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Abstract. This paper presents results of a non-linear finite element analysis of axially loaded slender 
hollow structural section (HSS) columns, strengthened using high modulus carbon-fiber reinforced polymer 
(CFRP) longitudinal sheets. The model was developed and verified against both experimental and other 
analytical models. Both geometric and material nonlinearities, which are attributed to the column’s initial 
imperfection and plasticity of steel, respectively, are accounted for. Residual stresses have also been modeled. 
The axial strength in the experimental study was found to be highly dependent on the column’s imperfection. 
Consequently, no specific correlation was established experimentally between strength gain and amount of 
CFRP. The model predicted the ultimate loads and failure modes quite reasonably and was used to isolate the 
effects of CFRP strengthening from the columns’ imperfections. It was then used in a parametric study to 
examine columns of different slenderness ratios, imperfections, number of CFRP layers, and level of residual 
stresses. The study demonstrated the effectiveness of high modulus CFRP in increasing stiffness and strength 
of slender columns. While the columns’ imperfections affect their actual strengths before and after strengthening,
the percentage gain in strength is highly dependent on slenderness ratio and CFRP reinforcement ratio, rather 
than the value of imperfection.
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1. Introduction

Steel columns of medium to high slenderness ratios are commonly used in steel structures and are 

generally governed by overall buckling failure before developing their full plastic capacity. Conventional 

strengthening techniques for steel structures, in general, involve bolting or welding additional steel plates. 

These techniques have a number of shortcomings, including the added self weight of steel plates, 

installation time, difficulty of shaping and fitting complex profiles, and the need for elaborate and 

expensive shoring systems. The use of fiber-reinforced polymer (FRP) sheets or strips of adequate 

stiffness could be quite suitable in such applications, particularly due to their excellent corrosion resistance 

and superior fatigue properties (Shaat et al. 2004). 

An experimental study was performed by Shaat and Fam (2006) to investigate the effect of adhesively 

bonded high modulus carbon-FRP (CFRP) longitudinal sheets on the behavior of axially loaded slender 

hollow structural section (HSS) columns. The column’s cross sectional shape is shown in Fig. 1(a) and the 
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column length was 2380 mm, resulting in slenderness ratio of 68. In slender columns, where overall 

buckling governs, it is anticipated that high modulus CFRP sheets would contribute to the flexural 

stiffness of the column, and at large lateral displacements for columns with high slenderness ratios could 

resist some tension on the outer surface, as shown schematically in Fig. 1(b). It was shown in this 

experimental study that CFRP sheets have indeed increased the columns’ strengths by up to 23 percent. 

However, the study revealed the sensitivity of axially loaded slender columns to their inherent geometric 

out-of-straightness and alignment (imperfections), which affect both the ultimate strength and lateral 

displacement of the specimens. Residual stresses are also an important factor, which can affect the 

behavior of cold-formed columns. While the major parameter intended in the experimental investigation 

was the effect of number of CFRP layers, it is believed that the geometric imperfections have also varied 

inevitably among the specimens. Therefore, no specific correlation could be established between the 

amount of strength gain and the amount of CFRP. As such, it was decided to use a numerical approach, 

namely the finite element analysis (FEA) to model the specimens and isolate the effect of geometric 

imperfections from the effect of number of CFRP layers, in order to provide an accurate assessment of the 

strengthening effectiveness using CFRP. The FEA approach was employed by several other researchers to 

model steel structures retrofitted by FRP materials, mainly for steel girders, and showed excellent results 

(Sen et al. 2001, Abushaggur and Eldamatty 2003, and Jun Deng et al. 2004). The finite element model 

(FEM) used in this study was first verified against both the column test results and the predictions using 

another analytical model developed by the authors (Shaat and Fam 2007). As the experimental program 

was limited to a small number of specimens, the FEM was used to conduct a parametric study to 

investigate the effects of the number of CFRP layers, value of initial geometric imperfections, level of 

residual stresses and the columns’ slenderness ratios.

