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4XDQIHQJ :DQJ†

'HSDUWPHQW RI &LYLO (QJLQHHULQJ� 1DWLRQDO +XDTLDR 8QLYHUVLW\� 4XDQ]KRX ������� )XMLDQ� &KLQD

$EVWUDFW� ,Q WKLV SDSHU� D FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ EHDPV LV GLVFUHWL]HG DQG PRGHOHG
DV DQ HTXLYDOHQW WKLQ�ZDOOHG PHPEHU ZLWK FORVHG VHFWLRQ� ZKLOH WKH FRQQHFWLQJ EHDPV EHWZHHQ RSHQLQJV
DUH UHSODFHG E\ DQ HTXLYDOHQW VKHDU GLDSKUDJP� 7KHQ� D QXPHULFDO PHWKRG �ILQLWH PHPEHU HOHPHQW PHWKRG�
)0(0� IRU G\QDPLF DQDO\VLV RI WKH FRUH ZDOO VWUXFWXUH LV SURSRVHG� 7KH QXPHULFDO PHWKRG FRPELQHV WKH
DGYDQWDJHV RI WKH )0(0 DQG 9ODVRY©V WKLQ�ZDOOHG EHDP WKHRU\ DQG WKH HIIHFWV RI WRUVLRQ� ZDUSLQJ DQG�
HVSHFLDOO\� WKH VKHDULQJ VWUDLQV LQ WKH PLGGOH VXUIDFH RI WKH ZDOOV DUH FRQVLGHUHG� 7KH UHVXOWV SUHVHQWHG LQ
WKLV SDSHU DUH YHU\ SURPLVLQJ FRPSDUHG ZLWK WKH RQHV REWDLQHG IURP ILQLWH HOHPHQW PHWKRG�

.H\ ZRUGV� WKLQ�ZDOOHG FORVHG FURVV VHFWLRQ� ILQLWH PHPEHU HOHPHQW� ZDUSLQJ� YLEUDWLRQ�

�� ,QWURGXFWLRQ

&RUH ZDOOV DUH IUHTXHQWO\ XVHG LQ WDOO EXLOGLQJV WR SURYLGH ODWHUDO UHVLVWDQFH� 6KHDU ZDOOV

GLVWULEXWHG DURXQG WKH VWUXFWXUH DQG FRXSOHG ZLWK IORRUV PD\ FRQVWLWXWH D FRUH VWUXFWXUH� RU D KDOORZ

WKUHH�GLPHQVLRQDO VWUXFWXUH� VXFK DV DQ HOHYDWRU VKDIW� DFW DV D FRUH ZDOO� 7KHVH FRUH ZDOO VWUXFWXUHV

DUH RIWHQ FDOOHG XSRQ WR FDUU\ DOVR WRUTXH� UHVXOWLQJ IURP HLWKHU GHVLJQHG RU DFFLGHQWDO HFFHQWULFLW\

EHWZHHQ WKH OLQH RI DFWLRQ RI WKH ODWHUDO IRUFHV DQG WKH D[LV RI ULJLGLW\ RI WKH VWUXFWXUDO V\VWHP� 6XFK

VWUXFWXUHV DUH W\SLFDOO\ LGHDOL]HG DV WKLQ�ZDOOHG PHPEHUV WKDW H[KLELW VLJQLILFDQW RXW�SODQH ZDUSLQJ

GXH WR WRUVLRQ� 7KH WRUVLRQDO UHVSRQVH RI WKH FRUH ZDOO VWUXFWXUH OLHV EHWZHHQ WKDW RI D FDQWLOHYHU

EHDP ZLWK DQ RSHQ FURVV VHFWLRQ� ZKLFK LV FRQWUROOHG E\ IOH[XUDO DQG WRUVLRQDO FRXSOH� DQG WKDW RI D

FORVHG FURVV VHFWLRQ WKDW LV FRQWUROOHG E\ VKHDU�WRUVLRQDO FRXSOH� GHSHQGLQJ RQ WKH VWLIIQHVV RI WKH

FRQQHFWLQJ EHDPV� 7KHVH WZR WUDGLWLRQDO SURFHGXUHV SURYLGH UHOLDEOH UHVXOWV RQO\ IRU WKH H[WUHPH

FDVHV� H�J�� HLWKHU YHU\ IOH[LEOH RU YHU\ VWLII FRQQHFWLQJ EHDPV� +RZHYHU� WKH\ FDQ QRW GHVFULEH

DGHTXDWHO\ WKH EHKDYLRXU RI FRUH ZDOOV ZLWK PRGHUDWHO\ VWLII FRQQHFWLQJ EHDPV� ZKHUH EHQGLQJ DQG

VKHDU LQ WKH FRUH ZDOOV DUH RI HTXDO LPSRUWDQFH� 6HYHUDO PHWKRGV ZHUH GHYHORSHG WR GHDO ZLWK WKH

WRUVLRQDO UHVSRQVH RI D FRUH ZDOO VWUXFWXUH GXULQJ WKH ODVW WZR GHFDGHV �&KDQ DQG .XDQJ �����

+HLGHEUHFKW DQG 6WDIIRUG�6PLWK ����� .KDQ DQG 6WDIIRUG�6PLWK ����� /LDXZ ����� /LDXZ DQG /XN

����� 5RVPDQ ����� 5XWHQEHUJ DQG 7VR ����� 6WDIIRUG�6PLWK DQG 7DUDQDWK ����� 6XPHU DQG $VNDU

����� 7VR DQG %LVZDV ����� WR LQYHVWLJDWH WKH EHKDYLRXU RI EDWWHQHG RSHQ VHFWLRQ VWUXFWXUHV

VXEMHFWHG WR DSSOLHG WZLVWLQJ PRPHQW� %XW D IHZ DWWHPSWV KDYH EHHQ PDGH WR WUHDW WKH G\QDPLF

SUREOHP RQ WKH EDVLV RI FRPSXWHU DQDO\VLV� 8UJHQW SUDFWLFDO UHTXLUHPHQWV KDYH JLYHQ ULVH LQ UHFHQW

\HDUV WR H[WHQVLYH LQYHVWLJDWLRQV� ERWK WKHRUHWLFDO DQG H[SHULPHQWDO� RI G\QDPLF DQDO\VLV RI WKH WKLQ�
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ZDOOHG VWUXFWXUDO PHPEHUV� 6RPH FORVHG�IRUP VROXWLRQV IRU VPDOO DPSOLWXGH YLEUDWLRQV RI VXFK

