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Abstract. The flutter and buckling analysis of a beam structure subjected to a static follower force is
completely studied in the paper. The beam is fixed in the transverse direction and constrained by a
rotational spring at one end, and by a translational spring and a rotational spring at the other end. The co
existence of flutter and buckling in this beam due to the presence of the follower force is an interesting and
important phenomenon. The results from this theoretical analysis will be useful for the stability design of
structures in engineering applications, such as the potential of flutter control of aircrafts by smart materials.
The transition-curve surface for differentiating the two distinct instability regions of the beam is first
obtained with respect to the variations of the stiffness of the springs at the two ends. Second, the capacity
of the follower force is derived for flutter and buckling of the beam as a function of the stiffness of the
springs by observing the variation of the first two frequencies obtained from dynamic analysis of the beam.
The research in the paper may be used as a benchmark for the flutter and buckling analysis of beams.

Key words: flutter analysis; buckling analysis; stability of structures; linearized approach, structural
analysis; Euler-Bernoulli beam; follower force.

1. Introduction

The instability analysis of structures under dynamic compression has been completely discussec
by Bolotin in his monograph (1964). The flutter and buckling analysis eaimis under static
follower and/or non-follower force has attracted more attention and interest among mechanics
community. The static buckling is one of the instability behaviours of bendiamé It is referred
to the change of the equilibrium state of a beam from one configuration to another one at a static
critical compression. On the other hand, the static flutter refers to the phenomenon that the
amplitude of vibration of a beam due to an initial disturbance grows without limit due to the static
compression subjected to the beam. In the monograph by Timoshenko and Gere (1961), the
mathematical solutions for the buckling capacity of a beam with different boundary conditions
subjected to compression were listed. In addition, the flutter analysis of a cantéaverwas also
briefly discussed in the monograph. In the following sections, all discussions about the buckling and
flutter will be conducted only under the condition that the structure is subjected to static
compression. Therefore, we omit “static” hereinafter for the sake of clarity.
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Buckling is usually due to both non-follower compression and follower compression subjected to
the beamsHowever, flutter may only occur toebms subjected to follower compression. A non-
follower force is usually refred as an axial force with its direction remaining constant during the
deformation of the structure. A follower force, on the other hand, is different from the non-follower
force mentioned above in the sense that the direction of this type of force remains tangent to the
deflection curve at the top of the column.

The classical problem about the stability of a beam fully fixed at one end and subjected at the
other to a tangential compressive, or follower force, was first attempted by Pfluger (1950) and
Feodosév (1953). They showed thagrth are no forms of equilibrium close to the undeformed
form, hence, there was no buckling solution for this problem. They concluded that the beam with
follower force is stable all the time. This erroneous conclusion was debated by Beck (1952) who
first solved this instability problem of theebm mentioned above in view of dynamic analysis.
Hence the flutter of beams had been received considerable interests since then. And the problem o
the flutter of the cantilever beam under follower force is swaferred to the problem of Beck’s
column.

The critical follower foce for the futter of a cantileveréam was calculated as well by Deineko,
Leonov (1955), and Bolotin (1963). In the paper by Deineko and Leonov (1955), an approximation
was also given for a beam witwo concentrated masses attached. A more accurate critical load was
obtained by Jankovic (1993Larr and Malhardeen (1979) and Leipholz (1983) have proved that
Beck’s column is stable when the follower force is less than the critical value obtained by Beck
(1952). Further development on the analysis of Beck’s column has been carried out since the fifties
and sixties. Hauger and Vetter (1976) looked into the influence of elastic foundation of Winkler type
on the stability of Beck’s column. The influence of a pulsating force was investigated by
Atanackovic and Cveticanin (1994). The optimal shape of Beck's column was given by Hanaoka
and Washizu (1979). Mathsudd al (1993) analyzed the influence of variable cross-section and
shear stresses on the value of the critical force. Sugiyama and his group (1995) did a lot of excellent
work on the flutter analysis of structures. One experimental study is on the flutter of eamdilev
columns under rocked thrust, which is one of the best lab demonstrations of follower compression
on beam structures.

A complex and interesting study on the stability analysis of a geneaah Istructure is the co-
existence of flutter and buckling due to a follower compression. One of the examples is the
instability of a beam subjected to a followerrd® with one end fixed, but restrained by a
translational spring at the other end. As indicated above, if the stiffness of the spring is zero, the
beam may fail by flutter from the solution for Beck’s column. On the other hand, if the stiffness of
the spring is infinite, the well-known result for the analysis of a propped cantileasr hows that

2
the buckling capacity of the beamps= (07;—;_)2 = 2.047FE1/L? (Bolotin 1963, Timoshenko and
Gere 1961) both for follower compression and ndiewer compression. Hence, it can be
concluded logically that there must be a critical value of the spring stiffness below which the beam
may fail by flutter and above which the beam may buckle only (Sundararajan 1974). Kounadis
(1983) obtained some results on the boundary between flutter and divergence instability of a beam
structure. Wang (2002) studied the possibility of the ecdrment of the flutter and buckling
capacity of a thin column with the same boundary condition by a piezoelectric layétioAald
excellent researches conducted on the linear flutter and buckling analysis can also be found by
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Fig. 1(a) Layout of the beam subjected to a follower force

Kounadis (1981), Bailey and Haines (1981), Kounadis and Katsikadelis (1980), and Pedersen
(2977).

Actually, static buckling and flutter analysis can be categorized as linearized approach in dealing
with instability analysis of undamped structures. More complex instability studies on either
undamped or damped structures under dynamic loading have been conducted as well. Some fruitfu
results have been obtained so far by Kounadis (1991, 1998), Beibtal (1998), Ryu and
Sugiyama (2003), Langthjem and Sugiyama (2000), and Andersen and Thompsen (2002).