This paper first summarizes the experimental research program, and then a discussion of various aspects 

of the finite element modeling is presented. This is followed by the results of the FEA in terms of load-

displacement curves as well as deformed shapes and failure modes. Finally the parametric study and 

conclusions are presented.

Fig. 1 Test specimens, buckling mode and material properties
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2. Summary of experimental investigation

A brief summary of the experimental study is presented in this section, whereas more details can be 

found elsewhere (Shaat and Fam 2006). The experimental study included 5 slender column tests, 

conducted on a standard 89 × 89 × 3.2 mm HSS section (Fig. 1(a)), with yield strength, Fy, of 380 MPa. 

The length of the pin-ended columns was 2380 mm, which corresponds to a slenderness ratio of 68. High 

modulus unidirectional carbon fibre sheets were bonded to the specimens in the longitudinal direction. A 

single composite layer was 0.54 mm thick and had tensile strength and modulus of 510 MPa and 230 GPa, 

respectively. A layer of glass-FRP (GFRP) sheet was first installed directly on the steel surface before 

applying the CFRP layers to prevent direct contact between carbon fibres and steel, which could lead to 

galvanic corrosion. The GFRP lamina was 1.46 mm thick and had tensile strength and modulus of 855 

MPa and 20.3 GPa, respectively. The stress-strain curves of steel (idealized), CFRP, and GFRP are 

illustrated in Fig. 1(c).

The tested columns included a control (unstrengthened) specimen and three specimens strengthened 

with one, three and five layers of CFRP, applied on two opposite sides in the plane of overall buckling. 

The fifth specimen was strengthened with three layers, applied on all four sides of the column. The 

specimens were given identification codes. For example, 3L-2S indicates three CFRP layers applied on 

two opposite sides of the column.

The experimental curves of load versus both axial and lateral displacements at mid-length of all 

specimens are shown in Figs. 2 and 3, along with the numerical and analytical curves, which will be 

discussed later. The gain in axial strength of the CFRP-strengthened specimens ranged from 13 to 23 

percent, as shown in Table 1. The strength gains, however, did not correlate directly to the number of 

CFRP layers. As indicated earlier, this was attributed to the variability of geometric imperfections among 

the specimens, which is usually due to a slight out of straightness of different values (Kulak and Grondin 

2002), or minor inevitable misalignment within the test setup, or a combination of both. In all specimens, 

Fig. 2 Load-axial displacement responses
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failure was mainly due to excessive overall bucking, as shown in Fig. 4(a), followed by a secondary local 

buckling in the compression side, at or near mid-length of the specimen. The local buckling took the form 

of inward buckling of the compression face and outward buckling of the two side faces, which was clearly 

revealed after testing by cutting the specimen, as shown in Fig. 4(b). For the FRP-strengthened specimens, 

the secondary local buckling in the compression side resulted in a combined delamination and premature 

crushing of the FRP sheets. By carefully examining the experimental strains, an average strain of 0.13% 

can be defined as the strain at which CFRP failed in compression. This strain is limited to this particular 

case, and may vary for different types of CFRP or HSS sections. No signs of FRP failure have been 

observed on the tension side.

3. Finite element model

The non-linear finite element analysis program ANSYS was used to model the behavior, ultimate load, 

and failure mode of the pin-ended HSS slender steel columns. The numerical simulation consisted of two 

stages. In the first stage, an eigenvalue elastic buckling analysis was performed on a perfectly straight 

Table 1 Summary of experimental results

Specimen
I.D.

