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Abstract. The flutter and buckling analysis of a beam structure subjected to a static follower for
completely studied in the paper. The beam is fixed in the transverse direction and constrained
rotational spring at one end, and by a translational spring and a rotational spring at the other end. 
existence of flutter and buckling in this beam due to the presence of the follower force is an interesti
important phenomenon. The results from this theoretical analysis will be useful for the stability des
structures in engineering applications, such as the potential of flutter control of aircrafts by smart ma
The transition-curve surface for differentiating the two distinct instability regions of the beam is
obtained with respect to the variations of the stiffness of the springs at the two ends. Second, the 
of the follower force is derived for flutter and buckling of the beam as a function of the stiffness o
springs by observing the variation of the first two frequencies obtained from dynamic analysis of the 
The research in the paper may be used as a benchmark for the flutter and buckling analysis of beam

Key words: flutter analysis; buckling analysis; stability of structures; linearized approach, struc
analysis; Euler-Bernoulli beam; follower force.

1. Introduction

The instability analysis of structures under dynamic compression has been completely dis
by Bolotin in his monograph (1964). The flutter and buckling analysis of beams under static
follower and/or non-follower force has attracted more attention and interest among mec
community. The static buckling is one of the instability behaviours of bending beams. It is referred
to the change of the equilibrium state of a beam from one configuration to another one at a
critical compression. On the other hand, the static flutter refers to the phenomenon th
amplitude of vibration of a beam due to an initial disturbance grows without limit due to the 
compression subjected to the beam. In the monograph by Timoshenko and Gere (196
mathematical solutions for the buckling capacity of a beam with different boundary cond
subjected to compression were listed. In addition, the flutter analysis of a cantilever beam was also
briefly discussed in the monograph. In the following sections, all discussions about the bucklin
flutter will be conducted only under the condition that the structure is subjected to 
compression. Therefore, we omit “static” hereinafter for the sake of clarity. 

† Associate Professor
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Buckling is usually due to both non-follower compression and follower compression subject
the beams. However, flutter may only occur to beams subjected to follower compression. A no
follower force is usually referred as an axial force with its direction remaining constant during 
deformation of the structure. A follower force, on the other hand, is different from the non-foll
force mentioned above in the sense that the direction of this type of force remains tangent
deflection curve at the top of the column.

The classical problem about the stability of a beam fully fixed at one end and subjected 
other to a tangential compressive, or follower force, was first attempted by Pfluger (1950
Feodosév (1953). They showed that there are no forms of equilibrium close to the undeform
form, hence, there was no buckling solution for this problem. They concluded that the beam
follower force is stable all the time. This erroneous conclusion was debated by Beck (1952
first solved this instability problem of the beam mentioned above in view of dynamic analys
Hence the flutter of beams had been received considerable interests since then. And the pro
the flutter of the cantilever beam under follower force is usually referred to the problem of Beck’s
column. 

The critical follower force for the flutter of a cantilever beam was calculated as well by Deinek
Leonov (1955), and Bolotin (1963). In the paper by Deineko and Leonov (1955), an approxim
was also given for a beam with two concentrated masses attached. A more accurate critical load
obtained by Jankovic (1993). Carr and Malhardeen (1979) and Leipholz (1983) have proved 
Beck’s column is stable when the follower force is less than the critical value obtained by 
(1952). Further development on the analysis of Beck’s column has been carried out since the
and sixties. Hauger and Vetter (1976) looked into the influence of elastic foundation of Winkler
on the stability of Beck’s column. The influence of a pulsating force was investigated
Atanackovic and Cveticanin (1994). The optimal shape of Beck’s column was given by Han
and Washizu (1979). Mathsuda et al. (1993) analyzed the influence of variable cross-section 
shear stresses on the value of the critical force. Sugiyama and his group (1995) did a lot of ex
work on the flutter analysis of structures. One experimental study is on the flutter of cantileered
columns under rocked thrust, which is one of the best lab demonstrations of follower compr
on beam structures. 

A complex and interesting study on the stability analysis of a general beam structure is the co-
existence of flutter and buckling due to a follower compression. One of the examples i
instability of a beam subjected to a follower force with one end fixed, but restrained by 
translational spring at the other end. As indicated above, if the stiffness of the spring is ze
beam may fail by flutter from the solution for Beck’s column. On the other hand, if the stiffne
the spring is infinite, the well-known result for the analysis of a propped cantilever beam shows that 

the buckling capacity of the beam is  (Bolotin 1963, Timoshenko a

Gere 1961) both for follower compression and non-follower compression. Hence, it can b
concluded logically that there must be a critical value of the spring stiffness below which the 
may fail by flutter and above which the beam may buckle only (Sundararajan 1974). Kou
(1983) obtained some results on the boundary between flutter and divergence instability of a
structure. Wang (2002) studied the possibility of the enhancement of the flutter and buckling
capacity of a thin column with the same boundary condition by a piezoelectric layer. Additional
excellent researches conducted on the linear flutter and buckling analysis can also be fo

p
π2EI

0.699L( )2
------------------------= 2.047π2EI L2⁄≈
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Kounadis (1981), Bailey and Haines (1981), Kounadis and Katsikadelis (1980), and Pe
(1977).

Actually, static buckling and flutter analysis can be categorized as linearized approach in d
with instability analysis of undamped structures. More complex instability studies on e
undamped or damped structures under dynamic loading have been conducted as well. Some
results have been obtained so far by Kounadis (1991, 1998), Bolotin et al. (1998), Ryu and
Sugiyama (2003), Langthjem and Sugiyama (2000), and Andersen and Thompsen (2002).

This paper will provide a compete study on the instability of a general undamped beam str
subjected to a static follower force. Hence, the method in the paper is strictly based on a
undamped linearized approach. The beam under investigation is fixed in the transverse direction an
constrained by a rotational spring at one end, and by a translational spring and a rotational s
the other shown in Fig. 1(a). The flutter and buckling analysis of the beam will be fully stu
analytically. The detailed analysis on the effect of spring stiffness on the possible type o
instability of the beam is conducted theoretically and numerically. The critical surface
differentiate the flutter and buckling of the beam in the co-ordinate system with respect t
stiffness of the three springs is obtained. The capacity of the follower force is also derived for
different scenarios of the stiffness of the springs. The dual instability phenomenon of the 
structure due to the translational and rotational spring constraints is interesting in the fie
structural stability and dynamics. One of the examples is the stability analysis of a piezoe
layer under the induced force by piezoelectric effect which can be modelled as follower 
Besides, the results from this research may be useful for the stability design and cont
structures. For example, how to control the flutter of an aircraft by smart materials is an intersting
and practical problem. The research may be used as benchmark for the flutter and buckling a
of beams. 

2. Transition condition for flutter and buckling of the beam

The transition condition of the flutter and buckling phenomena of the beam in Fig. 1(a) w
discussed by the buckling analysis of the beam. The curved surface for differentiating flutte
buckling with respect to the stiffness of springs will be given hereinafter. 