This paper will provide a compete study on the instability of a general undamped beam structure
subjected to a static follower force. Hence, the method in the paper is strictly based on a mere
undamped linearized approach. The beam undertigaéen is fixed in the transverse direction and
constrained by a rotational spring at one end, and by a translational spring and a rotational spring a
the other shown in Fig. 1(a). The flutter and buckling analysis of the beam will be fully studied
analytically. The detailed analysis on the effect of spring stiffness on the possible type of the
instability of the leam is conducted theoretically and numerically. The critical surface to
differentiate the flutter and buckling of the beam in the co-ordinate system with respect to the
stiffness of the three springs is obtained. The capacity of the followee fe also derived for
different scenarios of the stiffness of the springs. The dual instability phenomenon of the beam
structure due to the translational and rotational spring constraints is interesting in the field of
structural stability and dynamics. One of the examples is the stability analysis of a piezoelectric
layer under the induced force by piezoelectric effect which can be modelled as follower force.
Besides, the results from this research may be useful for the stability design and control of
structures. For example, how to control the flutter of an aircraft by smart materials is astifgere
and practical problem. The research may be used as benchmark for the flutter and buckling analysis
of beams.

2. Transition condition for flutter and buckling of the beam

The transition condition of the flutter and buckling phenomena of the beam in Fig. 1(a) will be
discussed by the buckling analysis of the beam. The curved surface for differentiating flutter and
buckling with respect to the stiffness of springs will be given hereinafter.
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2.1 Derivation of the curved surface with respect to ki- k2- k3

Consider a beam subjected to a follower fdPcas shown in Fig. 1(a). The beam is with length
L, cross ared, flexural stiffnessEl, and the mass density per unit lengthThe beam is fixed
transversely and constrained by a rotational spring with stifikeasthe left end. At the right end,
the beam is constrained by a translational spring wiiffness k; and a rotational spring with
stiffnessk,. Let x denote the co-ordinate along the length of the beam with its origin at the left end
of the beam. The positive direction of the deflection of ta@nu(x, t), is defined downward.
The shear deformation and rotary inertia effect in the structure atee@dnm the model of this
thin and long beam, thus tlgoverning equation based on the EdBernaulli beam model for the
buckling analysis is given in a linear form,
4 2
EId u(4x) . Pd u(zx) -0 (1)
dx dx
whose general solution can be expressed as

u(x) = AjCosAX + ASinAx + Agx/ L+ A, (2

whereA = P .

El
The buckling capacities of the structure can be obtainedednclsing for the non-trivial solution
for A(i =1, 2, 3, 4) when considering the boundary conditions of the beam.
The boundary conditions for theedm in Fig. 1(a) can be expressed as:

u(0) = 0 3)
dZU!X! _ﬁm =0 (4)
2 ElI dx |4-¢
d x=0
dZU!X! +QM =0 (5)
2 El dx |x-_
dx® |x=1
3 k
duli - —Zuw =0 (6)
|- El
x=L

By substituting Eq. (2) into the boundary conditions of Egs. (3)-(6), the following equations
governing the four coefficient;(i =1, 2, 3, 4) will be obtained,

Ay = A (7)
—A’LPA; - K3(ALA, + A;) = 0 (8)
— AL*(A,COSAL + A,SINAL) + KaAL(—A,SinAL + A,cosAL+ Ag/AL) = 0 (9)

)\3L3(Alsin)\ L —A,cosAL) — ka(A,CoSAL + AsinAL + A, +A,) = 0 (20)
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From Egs. (7) and (8), we have the expression&f@ndA, in terms ofA, andA; as follows:

A, = —AL(—EZ()\LA2+A3) (11)

A, = A‘Z‘—EZ()\LA2+A3) (12)

Substituting Egs. (11)-(12) into Egs. (9) and (10) yields,

DA, + DA, = 0 (13)
DA+ DA, = 0 (14)
where
— 20 24: I Ra 2p 2 T .
A, = —A°L"sinAL + kz)\Lcos)\L—A—L(—)\ L°cosAL — kzALSIinAL) (15)
A, = —Rz—ﬁ(—AZLZCOSJ\L—RZALsin)\L) (16)
Ay = —A°L3cosAL — kisinAL — }‘\‘—E()\’*L‘*sin)\ L — K1COSAL + Ky) (17)
A, = _Rl_)\_u L3sinAL — kicosAL + k1) (18)
k Pkl k3
and the non-dimensional stiffness of spmigs: ke = £ Bad

The condition for the non-trivial solutions féy, and A; requires the solution of an eigen-value
problem.

ADN,—DA; = 0 (19)
From Eq. (19), the expression fap  can be obtained explicitly,
K, = Rgcos)\LAg—()\LRgcos)\L—AZL_ZsinAL)A4 (20)
Kasi Ks imaLD
(ALcOSAL + kssinAL)A, — %1 + L SIMLEA

The way to determine the transition surface for the flutter and buckling of the beam is found by
searching for the minimunk, at givek akd based on the above expression. The physical
meaning for the above procedure lies in the fact that the buckling will govern the type of the
instability of the leam beyond the critical value &,  at givén angd , or above the curved
surface in the 3-dimensional ordinate systemk. ks -
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Fig. 1(b) Boundary of the flutter and buckling of the beam

The minimumk, at giverk; andls is plotted in Fig. 1(b). It is observed that if the left end of
the beam is pinned, i.&ks = 0 , the beam will oslyow its instability in buckling form at any
given spring constraint conditions. _

This conclusion may also be derived from Eq. (20) wken= O ,

K, = ~A?L%sinALk, 1)
—ALcosALky + A3L3cosAL+ kisinAL

From which the minimunkz is zero. _

Also of special interest is the case whken= o , 1.e. the left end is fixed. An interesting and
practical question arises as to what the critical valueskior kand will befeoedtfate the
types of the instability of the beam. These values can, of course, be determined from the numerical
calculations. However, theoretical analysis on this problem will be more attractive to the applied
mechanics community.