Maximum Load
Pmax (kN)

% age Gain in 
Strength

Lateral displacement (e)
at Pmax (mm)

Control 295 --- 14.22

1L-2S 355 20 7.17

3L-2S 335 14 14.57

5L-2S 332 13 10.66

3L-4S 362 23 11.26

Fig. 3 Load-lateral displacement responses
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specimen, including modeling the entire cross section, to establish the probable buckling modes of the 

column. The analysis showed that the specimen with slenderness ratio of 68 experienced overall buckling 

as was also shown experimentally. In the second stage, a non-linear analysis was performed on columns 

Fig. 4 Comparison between experimental and FEM deformed shapes
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modeled with geometric imperfections to promote the predicted buckling shape established through the 

first stage of analysis. In the second stage, the models were loaded to failure to predict the full responses 

and ultimate loads of the columns, and in this stage, the analysis incorporated both geometric and material 

non-linearities. The centerline dimensions of the cross-sections and the base metal thickness were used in 

the geometric modeling, based on the measured cross-sectional dimensions of the specimens. The 

following sections briefly address various aspects of the finite element modeling, such as element type, 

mesh density, boundary conditions, material properties, geometric imperfections, and residual stresses.

3.1 Elements types and mesh density

An eight-node quadrilateral layered shell element (SHELL91) was used for the steel section in this 

model. The element configurations as well as its coordinate system are shown in Fig. 5(a). Each node has 

six degrees of freedom, namely three translations (Ux, Uy , and Uz) and three rotations (Rx, Ry , and Rz). The 

multiple layers of the element were utilized to account for residual stress distribution through the steel wall 

thickness, as will be discussed later. The FRP reinforcing material was modeled using three-dimensional 

two-node uniaxial truss element (LINK8), as shown in Fig. 5(b). This is considered reasonable because of 

the small flexural rigidity of the thin CFRP layers. Each node has three degrees of freedom, namely 

translations in the nodal x, y, and z directions (Ux, Uy , and Uz). Perfect bond between steel and FRP sheets 

was assumed by defining one node for both SHELL91 and LINK8 elements having the same coordinates. 

This assumption is quite reasonable as no signs of delamination were observed experimentally, except at 

the very end when local buckling occurred (i.e., well beyond the peak load).

One quarter of the specimen was modeled, as shown in Fig. 6(a), by taking advantage of the double 

symmetry of the column. Three preliminary numerical simulations of different mesh densities were first 

carried out by varying the size of the elements in the HSS flanges and their curved conjunction to the 

webs, namely mesh #1, mesh #2, and mesh #3, as shown in Fig. 6(b). The number of elements varied from 

1050 elements in the first mesh to 4730 elements in the third mesh. The predicted load-lateral 

displacement behavior using the three numerical simulations for the control HSS column is shown in 

Fig. 6(c). The figure shows almost identical results, where no change in behavior occurs by refining the 

Fig. 5 Elements used in the numerical analysis
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model beyond mesh #1. However, the computer run-time dramatically increases with refining the mesh 

size. As such, mesh #1 was used in all the analyses that followed.

3.2 Loading and boundary conditions

The FEM model simulated only one quarter of the specimen by introducing two planes of symmetry, 

one vertical plane in the longitudinal direction along the full length and another horizontal plane in the 

transverse direction at column’s mid-length. The hinged ends of the actual columns, which are shown in 

Fig. 4(c), were modeled using a thick plate at the column’s end. This plate was restrained from translation 

in the transverse plane but the translational degrees of freedom of this plate in the longitudinal direction of 

the column were released to allow for applying axial loads and also all rotational degrees of freedom were 

released to allow for rotation.

3.3 Geometric imperfections

As was concluded in the experimental study, the variation of geometric imperfections among different 

specimens led to inconsistency of results, which resulted in some difficulties in assessing the effect of FRP 

strengthening technique. Therefore, the real imperfection values, based on the experiments, were 

introduced in the FEM at mid-length to initiate the buckling mode (overall buckling) suggested based on 

the buckling analysis (first stage analysis) and used throughout the verification process. The imperfection 

values were 6.6, 0.92, 7.04, 2.04, and 5 mm for control, 1L-2S, 3L-2S, 5L-2S, and 3L-4S specimens, 

respectively (Shaat and Fam 2006).