Fig. 1(a) Layout of the beam subjected to a follower force
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2.1 Derivation of the curved surface with respect to 

Consider a beam subjected to a follower force P as shown in Fig. 1(a). The beam is with leng
L, cross area A, flexural stiffness EI, and the mass density per unit length ρ . The beam is fixed
transversely and constrained by a rotational spring with stiffness k3 at the left end. At the right end
the beam is constrained by a translational spring with stiffness k1 and a rotational spring with
stiffness k2. Let x denote the co-ordinate along the length of the beam with its origin at the lef
of the beam. The positive direction of the deflection of the beam, u(x, t), is defined downward. 

The shear deformation and rotary inertia effect in the structure are omitted in the model of this
thin and long beam, thus the governing equation based on the Euler-Bernoulli beam model for the
buckling analysis is given in a linear form,

 (1)

whose general solution can be expressed as

 (2)

where .

The buckling capacities of the structure can be obtained by searching for the non-trivial solution
for Ai(i = 1, 2, 3, 4) when considering the boundary conditions of the beam.

The boundary conditions for the beam in Fig. 1(a) can be expressed as:

 (3)

 (4)

 (5)

 (6)

By substituting Eq. (2) into the boundary conditions of Eqs. (3)-(6), the following equa
governing the four coefficients Ai(i = 1, 2, 3, 4) will be obtained,

 (7)

 (8)

 (9)

 (10)

k 1- k 2- k 3

EI
d4u x( )

dx4
---------------- P

d2u x( )
dx2

----------------+ 0=

u x( ) A1cosλx A2sinλx A3x L⁄ A4+ + +=

λ P
EI
------=

u 0( ) 0=

d2u x( )
dx2

----------------
x 0=

k3

EI
------du x( )

dx
--------------

x 0=
– 0=

d2u x( )
dx2

----------------
x L=

k2

EI
------du x( )

dx
--------------

x L=
+ 0=

d3u x( )
dx3

----------------
x L=

k1

EI
------u L( )– 0=

A4 A1–=

λ2L2A1 k3 λLA2 A3+( )–– 0=

λ2L2 A1cosλL A2sinλL+( )– k2λL A1sinλL– A2cosλL A3 λL⁄+ +( )+ 0=

λ3L3 A1sinλL A2cosλL–( ) k1 A1cosλL A2sinλL A3 A4+ + +( )– 0=
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From Eqs. (7) and (8), we have the expressions for A1 and A4 in terms of A2 and A3 as follows:

 (11) 

 (12)

Substituting Eqs. (11)-(12) into Eqs. (9) and (10) yields,

 (13)

 (14)

where 

(15)

 (16)

(17)

 (18)

and the non-dimensional stiffness of springs  and .

The condition for the non-trivial solutions for A2 and A3 requires the solution of an eigen-valu
problem. 

 (19)

From Eq. (19), the expression for  can be obtained explicitly,

 (20)

The way to determine the transition surface for the flutter and buckling of the beam is fou
searching for the minimum  at given  and  based on the above expression. The ph
meaning for the above procedure lies in the fact that the buckling will govern the type o
instability of the beam beyond the critical value of  at given  and , or above the cu
surface in the 3-dimensional ordinate system - - . 

A1
k3

λ2L2
----------- λLA2 A3+( )–=

A4
k3

λ2L2
----------- λLA2 A3+( )=

∆1A2 ∆2A3+ 0=

∆3A2 ∆4A3+ 0=

∆1 λ2L2sinλL– k2λLcosλL
k3

λL
------ λ2L2cosλL– k2λLsinλL–( )–+=

∆2 k2–
k3

λL
------ λ2L2cosλL– k2λLsinλL–( )–=

∆3 λ3L3cosλL– k1sinλL–
k3

λL
------ λ3L3sinλL k1cosλL k1+–( )–=

∆4 k1–
k3

λ2L2
----------- λ3L3sinλL k1cosλL k1+–( )–=

k1
k1L3

EI
----------= , k2

k2L
EI
--------= , k3

k3L
EI
--------=

∆1∆4 ∆2∆3– 0=

k2

k2
k3cosλL∆3 λLk3cosλL λ2L2sinλL–( )∆4–

λLcosλL k3sinλL+( )∆4 1
k3

λL
------sinλL+ 

  ∆3–

--------------------------------------------------------------------------------------------------------------=

k2 k1 k3

k2 k1 k3

k1 k2 k3
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The minimum  at given  and  is plotted in Fig. 1(b). It is observed that if the left en
the beam is pinned, i.e. , the beam will only show its instability in buckling form at any
given spring constraint conditions.

This conclusion may also be derived from Eq. (20) when ,

 (21)

From which the minimum  is zero.
Also of special interest is the case when , i.e. the left end is fixed. An interesting

practical question arises as to what the critical values for  and  will be to differentiate the
types of the instability of the beam. These values can, of course, be determined from the nu
calculations. However, theoretical analysis on this problem will be more attractive to the ap
mechanics community. 

Next, the following three problems will be conducted when :
(a) the derivation of the critical value of  at ;
(b) the derivation of the critical value of  at ;
(c) the derivation of the transition curve .

2.2 Derivation of the critical value  when  (Sundararajan 1974)

The determination of the critical value  for the transition of flutter and buckling of the beam a
 can be obtained by using the above buckling analysis to search for the minimum 

beyond which the buckling phenomenon may be initiated. 
Eq. (19) changes to the following equation at  and ,

 (22)

k2 k1 k3

k3 0=

k3 0=

k2
λ2L2sinλLk1–

λLcosλLk1– λ3L3cosλL k1sinλL+ +
----------------------------------------------------------------------------------------------=

k2

k3 ∞=
k1 k2

k3 ∞=
k1 k2 0=
k2 k1 0=
k1-k2

k1 k3 ∞=

k1

k2 0= k1

k2 0= k3 ∞=

k1 λLcosλL sinλL–( ) λ3L3=

Fig. 1(b) Boundary of the flutter and buckling of the beam
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The minimum of  for the existence of Eq. (22) can be determined by the following calcul
of the non-dimensional variable λL,

 when λLcosλL − sinλL > 0 (23)

i.e.  when λLcosλL − sinλL > 0  (24)

The final solution for the minimum  in Eq. (24) is .
This solution reveals a very interesting conclusion that when the spring stiffness is less th

critical value, the instability of the beam is of flutter type. Otherwise, the beam may fail by buc
only.

2.3 Derivation of the critical value  at 

The determination of the critical value  for the transition of flutter and buckling of the beam a
 can be derived in a similar way.

At  and , (19) changes to

 (25)

Similarly, the minimum of  for the existence of Eq. (25) can be determined by the following
calculation of λL,

= 0  when sinλL < 0  (26)

which leads to the value  after which the instability of the beam is in its buckling form.

2.4 Derivation of the  transition curve 

Next, the  transition curve for flutter and buckling of the beam at  can
obtained from the buckling result of the beam shown in Eq. (19) as follows. 