Next, the following thee problems W be conducted whetks = oo

(a) the derivation of the critical value difl h.i =0 ;

(b) the derivation of the critical value & &t = 0 ;

(c) the derivation of the transition cunka-k:

2.2 Derivation of the critical value ki when ks = « (Sundararajan 1974)

The determination of the critical valua  for the transitiorflutter and buckling of the beam at
ko = 0 can be obtained by using the above buckling analysis aclsdor the minimumky
beyond which the buckling phenomenon may be initiated.

Eqg. (19) changes to the following equationkat= 0 &gck ,

ki(ALcosAL —sinAL) = A%° (22)
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The minimum ofk, for the existence of Eg. (22) can be determined by the following calculation
of the non-dimensional variabid.,

d A%L8 o_
d(AL)ALcosAL —sinALO ™~

0 whenALcosAL —sinAL > 0 (23)

ie. ()\L)Zsin)\L + 3ALcosAL —3sintAL = 0 whenALcosAL —sinAL > 0 (24)

The final solution for the minimunk,  in Eq. (24) ks = 34.8

This solution reveals a very interesting conclusion that when the spring stiffness is less than the
critical value, the instability of the beam is of flutter type. Otherwise, the beam may fail by buckling
only.

2.3 Derivation of the critical value k> at ki = 0

_The determination of the critical valle  for the transitiorilutter and buckling of the beam at
ki = 0 can be derived in a similar way.
At ki = 0 and ks = « , (19) changes to

Co_ M
" sinAL

Similarly, the minimum ofk, for the existence of Eq. (25) can be determined by ltbwitig
calculation ofAL,

(25)

_d AL o -
AL EinALO 0 whensiAL <0 (26)

which leads to the valuk,=~4.6 after which the instability of the beam is in its buckling form.
2.4 Derivation of the ki— k> transition curve

Next, the ki—k2 transition curve for flutter and buckling of the beamkat= o can be
obtained from the buckling result of the beam shown in Eq. (19) as follows.

Fo_ _ ALCEAL’+ kaALcosiL —kgsinAL)
kiALsinAL —A°L3sinAL + 2ki(cosAL —1)

(27)

The procedure is to search for the minimm  which will satisfy the equality of Eq. (27) among
all the possible solutions @i for any given value ok

The minimum ofk, at a giveR;  can be determined by a similar calculatidh. of

Fig. 1(c) plots the transition curve & —k, It.is noted from this plot that the concave curve
starts atk; = 0,k;=4.6 and ends &;=34.8 k,=47.6 . This observation coincides with the
results from Sections 2.2 and 2.3. Only under the curve and within the vertical straight line
ki = 34.8, can flutter occur on the beam. Otherwise, the iilgtabf the beam may only occur in
the form of buckling.
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Fig. 1(c) The transition curve of flutter and buckling of the beafy at «

The magnitudes of the follower riee for flutter and buckling analysis of the beam are of
importance in the design of beam structures after the transitioacsuid obtained, andilvbe
conducted below.

3. The capacities of the follower force for the flutter and buckling of the beam

The derivation of the capacities of the follower force will be conducted through the vibration
analysis of the beam. The form of the indibof the beam may be derived by observation from
the variation of the first twérequencies of the beam which will Bristrated below.

3.1 Instability analysis of the beam

The governing equation based on the Euler-Bernoulli beam model for the linear flutter analysis of
the beam shown in Fig. 1(a) is given by

g9l p ‘92“ pAﬂJ

ox* a o (29)
The general solution of Eq. (28) is written as
u(x t) = U(x)e (29)

where w is the circular frequency of the beam ad¢x) is the admissible shape for the beam
vibrating at frequencyw.
Substituting Eg. (29) into Eq. (28) yields the governing equation for the furid¢n

d U d’u
El— + P— AU = 0 30
dx4 dx P (30)
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whose general solution is found to be,

U(x) = B,cosB;x + B,sing;x + BscoshB,x + B,sinhfB,x (31)
where
By = J(i2+ A/ 4) 24 222 (32)
B, = J(1P+ N8P A2 (33)
¥=Z (34)
"= ’%‘(’2 (35)

The flutter capacities of the structure can be obtained by determining the condition of the non-
trivial solution for Bi(i =1, 2, 3, 4). Substituting the expression W) from Eqg. (31) into the
boundary condition in Egs. (3)-(6) yields the following four equations respectively,

B, = -B, (36)
—BL°B, + BoL°By— ka(B,LB,+ B,LB,) = 0 (37)

— BL?(B,cosB,L + B,sing,L) + B5L°(B,coshB,L + B,sinhB,L)
+ Rz(— B,B;LsinB,L + B,B,coB,L +B;B,Lsinhg,L +B,B,LcoshB,L) = 0 (38)

BL3(B,sinB,L — B,cosB,L) + BL>(B,sinhB,L + B,coshB,L) —
k1(B,cosB,L + B,sinB;L + BscoshB,L +B,sinhB,L) = 0 (39)

From Egs. (36)-(37)B; andB; can be expressed in termsByfandB, as follows,

B, = —Bﬁ‘*ﬁzﬁ(ﬁlwﬁ B,LB,) (40)
1 2
By = ——<2——(B,LB, + B,LBy) (41)

BiL%+ BL?