PHPEHUV ZHUH SXEOLVKHG E\ 9ODVRY ������ DQG 7LPRVKHQNR HW DO� ������� 8VHIXO H[SOLFLW IRUPXODH

WR GHWHUPLQH WKH ORZHVW QDWXUDO IOH[XUDO DQG WRUVLRQDO IUHTXHQFLHV IRU WKLQ�ZDOOHG PHPEHUV ZLWK

RSHQ DQG�RU FORVHG FURVV VHFWLRQ FDQ DOVR EH IRXQG LQ RWKHU SXEOLFDWLRQV �+HLGHEUHFKL DQG

5DYLQGRUD ����� 5REHUW ����� DQG :HDYHU DQG -RKQVWRQ ������ +RZHYHU� WKH VKHDU GHIRUPDWLRQ LQ

WKH PLGGOH VXUIDFH RI WKH ZDOOV FDQ QRW EH LQFRUSRUDWHG FRUUHFWO\ LQ WKH PHWKRGV DV SUHVHQWHG�

&RQVHTXHQWO\� WKH UHVXOWV REWDLQHG IURP WKH DERYH VWXGLHV PD\ QRW UHSUHVHQW WKH WUXH EHKDYLRXU� 1R

VLPSOH WKHRU\ FRPSDUDEOH WR WKH 7LPRVKHQNR RU 9ODVRY WKHRU\ KDV EHHQ GHYHORSHG WR GHDO ZLWK

VKHDU ODJ �*MHOVYLN ������ $PRQJ WKH SUHYLRXV PHWKRGV IRU G\QDPLF DQDO\VLV� WKH ILQLWH HOHPHQW

PHWKRG LV ZLGHO\ XVHG IRU WKH YLEUDWLRQ DQDO\VLV RI VWUXFWXUHV LQFOXGLQJ WKLQ�ZDOOHG VWUXFWXUHV

�*HOOLQ DQG /HH ����� DQG .UDMFLQRYLF ������ %XW� ILQLWH HOHPHQW DQDO\VLV RI VXFK VWUXFWXUHV DUH

TXLWH H[SHQVLYH� HYHQ ZKHQ SODQDU IRUPXODWLRQ LV DGRSWHG �5XWHQEHUJ DQG (LVHQEHUJHU ������ DQG

XQOHVV YHU\ ILQH PHVKHV DUH XVHG� WKH\ DUH QRW OLNHO\ WR EH PRUH DFFXUDWH WKDQ VRPH RI WKH

FRQWLQXXP PHWKRGV� ,Q WKLV VWXG\� FRQQHFWLQJ EHDPV DUH UHSODFHG E\ HTXLYDOHQW FRQWLQXXP RI RQH

VWRUH\ KHLJKW� 7KXV� WKH VWUXFWXUH UHVHPEOHV D FORVHG VHFWLRQ� D PRQR�V\PPHWULF FRUH ZDOO VWUXFWXUH

FRXSOHG ZLWK FRQQHFWLQJ EHDPV DW IORRU OHYHOV ZLOO EH DQDO\]HG E\ XVLQJ ILQLWH PHPEHU HOHPHQW

PHWKRG �)0(0� LQ ZKLFK WKH HIIHFWV RI WRUVLRQ� ZDUSLQJ DQG� HVSHFLDOO\� WKH VKHDULQJ VWUDLQ LQ WKH

PLGGOH VXUIDFH RI WKH ZDOOV DUH WDNHQ LQWR DFFRXQW� 7KH )0(0� FRQVLGHUHG DV D VHPL�DQDO\WLFDO

PHWKRG� KDV SURYHG WR EH DQ HIILFLHQW PHWKRG IRU WKH EXFNOLQJ DQDO\VLV RI WKLQ�ZDOOHG PHPEHUV ZLWK

DUELWUDU\ FURVV VHFWLRQV �:DQJ ������ LQ ZKLFK WKH PHPEHU LV GLVFUHWL]HG LQ RQH GLUHFWLRQ RQO\� %\

XVLQJ D RQH�ZD\ JHRPHWULF GLVFUHWL]DWLRQ� WKH )0(0 UHGXFHV D WZR�GLPHQVLRQDO SUREOHP WR D RQH�

GLPHQVLRQDO SUREOHP� 7KLV GLVFUHWL]DWLRQ UHVXOWV LQ IHZHU HTXDWLRQV ZLWK D VPDOO KDOI�EDQGZLGWK DQG

JUHDWHU FRPSXWDWLRQDO HIILFLHQF\ WKDQ WKH ILQLWH HOHPHQW PHWKRG� 7KH UHVXOWV EDVHG RQ WKH SURSRVHG

PHWKRG DUH FRPSDUHG ZLWK WKH VROXWLRQ RI WKH FRUH ZDOO ZLWK V\PPHWULFDO FURVV VHFWLRQ� ZKLFK LV

SUHVHQWHG E\ 9DVTXH] 	 5LGGHOO ������� ,Q WKH SDSHU� RQO\ RQH RI WZR 9ODVRY© DVVXPSWLRQV� L�H��

¦ULJLG FURVV VHFWLRQ§ LV UHWDLQHG ZKLOH QR VKHDULQJ VWUDLQ LQ WKH PLGGOH VXUIDFH RI ZDOOV LV

DEDQGRQHG�

�� $VVXPSWLRQV

7KH IROORZLQJ IRUPXODWLRQ RI WKH SUREOHP LV EDVHG RQ VHYHUDO VLPSOLI\LQJ DVVXPSWLRQV WKDW DSSHDU