 (27)

The procedure is to search for the minimum  which will satisfy the equality of Eq. (27) am
all the possible solutions of λL for any given value of . 

The minimum of  at a given  can be determined by a similar calculation of λL.
Fig. 1(c) plots the transition curve of . It is noted from this plot that the concave curv

starts at  and ends at . This observation coincides with 
results from Sections 2.2 and 2.3. Only under the curve and within the vertical straigh

, can flutter occur on the beam. Otherwise, the instability of the beam may only occur in
the form of buckling. 

k1

d
d λL( )
--------------- λ3L3

λLcosλL sinλL–
------------------------------------------- 

  0=

λL( )2sinλL 3λLcosλL 3sinλL–+ 0=

k1 k1 34.8=

k2 k1 0=

k2

k1 0=
k1 0= k3 ∞=

k2
λL

sinλL
--------------–=

k2

d
d λL( )
--------------- λL

sinλL
-------------- 

 

k2 4.6≈

k1 k2–

k1 k2– k3 ∞=

k2
λL λ3L3

– k1λLcosλL k1sinλL–+( )
k1λLsinλL λ3L3sinλL– 2k1 cosλL 1–( )+
--------------------------------------------------------------------------------------------------------–=

k2

k1

k2 k1

k1 k2–
k1 0 k2 4.6≈,= k1 34.8≈ k2 47.6≈,

k1 34.8=
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The magnitudes of the follower force for flutter and buckling analysis of the beam are 
importance in the design of beam structures after the transition surface is obtained, and will be
conducted below.

3. The capacities of the follower force for the flutter and buckling of the beam

The derivation of the capacities of the follower force will be conducted through the vibr
analysis of the beam. The form of the instability of the beam may be derived by observation from
the variation of the first two frequencies of the beam which will be illustrated below. 

3.1 Instability analysis of the beam

The governing equation based on the Euler-Bernoulli beam model for the linear flutter analy
the beam shown in Fig. 1(a) is given by 

 (28)

The general solution of Eq. (28) is written as 

 (29)

where ω is the circular frequency of the beam and U(x) is the admissible shape for the bea
vibrating at frequency ω .

Substituting Eq. (29) into Eq. (28) yields the governing equation for the function U(x),

 (30)

EI
∂4u

∂x4
-------- P

∂2u

∂x2
-------- ρA

ρ2u

∂ t2
--------+ + 0=

u x t,( ) U x( )eiω t
=

EI
d4U

dx4
--------- P

d2U

dx2
--------- ρAω2U–+ 0=

Fig. 1(c) The transition curve of flutter and buckling of the beam at k3 ∞=
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 non-
whose general solution is found to be,

 (31)

where 

 (32)

 (33)

 (34)

 (35)

The flutter capacities of the structure can be obtained by determining the condition of the
trivial solution for Bi(i = 1, 2, 3, 4). Substituting the expression of U(x) from Eq. (31) into the
boundary condition in Eqs. (3)-(6) yields the following four equations respectively,

 (36)

 (37)

 (38)

 (39)

From Eqs. (36)-(37), B1 and B3 can be expressed in terms of B2 and B4 as follows,

 (40) 

 
(41)

Substituting Eqs. (40)-(41) into Eqs. (38)-(39) yields,

 (42)

 (43)

U x( ) B1cosβ1x B2sinβ1x B3coshβ2x B4sinhβ2x+ + +=

β1 µ2 λ4 4⁄+( )
1 2⁄

λ2 2⁄+=

β2 µ2 λ4 4⁄+( )
1 2⁄

λ2 2⁄–=

λ2 P
EI
------=

µ2 ρAω2

EI
-------------=

B3 B1–=

β1
2L2B1– β2

2L2B3 k3 β1LB2 β2LB4+( )–+ 0=

β1
2L2 B1cosβ1L B2sinβ1L+( )– β2

2L2 B3coshβ2L B4sinhβ2L+( )+

k2 B1β1Lsinβ1L– B2β1cosβ1L B3β2Lsinhβ2L B4β2Lcoshβ2L+ + +( )+ 0=

β1
3L3 B1sinβ1L B2cosβ1L–( ) β2

3L3 B3sinhβ2L B4coshβ2L+( ) –+

k1 B1cosβ1L B2sinβ1L B3coshβ2L B4sinhβ2L+ + +( ) 0=

B1
k3

β1
2L2 β2

2L2+
---------------------------- β1LB2 β2LB3+( )–=

B3
k3

β1
2L2 β2

2L2+
---------------------------- β1LB2 β2LB3+( )=

∆5B2 ∆6B3+ 0=

∆7B2 ∆8B3+ 0=
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where

 (44)

(45)

(46)

(47)

The existence for the non-trivial solutions of B2 and B4 requires:

 (48)

The non-dimensional frequencies  and , as well as the non-dimensio

values of follower force , where  is Euler buckling load, are defined 
the following numerical simulations. 

The procedure for obtaining the flutter or buckling capacity of the beam by the follower force
be explained below. For a given follower force P, the first two resonant frequencies ω1 and ω2 can
be obtained from Eq. (48). There is, however, a definite value of the follower force at whic
values of ω1 and ω2 approach each other (Timoshenko and Gere 1961). We define the definite 
of the follower force as the flutter capacity of this beam structure. On the other hand, we defi
value of the follower force as the buckling capacity of the structure at which the value of ω1 reaches
zero. In fact, the buckling analysis of the beam by the follower force has already been ob
theoretically in the prior section. 

∆5 β1
2L2sinβ1L– k2β1Lcosβ1L

k3β1L

β1
2L2 β2

2L2+
---------------------------- β1

2L2cosβ1L– k2β1Lsinβ1L–( )–+=

k3β1L

β1
2L2 β2

2L2+
---------------------------- β2

2L2coshβ2L k2β2Lsinhβ2L+( )+

∆6 β2
2L2sinhβ2L k2β2Lcoshβ2L

k3β2L

β1
2L2 β2

2L2+
---------------------------- β1

2L2cosβ1L– k2β1Lsinβ1L–( )–+=

k3β2L

β1
2L2 β2

2L2+
----------------------------+ β2

2L2coshβ2L k2β2Lsinhβ1L+( )

∆7 β1
3L3cosβ1L– k1sinβ1L–

k3β1L

β1
2L2 β2

2L2
+

---------------------------- β1
3L3sinβ1L k1sinβ1L–( )–=

k3β1L

β1
2L2 β2

2L2+
----------------------------+ β2

3L3sinhβ2L k1coshβ2L–( )

∆8 β2
3L3coshβ2L k1sinhβ2L–

k3β2L

β1
2L2 β2

2L2+
---------------------------- β1

3L3sinβ1L k1sinβ1L–( )–=

k3β2L

β1
2L2 β2

2L2+
----------------------------+ β2

3L3sinhβ2L k1coshβ2L–( )

∆5∆8 ∆6∆7– 0=

ω1
ρAω1

2L4

EI
-------------------= ω2

ρAω2
2L4

EI
-------------------=

P P Pcr⁄= Pcr π2EI L2⁄=
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50 50.00

2  1.02
0  1.26
8  1.38
4  1.44
0  1.50
6  1.56
2  1.62
2  1.62
8  1.68
8  1.68
8  1.68
4  1.74
4  1.74
4  1.74
4  1.74
4  1.74
4  1.80
0  1.80
0  1.80
0  1.80
3.2 Validation of the presented formulae

Table 1 lists the flutter and buckling capacities of the beam discussed above with some st
boundary conditions. From this table, the capacities of the follower force for the beams with p
pinned, fixed-free, fixed-pinned, fixed-fixed, and fixed-sliding ends are derived from the cu
research paper and the monograph by Timoshenko and Gere (1961). This is for the purp
validation. It can be seen that the results coincide with each other well. The differences for 
cases based on the current calculations and the solution in the monograph are within 1%.