Substituting Egs. (40)-(41) into Egs. |389) yields,

|
o

(42)

|
o

(43)
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where

: - ksB,L - :
A = —BiLzsmﬁlL + k23,LcosB;L 3—ﬁl(—ﬁszcosﬁlL— k2B;Lsing,;L)

R+ B
kB, L ) _ _
+ ————(BL%coshB,L + kzB,LsinhB,L) (44)

BiL% + BaL?

_ - ksB,L - _
Ag = BLsinhB,L + koB,LcoshB,L — ;#2(— BiL cosB,L — k2B,LsinB,L)
) L%+ BL

+ ——"2—— (L °coshB,L + kaB,LsinhB,L) (45)

LY+ BoL?

_ ka8, L _
A, = — BL3cosB,L — kysing,L 3—ﬁl(ﬁfL3$inﬁlL—klsinﬁlL)

R+ B
k3B, L 3 _
+ ——F (B3 %sinhB,L — kicoshB,L) (46)

BiL + BoL?

__ksB,L
L+ BoL?
k3ﬁ2|_

+ ——2— (B3 %sinhB,L — kicoshB,L) (47)

L+ BoL?

The existence for the non-trivial solutionsByfandB, requires:

Ag = BoL3coshB,L — kisinhB,L (BL%sinB,L — kising,L)

AsAg—DghA; = 0 (48)
. _ Awil®  _ AcsL*
The non-dimensional frequencieg = P Ell angl = P I;)IZ , as well as the non-dimensional

values of follower force® = P/ P,, , wherB,, = 7PEI/L® is Euler buckling load, are defined for
the following numerical simulations.

The procedure for obtaining the flutter or buckling capacity of the beam by the follower force will
be explained below. For a given follower forieethe first two resonant frequencies and w, can
be obtained from Eq. (48). There is, however, a definite value of the follower force at which the
values ofw, andw, approach each other (Timoshenko and Gere 1961). We define the definite value
of the follower force as the flutter capacity of this beam structure. On the other hand, we define the
value of the follower force as the buckling capacity of the structure at which the valyeesiches
zero. In fact, the buckling analysis of the beam by the follower force has already been obtained
theoretically in the prior section.
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Table 1 The comparison of the capacities of the follower force for the flutter and buckling of the beam

ks = o ks =0
Spring stiffness  ki=k;=0 ki=wky=e  kj=wk,=0  k;=0ky=o0  ki=o0k;=0 Kkj=ook,=oo
Instability Flutter Buckling Buckling Buckling Buckling Buckling
P from Timoshenko  2.035 4.000 2.050 1.000 1.000 2.050
and Gere (1961)
P from the paper 2.040 3.990 2.070 0.990 0.990 2.070

3.2 Validation of the presented formulae

Table 1 lists the flutter and buckling capacities of the beam discussed above with some standarc
boundary conditions. From this table, the capacities of the follower force for the beams with pinned-
pinned, fixed-free, fixed-pinned, fixed-fixed, and fixed-sliding ends are derived from the current
research paper and the monograph by Timoshenko and Gere (1961). This is for the purpose o
validation. It can be seen that the results coincide with each other well. The differences for all the
cases based on the current calculations and the solution in the monograph are within 1%.

3.3 Capacity of the follower force for stability analysis of the beam

The capacities will be derived and discussed below for different scenarios. The derivation of the

Table 2 The capacities of the non-dimensional follower fdce Ksat 0

K1
250 5.00 7.50 10.00 12.50 15.00 17.50 20.00 22.50 25.00 27.50 30.00 32.50 35.00 37.50 40.00 42.50 45.00 47.50 50.00

k2

0.00 0.78 090 096 0.96 096 0.96 0.96 096 0.96 096 096 0.96 096 096 1.02 1.02 102 102 1.02 1.02
200 048 0.72 084 09 102 108 108 114 114 114 114 120 120 120 120 120 120 120 120 1.26
400 042 066 084 096 102 108 114 120 120 126 126 126 132 132 132 132 132 138 138 138
6.00 042 0.66 0.78 0.9 1.02 114 120 126 1.26 132 132 138 138 138 144 144 144 144 144 144
800 042 060 078 096 108 1.14 120 126 1.32 138 138 144 144 144 150 150 150 150 150 150
1000 042 060 0.78 096 108 114 126 132 138 138 144 144 150 150 150 156 156 156 156 1.56
1200 042 060 0.78 096 108 120 126 132 138 144 144 150 150 156 156 156 156 162 1.62 1.62
1400 042 060 0.78 096 108 120 126 132 138 144 150 150 156 156 156 162 162 162 1.62 1.62
16.00 042 060 0.78 096 108 120 126 132 138 144 150 156 156 156 162 162 162 162 1.68 1.68
18.00 042 060 0.78 096 108 120 126 138 144 150 150 156 156 162 162 162 168 168 1.68 1.68
20.00 042 060 0.78 096 1.08 120 1.32 138 144 150 150 15 162 162 162 168 168 168 168 1.68
2200 042 060 0.78 09 1.08 120 1.32 138 144 150 156 156 162 162 168 168 168 168 174 174
2400 036 0.60 0.78 0.9 1.08 120 1.32 138 144 150 156 15 162 162 168 168 168 174 174 174
26.00 0.36 0.60 0.78 0.9 1.08 120 1.32 138 144 150 156 162 162 168 168 168 174 174 174 174
28.00 0.36 0.60 0.78 0.9 1.08 120 1.32 138 144 150 156 162 162 168 168 168 174 174 174 174
30.00 0.36 0.60 0.78 0.96 1.08 120 132 138 150 150 156 162 162 168 168 174 174 174 174 174
3200 036 0.60 0.78 0.96 1.08 120 132 138 150 156 156 1.62 168 168 168 174 174 174 1.74 180
3400 036 0.60 0.78 0.96 1.08 120 132 144 150 156 156 162 168 168 168 174 174 174 180 1.80
36.00 036 0.60 0.78 0.96 1.08 120 132 144 150 156 162 162 168 168 174 174 174 174 180 180
38.00 0.36 0.60 0.78 0.96 1.08 120 132 144 150 156 162 162 168 168 174 174 174 180 1.80 1.80
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following results may be used as benchmark for the stability analysis and control of beam
structures.