WR EH DTXLWH UHDOLVWLF� ��� 7KH FRUH ZDOO LV PRGHOOHG DV D SULVPDWLF WKLQ�ZDOOHG EHDP� ��� FRQQHFWLQJ

EHDPV FDQ EH UHSODFHG E\ D FRQWLQXXP ZLWK HTXLYDOHQW WKLFNQHVV� ��� WKH FURVV VHFWLRQ DORQJ WKH

KHLJKW LV FRQVWDQW� DQG ��� WKH IORRU VODE KDV LQ�SODQH ULJLGLW\�

�� $QDO\WLFDO PRGHO

&RQVLGHU D FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ EHDPV ZKLFK UHVWV RQ D ULJLG IRXQGDWLRQ�

DV VKRZQ LQ )LJ� �� LQ ZKLFK D DQG E DUH WKH ZLGWK DQG GHSWK RI WKH FRUH ZDOO� UHVSHFWLYHO\� G DQG O

DUH WKH GHSWK DQG OHQJWK RI D FRQQHFWLQJ EHDP� UHVSHFWLYHO\� + DQG K DUH WKH KHLJKW RI WKH FRUH ZDOO

DQG VWRUH\ KHLJKW� UHVSHFWLYHO\� DQG W LV WKH WKLFNQHVV RI WKH FRUH ZDOO� ,Q DFFRUGDQFH ZLWK SUHYLRXV

ZRUN� WKH EDWWHQHG FURVV VHFWLRQ FDQ EH LGHDOL]HG DV DQ HTXLYDOHQW FORVHG VHFWLRQ E\ UHSODFLQJ WKH

FRQQHFWLQJ EHDPV ZLWK DQ HTXLYDOHQW VKHDU GLDSKUDJP �.KDQ DQG 6WDIIRUG�6PLWK ������ 7KH PRGHO



)UHH YLEUDWLRQ RI FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ EHDPV ���

LQFRUSRUDWHG WZR HIIHFWV QRW SUHYLRXVO\ FRQVLGHUHG LQ WKH OLWHUDWXUH� 7KHVH DUH WKH LQIOXHQFH RI VLGH�

ZDOO GLVWRUWLRQ DQG FRQWLQXRXV VKHDU IORZ DURXQG WKH FRQWRXU� +HUHLQ� WKH WKLFNQHVV RI WKH HTXLYDOHQW

VKHDU GLDSKUDJP LV GHWHUPLQHG� WDNLQJ LQWR DFFRXQW EHQGLQJ DQG VKHDU GHIRUPDWLRQ RI WKH EUDFLQJ

EHDPV� RXW�RI�SODQH EHQGLQJ RI WKH VLGH ZDOOV� DQG FRQWLQXRXV VKHDU IORZ DURXQG WKH FRQWRXU RI WKH

HTXLYDOHQW FORVHG VHFWLRQ� 7R VLPSOLI\ WKH LQLWLDO DQDO\VLV� WKH LQIOXHQFH RI WKH FKDQQHO OLS LV

QHJOHFWHG E\ DVVXPLQJ WKH VSDQ RI WKH EUDFLQJ EHDPV DV HTXDO WR WKH ZLGWK RI WKH FRUH ZDOO� ,I WKH

WKLFNQHVV RI FRUH ZDOO LV FRQVWDQW� WKH WKLFNQHVV RI WKH HTXLYDOHQW VKHDU GLDSKUDJP FDQ EH JLYHQ E\

5REHUWV DQG $FKRXU ������ DV IROORZV�

���

LQ ZKLFK

' LV WKH IOH[XUDO ULJLGLW\ RI D SODWH� ( DQG * DUH <RXQJ©V PRGXOXV DQG VKHDU PRGXOXV� UHVSHFWLYHO\�

DQG ν LV 3RLVVRQ©V UDWLR� +DYLQJ GHWHUPLQHG WR� WKH VHFWLRQ LV LGHDOL]HG DV DQ HTXLYDOHQW FORVHG

VHFWLRQ� DV VKRZQ LQ )LJ� ��

$ SRVVLEOH DSSUR[LPDWH HYDOXDWLRQ RI WKH G\QDPLF FKDUDFWHULVWLFV IRU D FRUH ZDOO ZLWK FRQQHFWLQJ

EHDPV PD\ EH GHULYHG E\ WKH WKLQ�ZDOOHG PHPEHU ZLWK WKH HTXLYDOHQW FORVHG VHFWLRQ�

WR 
&

�
– &

�

�
�&

�
&

�
++

�&�

�������������������������������������������������

&
�
 
K*

�D
������� � &

�
 
&� D �E+( )

D
��������������������������� � &

�
 
%:

�
:%

�
D
�+

%D
�

:+( )�
����������������������������������� % 

(WG
�

� D
�

� � Y+( )DG�+[ ]
������������������������������������������������ �

: ' � � Y–( )G
E
����

�π�
K
�
E

� K G–( )�
����������������������� � Y–( ) �G

�
K
�+( )