3.3 Capacity of the follower force for stability analysis of the beam

The capacities will be derived and discussed below for different scenarios. The derivation 

   
Table 1 The comparison of the capacities of the follower force for the flutter and buckling of the beam

 

Spring stiffness

Instability Flutter Buckling Buckling Buckling Buckling Buckling

 from Timoshenko
   and Gere (1961)

2.035 4.000 2.050 1.000 1.000 2.050

 from the paper 2.040 3.990 2.070 0.990 0.990 2.070

k3 ∞= k3 0=

k1=k2=0 k1=∞ k2=∞ k1=∞k2=0 k1=0k2=∞ k1=∞ k2=0 k1=∞k2=∞

P

P

Table 2 The capacities of the non-dimensional follower force  at 

 2.50  5.00 7.50 10.00 12.50 15.00 17.50 20.00 22.50 25.00 27.50 30.00 32.50 35.00 37.50 40.00 42.50  45.00  47.

0.00  0.78  0.90  0.96  0.96  0.96  0.96  0.96  0.96 0.96  0.96  0.96  0.96  0.96 0.96  1.02 1.02  1.02  1.02  1.0
2.00  0.48  0.72  0.84  0.96  1.02  1.08  1.08  1.14 1.14  1.14  1.14  1.20  1.20 1.20  1.20 1.20  1.20  1.20  1.2
4.00  0.42  0.66  0.84  0.96  1.02  1.08  1.14  1.20 1.20  1.26  1.26  1.26  1.32 1.32  1.32 1.32  1.32  1.38  1.3
6.00  0.42  0.66  0.78  0.96  1.02  1.14  1.20  1.26 1.26  1.32  1.32  1.38  1.38 1.38  1.44 1.44  1.44  1.44  1.4
8.00  0.42  0.60  0.78  0.96  1.08  1.14  1.20  1.26 1.32  1.38  1.38  1.44  1.44 1.44  1.50 1.50  1.50  1.50  1.5
10.00  0.42  0.60  0.78  0.96  1.08  1.14  1.26  1.32 1.38  1.38  1.44  1.44  1.50 1.50  1.50 1.56  1.56  1.56  1.5
12.00  0.42  0.60  0.78  0.96  1.08  1.20  1.26  1.32 1.38  1.44  1.44  1.50  1.50 1.56  1.56 1.56  1.56  1.62  1.6
14.00  0.42  0.60  0.78  0.96  1.08  1.20  1.26  1.32 1.38  1.44  1.50  1.50  1.56 1.56  1.56 1.62  1.62  1.62  1.6
16.00  0.42  0.60  0.78  0.96  1.08  1.20  1.26  1.32 1.38  1.44  1.50  1.56  1.56 1.56  1.62 1.62  1.62  1.62  1.6
18.00  0.42  0.60  0.78  0.96  1.08  1.20  1.26  1.38 1.44  1.50  1.50  1.56  1.56 1.62  1.62 1.62  1.68  1.68  1.6
20.00  0.42  0.60  0.78  0.96  1.08  1.20  1.32  1.38 1.44  1.50  1.50  1.56  1.62 1.62  1.62 1.68  1.68  1.68  1.6
22.00  0.42  0.60  0.78  0.96  1.08  1.20  1.32  1.38 1.44  1.50  1.56  1.56  1.62 1.62  1.68 1.68  1.68  1.68  1.7
24.00  0.36  0.60  0.78  0.96  1.08  1.20  1.32  1.38 1.44  1.50  1.56  1.56  1.62 1.62  1.68 1.68  1.68  1.74  1.7
26.00  0.36  0.60  0.78  0.96  1.08  1.20  1.32  1.38 1.44  1.50  1.56  1.62  1.62 1.68  1.68 1.68  1.74  1.74  1.7
28.00  0.36  0.60  0.78  0.96  1.08  1.20  1.32  1.38 1.44  1.50  1.56  1.62  1.62 1.68  1.68 1.68  1.74  1.74  1.7
30.00  0.36  0.60  0.78  0.96  1.08  1.20  1.32  1.38 1.50  1.50  1.56  1.62  1.62 1.68  1.68 1.74  1.74  1.74  1.7
32.00  0.36  0.60  0.78  0.96  1.08  1.20  1.32  1.38 1.50  1.56  1.56  1.62  1.68 1.68  1.68 1.74  1.74  1.74  1.7
34.00  0.36  0.60  0.78  0.96  1.08  1.20  1.32  1.44 1.50  1.56  1.56  1.62  1.68 1.68  1.68 1.74  1.74  1.74  1.8
36.00  0.36  0.60  0.78  0.96  1.08  1.20  1.32  1.44 1.50  1.56  1.62  1.62  1.68 1.68  1.74 1.74  1.74  1.74  1.8
38.00  0.36  0.60  0.78  0.96  1.08  1.20  1.32  1.44 1.50  1.56  1.62  1.62  1.68 1.68  1.74 1.74  1.74  1.80  1.8

P K 3 0=

k1

k2
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following results may be used as benchmark for the stability analysis and control of 
structures.