3.3.1 Capacity of the follower force at ks = 0 B _
Table 2 lists the capacities of the non-dimensional follower fétce ksat O . The first row

represents the variation df1 , whereas the first column stand&.for . This distribution of the
capacities is also plotted in Fig. 2(a). As indicated in section 2, the form of the instability of the
beam for this case is buckling solely. This conclusion can also be viewed from the smooth surface
in Fig. 2(a). The variations of the first two frequencies at the pakiof> as (10,0.5) and (10,1.5)
are shown in Fig. 2(b) and Fig. 2(c) respectively. The buckling loads are again dleatiated

from the values of the non-dimensional followerc at which the first frequencies approach zero.

W G0E+00-1.BOE+0D
B0 ADE #0-1 608 400
W1 20E+D0-1.40E+00
B D0E0-1, T0E 400
W BEA01-1 DHER
06 00E-]1-8 00E-01
014 008 0 1-8 D0E-1
W2 00E]1-4 00E-01
11 OO - 2000 <0

Cagatily

LT g~

= OF

i
Fig. 2(a) The distribution of the capacities of the follower forcKat 0

60 450
— 15l
— It frequency
frequency 80
T 2nd Znd
freguancy 5, lrequenscy
i 2270
i E
3 1A [
g g
|.E e 180
ai
an
i l_h"“\ : : ) 0 - 1 =8 :
o 1 z 3 1 ] 1] 1 2 3 4 =)

Mo n-dirensbenal Tollowar Tanca Mon-dimensicnal followaer force

Fig. 2(b) Variation of the first two frequencies at Fig.
(10,0.5)

2(c) Variation of the first two frequencies a
(10,1.5)
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3.3.2 Capacity of the follower force at ks = 2 o

Table 3 lists the capacities of the non-dimensional follower fé¥ce ksat 2 . The distribution
of the capacities is plotted in Fig. 3(a), from which the abrupt changes in the surface are found
around the corner of the co-ordinate system. This portion of irregular changes represents the regior
in which only flutter governs the form of the instability of theatn, and hence, beyond this region
the instability of the beam is in the form of buckling. This region is explicitly illustrated in Fig. 3(b). It
is shown that the region covers an approximagetangular portion betwee®<k;<8 and

Table 3 The capacities of the non-dimensional follower fd?ce Kaat 2

K1

c 2,50 5.00 7.50 10.00 12.50 15.00 17.50 20.00 22.50 25.00 27.50 30.00 32.50 35.00 37.50 40.00 42.50 45.00
2

0.00 1.86 2.10 240 180 168 156 1.56 150 150 144 144 144 144 138 138 1.38 1.38 1.38
200 120 144 156 156 162 162 162 162 162 162 162 162 162 168 168 168 1.68 1.68
400 090 120 1.38 150 156 1.62 1.68 168 1.74 174 174 180 1.80 180 1.80 1.80 1.80 1.80
6.00 0.84 1.08 1.26 144 156 162 168 174 180 180 186 186 186 186 192 192 192 192
8.00 0.78 1.02 1.26 144 156 168 174 180 186 186 192 192 192 198 198 198 198 1.98
10.00 0.78 1.02 1.20 138 156 168 1.74 180 186 192 192 198 198 204 204 204 204 204
12.00 0.72 0.96 120 138 156 168 1.74 186 192 192 198 198 204 204 204 210 210 210
1400 0.72 096 120 138 156 168 174 186 192 198 198 204 204 210 210 210 210 2.16
16.00 0.72 0.96 120 138 150 168 180 186 192 198 204 204 210 210 216 216 216 2.16
18.00 0.72 096 1.14 138 150 168 180 186 192 198 204 210 210 216 216 216 216 222
20.00 0.72 096 1.14 1.38 150 1.68 1.80 1.86 1.98 2.04 2.04 210 216 216 216 222 222 222
22.00 0.72 096 1.14 132 150 1.68 1.80 1.92 198 2.04 210 210 216 216 222 222 222 222
24.00 0.72 096 1.14 1.32 150 1.68 1.80 1.92 198 2.04 210 216 216 216 222 222 222 228
26.00 0.72 096 1.14 1.32 150 1.68 1.80 1.92 1.98 2.04 210 216 216 222 222 222 228 2.28
28.00 0.72 096 1.14 1.32 150 1.68 1.80 1.92 1.98 2.04 210 216 216 222 222 228 228 2.28
30.00 0.72 096 114 132 150 1.68 180 1.92 1.98 210 210 216 222 222 222 228 228 2.28
32.00 0.72 090 114 132 150 1.68 180 1.92 204 210 216 216 222 222 228 228 228 2.28
34.00 0.72 090 114 132 150 1.68 1.80 1.92 204 210 216 216 222 222 228 228 228 2.28
36.00 0.72 090 1.14 132 150 1.68 180 1.92 204 210 216 222 222 228 228 228 228 234
38.00 0.72 090 1.14 132 150 1.68 1.80 1.92 204 210 216 222 222 228 228 228 234 234
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0<kz<2. Therefore, in Table 3, the shaded parts represent the capacities of the follower force for
flutter of the ®am. To further illustrate thebave dedhrations, the variations of the first two
frequencies for three pairs &fi-k> , i.e. (5,1), (15,1), and (5,2.5) dotted in Fig. 3(b), are plotted in
Figs. 3(c)-(e). In Fig. 3(c), the firsivo frequencies coalesce arouRd= 2.23  , which shows that at
this point the beam fails only by flutter. On the other hand, in Figs. 3(d) and 3(e), the first
frequencies approach zero first, which indicates that the buckling is the form of the instability at the
two pairs of theki-k2 . The capacities for the two camesaround® = 1.61 and® = 1.40 read