3.4 Material properties

As mentioned earlier, the first stage of the numerical simulation was essentially a linear elastic analysis 

Fig. 6 Mesh refinement and results
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of the control column, in which the stiffness of the structure remained unchanged. As such, only the values 

of Young’s modulus and Poisson’s ratio of steel were defined (200 GPa and 0.30, respectively). However, 

the second stage of the numerical simulation comprised a non-linear analysis, in which the stiffness of the 

structure changes as it deforms. The steel non-linearity (plasticity) was accounted for in the FEM by 

specifying a bi-linear isotropic hardening model, as shown in Fig. 1(c). The tangent modulus for the steel 

was assumed equal to 0.5 percent of its elastic modulus (Bruneau et al. 1998). For FRP, unidirectional 

elastic properties were assigned, namely Young’s moduli of 20 GPa and 230 GPa for glass- and carbon-

FRP, respectively. The compressive strain value of the CFRP was limited to 0.13% as discussed earlier.

3.5 Residual stresses

Residual stresses affect the behaviour of steel structures and are normally induced during the 

manufacturing process. They typically result in a reduction of the flexural rigidity of slender columns, and 

consequently a lower buckling load may result (Weng 1984). Although residual stresses are self-

equilibrating, the cross sectional effective moment of inertia changes when parts of the section reach their 

yielding strength. Yielding is initiated first in those portions of the cross section having large compressive 

residual stresses. An extensive experimental investigation of the residual stresses of hollow structural 

cold-formed steel shapes was performed by Davison and Birkemoe (1983) and Weng and Pekoz (1990). 

The magnitudes of the measured residual stresses were found to vary, approximately from 25 to 70 

percent of the material yield strength, depending on the manufacturing process.

Stub-column tests are typically used in lieu of coupon tests to provide the average compressive stress-

strain curves, including the residual stresses effect (Bjorhovde and Birkemoe 1979). This type of tests 

demonstrates the overall column performance at very low slenderness ratio, in the absence of overall 

instability. The capacity of these columns is achieved when all fibres reach the yield stress and the 

corresponding load is defined as the yield load. Because of residual stresses, short columns do not show a 

distinct yield point, but rather a gradual transition from the linear elastic behaviour to the fully plastic 

plateau, as a result of gradual yielding. The magnitude of residual stresses σrs can then be estimated by 

evaluating the difference between the proportional limit stress and the maximum stress levels. 

Experimental short column tests have been conducted by the authors on 175 mm long HSS columns of the 

Fig. 7 Evaluation of magnitude of residual stress using stub compression test
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same HSS sections used for the slender columns (Shaat and Fam 2006) and the average stress-strain curve 

is shown in Fig. 7. The behaviour shows a proportional limit stress of 255 MPa and a maximum 

compressive strength of 382 MPa, which is essentially the specified yield strength for this steel (σy). These 

two levels of stress indicate that the magnitude of residual stress is in the order of 33 percent of the yield 

strength. In the proposed FEM, the through-thickness residual stress distribution is idealized as shown in 

the schematic drawing in Fig. 7, as suggested by Davison and Birkemoe (1983) and by Chan et al. (1991), 

where σrs equals to 0.33 σy .

4. Verification of finite element model

The finite element model predictions are verified using the experimental results by Shaat and Fam 

(2006) as well as another analytical approach (Shaat and Fam 2007), as shown in Figs. 2 and 3 for the five 

tested specimens, in terms of both the axial load versus axial and lateral displacements, respectively. 

The analytical approach (Shaat and Fam 2007) is based on the following Eqs. (1) and (2) (Allen and 

Bulson 1980), which represent closed form solutions for the axial and lateral displacements of a long 

column. The equations, however, are only valid within the elastic range.