3.3.1 Capacity of the follower force at 
Table 2 lists the capacities of the non-dimensional follower force  at . The first 

represents the variation of , whereas the first column stands for . This distribution o
capacities is also plotted in Fig. 2(a). As indicated in section 2, the form of the instability o
beam for this case is buckling solely. This conclusion can also be viewed from the smooth s
in Fig. 2(a). The variations of the first two frequencies at the pair of  as (10,0.5) and (1
are shown in Fig. 2(b) and Fig. 2(c) respectively. The buckling loads are again clearly illustrated
from the values of the non-dimensional follower force at which the first frequencies approach zero

k 3 0=
P k3 0=

k1 k2

k1-k2

Fig. 2(b) Variation of the first two frequencies at
(10,0.5)

Fig. 2(c) Variation of the first two frequencies at
(10,1.5)

Fig. 2(a) The distribution of the capacities of the follower force at K3 0=
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45.00

1.38
 1.68
 1.80
 1.92
 1.98
 2.04
 2.10
 2.16
 2.16
 2.22
 2.22
 2.22
 2.28
 2.28
 2.28
 2.28
 2.28
 2.28
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3.3.2 Capacity of the follower force at 
Table 3 lists the capacities of the non-dimensional follower force  at . The distribu

of the capacities is plotted in Fig. 3(a), from which the abrupt changes in the surface are 
around the corner of the co-ordinate system. This portion of irregular changes represents the
in which only flutter governs the form of the instability of the beam, and hence, beyond this regio
the instability of the beam is in the form of buckling. This region is explicitly illustrated in Fig. 3(b
is shown that the region covers an approximate rectangular portion between  an

k 3 2=
P k3 2=

0 k1 8< <

Table 3 The capacities of the non-dimensional follower force  at 

  2.50 5.00 7.50 10.00 12.50 15.00 17.50 20.00 22.50 25.00 27.50 30.00 32.50 35.00 37.50 40.00 42.50

0.00 1.86  2.10 2.40  1.80  1.68  1.56  1.56  1.50  1.50  1.44  1.44  1.44  1.44 1.38  1.38  1.38  1.38  
2.00 1.20  1.44 1.56  1.56  1.62  1.62  1.62  1.62  1.62  1.62  1.62  1.62  1.62 1.68  1.68  1.68  1.68
4.00 0.90  1.20 1.38  1.50  1.56  1.62  1.68  1.68  1.74  1.74  1.74  1.80  1.80 1.80  1.80  1.80  1.80
6.00 0.84  1.08 1.26  1.44  1.56  1.62  1.68  1.74  1.80  1.80  1.86  1.86  1.86 1.86  1.92  1.92  1.92
8.00 0.78  1.02 1.26  1.44  1.56  1.68  1.74  1.80  1.86  1.86  1.92  1.92  1.92 1.98  1.98  1.98  1.98
10.00 0.78  1.02 1.20  1.38  1.56  1.68  1.74  1.80  1.86  1.92  1.92  1.98  1.98 2.04  2.04  2.04  2.04
12.00 0.72  0.96 1.20  1.38  1.56  1.68  1.74  1.86  1.92  1.92  1.98  1.98  2.04 2.04  2.04  2.10  2.10
14.00 0.72  0.96 1.20  1.38  1.56  1.68  1.74  1.86  1.92  1.98  1.98  2.04  2.04 2.10  2.10  2.10  2.10
16.00 0.72  0.96 1.20  1.38  1.50  1.68  1.80  1.86  1.92  1.98  2.04  2.04  2.10 2.10  2.16  2.16  2.16
18.00 0.72  0.96 1.14  1.38  1.50  1.68  1.80  1.86  1.92  1.98  2.04  2.10  2.10 2.16  2.16  2.16  2.16
20.00 0.72  0.96 1.14  1.38  1.50  1.68  1.80  1.86  1.98  2.04  2.04  2.10  2.16 2.16  2.16  2.22  2.22
22.00 0.72  0.96 1.14  1.32  1.50  1.68  1.80  1.92  1.98  2.04  2.10  2.10  2.16 2.16  2.22  2.22  2.22
24.00 0.72  0.96 1.14  1.32  1.50  1.68  1.80  1.92  1.98  2.04  2.10  2.16  2.16 2.16  2.22  2.22  2.22
26.00 0.72  0.96 1.14  1.32  1.50  1.68  1.80  1.92  1.98  2.04  2.10  2.16  2.16 2.22  2.22  2.22  2.28
28.00 0.72  0.96 1.14  1.32  1.50  1.68  1.80  1.92  1.98  2.04  2.10  2.16  2.16 2.22  2.22  2.28  2.28
30.00 0.72  0.96 1.14  1.32  1.50  1.68  1.80  1.92  1.98  2.10  2.10  2.16  2.22 2.22  2.22  2.28  2.28
32.00 0.72  0.90 1.14  1.32  1.50  1.68  1.80  1.92  2.04  2.10  2.16  2.16  2.22 2.22  2.28  2.28  2.28
34.00 0.72  0.90 1.14  1.32  1.50  1.68  1.80  1.92  2.04  2.10  2.16  2.16  2.22 2.22  2.28  2.28  2.28
36.00 0.72  0.90 1.14  1.32  1.50  1.68  1.80  1.92  2.04  2.10  2.16  2.22  2.22 2.28  2.28  2.28  2.28
38.00 0.72  0.90 1.14  1.32  1.50  1.68  1.80  1.92  2.04  2.10  2.16  2.22  2.22 2.28  2.28  2.28  2.34

P K 3 2=

k1

k2

Fig. 3(a) The distribution of the capacities of the follower force at K3 2=
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. Therefore, in Table 3, the shaded parts represent the capacities of the follower for
flutter of the beam. To further illustrate the above declarations, the variations of the first two
frequencies for three pairs of , i.e. (5,1), (15,1), and (5,2.5) dotted in Fig. 3(b), are plot
Figs. 3(c)-(e). In Fig. 3(c), the first two frequencies coalesce around , which shows tha
this point the beam fails only by flutter. On the other hand, in Figs. 3(d) and 3(e), the
frequencies approach zero first, which indicates that the buckling is the form of the instability 
two pairs of the . The capacities for the two cases are around  and  read
from the figures.

0 k2 2< <

k1-k2

P 2.23≈

k1-k2 P 1.61= P 1.40=

Fig. 3(b) The transition curve of the flutter and
buckling instability at K3 2=

Fig. 3(c) Variation of the first two frequencies a
(5,1)

Fig. 3(d) Variation of the first two frequencies at
(15,1)

Fig. 3(e) Variation of the first two frequencies a
(5, 2.5)
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3.3.3 Capacity of the follower force at 
Table 4 lists the capacities of the non-dimensional follower force  at . The distribu

of the capacities is similarly plotted in Fig. 4(a). The abrupt changes in the surface are inves
as well in the figure. The transition curve for differentiating the two forms of the instability of the
beam is shown in Fig. 4(b) in  co-ordinate system. Under this curve the instability is i

k 3 5=
P k3 5=

k1-k2

Table 4 The capacities of the non-dimensional follower force  at 

 2.50  5.00  7.50 10.00  12.50  15.00  17.50  20.00  22.50  25.00  27.50  30.00  32.50  35.00  37.50  40.00 42.5