from the figures.
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3.3.3 Capacity of the follower force at ks = 5 o

Table 4 lists the capacities of the non-dimensional follower fé¥ce kzat 5 . The distribution
of the capacities is similarly plotted in Fig. 4(a). The abrupt changes in the surface are investigated
as well in the figure. The transition curve for diffntiating the two forms of the insti#tly of the
beam is shown in Fig. 4(b) iki-k>  co-ordinate system. Under this curve the instability is in the

Table 4 The capacities of the non-dimensional follower fd?ce Ksat 5

K1

< 250 5.00 7.50 10.00 12.50 15.00 17.50 20.00 22.50 25.00 27.50 30.00 32.50 35.00 37.50 40.00 42.50 45.00
2

0.00 186 198 216 2.34 258 282 234 216 204 192 192 186 180 180 180 1.74 174 1.74
2.00 228 234 246 258 270 2.88 228 222 216 210 210 210 210 2.04 204 204 204 204
400 138 1.7¢ 258 270 222 222 222 222 222 222 222 222 222 222 222 222 222 222
6.00 1.14 144 168 192 204 216 222 222 228 228 228 228 234 234 234 234 234 234
8.00 108 132 162 180 198 210 222 228 228 234 234 240 240 240 240 240 240 240
10.00 1.02 132 156 1.74 192 204 216 228 234 234 240 240 246 246 246 246 246 246
12.00 1.02 126 150 168 192 204 216 228 234 240 246 246 246 252 252 252 252 252
1400 096 120 144 168 186 204 216 228 234 240 246 252 252 252 258 258 258 258
16.00 096 120 144 168 186 204 216 228 240 246 246 252 252 258 258 258 258 264
18.00 096 120 144 162 186 204 216 228 240 246 252 252 258 258 264 264 264 264
20.00 096 120 144 162 180 198 216 228 240 246 252 258 258 264 264 264 264 264
22.00 096 120 138 162 180 198 216 228 240 246 252 258 264 264 264 270 270 270
2400 096 114 138 162 180 198 216 228 240 252 258 258 264 264 270 270 270 270
26.00 090 114 138 162 180 198 216 228 240 252 258 264 264 270 270 270 270 270
28.00 090 114 138 162 180 198 216 228 240 252 258 264 264 270 270 270 270 2.76
30.00 090 114 138 1.62 180 198 216 228 240 252 258 264 270 270 270 276 276 276
32.00 090 114 138 156 1.80 198 216 228 240 252 258 264 270 270 270 276 276 276
34.00 090 114 138 156 1.80 198 216 228 240 252 258 264 270 270 276 276 276 276
36.00 090 114 138 156 1.80 198 216 228 246 252 258 264 270 270 276 276 276 276
38.00 0.90 114 138 156 1.80 198 216 228 246 252 264 264 270 276 276 276 276 2.82
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form of flutter, otherwise, the buckling will be the only form of the instabilityadcordance with

the above statements, in Table 4, the cdéipacfor flutter type of instabilityare again shaded with

grey colour to differentiate them from others for buckling instability. Similarly, the variation of
frequencies at three pairs &f-k, , i.e. (10,3), (10,5.5), and (25,3) dotted in Fig. 4(b), are shown in
Figs. 4(c)-(e). The capacity for flutter is read clearly from Fig. 4(c) as the two frequencies coalesce
at P=2.61. The capacities for buckling are also read from Figs. 4(d)-(e) since tawdhigures

the first frequencies approach zeroPet 2.07 & 2.20 respectively.
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3.3.4 Capacity of the follower force at ks = 10 L

Table 5 lists the capacities of the non-dimensional follower fé¥ce ksat 10 . From Fig. 5(a)
which shows the distribution of the capacities, it shows that the region of the irregularity is enlarged.
This phenomenon can also be viewed from Fig. 5(c), in which the transition curve forféhentif