(1)

(2)

where e' is the initial imperfection of the column in the form of lateral off-set at its mid-height, x is the 

distance at which lateral displacement is calculated, L is the length of the column, P is the applied load, Es

is Young’s modulus of steel and Pcr is the Euler buckling load, given by:

(3)

In the previous equations, both the transformed cross-sectional area At and moment of inertia It are 

introduced by the authors for FRP-retrofitted columns in lieu of the steel section properties and are 

calculated as follows:

(4) 

(5)

where As and Is are the cross sectional area and moment of inertia of steel section, respectively. Afi and Ifi, 

are the area and inertia of FRP layer i, respectively. Efi is the effective Young’s modulus of layer i of FRP 

in the longitudinal direction, and n is the number of FRP layers. It should be noted that Eq. (2) is valid for 

lateral displacements of values up to 10% of the length (δ ≤ L/10) (Allen and Bulson 1980). Modifications 

for Eqs. (1) and (2) have been introduced by Shaat and Fam (2007) to account for steel plasticity and 
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residual stresses built-in the cold formed section.

In general, the FEM shows very good agreement with the experimental results and the analytical model. 

The relatively significant difference in specimen 5L-2S is likely due to the initial unsymmetrical imperfect 

shape of the specimen, where the measured lateral displacements at mid-length were not necessarily the 

maximum values of displacement along the length, unlike the FEM results, which are presented at mid-

height of the column.

The failure mode predicted by the FEM, which is an overall buckling, as shown in Fig. 4(d), is quite 

similar to the buckling failure mode observed in the tests (Fig. 4(a)). The deformed cross section at mid-

length of the tested specimen, where inward buckling of the compression flange and outward buckling of 

the two side webs have occurred is shown in Fig. 4(b). This deformed shape was revealed after the test by 

cutting the specimen at mid-length. Figs. 4(e, f and g) show the same pattern of deformation predicted by 

the FEM, in terms of the displacement contours in both x- and z-directions (displacements within the cross 

sectional plane) as well as the nodal rotation about the specimen’s longitudinal axis (Ry). The resemblance 

of Figs. 4(e, f and g) to Fig. 4(b) clearly demonstrates the reliability of the model.

5. Parametric study

The FEM has been used in a parametric study to examine the effects of several parameters on the 

behavior of HSS steel columns strengthened with CFRP sheets. A total of 30 HSS columns with the same 

cross sectional dimensions and material properties as those used in the experiments were analyzed, where 

FRP was installed on two opposite sides of the column. The parameters considered were the number of 

CFRP layers (1, 3, 5, and 7), geometric imperfection (Length/500, Length/1000, and Length/2000), 

slenderness ratios (kL/r = 68, 90, and 160) and percentage of residual stresses (25% σy, and 50% σy).

The following identification system was adopted to distinguish the various cases. The first number 

represents the slenderness ratio (kL/r), while the second number describes the geometric imperfection. 

These two numbers are followed by a ‘number-letter’ combination such as “3L” to identify the number of 

CFRP layers. Another number describing the percentage of residual stress is added at the end. For control 

columns, the ‘number-letter’ combination will be replaced by the word “control”. For example, “68-500-

5L-25” describes a strengthened column that has a slenderness ratio of 68, a geometric imperfection of 

(Length/500), and strengthened with five layers of CFRP (applied on two opposite sides of the column) 

and has a residual stress value of 25 percent of its yield stress.

5.1 Results of parametric study

A summary of the FEM results, including the maximum loads, lateral displacements at maximum loads 

and axial stiffness, is presented in Table 2. Also given in Table 2 are the percentage increases in axial load 

and stiffness as well as the percentage reduction in lateral displacement at maximum load for the CFRP-

strengthened columns, compared to the control columns.