0.00  1.86  1.98  2.16  2.34  2.58  2.82 2.34  2.16  2.04  1.92  1.92  1.86  1.80  1.80  1.80  1.74  1.74  1.
2.00  2.28  2.34  2.46  2.58  2.70  2.88 2.28  2.22  2.16  2.10  2.10  2.10  2.10  2.04  2.04  2.04  2.04  2
4.00  1.38  1.74 2.58  2.70  2.22  2.22 2.22  2.22  2.22  2.22  2.22  2.22  2.22  2.22  2.22  2.22  2.22  
6.00  1.14  1.44  1.68  1.92  2.04  2.16 2.22  2.22  2.28  2.28  2.28  2.28  2.34  2.34  2.34  2.34  2.34
8.00  1.08  1.32  1.62  1.80  1.98  2.10 2.22  2.28  2.28  2.34  2.34  2.40  2.40  2.40  2.40  2.40  2.40
10.00  1.02  1.32  1.56  1.74  1.92  2.04 2.16  2.28  2.34  2.34  2.40  2.40  2.46  2.46  2.46  2.46  2.46
12.00  1.02  1.26  1.50  1.68  1.92  2.04 2.16  2.28  2.34  2.40  2.46  2.46  2.46  2.52  2.52  2.52  2.52
14.00  0.96  1.20  1.44  1.68  1.86  2.04 2.16  2.28  2.34  2.40  2.46  2.52  2.52  2.52  2.58  2.58  2.58
16.00  0.96  1.20  1.44  1.68  1.86  2.04 2.16  2.28  2.40  2.46  2.46  2.52  2.52  2.58  2.58  2.58  2.58
18.00  0.96  1.20  1.44  1.62  1.86  2.04 2.16  2.28  2.40  2.46  2.52  2.52  2.58  2.58  2.64  2.64  2.64
20.00  0.96  1.20  1.44  1.62  1.80  1.98 2.16  2.28  2.40  2.46  2.52  2.58  2.58  2.64  2.64  2.64  2.64
22.00  0.96  1.20  1.38  1.62  1.80  1.98 2.16  2.28  2.40  2.46  2.52  2.58  2.64  2.64  2.64  2.70  2.70
24.00  0.96  1.14  1.38  1.62  1.80  1.98 2.16  2.28  2.40  2.52  2.58  2.58  2.64  2.64  2.70  2.70  2.70
26.00  0.90  1.14  1.38  1.62  1.80  1.98 2.16  2.28  2.40  2.52  2.58  2.64  2.64  2.70  2.70  2.70  2.70
28.00  0.90  1.14  1.38  1.62  1.80  1.98 2.16  2.28  2.40  2.52  2.58  2.64  2.64  2.70  2.70  2.70  2.70
30.00  0.90  1.14  1.38  1.62  1.80  1.98 2.16  2.28  2.40  2.52  2.58  2.64  2.70  2.70  2.70  2.76  2.76
32.00  0.90  1.14  1.38  1.56  1.80  1.98 2.16  2.28  2.40  2.52  2.58  2.64  2.70  2.70  2.70  2.76  2.76
34.00  0.90  1.14  1.38  1.56  1.80  1.98 2.16  2.28  2.40  2.52  2.58  2.64  2.70  2.70  2.76  2.76  2.76
36.00  0.90  1.14  1.38  1.56  1.80  1.98 2.16  2.28  2.46  2.52  2.58  2.64  2.70  2.70  2.76  2.76  2.76
38.00  0.90  1.14  1.38  1.56  1.80  1.98 2.16  2.28  2.46  2.52  2.64  2.64  2.70  2.76  2.76  2.76  2.76

P K 3 5=

k1

k2

Fig. 4(a) The distribution of the capacities of the follower force at K3 5=
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form of flutter, otherwise, the buckling will be the only form of the instability. In accordance with
the above statements, in Table 4, the capacities for flutter type of instability are again shaded with
grey colour to differentiate them from others for buckling instability. Similarly, the variation
frequencies at three pairs of , i.e. (10,3), (10,5.5), and (25,3) dotted in Fig. 4(b), are sho
Figs. 4(c)-(e). The capacity for flutter is read clearly from Fig. 4(c) as the two frequencies co
at . The capacities for buckling are also read from Figs. 4(d)-(e) since in the two figures
the first frequencies approach zero at  and  respectively.

k1-k2

P 2.61≈
P 2.07≈ P 2.20≈

Fig. 4(b) The transition curve of the flutter and
buckling instability at K3 5=

Fig. 4(c) Variation of the first two frequencies at
(10,3)

Fig. 4(d) Variation of the first two frequencies at
(10,5.5)

Fig. 4(e) Variation of the first two frequencies at
(25,3)
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3.3.4 Capacity of the follower force at 
Table 5 lists the capacities of the non-dimensional follower force  at . From Fig.

which shows the distribution of the capacities, it shows that the region of the irregularity is enl
This phenomenon can also be viewed from Fig. 5(c), in which the transition curve for the different

k 3 10=
P k3 10=

  
Table 5 The capacities of the non-dimensional follower force  at 

 2.50 5.00  7.50  10.00  12.50  15.00  17.50  20.00  22.50 25.00  27.50 30.00 32.50 35.00  37.50 40.00  42.5

0.00  1.92 2.04  2.16  2.34  2.52  2.70  2.88  3.06  3.24  2.58  2.40  2.28  2.22  2.16  2.10  2.10  2.04  2.0
2.00  2.40 2.46  2.52  2.64  2.76  2.82  2.94  3.06  3.24  2.64  2.58  2.52  2.46  2.40 2.40  2.40  2.34  2.3
4.00  2.58 2.64  2.70  2.76  2.88  2.94  3.00  3.12  3.24  2.70  2.64  2.64  2.58  2.58 2.58  2.58  2.58  2.5
6.00  1.38 1.74  2.10 2.88  2.94  3.00  3.06  3.12  2.82  2.76  2.70  2.70  2.70  2.70 2.70  2.70  2.70  2.7
8.00  1.26 1.56  1.86  2.10  2.34  2.52  2.70  2.76  2.76  2.76  2.76  2.76  2.76  2.76 2.76  2.76  2.76
10.00  1.20 1.50  1.74  1.98  2.22  2.40  2.52  2.64  2.76  2.76  2.82  2.82  2.82  2.82 2.82  2.82  2.82
12.00  1.14 1.44  1.68  1.92  2.10  2.34  2.46  2.64  2.70  2.76  2.82  2.82  2.88  2.88 2.88  2.88  2.88
14.00  1.14 1.38  1.62  1.86  2.10  2.28  2.46  2.58  2.70  2.76  2.82  2.88  2.88  2.88 2.94  2.94  2.94
16.00  1.14 1.38  1.62  1.86  2.04  2.22  2.40  2.58  2.70  2.82  2.88  2.88  2.94  2.94 2.94  2.94  2.94
18.00  1.08 1.32  1.56  1.80  2.04  2.22  2.40  2.58  2.70  2.82  2.88  2.94  2.94  2.94 3.00  3.00  3.00
20.00  1.08 1.32  1.56  1.80  1.98  2.22  2.40  2.58  2.70  2.82  2.88  2.94  2.94  3.00 3.00  3.00  3.00
22.00  1.08 1.32  1.56  1.80  1.98  2.16  2.40  2.52  2.70  2.82  2.88  2.94  3.00  3.00 3.00  3.06  3.06
24.00  1.08 1.32  1.56  1.74  1.98  2.16  2.34  2.52  2.70  2.82  2.88  2.94  3.00  3.00 3.06  3.06  3.06
26.00  1.08 1.32  1.56  1.74  1.98  2.16  2.34  2.52  2.70  2.82  2.88  3.00  3.00  3.06 3.06  3.06  3.06
28.00  1.08 1.32  1.50  1.74  1.98  2.16  2.34  2.52  2.70  2.82  2.94  3.00  3.00  3.06 3.06  3.06  3.12
30.00  1.08 1.26  1.50  1.74  1.92  2.16  2.34  2.52  2.70  2.82  2.94  3.00  3.06  3.06 3.06  3.12  3.12
32.00  1.02 1.26  1.50  1.74  1.92  2.16  2.34  2.52  2.70  2.82  2.94  3.00  3.06  3.06 3.12  3.12  3.12
34.00  1.02 1.26  1.50  1.74  1.92  2.16  2.34  2.52  2.70  2.82  2.94  3.00  3.06  3.12 3.12  3.12  3.12
36.00  1.02 1.26  1.50  1.74  1.92  2.16  2.34  2.52  2.70  2.82  2.94  3.00  3.06  3.12 3.12  3.12  3.12
38.00  1.02 1.26  1.50  1.74  1.92  2.10  2.34  2.52  2.70  2.82  2.94  3.00  3.06  3.12 3.12  3.12  3.18