Table 5 The capacities of the non-dimensional follower fd?ce Ksat 10

K1

X 2,50 5.00 7.50 10.00 12.50 15.00 17.50 20.00 22.50 25.00 27.50 30.00 32.50 35.00 37.50 40.00 42.50 45.00
2

0.00 192 2.04 216 234 252 270 2.88 3.06 3.24 258 240 228 222 216 210 210 204 204
2.00 240 246 252 2.64 276 2.82 294 3.06 3.24 264 258 252 246 240 240 240 234 234
400 258 2.64 270 2.76 2.88 294 3.00 3.12 324 270 264 264 258 258 258 258 258 252
6.00 138 1.74 21 2.88 294 3.00 3.06 3.12 282 276 270 270 270 270 270 270 270 270
8.00 126 156 186 210 234 252 270 276 276 276 276 276 276 276 276 276 276 2.76
10.00 1.20 150 1.74 198 222 240 252 264 276 276 282 282 282 282 282 282 282 282
1200 1.14 144 168 192 210 234 246 264 270 276 282 282 288 288 288 288 288 288
1400 1.14 138 1.62 186 210 228 246 258 270 276 282 288 288 288 294 294 294 294
16.00 1.14 1.38 1.62 186 204 222 240 258 270 282 288 288 294 294 294 294 294 3.00
18.00 1.08 1.32 156 180 204 222 240 258 270 282 288 294 294 294 3.00 3.00 3.00 3.00
20.00 1.08 1.32 156 1.80 198 222 240 258 270 282 288 294 294 3.00 3.00 3.00 3.00 3.06
22.00 108 1.32 156 180 198 216 240 252 270 282 288 294 3.00 3.00 3.00 3.06 3.06 3.06
2400 108 1.32 156 174 198 216 234 252 270 282 288 294 3.00 3.00 3.06 3.06 3.06 3.06
26.00 108 1.32 156 174 198 216 234 252 270 282 288 3.00 3.00 3.06 3.06 3.06 3.06 3.12
28.00 108 1.32 150 1.74 198 216 234 252 270 282 294 3.00 3.00 3.06 3.06 3.06 3.12 3.12
30.00 1.08 126 150 1.74 192 216 234 252 270 282 294 3.00 3.06 3.06 3.06 312 312 312
32.00 102 126 150 1.74 192 216 234 252 270 282 294 3.00 3.06 3.06 312 312 312 312
34.00 102 126 150 1.74 192 216 234 252 270 282 294 300 3.06 312 312 312 312 312
36.00 1.02 126 150 1.74 192 216 234 252 270 282 294 300 3.06 312 312 312 312 318
38.00 1.02 126 150 1.74 192 210 234 252 270 282 294 3.00 3.06 312 312 312 318 318
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forms of the instability is drawn. The enlarged region for flutter is also reflected from the shaded
portion in Table 5. The pair dki-k,  at (15, 6) is under the curve indicating that the instability at
this point is in the form of flutter. The variation of the frequencies at this point is shown in Fig. 5(c),
in which the flutter capacity is read &=3.00 . The other two pairs at (15,11) and (30,6) are
outside the curve, and hence the buckling capacities cagaldefrom Fig. 5(d)-(e) aB=2.44 and
P=2.70.
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3.3.5 Capacity of the follower force at ks = 20

Again, the capacities of the follower force for flutter buckling of the beam is listed in Table 6 and
their distribution is plotted in Fig.(&). Similar observation is obtained that the shaded portion in
Table 6 is enlarged as well. The transition curve to differentiate the forms ofilitysiabshown in

Table 6 The capacities of the non-dimensional follower fd?ce Ksat 20

K1

< 2,50 5.00 7.50 10.00 12.50 15.00 17.50 20.00 22.50 25.00 27.50 30.00 32.50 35.00 37.50 40.00 42.50 45.00
2

0.00 198 2.10 222 234 252 270 2.82 3.00 3.18 3.30 3.48 2.76 258 252 240 234 234 228
2.00 252 258 2.64 2.70 282 294 3.00 3.12 3.24 3.36 348 294 282 276 270 264 264 264
400 276 2.76 2.82 2.88 294 3.06 3.12 3.18 3.30 3.36 3.48 3.06 294 2.88 2.88 2.82 282 282
6.00 156 1.9¢ 2.94 3.00 3.06 3.12 3.18 3.24 3.30 3.36 348 3.12 3.06 3.00 3.00 294 294 294
8.00 138 168 198 2z 3.12 3.18 324 330 3.36 3.42 348 312 312 3.06 3.06 3.06 3.06 3.06
10.00 1.32 1.62 186 210 234 2 324 330 3.36 342 348 3.18 3.12 3.12 3.12 312 312 3.12
12.00 1.26 156 180 204 228 246 270 : 336 342 318 318 318 318 3.18 318 3.18 3.18
1400 1.26 150 1.74 198 222 240 264 282 300 312 318 318 318 318 318 3.18 3.18 3.18
16.00 1.20 1.44 168 192 216 234 258 276 294 3.06 3.18 3.18 324 324 324 324 324 324
18.00 1.20 1.44 168 192 210 234 252 270 288 3.06 312 318 324 324 324 330 330 3.30
20.00 120 144 168 186 210 228 252 270 288 3.00 3.12 324 324 330 3.30 3.30 3.30 3.30
22.00 114 144 162 186 210 228 246 270 282 3.00 3.12 324 324 330 3.30 3.30 3.30 3.30
2400 114 138 162 186 2.04 228 246 264 282 3.00 3.12 324 330 3.30 3.30 3.36 3.36 3.36
26.00 114 138 162 186 2.04 228 246 264 282 3.00 3.12 324 330 3.30 3.36 3.36 3.36 3.36
28.00 114 138 162 180 2.04 222 246 264 282 3.00 3.12 324 330 3.36 3.36 3.36 3.36 3.36
30.00 114 138 162 1.80 204 222 246 264 282 294 312 324 330 336 336 336 342 342
32.00 114 138 162 180 204 222 240 264 282 294 312 324 330 336 336 342 342 342
34.00 114 138 156 1.80 204 222 240 258 282 294 312 324 330 336 342 342 342 342
36.00 114 138 156 1.80 198 222 240 258 276 294 312 324 330 336 342 342 342 342
38.00 114 138 156 1.80 198 222 240 258 276 294 312 324 336 336 342 342 342 342
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Fig. 6(b). Omitting the repeated descriptions for the Figs. 6(c)-(e), we just list the capacities of the
follower force at the pairs oki-k. at (20,10), (20,23), and (35,109 &s3.30 for flutter capacity,
P=2.70 andP =3.12 for buckling capacities respectively.