The predicted load-axial displacement behavior for each group of the strengthened columns, compared 

to their corresponding control steel columns is shown in Fig. 8. The load-lateral displacement responses 

for the same groups of specimens are shown in Fig. 9. Fig. 10 shows the effect of each parameter on the 

percentage increases of strength and axial stiffness as well as the percentage reduction in lateral 

displacement at maximum load. To facilitate the comparisons, a reinforcement index ω is introduced to 

quantify the amount of FRP reinforcement on the basis of a relative axial stiffness, as given by Eq. (6).
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(6)

5.1.1 Effect of number of CFRP layers

Table 2 and Figs. 8 and 9 clearly show that increasing the number of CFRP layers result in increasing 

the axial strength and stiffness of the columns as well as reducing the lateral displacements. This effect 

is also demonstrated in all graphs of Fig. 10, where the number of layers is reflected by the reinforcement

ω

Ef
i

 Af
i

[ ]
i 1=

n

∑

EsAs

---------------------------=

Table 2 Summary of finite element results

Specimen I.D. ω
Max. load 

(kN)
% age 
gain

Axial stiffness 
(kN/mm)

% age 
gain

Lateral displacement 
@ max. load (mm)

% age 
reduction

68-500-control-25 0 289 --- 89 --- 11.0 ---

68-500-1L-25 0.10 307 6 96 8 10.5 5

68-500-3L-25 0.29 346 20 111 25 10.4 5

68-500-5L-25 0.49 383 33 125 40 9.7 12

68-500-7L-25 0.68 421 46 139 56 9.7 12

68-1000-control-25 0 314 --- 89 --- 8.8 ---

68-1000-1L-25 0.10 333 6 97 9 9.1 -3

68-1000-3L-25 0.29 372 18 111 25 8.5 3

68-1000-5L-25 0.49 411 31 126 42 8.2 7

68-1000-7L-25 0.68 450 43 140 57 7.9 10

68-2000-control-25 0 338 --- 89 --- 6.7 ---

68-2000-1L-25 0.10 355 5 97 9 7.2 -7

68-2000-3L-25 0.29 393 16 112 26 6.7 0

68-2000-5L-25 0.49 432 28 126 42 6.9 -3

68-2000-7L-25 0.68 472 40 140 57 6.5 3

68-500-control-50 0 264 --- 89 --- 15.7 ---

68-500-1L-50 0.10 282 7 96 8 15.6 0

68-500-3L-50 0.29 319 21 111 25 15.3 3

68-500-5L-50 0.49 356 35 125 40 14.6 7

68-500-7L-50 0.68 393 49 139 56 13.8 12

90-500-control-25 0 191 --- 67 --- 25.9 ---

90-500-1L-25 0.10 210 10 72 7 24.7 5

90-500-3L-25 0.29 246 29 83 24 18.1 30

90-500-5L-25 0.49 283 48 94 40 16.5 36

90-500-7L-25 0.68 320 68 104 55 14.6 44

160-500-control-25 0 74 --- 36 --- 108.8 ---

160-500-1L-25 0.10 83 12 39 8 92.6 15

160-500-3L-25 0.29 102 38 46 28 79.8 27

160-500-5L-25 0.49 121 64 52 44 76.3 30

160-500-7L-25 0.68 140 89 58 61 69.4 36
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index (ω). Fig. 10 shows that the rate of increase in axial strength is linear for all cases. As the number 

of layers increase from one to seven layers, the column’s strength increased from 6 to 46 percent for 

columns with kL/r = 68, from 10 to 68 percent for columns with kL/r = 90 and from 12 to 89 percent for 

columns with kL/r = 160.

5.1.2 Effect of initial imperfection (e')

The initial imperfection of columns greatly affects their axial load capacity. For example, Table 2 

shows strengths of 289 kN for specimen 68-500-control-25, and 338 kN for specimen 68-2000-control-

25, with imperfections of L/500 and L/2000, respectively. Although both columns have the same length 

and cross section, they had 17 percent difference in strength. This emphasizes the crucial rule of the initial 

imperfection in comparisons between columns.