P K 3 10=

k1

k2

Fig. 5(a) The distribution of the capacities of the follower force at K3 10=
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forms of the instability is drawn. The enlarged region for flutter is also reflected from the sh
portion in Table 5. The pair of  at (15, 6) is under the curve indicating that the instabil
this point is in the form of flutter. The variation of the frequencies at this point is shown in Fig. 
in which the flutter capacity is read as . The other two pairs at (15,11) and (30,6
outside the curve, and hence the buckling capacities can be read from Fig. 5(d)-(e) as  and

.

k1-k2

P 3.00≈
P 2.44≈

P 2.70≈

Fig. 5(b) The boundary line of the flutter and buckling
instability at K3 10=

Fig. 5(c) Variation of the first two frequencies at
(15,6)

Fig. 5(d) Variation of the first two frequencies at
(15,11)

Fig. 5(e) Variation of the first two frequencies at
(30,6)
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3.3.5 Capacity of the follower force at 
Again, the capacities of the follower force for flutter buckling of the beam is listed in Table 6

their distribution is plotted in Fig. 6(a). Similar observation is obtained that the shaded portion
Table 6 is enlarged as well. The transition curve to differentiate the forms of instability is shown in

k 3 20=

Table 6 The capacities of the non-dimensional follower force  at 

   2.50 5.00  7.50  10.00  12.50  15.00  17.50  20.00 22.50  25.00  27.50  30.00 32.50  35.00  37.50  40.00 42.5

0.00  1.98  2.10  2.22  2.34  2.52 2.70  2.82  3.00  3.18  3.30  3.48  2.76  2.58  2.52  2.40  2.34  2.34  2.28
2.00  2.52  2.58  2.64  2.70  2.82  2.94  3.00  3.12  3.24  3.36  3.48  2.94  2.82  2.76  2.70  2.64  2.64  2.64
4.00  2.76  2.76  2.82  2.88  2.94  3.06  3.12  3.18  3.30  3.36  3.48  3.06  2.94  2.88  2.88  2.82  2.82  2.82
6.00  1.56  1.98 2.94  3.00  3.06  3.12  3.18  3.24  3.30  3.36  3.48  3.12  3.06  3.00  3.00  2.94  2.94  2.94
8.00  1.38  1.68  1.98  2.28 3.12  3.18  3.24  3.30  3.36  3.42  3.48  3.12  3.12  3.06  3.06  3.06  3.06  3.06
10.00  1.32  1.62  1.86  2.10  2.34  2.64 3.24  3.30  3.36  3.42  3.48  3.18  3.12  3.12  3.12  3.12  3.12  3.12
12.00  1.26  1.56  1.80  2.04  2.28  2.46  2.70  2.88 3.36  3.42  3.18  3.18  3.18  3.18  3.18  3.18  3.18  3.1
14.00  1.26  1.50  1.74  1.98  2.22  2.40  2.64  2.82  3.00  3.12  3.18  3.18  3.18  3.18  3.18  3.18  3.18
16.00  1.20  1.44  1.68  1.92  2.16  2.34  2.58  2.76  2.94  3.06  3.18  3.18  3.24  3.24  3.24  3.24  3.24
18.00  1.20  1.44  1.68  1.92  2.10  2.34  2.52  2.70  2.88  3.06  3.12  3.18  3.24  3.24  3.24  3.30  3.30
20.00  1.20  1.44  1.68  1.86  2.10  2.28  2.52  2.70  2.88  3.00  3.12  3.24  3.24  3.30  3.30  3.30  3.30
22.00  1.14  1.44  1.62  1.86  2.10  2.28  2.46  2.70  2.82  3.00  3.12  3.24  3.24  3.30  3.30  3.30  3.30
24.00  1.14  1.38  1.62  1.86  2.04  2.28  2.46  2.64  2.82  3.00  3.12  3.24  3.30  3.30  3.30  3.36  3.36
26.00  1.14  1.38  1.62  1.86  2.04  2.28  2.46  2.64  2.82  3.00  3.12  3.24  3.30  3.30  3.36  3.36  3.36
28.00  1.14  1.38  1.62  1.80  2.04  2.22  2.46  2.64  2.82  3.00  3.12  3.24  3.30  3.36  3.36  3.36  3.36
30.00  1.14  1.38  1.62  1.80  2.04  2.22  2.46  2.64  2.82  2.94  3.12  3.24  3.30  3.36  3.36  3.36  3.42
32.00  1.14  1.38  1.62  1.80  2.04  2.22  2.40  2.64  2.82  2.94  3.12  3.24  3.30  3.36  3.36  3.42  3.42
34.00  1.14  1.38  1.56  1.80  2.04  2.22  2.40  2.58  2.82  2.94  3.12  3.24  3.30  3.36  3.42  3.42  3.42
36.00  1.14  1.38  1.56  1.80  1.98  2.22  2.40  2.58  2.76  2.94  3.12  3.24  3.30  3.36  3.42  3.42  3.42
38.00  1.14  1.38  1.56  1.80  1.98  2.22  2.40  2.58  2.76  2.94  3.12  3.24  3.36  3.36  3.42  3.42  3.42

P K 3 20=

k1

k2

Fig. 6(a) The distribution of the capacities of the follower force at K3 20=
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Fig. 6(b). Omitting the repeated descriptions for the Figs. 6(c)-(e), we just list the capacities 
follower force at the pairs of  at (20,10), (20,23), and (35,10) as  for flutter capa

 and  for buckling capacities respectively.