3.3.6 Capacity of the follower force at ks = 40

The transition curve is plotted in Fig. 7(b). From the comparison of this figure with Fig. 1(c) for
the transition curve aks = o , it shows that the resultskat= 40 can be viewed as the
asymptotic ones for very large valueslaf . The capacities of the follower force for the instability
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Table 7 The capacities of the non-dimensional follower fd?ce Ksat 40

K1

X 250 5.00 7.50 10.00 12.50 15.00 17.50 20.00 22.50 25.00 27.50 30.00 32.50 35.00 37.50 40.00 42.50 45.00
2

0.00 2.04 2.16 2.28 240 258 2.70 2.88 3.00 3.18 3.36 3.48 3.60 2.94 276 2.64 258 252 246

2.00 258 264 270 282 288 3.00 3.06 3.18 3.30 3.36 3.48 3.60 3.12 3.00 2.88 2.82 2.82 276

400 282 288 294 3.00 3.06 3.12 3.18 3.24 3.36 342 354 360 3.24 3.12 3.06 3.00 3.00 294

6.00 168 21(3.06 3.12 3.12 3.18 3.24 3.30 3.36 3.48 354 3.60 3.30 3.24 3.18 3.12 3.12 3.12

8.00 144 180 2.10 24 3.24 324 3.30 3.36 3.42 3.48 354 3.60 3.36 3.30 3.24 324 3.18 3.8
10.00 1.38 1.68 192 222 2. 270 3.36 3.42 342 348 354 366 342 330 330 330 330 324
12.00 1.32 162 1.8 210 234 2 276 3.42 348 354 3.60 3.66 3.42 336 336 3.36 3.36 3.30
1400 1.32 156 1.80 204 228 246 270 : 3.12 354 3.60 3.66 3.42 342 336 336 3.36 3.36
16.00 1.26 150 1.74 198 222 240 264 282 318 3.60 3.66 3.42 342 342 342 342 342
18.00 1.26 150 1.74 198 216 240 258 276 294 3.30 342 342 342 342 342 342 342
20.00 126 150 1.68 1.92 216 234 258 276 294 312 3.36 342 348 348 348 348 348
22.00 120 144 168 192 210 234 252 270 288 3.06 324 336 342 3.48 3.48 3.48 3.48 3.48
2400 120 144 168 192 210 234 252 270 288 3.06 324 3.36 342 3.48 3.48 3.48 354 354
26.00 120 144 168 186 210 228 252 270 288 3.06 324 3.36 342 348 354 354 354 354
28.00 120 144 168 186 210 228 246 270 288 3.06 3.18 3.36 3.42 3.48 354 354 354 354
30.00 1.20 144 162 186 210 228 246 264 288 3.00 3.18 336 348 354 354 354 354 354
32.00 120 144 162 186 204 228 246 264 282 3.00 3.18 336 348 354 354 354 3.60 3.60
34.00 120 138 162 186 204 228 246 264 282 3.00 3.18 336 348 354 354 360 3.60 3.60
36.00 1.20 138 162 1.86 204 228 246 264 282 3.00 318 330 348 354 3.60 3.60 3.60 3.60
38.00 1.20 138 162 1.86 204 222 246 264 282 3.00 318 330 348 354 360 3.60 3.60 3.60
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of the beam and their distribution are shown in Table 7 and Fig. 7(a). From the top view of Fig. 7(a),
some observationare invetigated as follows. For the domain of the co-existence of the two
instability forms whenk, <34.8 , the capacities for fluttecri@ase with the increase & . Then
there is an abrupt decrease for the capacity around the transitmrfrpm flutter to buckling. For
example atki-k2 of (0, 4.6), Fig. 7(a) shows an abrupt drop of the capacity. After this transition
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point, the buckling capacities dease smoothly and finally come to the asymptotic solution. Things
become different after the co-existence region of the two instability regions. Wire4.8 , only
buckling governs the instability form. The capacitiesréase smoothly with increase & , and
finally come to asymptotic results. Similar observatiams also found in Figs. 3(a)-6(a) for the
distributions of the capacities of followerrée. Three pairs oki-k; at (25,15), (25,25), and
(40,15) are dotted in Figs. 7(c)-(e). The flutter capacity for the follower force at (25,15) is read as
P = 3.54, and the buckling capacities at (25,25) and (40,15P&ax3.08 Pand.40
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4. Conclusions

The paper studies the flutter and buckling analysis of a general beam structure subjected to &
static follower foce. The analytical solutions for theutier and buckling capacities versus the
different spring stiffness are obtained. The transition surface for the differentiation of flutter and
buckling of the beam is obtained with respect to the stiffness of the springs. The capacities of the
follower force for the flutter and buckling of thedm are obtained by studying the variations of the
first two frequencies of the beam structure. The phenomena of the abrupt change in the capacity
distributionsare found to be the indicators of the boundary of flutter and buckling of the beam.

This research may be used as a benchmark for the flutter and buckling analysis of beams. The
phenomenon of co-existence of flutter and buckling in themgémeam structure is important in the
stability analysis of structures. The potential of theeaesh is in the stdllily design and control of
the structures.
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