Mesh
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8.4 Linear analysis of laminated composite plates

In the first example, linear analysis of sguare laminated plate with three-cross-ply (0/90/0) is
carried out. The plate with simple supports is subjected to a uniformly distributed transverse load.
The nondimensionalized center deflections are compared with analytical solution by the first order
shear deformation theory (FSDT). In the second example, a square laminated plate with angle-ply
(45/-45) is anadlyzed with the same boundary and loading conditions.

Material and geometric properties are

E,=25E,=E;=1,G;, = Gy = 05,Gpy = 0.2,Vyp = Vog = Vyy = 0.25,2/b = 1

From the results in Table 5, the linear solutions of composite laminated sgquare plates are very
close to analytical series solutions of first order shear deformation theory.

Table 5 Nondimensionalized center deflections of symmetric cross-ply and anti-symmetric angle-ply plates
under uniform load (w = (Wh’E,/ q,a*)10%, a/b = 1)

h (0/90/0) (45/-45)
a
FSDT? Present FSDT? Present
4 2.6596 2.6596 - 2.6035
10 1.0219 1.0220 1.2792 1.2793
20 0.7573 0.7573 1.0907 1.0908
100 0.6697 0.6697 1.0305 1.0306

3Series solution (M = 49) of first-order shear deformation theory (Reddy 1997)

M=0.4 M =0.6 (60step)

(40step)

M=1.0 (100step)
M=0.2
(20step)

Fig. 7 Progressive deformed shapes corresponding to the increasing loads of Right Angle shell (End A is
fixed and End C is free with bending moment)
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8.5 Nonlinear analysis of isotropic right angle shell

The right angle shell problem (Simo et al. 1993) is shown in Fig. 7 with the sequence of
deformed configuration with tip bending moment. The material and geometry property are:

E = 1000, v= 0.0, t = 1.0, shell length L = 120 + 120, width b = 10

As shown in Fig. 7, the tip bending moment M is loaded at the free end. The load parameter of tip
bending moment ranges from 0 to 2ML/(37E&l). One hundred load increment steps are used for the
nonlinear solution. The convergence tolerance was set equal to 1074, All the solutions are converged
after 4 iterations. In Fig. 7 the deformed shapes of every 20 load steps are plotted. Complete
agreement is found between the present computed results and the elementary beam solution.

= ‘ ‘
s "“‘
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Fig. 9 Load deflection curve of point A of stretched cylinder with free edge
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8.6 Nonlinear analysis of isotropic stretched cylinder

The large deformation analysis of a stretched cylinder, as shown in Fig. 8 is carried out with free
ends. It is subjected to a pair of concentrated forces. One-octant of the cylinder is anayzed with
6 x 4 mesh sizes. Additionally, a distorted mesh like Fontes Valente et al. (2003) analyzed. Materia
properties are E = 10.5 x 10° and v = 0.3125. The cylinder length is 10.35, the radius is 4.953 and
the thickness is 0.094. The load deflection curve shown in Fig. 9 are compared with Fontes Valente
et al. (2003). Compared to the references the present results are very good.

8.7 Nonlinear analysis of laminated composite plate

A non-linear analysis of the laminated plate with 16 layers is carried out under uniform load. All
boundary edges of the plate are clamped. The plate is subjected to a uniformly distributed load. The
entire plate with a4 x 4 mesh is used in this analysis.

The material properties used are

E, = 13.1 x 10 N/mm’; E, = E; = 1.303 x 10" N/mm®; Gy, = G,5 = 0.641 x 10" N/mm®;

G, = 04721 % 10° N/mm?; vy, = vy = vp3 = 0.38

Lay-ups (45°/—-45°/05/45°/-45°/903), (Where the subscript s denotes symmetry.)

The length of the entire square plate is a = 254 mm. The total thickness of the laminated is h =
2.114 mm and all layers have the same thickness h/16.

The nonlinear solutions are obtained by applying 20 equal load incrementa step. The result shown

in Fig. 10 is compared well with the solution by Saiga et al. (1986) and Lee et al. (1998). The
linear analysis results are compared with Noor and Mathers (1976).

2000

L [—==== Linear
Nonlinear

1600 |— + Saigal et al.(1986)

o Lee etal.(1998)

1200 —

800 —

Load Parameter ( Pb4/Eh*)

_ — k] Noor and Mothers (1976)
400 —

0.0 0.5 1.0 1.5 2.0 2.5
Nondimensional Displacement ( w/h )

Fig. 10 Load deflection curve of center deflection
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—e—— Present(90/0/90)
————&—— Present(0/90/0)
Saigal et al(0/90/0)
Lee et al(90/0/90)
Lee et al(0/90/0) |
I 1 1

a-lP> g0

10 15 20 25 30
Deflection ofthe loading point

Fig. 12 Displacements of cylindrical shell under point load (12.6 mm)

Load magnitude

——+—— Present (45/-45) /
— — % — — Present (-45/45) A
a Saigal et al.(1986)(45/-45) ,
o Lee et al.(1998)(45/-45) ;

5 10 15 20 25 30
Deflection of the loading point

Fig. 13 Displacements of cylindrical shell under point load (12.6 mm)
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Fig. 15 Displacements of cylindrical shell and deformed shape (antisymmetric angle ply(45/-45), thickness

=6.3 mm)
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8.8 Nonlinear analysis of laminated composite shell

The nonlinear analysis of hinged shell is carried out with a 6.3 mm and a 12.6 mm thickness. The
quarter moded is used for cross ply and the antisymmetric angle ply.

The material properties are Young's modulus E; = 3.3 KN/mm? E, = E3 = 1.1 kN/mm?, shear
modulus Gy, = Gy = 0.6 KN/mm?, Gy = 0.44 KN/mm?, and Poisson’s ratio vi, = Vig = Va3 = 0.25.
Lay up used are 0°%90%0° and 90°/0°/90°.) The other layer up is 45%-45°. The geometry of shdl is
shown in Fig. 11.

In order to investigate the highly nonlinear behaviour, automatic arc-length control method in
XFINAS is used. Based on this algorithm, the highly nonlinear equilibrium path are investigated.
The Figs. 12 and 13 shows the load-displacements curves for 12.6 mm thickness. The Figs. 14 and
15 show the load-displacements curves for 6.3 mm thickness. The thin shell structure shows more
complex load-displacement relationships.

9. Conclusions

In order to demonstrate the capability of the proposed shell element based on the Element-Based
Lagrangian Formulation, linear and non-linear problems are discussed above. The Element-Based
Lagrangian Formulation makes implementation simpler and easier than the traditional Lagrangian
formulations, especidly when the assumed natural strain method is involved. The coupling of
displacement and bending strain is developed in the present resultant shell element based on
Element-Based Lagrangian Formulation. The results showed that the coupling term in the resultant
shell element improves a solution significantly in the warping problems. Based on equilibrium
approach, an improved transverse shear stiffness considering the actual stacking sequence makes a
correction factor no longer required. The present solutions show very good agreement with the
anaytical solutions and other numerical solutions. Especidly, a thin laminated composite shell may
be the benchmark test for the large deformation analysis of a laminated composite shell element.
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