K G–( )E
������������������������ �

)LJ� � &RUH ZDOO VWUXFWXUH DQG LWV SODQ



��� 4XDQIHQJ :DQJ

�� (QHUJ\ HTXDWLRQ RI HTXLYDOHQW WKLQ�ZDOOHG PHPEHU

7KH +DPLOWRQ SULQFLSOH LQ YDULDWLRQ IRUP IRU IUHH YLEUDWLRQ FDQ EH H[SUHVVHG DV IROORZV�

���

LQ ZKLFK 8 LV WKH VWUDLQ HQHUJ\ LQGXFHG LQ YLEUDWLRQ� 7 LV WKH FRUUHVSRQGLQJ NLQHWLF HQHUJ\� 7KH

LQWHJUDO LQWHUYDO FDQ EH FKRVHQ DV

W� �� W� �π�ω

LQ ZKLFK ω LV WKH FLUFXODU IUHTXHQF\ RI YLEUDWLRQ�

)RU D FRQWLQXXP� WKH VWUDLQ HQHUJ\ LV JLYHQ E\

���

LQ ZKLFK εL DQG γ DUH WKH QRUPDO DQG WKH VKHDU VWUDLQV� 6LQFH WKH VWUHVV σV LQ WKH WDQJHQW GLUHFWLRQ

DQG WKH VWUHVV σQ LQ WKH QRUPDO GLUHFWLRQ RI WKH FHQWUDO OLQH RI WKH FURVV VHFWLRQ DUH PXFK VPDOOHU

WKDQ WKH ORQJLWXGLQDO VWUHVV σ]� ERWK DUH QHJOFWHG JHQHUDOO\� WKH OLQHDU VROXWLRQ LV WDNHQ WR EH

VXIILFLHQW LQ WKH SUHVHQW DQDO\VLV� 7KH PHPEHU HOHPHQW FRQVLGHUHG LV EDVLFDOO\ RQH�GLPHQVLRQDO

DORQJ WKH ] GLUHFWLRQ� WKH FRPSRQHQWV RI WKH VWUDLQ DUH ]HUR H[FHSW IRU WKH IROORZLQJ WHUPV�

���

���

LQ ZKLFK Z�V� ]� LV WKH ORQJLWXGLQDO ZDUSLQJ GLVSODFHPHQW DORQJ ] GLUHFWLRQ� ZKRVH GLVSODFHPHQW

GLVWULEXWLRQ FDQ EH GHWHUPLQHG E\ WKH IROORZLQJ (T� ���� V LV WKH FXUYLOLQHDU FRRUGLQDWH DORQJ WKH

FHQWUDO OLQH RI WKH FURVV VHFWLRQ� YW LV WKH GLVSODFHPHQW DORQJ WKH WDQJHQW GLUHFWLRQ RI WKH FHQWUDO OLQH

DW SRLQW V� θ LV WKH WZLVWLQJ DQJOH RI WKH FURVV VHFWLRQ� DQG ρQ LV WKH QRUPDO GLVWDQFH IURP WKH FHQWUH

OLQH� 6XEVWLWXWLQJ (TV� ��� DQG ��� LQWR (T� ��� DQG QHJOHFWLQJ KLJKHU RUGHU WHUP� WKH H[SUHVVLRQ IRU

WKH VWUDLQ HQHUJ\ 8 PD\ EH REWDLQHG �:DQJ DQG /L �����

���

LQ ZKLFK -G LV WKH 6W� 9DQDQW©V WRUVLRQDO FRQVWDQW� ΣV LV WKH OHQJWK RI ZKROH FURVV�VHFWLRQ� WR LV WKH
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)LJ� � (TXLYDOHQW FURVV VHFWLRQ



)UHH YLEUDWLRQ RI FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ EHDPV ���

HTXLYDOHQW WKLFNQHVV RI ZDOO ZKHQ WKHUH LV D URZ RI KROHV LQ WKH ZDOO� 7KH NLQHWLF HQHUJ\ LV D

JHQHUDO PHPEHU HOHPHQW RI OHQJWK +L FDQ EH JLYHQ E\ WKH H[SUHVVLRQ

���

LQ ZKLFK Y[ DQG Y\ LV WKH GLVSODFHPHQW RI DQ\ SRLQW RI FURVV VHFWLRQ LQ WKH [ DQG \ GLUHFWLRQV

UHVSHFWLYHO\� ρR LV WKH GHQVLW\ RI PDWHULDO RI WKH PHPEHU� ,I WKH DQDO\VLV GRHV QRW WDNH LQWR DFFRXQW

WKH VKHDULQJ VWUDLQV RI WKH PLGGOH VXUIDFH RI ZDOOV�

(T� ��� FDQ EH UHGXFHG DV

$FFRUGLQJ WR WKH ¦ULJLG FURVV VHFWLRQ§ DVVXPSWLRQ �9ODVRY ������ WKH WDQJHQW GLVSODFHPHQW FDQ EH

H[SUHVVHG E\ WKH FHQWURLG GLVSODFHPHQW

���

LQ ZKLFK >ηW@ >FRV α VLQ α ρ@� ^νF` >νF[ νF\ θ @7� α LV WKH DQJOH EHWZHHQ [ D[LV DQG WDQJHQW RI SRLQW

V� ρ�V� LV WKH GLVWDQFH IURP F WR WKH WDQJHQW RI SRLQW V� νF[� νF\ DUH [ DQG \ GLUHFWLRQ FRPSRQHQWV RI

WKH FHQWURLG GLVSODFHPHQW νF� UHVSHFWLYHO\� 7KH ORQJLWXGLQDO ZDUSLQJ GLVSODFHPHQW Z�V� ]� RI WKH

ZKROH FURVV VHFWLRQ FDQ EH H[SUHVVHG DV

���

LQ ZKLFK Q GHQRWHV WKH WRWDO QXPEHU RI QRGHV ZKLFK GLYLGHG WKH ZKROH FURVV VHFWLRQ LQWR

VXELQWHUYDOV� �V� DUH FKRVHQ FRRUGLQDWH IXQFWLRQ ZKLOH ZL�]� ZLOO EH GHWHUPLQHG� DQG

�� '\QDPLF HTXDWLRQV RI WKLQ�ZDOOHG PHPEHU

$V WR IUHH YLEUDWLRQ DW D QDWXUDO IUHTXHQF\ RI WKH WKLQ�ZDOOHG PHPEHU� WKH PRWLRQ DW DQ\ SRLQW LV

VLPSOH� KDUPRQLF� DQG GHIOHFWHG VKDSHV DUH LQGHSHQGHQW RI WLPH� (TV� ��� DQG ��� FDQ EH ZULWWHQ DV

����

����

UHVSHFWLYHO\� LQ ZKLFK 9W�]� DQG :�V� ]� DUH WKH IXQFWLRQV RI PRGH VKDSH UHVSHFWLYHO\� ε LV WKH SKDVH

DQJOH� 3URYLGLQJ WKDW WKH [ DQG \ D[HV DUH WKH SULQFLSDO D[HV SDVVLQJ WKURXJK WKH FHQWURLG RI D FURVV
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VHFWLRQ� KHQFH� Y[ DQG Y\ DUH UHODWHG WR YF[� YF\ DQG θ E\

6XEVWLWXWLQJ WKH DERYH HTXDWLRQ� (TV� ���� DQG ���� LQWR (TV� ��� DQG ��� JLYHV

����

����

LQ ZKLFK

ZKHUH $R LV WKH DUH RI FURVV VHFWLRQ RI WKH WKLQ�ZDOOHG PHPEHU� ,[ DQG ,\ DUH WKH VHFRQG PRPHQWV RI

LQHUWLD RI WKH FURVV VHFWLRQ ZLWK UHVSHFW WR WKH SULQFLSDO D[LV [ DQG \ UHVSHFWLYHO\� %\ YLUWXH RI

+DPLOWRQ©V SULQFLSOH� WKH VWDWLRQDULW\ RI WKH DFWLRQ LQWHJUDO \LHOGV WKH DFWXDO PRWLRQ DPRQJ DOO WKRVH

ZKLFK WDNH SODFH LQ WKH WLPH LQWHUYDO EHWZHHQ W� DQG W�� 7KLV YDULDWLRQDO FRQGLWLRQ SURYLGHV IRU

(XOHU©V HTXDWLRQV DQG WKH QDWXUDO ERXQGDU\ FRQGLWLRQV� L�H�� WDNLQJ WKH ILUVW YDULDWLRQ RI WKH

IXQFWLRQDO ZLWK UHVSHFW WR ^Z` DQG ^YF` LQ (T� ���� DQG XVLQJ VRPH VWDQGDUG WHFKQLTXHV VXFK DV

LQWHJUDWLRQ E\ SDUWV LQ WKH GHULYDWLRQ� ZH KDYH

����

����

ZLWK WKH UHOHYDQW ERXQGDU\ FRQGLWLRQV

����

����

LQ ZKLFK

Y[ \� ]� W( ) YF[ \θ–( )VLQ ωW ε+( )�
Y\ [� ]� W( ) YF\�[θ( )VLQ ωW ε+( )�
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∫ ψ′[ ]7 ηW[ ]WGV� 'W[ ]
� �×