While the initial imperfection largely affects the columns’ maximum load capacity, it has little effect 

on the percentage increase in strength due to FRP. This percentage was found to be quite similar for the 

studied levels of imperfection, when each strengthened specimen is compared to its counterpart control 

Fig. 8 Load-axial displacement behavior of columns in parametric study
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specimen, as shown in Fig. 10(a). The percentage increases in strength ranged from 5 to 6 percent for 

specimens strengthened with one layer and from 40 to 46 percent for specimens strengthened with 

seven layers. The initial imperfection has no effect on the axial stiffness increases, as shown in 

Fig. 10(b) and a small effect on reduction of lateral displacement, as shown in Fig. 10(c).

5.1.3 Effect of column’s slenderness ratio (kL/r)

The effect of columns’ slenderness ratio was studied by varying the specimens’ length (L = 2380 mm, 

3150 mm, and 5600 mm) to provide slenderness ratios (kL/r) equal to 68, 90, and 160, respectively. Figure 

10(d) shows that slenderness ratio has a pronounced effect on the effectiveness of FRP-strengthening 

system. For the same FRP reinforcement index, the strength gain increases substantially as the slenderness 

ratio is increased. Also, the rate of increase for higher slenderness ratios (kL/r = 160) is higher than those 

of lower slenderness ratios (kL/r = 68 and 90). The percentage increases in axial stiffness due to increasing 

the reinforcement index is marginally affected by the different slenderness ratios, as shown in Fig. 10(e). It 

can also be noted that the percentage reduction in lateral displacement at maximum load increases with 

Fig. 9 Load-lateral displacement behavior of columns in parametric study
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increasing slenderness ratio at small reinforcement indices but tends to reduce after a certain slenderness 

ratio, for higher reinforcement indices, as shown in Fig. 10(f).

5.1.4 Effect of residual stresses

The level of built-in residual stresses has a marginal effect on both percentage increase of strength and 

percentage reduction of lateral deformation, as shown in Fig. 10(g and i) and no effect on percentage 

increase of axial stiffness, as shown in Fig. 10(h) as it mainly affects the initiation of yielding of the 

column.

6. Conclusions

In this paper, a numerical investigation has been presented on the behavior of axially loaded slender 

HSS steel columns strengthened with longitudinal CFRP sheets. A finite element model (FEM) accounting

for geometric and material non-linearities has been developed and successfully verified against both 

experimental and other analytical studies. A parametric study has been performed to study the effects of 

Fig. 10 Summary of results of parametric study
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number of CFRP layers, magnitude of residual stress, value of initial imperfection of the steel columns, 

and columns’ slenderness ratio. The following conclusions are drawn:

1. Strengthening of slender HSS steel columns using adhesively bonded high modulus CFRP sheets is a 

quite effective technique for increasing the axial strength and stiffness as well as delaying overall buckling 

of the column by reducing lateral displacements.

2. The axial strength of slender HSS columns is quite sensitive to the initial inherent imperfection (out-

of-straightness), however, the percentage gain in axial strength due to CFRP strengthening is almost 

independent of the level of imperfection. The percentage reduction in lateral displacement, on the other 

hand, is higher for columns with higher initial imperfections.

3. The higher the slenderness ratio of the column, the higher the gain in axial strength due to CFRP 

strengthening, for the same amount of CFRP.

4. The level of residual stresses has minor effects on the effectiveness of strengthening slender columns 

with bonded CFRP material.
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Notation

Afi : area of FRP layer number i
As : cross sectional area of steel
At : transformed cross sectional area
e' : imperfection
Efi : Young’s modulus of FRP layer number i in the longitudinal direction
Es : Young’s modulus of steel
i : layer number
Ifi : moment of inertia of FRP layer number i
Is : moment of inertia of steel
It : transformed moment of inertia
L : length of column
n : number of FRP layers
P : applied load
Pcr : euler buckling load
t : thickness of HSS
x : distance along the column axis from one end
δaxial : axial deflection
δlateral : lateral deflection
σ 'rs : residual stress
σ 'y : yield strength of steel
ω : reinforcement index
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