3.3.6 Capacity of the follower force at 
The transition curve is plotted in Fig. 7(b). From the comparison of this figure with Fig. 1(c

the transition curve at , it shows that the results at  can be viewed as
asymptotic ones for very large values of . The capacities of the follower force for the insta

k1-k2 P 3.30≈
P 2.70≈ P 3.12≈

k 3 40=

k3 ∞= k3 40=
k3

Fig. 6(b) The boundary line of the flutter and buckling
instability at K3 20=

Fig. 6(c) Variation of the first two frequencies at
(20,10)

Fig. 6(d) Variation of the first two frequencies at
(20,23)

Fig. 6(e) Variation of the first two frequencies at
(35,10)
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. 7(a),
two
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sition

0 45.00

 3.48
 3.54
 3.54
 3.54
 3.54
 3.60
 3.60
 3.60
 3.60
of the beam and their distribution are shown in Table 7 and Fig. 7(a). From the top view of Fig
some observations are investigated as follows. For the domain of the co-existence of the 
instability forms when , the capacities for flutter increase with the increase of . The
there is an abrupt decrease for the capacity around the transition point from flutter to buckling. For
example at  of (0, 4.6), Fig. 7(a) shows an abrupt drop of the capacity. After this tran

k1 34.8< k2

k1-k2

 
Table 7 The capacities of the non-dimensional follower force  at 

 2.50  5.00  7.50  10.00  12.50  15.00  17.50  20.00  22.50  25.00  27.50  30.00 32.50 35.00  37.50  40.00  42.5

0.00  2.04  2.16 2.28  2.40  2.58  2.70  2.88  3.00  3.18  3.36  3.48  3.60  2.94  2.76  2.64  2.58  2.52  2.46
2.00  2.58  2.64 2.70  2.82  2.88  3.00  3.06  3.18  3.30  3.36  3.48  3.60  3.12  3.00  2.88  2.82  2.82  2.76
4.00  2.82  2.88 2.94  3.00  3.06  3.12  3.18  3.24  3.36  3.42  3.54  3.60  3.24  3.12  3.06  3.00  3.00  2.94
6.00  1.68  2.10 3.06  3.12  3.12  3.18  3.24  3.30  3.36  3.48  3.54  3.60  3.30  3.24  3.18  3.12  3.12  3.12
8.00  1.44  1.80 2.10  2.40 3.24  3.24  3.30  3.36  3.42  3.48  3.54  3.60  3.36  3.30  3.24  3.24  3.18  3.18
10.00  1.38  1.68 1.92  2.22  2.46 2.70  3.36  3.42  3.42  3.48  3.54  3.66  3.42  3.30  3.30  3.30  3.30  3.24
12.00  1.32  1.62 1.86  2.10  2.34  2.58 2.76  3.42  3.48  3.54  3.60  3.66  3.42  3.36  3.36  3.36  3.36  3.30
14.00  1.32  1.56 1.80  2.04  2.28  2.46  2.70  2.88 3.12  3.54  3.60  3.66  3.42  3.42  3.36  3.36  3.36  3.36
16.00  1.26  1.50 1.74  1.98  2.22  2.40  2.64  2.82  3.00 3.18  3.60  3.66  3.42  3.42  3.42  3.42  3.42  3.42
18.00  1.26  1.50 1.74  1.98  2.16  2.40  2.58  2.76  2.94  3.12 3.30  3.42  3.42  3.42  3.42  3.42  3.42  3.42
20.00  1.26  1.50 1.68  1.92  2.16  2.34  2.58  2.76  2.94  3.12  3.24 3.36  3.42  3.48  3.48  3.48  3.48  3.48
22.00  1.20  1.44 1.68  1.92  2.10  2.34  2.52  2.70  2.88  3.06  3.24  3.36  3.42  3.48  3.48  3.48  3.48
24.00  1.20  1.44 1.68  1.92  2.10  2.34  2.52  2.70  2.88  3.06  3.24  3.36  3.42  3.48  3.48  3.48  3.54
26.00  1.20  1.44 1.68  1.86  2.10  2.28  2.52  2.70  2.88  3.06  3.24  3.36  3.42  3.48  3.54  3.54  3.54
28.00  1.20  1.44 1.68  1.86  2.10  2.28  2.46  2.70  2.88  3.06  3.18  3.36  3.42  3.48  3.54  3.54  3.54
30.00  1.20  1.44 1.62  1.86  2.10  2.28  2.46  2.64  2.88  3.00  3.18  3.36  3.48  3.54  3.54  3.54  3.54
32.00  1.20  1.44 1.62  1.86  2.04  2.28  2.46  2.64  2.82  3.00  3.18  3.36  3.48  3.54  3.54  3.54  3.60
34.00  1.20  1.38 1.62  1.86  2.04  2.28  2.46  2.64  2.82  3.00  3.18  3.36  3.48  3.54  3.54  3.60  3.60
36.00  1.20  1.38 1.62  1.86  2.04  2.28  2.46  2.64  2.82  3.00  3.18  3.30  3.48  3.54  3.60  3.60  3.60
38.00  1.20  1.38 1.62  1.86  2.04  2.22  2.46  2.64  2.82  3.00  3.18  3.30  3.48  3.54  3.60  3.60  3.60

P K 3 40=

k1

k2

Fig. 7(a) The distribution of the capacities of the follower force at K3 40=
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point, the buckling capacities decrease smoothly and finally come to the asymptotic solution. Thi
become different after the co-existence region of the two instability regions. When ,
buckling governs the instability form. The capacities increase smoothly with increase of , an
finally come to asymptotic results. Similar observations are also found in Figs. 3(a)-6(a) for th
distributions of the capacities of follower force. Three pairs of  at (25,15), (25,25), an
(40,15) are dotted in Figs. 7(c)-(e). The flutter capacity for the follower force at (25,15) is re

, and the buckling capacities at (25,25) and (40,15) are  and .

k1 34.8>
k2

k1-k2

P 3.54≈ P 3.08≈ P 3.40≈

Fig. 7(b) The boundary line of the flutter and buckling
instability at K3 20=

Fig. 7(c) Variation of the first two frequencies at
(25,15)

Fig. 7(d) Variation of the first two frequencies at
(25,25)

Fig. 7(e) Variation of the first two frequencies at
(40,15)
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4. Conclusions

The paper studies the flutter and buckling analysis of a general beam structure subjecte
static follower force. The analytical solutions for the flutter and buckling capacities versus th
different spring stiffness are obtained. The transition surface for the differentiation of flutter
buckling of the beam is obtained with respect to the stiffness of the springs. The capacities
follower force for the flutter and buckling of the beam are obtained by studying the variations of t
first two frequencies of the beam structure. The phenomena of the abrupt change in the c
distributions are found to be the indicators of the boundary of flutter and buckling of the beam.

This research may be used as a benchmark for the flutter and buckling analysis of beam
phenomenon of co-existence of flutter and buckling in the general beam structure is important in th
stability analysis of structures. The potential of the research is in the stability design and control of
the structures.
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