Σ
V

∫ ηW[ ]7 ηW[ ]WGV�

'[ ]� �×
Σ

V

∫
� � \–

� � [

\– [ [
�

\
�+

WGV 

$R � �

� $R �

� � ,[ ,\+

( $[ ]Q Q× Z″{ }Q �× −* %[ ]Q Q× Z{ }Q �× −* &[ ]Q �× YF′{ }
� �× �ρRω

�
$[ ]Q Q× Z{ }Q �×  �{ }Q �× �

* &[ ]� Q×
7

Z′{ }Q �× �* '[ ]� �× YF″{ }
� �× �ρRω

�
'[ ]� �× YF{ }

� �×  �{ }� �× �

( $[ ]Q Q× Z′{ }Q �×  �{ }Q �× �

&[ ]� Q×
7

Z{ }Q �× � '[ ]� �× YF′{ }
� �×  �{ }� �× �



)UHH YLEUDWLRQ RI FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ EHDPV ���

(TV� ���� DQG ���� DUH WKH JRYHUQLQJ GLIIHUHQWLDO HTXDWLRQV IRU WKH G\QDPLF DQDO\VLV RI D WKLQ�

ZDOOHG PHPEHU�

�� 6ROXWLRQ RI G\QDPLF HTXDWLRQ

)URP WKH ¦ULJLG FURVV VHFWLRQ§ DVVXPSWLRQ� WKH GLVSODFHPHQWV DW RQH HQG RI WKH PHPEHU HOHPHQW

DUH RQO\ WKH ODWHUDO GLVSODFHPHQWV DQG WZLVWLQJ DQJOH RI WKH FURVV VHFWLRQ DQG Q ORQJLWXGLQDO

GLVSODFHPHQWV RI NQRWV� ,Q PDWUL[ IRUP� WKH HQG GLVSODFHPHQWV RI WKH PHPEHU HOHPHQW DUH H[SUHVVHG

E\ D YHFWRU ^:(` DV�

����

LQ ZKLFK WKH ILUVW VXEVFULSW � RU � GHQRWH ILUVW RU VHFRQG HQG FURVV VHFWLRQ� Y�[ GHQRWHV WKH ODWHUDO

GLVSODFHPHQW RI WKH FURVV VHFWLRQ LQ WKH [ GLUHFWLRQ DW ILUVW HQG� Z�� GHQRWHV WKH ORQJLWXGLQDO

GLVSODFHPHQW RI ILUVW NQRW DW ILUVW HQG� HWF� 6LPLODU WR WKH ILQLWH HOHPHQW DQDO\VLV� D ILQLWH PHPEHU

HOHPHQW FDQ EH HVWDEOLVKHG IRU WKH WKLQ�ZDOOHG VWUXFWXUH DQDO\VLV� 'HILQH D WUDQVIRUPDWLRQ DV

����

LQ ZKLFK

DQG ^DL` LV DQ HLJHQYHFWRU� )URP WKH VWXGLHV �:DQJ DQG /L ������ WKH IROORZLQJ GLVSODFHPHQW YHFWRU

FDQ EH H[SUHVVHG LQ WHUPV RI HQG GLVSODFHPHQWV RI PHPEHU HOHPHQW�

����
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��� 4XDQIHQJ :DQJ

DQG > , @ LV DQ XQLW GLDJRQDO PDWUL[� Λ�� Λ�� ���� ΛQ DUH WKH HLJHQYDOXHV RI WKH IROORZLQJ HLJHQYDOXH

HTXDWLRQ�

����

6XEVWLWXWLQJ (T� ���� LQWR (TV� ���� DQG ���� \LHOGV WKH IROORZLQJ VWDQGDUG IRUPXOD RI ILQLWH

PHPEHU HOHPHQW VWLIIQHVV HTXDWLRQ IRU G\QDPLF DQDO\VLV�

����

LQ ZKLFK >. @ LV WKH OLQHDU VWUDLQ VWLIIQHVV PDWUL[� IROORZLQJ WKH VWDQGDUG SURFHGXUHV RI WKH ILQLWH

HOHPHQW PHWKRG� WKH VWLIIQHVV PDWUL[ >. @ RI WKH PHPEHU HOHPHQW FDQ EH REWDLQHG� >0 @ LV UHIHUUHG WR

DV WKH QRQOLQHDU JHQHUDO PDVV PDWUL[ DQG FDQ EH GHULYHG IURP WKH ORDGLQJ SRWHQWLDO HQHUJ\ DQG

ZULWWHQ E\

����
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)UHH YLEUDWLRQ RI FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ EHDPV ���

�� ([DPSOHV RI G\QDPLF EHKDYLRXU RI FRUH ZDOOV

,Q RUGHU WR LOOXVWUDWH WKH DSSOLFDWLRQ RI WKH SURSRVHG PHWKRG WZR H[DPSOHV RI WRUVLRQDO G\QDPLF

EHKDYLRXU RI FRUH ZDOO VWUXFWXUH DUH SUHVHQWHG�

([DPSOH �� &RQVLGHU ILUVW WKH FDVH RI WKH VLPSOH WHQ�VWRU\ VWUXFWXUH VKRZQ LQ )LJ� �� )RU

FRPSDULVRQ ZLWK WKH UHVXOWV REWDLQHG E\ 9DVTXH] DQG 5LGGHOO ������� VDPH GDWD DQG 86 FXVWRPDU\

XQLWV DUH XVHG� ,Q WKH H[DPSOH� ( ����×��� NLS�IW�� * (�����
7DEOH � VKRZV WKH WRUVLRQDO SHULRGV RI YLEUDWLRQ RI WKH VWUXFWXUH� FRQVLGHULQJ WKH HIIHFWV RI WRUVLRQ�

ZDUSLQJ DQG� HVSHFLDOO\� WKH VKHDULQJ VWUDLQV LQ WKH PLGGOH VXUIDFH RI WKH ZDOOV� )RU HDVLQHVV� WKH

YDOXH RI VWRU\ URWDWLRQDO LQHUWLD LV FKRVHQ VR DV WR JLYH D IXQGDPHQWDO SHULRG RI RQH VHFRQG� 7DEOH �

VKRZV D FRPSDULVRQ RI WKH UHVXOWV REWDLQHG IURP GLIIHUHQW PHWKRGV� LQ ZKLFK WKH SHUFHQWDJH HUURUV

�LQ SDUHQWKHVHV� DUH LQ UHIHUHQFH WR WKH SUHVHQW VROXWLRQ� ,W FDQ EH VHHQ WKDW WKH UHVXOWV DUH LQ FORVH

DJUHHPHQW EHWZHHQ WKH QXPHULFDO PHWKRG E\ 9DVTXH] DQG 5LGGHOO ������ DQG WKH SURSRVHG PHWKRG

H[FHSW RQO\ WKH KLJK PRGHV�

([DPSOH �� ,Q WKLV VHFRQG H[DPSOH� D FHQWUDO FRUH ZDOO LGHQWLFDO WR WKDW RI WKH ILUVW VWUXFWXUH LV

FRQQHFWHG WR D VHW RI IRXU JLUGHUV DW HDFK VWRU\ OHYHO� 7KH EHDPV SURYLGH ZDUSLQJ UHVWUDLQW WR WKH

FRUH ZDOO ZLWKRXW IXUWKHU DOWHULQJ WKH WRUVLRQDO EHKDYLRXU RI WKH EXLOGLQJ� 7KH WRUVLRQDO SHULRGV RI

)LJ� � ,VRODWHG FRUH�ZDOO H[DPSOH

7DEOH � 3HULRGV LQ VHFRQGV IRU PRGHV RI VWUXFWXUH RI )LJ� �

0RGH )LQLWH HOHPHQW PHWKRG 3URSRVHG PHWKRG

� ������ ������ ������

� ������ ������ �������

� ������ ������ �������

� ������ ������ �������

� ������ ������ �������

� ������ ������ �������

� ������ ������ �������

� ������ ������ �������

� ������ ������ �������

�� ������ ������ �������



��� 4XDQIHQJ :DQJ

YLEUDWLRQ RI WKH VWUXFWXUH DUH SUHVHQWHG LQ 7DEOH � DQG FRPSDUHG ZLWK WKH UHVXOWV E\ 9DVTXH] DQG

5LGGHOO ������� 7KH VDPH YDOXH RI WKH VWRU\ URWDWLRQDO LQHUWLD RI WKH ILUVW H[DPSOH LV XVHG�

&RPSDULQJ WKH UHVXOWV SUHVHQWHG LQ WKLV SDSHU ZLWK WKH RQHV REWDLQHG E\ DQRWKHU QXPHULFDO PHWKRG

LQ WKLV WDEOH� WKH REVHUYDWLRQ FDQ EH PDGH WKDW WKH KLJKHU PRGHV SHULRGV DUH QRW LQ JRRG DJUHHPHQW�

7KH GLIIHUHQFH LQFUHDVHV WRZDUGV WKH KLJKHU PRGHV DQG WKH UHVXOWV IURP WKH SURSRVHG PRGHO LQ WKLV

SDSHU DUH VPDOOHU WKDQ WKDW JLYHQ E\ 9DVTXH] DQG 5LGGHOO ������� ,Q IDFW� WKH GLIIHUHQFH EHWZHHQ WKH

UHVXOWV OLHV PDLQO\ LQ WKH DQDO\]HG VWUXFWXUH RI )LJ� � LV LGHDOL]HG DV DQ HTXLYDOHQW WKLQ�ZDOOHG FORVHG

FURVV VHFWLRQ� ZKLOH WKH FRQQHFWLQJ EHDPV EHWZHHQ RSHQLQJV DUH UHSODFHG E\ DQ HTXLYDOHQW VKHDU

GLDSKUDJP LQ WKLV SDSHU� ZKLFK KDV ELJJHU VKHDU�WRUVLRQDO VWLIIQHVV�

�� &RQFOXVLRQV

7KH FRUH ZDOO VWUXFWXUH LV GLVFUHWL]HG DQG PRGHOHG DV DQ HTXLYDOHQW WKLQ�ZDOOHG FORVHG VHFWLRQ�

)LJ� � &RUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ EHDPV

7DEOH � 3HULRGV LQ VHFRQGV IRU PRGHV RI VWUXFWXUH RI )LJ� �

0RGH )LQLWH HOHPHQW PHWKRG 3URSRVHG PHWKRG

� ������ ������

� ������ ������

� ������ ������

� ������ ������

� ������ ������

� ������ ������

� ������ ������

� ������ ������

� ������ ������

�� ������ ������



)UHH YLEUDWLRQ RI FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ EHDPV ���

ZKLOH WKH FRQQHFWLQJ EHDPV EHWZHHQ RSHQLQJV DUH UHSODFHG E\ DQ HTXLYDOHQW VKHDU GLDSKUDJP� $

PRUH UDWLRQDO DSSURDFK IRU WKH G\QDPLF DQDO\VLV RI FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ

EHDPV LV SUHVHQWHG LQ WKLV SDSHU� %\ HPSOR\LQJ ILQLWH PHPEHU HOHPHQW PHWKRG �)0(0�� DQG E\

FRQVLGHULQJ WKH VKHDU VWUDLQV RI WKH PLGGOH VXUIDFH RI ZDOOV� QXPHULFDO H[DPSOHV WKDW ZHUH JLYHQ LQ

WKLV SDSHU YHULI\ WKH VLPSOLFLW\ DQG IHDVLELOLW\ RI WKH SURSRVHG PHWKRG� 7KH UHVXOWV RI WKH DQDO\VLV

DUH FRPSDUHG ZLWK WKH UHVXOWV IURP WKH ILQLWH HOHPHQW PHWKRG� $Q DFFHSWDEOH VROXWLRQ WR WKH

SUREOHP KDV EHHQ REWDLQHG� +RZHYHU� XVLQJ WKH SURSRVHG SURFHGXUH D JUHDW VDYLQJ LQ FRPSXWHU WLPH

DQG GDWD SUHSDUDWLRQ HIIRUW DUH DFKLHYHG ZKHQ FRPSDUHG ZLWK WKH ILQLWH HOHPHQW SURFHGXUH�

5HIHUHQFHV

&KDQ� +�&� DQG .XDQJ� -�6� ������� ¦7RUVLRQDO EHKDYLRXU RI EUDFHG WKLQ�ZDOOHG RSHQ VHFWLRQV§� -�� 7KLQ�:DOOHG
6WUXFWXUHV� �� ��������

*HOOLQ� 6� DQG /HH� *�&� ������� ¦)LQLWH HOHPHQW DQDO\VLV RI WKLQ�ZDOOHG VWUXFWXUHV� )LQLWH HOHPHQW DYDLODEOH IRU
WKH DQDO\VLV RI QRQ�FXUYHG WKLQ�ZDOOHG VWUXFWXUHV§� (OVHYLHU $SSOLHG 6FLHQFH� /RQGRQ DQG 1HZ <RUN� �����

*MHOVYLN� $� ������� ¦$QDORJ\�EHDP PHWKRGV IRU GHWHUPLQLQJ VKHDU�ODJ HIIHFWV§� -� RI (QJUJ� 0HFK�� $6&(�
������� ����������

+HLGHEUHFKW� $�&� DQG 5DYLQGRUD� .�5� ������� ¦)UHTXHQF\ DQDO\VLV RI WKLQ�ZDOOHG VKHDU ZDOOV§� -� RI (QJUJ�
0HFK�� $6&(� ��� ��������

+HLGHEUHFKW� $�&� DQG 6WDIIRUG�6PLWK� %� ������� ¦$SSUR[LPDWH DQDO\VLV RI RSHQ VHFWLRQ VKHDU ZDOO VXEMHFWHG WR
WRUVLRQDO ORDGLQJ§� -� 6WUXFW� 'LY� $6&(� ���67���� ����������

.KDQ� 0�$� DQG 6WDIIRUG�6PLWK� %� ������� ¦5HVWUDLQLQJ DFWLRQ RI EUDFLQJ LQ WKLQ�ZDOOHG RSHQ VHFWLRQ EHDPV§�
3URF� ,QVWQ &LY�� (QJUV� 3DUW �� ��� ������

.UDMFLQRYLF� '� ������� ¦$ FRQVLVWHG GLVFUHWH HOHPHQW WHFKQLTXH IRU WKLQ�ZDOOHG DVVHPEODJHV§� ,QW� -� RI 6ROLG DQG
6WUXFWXUHV� �� ��������

/LDXZ� 7�&� ������� ¦7RUVLRQ RI PXOWL�VWRU\ VSDFLDO FRUH ZDOOV§� 3URF� ,QVWQ &LY� (QJUV� 3DUW �� ��� ��������
/LDXZ� 7�&� DQG /XN� :�.� ������� ¦7RUVLRQ RI FRUH ZDOOV RI QRQXQLIRUP VHFWLRQ§� -� 6WUXFW� 'LY� $6&(� �������
����������

5REHUWV� 7�0� ������� ¦)UHH YLEUDWLRQV RI WKLQ�ZDOOHG EDUV§� -� RI (QJUJ� 0HFK�� $6&(� ���� ����������
5REHUWV� 7�0� DQG $FKRXU� %� ������� ¦7RUVLRQ DQG EHQGLQJ RI EUDFHG WKLQ�ZDOOHG RSHQ VHFWLRQ§� -� RI 6WUXFW�
(QJUJ� $6&( ������� �����

5RVPDQ� 5� ������� ¦7RUVLRQDO RI SHUIRUDWHG FRQFUHWH VKDIWV§� -� 6WUXFW� 'LY�� $6&( ���67��� ���������
5XWHQEHUJ� $�9� DQG (LVHQEHUJHU� 0� ������� ¦7RUVLRQ RI WXEH VWUXFWXUHV� 3ODQDU IRUPXODWLRQ§� -�� &RPSXWHU DQG
6WUXFWXUHV� ��� ��������

5XWHQEHUJ� $�9� DQG 7VR� :�.� ������� ¦7RUVLRQDO DQDO\VLV RI SHUIRUDWHG FRUH VWUXFWXUH§� -�� 6WUXFW� 'LY� $6&(�
����67��� ��������

6WDIIRUG�6PLWK� %� DQG 7DUDQDWK� %�6� ������� ¦7KH DQDO\VLV RI WDOO FRUH�VXSSRUWHG VWUXFWXUH VXEMHFWHG WR WRUVLRQ§�
,QVWQ &LY� (QJUV� ��� ��������

6XPHU� 2� DQG $VNDU� *� ������� ¦$QDO\VLV RI D PRQR�V\PPHWULF FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ
EHDPV§� -�� 7KLQ�:DOOHG 6WUXFWXUHV� ��� ��������

7LPRVKHQNR� 6�3� DQG *HUH� -�0� ������� 7KHRU\ RI (ODVWLF 6WDELOLW\� �QG (G� 0F*UDZ�+LOO %RRN &R�� 1HZ <RUN�
1�<�

7VR� :�.� DQG %LVZDV� -�.� ������� ¦*HQHUDO DQDO\VLV RI QRQSODQDU FRXSOHG VKHDU ZDOO§� -�� 6WUXFW� 'LY� $6&(�
���67��� ��������

9ODVRY� 9�=� ������� 7KLQ�:DOOHG (ODVWLF %HDPV� �QG (G� ,VUDHO 3URJUDP IRU 6FLHQWLILF 7UDQVODWLRQV� -HUXVDOHP�
,VUDHO�

9DVTXH]� -� DQG 5LGGHOO� 5� ������� ¦7KLQ�ZDOOHG FRUH HOHPHQW IRU PXOWLVWRUH\ EXLOGLQJV§� -� RI 6WUXFW� (QJUJ�
$6&(� ����67��� ����������

:DQJ� 4XDQIHQJ DQG /L� :�<� ������� ¦6SDWLDO VWDELOLW\ RI WKLQ�ZDOOHG HFFHQWULF FRPSUHVVLYH PHPEHUV§� -� RI



��� 4XDQIHQJ :DQJ

(QJUJ� 0HFKDQLFV� $6&(� ������� ��������
:DQJ� 4XDQIHQJ ������� ¦9LEUDWLRQ RI WKLQ�ZDOOHG PHPEHUV ZLWK VKHDU ODJ XVLQJ ILQLWH PHPEHU HOHPHQW
PHWKRG§� -�� &RPPXQLFDWLRQV LQ 1XPHULFDO 0HWKRGV LQ (QJLQHHULQJ� ��� ��������

:HDYHU� :� DQG -RKQVWRQ� 3�5� ������� 6WUXFWXUDO '\QDPLFV E\ )LQLWH (OHPHQWV� 3UHQWLFH +DOO� ,QF�� (QJOHZRRG
&OLIIV�

1RWDWLRQ

7KH IROORZLQJ V\PEROV DUH XVHG LQ WKLV SDSHU�
$R � WKH DUHD RI FURVV VHFWLRQ RI WKH WKLQ�ZDOOHG PHPEHU
D� E � WKH ZLGWK DQG GHSWK RI WKH FRUH ZDOO� UHVSHFWLYHO\
^DL` � DQ HLJHQYHFWRU
F � WKH FHQWURLG RI WKH FURVV VHFWLRQ
' � WKH IOH[XUDO ULJLGLW\ RI D SODWH
G � WKH GHSWK DQG OHJQWK RI D FRQQHFWLQJ EHDP
( � WKH <RXQJ©V PRGXOXV
* � WKH VKHDU PRGXOXV
+L � WKH ORQJLWXGLQDO OHQJWK RI WKH PHPEHU HOHPHQW
+ � WKH KHLJKW RI WKH FRUH ZDOO
K � WKH VWRUH\ KHLJKW RI WKH FRUH ZDOO
>, @ � DQ XQLW GLDJRQDO PDWUL[
,[� ,\ � WKH VHFRQG PRPHQW RI LQHUWLD RI WKH FURVV VHFWLRQ ZLWK UHVSHFW WR WKH SULQFLSDO D[LV [ DQG \
-G � WKH 6W� 9HQDQW©V WRUVLRQDO FRQVWDQW
>. @ � WKH OLQHDU VWUDLQ VWLIIQHVV PDWUL[
>0` � WKH QRQOLQHDU JHQHUDO PDVV PDWUL[
O � WKH OHQJWK RI D FRQQHFWLQJ EHDP
Q � DQ DUELWUDU\ FKRVHQ QXPEHU RI NQRWV
V � WKH FXUYLOLQHDU FRRUGLQDWH DORQJ WKH FHQWUDO OLQH RI WKH FURVV VHFWLRQ
ΣV � WKH OHQJWK RI ZKROH FURVV�VHFWLRQ
7 � WKH FRUUHVSRQGLQJ NLQHWLF HQHUJ\
W � WKH WKLFNQHVV RI WKH FRUH ZDOO
WR � WKH WKLFNQHVV RI WKH HTXLYDOHQW VKHDU GLDSKUDJP
8 � WKH VWUDLQ HQHUJ\ LQGXFHG LQ YLEUDWLRQ
9W�]� � WKH IXQFWLRQV RI PRGH VKDSH
Y�[ � WKH ODWHUDO GLVSODFHPHQW RI WKH FURVV VHFWLRQ LQ [ GLUHFWLRQ DW ILUVW HQG
YF[� YF\ � [ DQG \ GLUHFWLRQ FRPSRQHQWV RI WKH FHQWURLG GLVSODFHPHQW RI YF
YF � WKH FHQWURLG GLVSODFHPHQW RI YF
YW � WKH GLVSODFHPHQW DORQJ WKH WDQJHQW RI WKH FHQWUDO OLQH DW SRLQW V
Y[� Y\ � WKH GLVSODFHPHQW RI DQ\ SRLQW RI FURVV VHFWLRQ LQ WKH [ DQG \ GLUHFWLRQV
� Y[� ]��� � Y\� ]�� � WKH ORQJLWXGLQDO VWUDLQV FDXVHG E\ WUDQVYHUVH GLVSODFHPHQWV Y[ DQG Y\
:�V�]� � WKH IXQFWLRQV RI PRGH VKDSH
Z�� � WKH ORQJLWXGLQDO GLVSODFHPHQW RI ILUVW NQRW DW ILUVW HQG
^:(` � WKH HQG GLVSODFHPHQWV RI WKH PHPEHU HOHPHQW
ZL � WKH UHDO NQRW GLVSODFHPHQW LQ WKH VHJPHQW
Z�V� ]� � WKH ORQJLWXGLQDO GLVSODFHPHQW DORQJ ] GLUHFWLRQ
[� \ D[HV � WKH SULQFLSDO D[LV DQG SDVV WKURXJK WKH FHQWURLG F RI WKH FURVV VHFWLRQ
] D[LV � WKH ORQJLWXGLQDO D[LV
α � WKH DQJOH EHWZHHQ [ D[LV DQG WDQJHQW RI SRLQW V
γ � WKH VKHDU VWUDLQV
εL � WKH QRUPDO VWUDLQV
ε � WKH SKDVH DQJOH

∂ ∂ ∂ ∂



)UHH YLEUDWLRQ RI FRUH ZDOO VWUXFWXUH FRXSOHG ZLWK FRQQHFWLQJ EHDPV ���

θ � WKH WZLVWLQJ DQJOH RI WKH FURVV VHFWLRQ

ν � 3RLVVRQ©V UDWLR
ξ � �−η
ρ�V� � WKH GLVWDQFH IURP F WR WKH WDQJHQW RI SRLQW V
ρQ � WKH QRUPDO GLVWDQFH IURP WKH FHQWUH OLQH
ρR � WKH GHQVLW\ RI PDWHULDO RI WKH PHPEHU
σV � WKH VWUHVV LQ WKH WDQJHQW GLUHFWLRQ RI WKH FHQWUDO OLQH RI WKH FURVV VHFWLRQ� PXFK
σQ � WKH VWUHVV σQ LV WKH QRUPDO GLUHFWLRQ RI WKH FHQWUDO OLQH RI WKH FURVV VHFWLRQ
σ] � WKH ORQJLWXGLQDO VWUHVV
ω � WKH FLUFXODU IUHTXHQF\ RI YLEUDWLRQ
ψL�V� � FKRVHQ FRRUGLQDWH IXQFWLRQ
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