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Abstract. In this study free vibration analysis of a cracked Goland composite wing is investigated. The wing is modelled as a
cantilevered beam based on Euler- Bernoulli equations. Also, composite material is modelled based on lamina fiber-reinforced.
Edge crack is modelled by additional boundary conditions and local flexibility matrix in crack location, Castigliano’s theorem
and energy release rate formulation. Governing differential equations are extracted by Hamilton’s principle. Using the separation
of variables method, general solution in the normalized form for bending and torsion deflection is achieved then expressions for
the cross-sectional rotation, the bending moment, the shear force and the torsional moment for the cantilevered beam are
obtained. The cracked beam is modelled by separation of beam into two interconnected intact beams. Free vibration analysis of
the beam is performed by applying boundary conditions at the fixed end, the free end, continuity conditions in the crack location
of the beam and dynamic stiffness matrix determinant. Also, the effects of various parameters such as length and location of
crack and fiber angle on natural frequencies and mode shapes are studied. Modal analysis results illustrate that natural

frequencies and mode shapes are affected by depth and location of edge crack and coupling parameter.
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1. Introduction

Industries to save weight and for tailoring materials
properties according to the design requirements (Shiau 1992,
Shu and Della 2004). Moreover, fiber-reinforced composite
materials also suffer from damages. These damages may
occur as a consequence of defects introduced during the
manufacturing process or it may result from external loads
occurring during the operational life such as impact by
foreign objects (Shen and Grady 1992). In fact, defects lead
to damage and damages lead to failure in structure and
finally failure in the structure leads to mishap (Worden and
Barton 2004). Therefore damage detection in these materials
is quite important. In this field, one important method is
structural health monitoring (SHM) based on vibration
properties. The premise of this method is that damage will
alter the stiffness, mass or damping properties of a structure
which in turn affects the dynamic response of the structure
such as natural frequencies, mode shapes and damping ratio
of the structure (Wang et al. 2005). Also, free vibration
analysis is a prerequisite for other analyses as aero-elastic
analysis. So, more attention should be paid to modal analysis
of damaged composite structures. Commonly for vibration
analysis of airplane components, they can be idealized as
engineering elements such as shell, plate and beam. Most of
engineering components can be idealized as cantilevered
beams for example high aspect ratio wings, helicopter blades,
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airplane propellers, turbine vanes and windmill turbines.
Free vibration analysis of these components will be
important for understanding of mechanical behavior and
reliability of structure.

In recent years, numerous studies have been performed
in the field of free vibration analysis fields of composite
structures. Weisshaar and Foist (1985) discussed free-
vibration characteristics of directionally stiffened, laminated
composite beam-like structures such as high-aspect-ratio
lifting surfaces. Hodges et al. (1991) generated methods for
predicting the natural frequencies and mode shapes of
composite beams. Song and Librescu (1991) analysed the
free vibration and aero-elastic divergence of aircraft wings
modelled as thin-walled anisotropic. Also a semi analytical
method is employed to obtain the buckling loads and the
natural frequencies of symmetric cross-ply laminated
composite plates with edges elastically restrained against
both translation and rotation by Ashour (2003). Banerjee and
Williams (1995) used a dynamic stiffness matrix method to
predict the free vibration characteristics of composite beams
for coupled (materially) bending and torsional displacements.
Banerjee (2001) designed a systematic procedure for
derivation of exact expressions for the frequency equation
and mode shapes of composite beams undergoing free
vibration. Banerjee et al. (2008) considered a dynamic
stiffness matrix of a composite beam that exhibits both
geometric and material coupling between bending and
torsional motion and investigates its free vibration
characteristics. Then, the Wittrick—Williams algorithm is
applied to find the dynamic stiffness matrix, the natural
frequencies and mode shapes of an illustrative example.
Also, the dynamic stiffness formulation for both in-plane
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and bending free vibration based on the first order shear
deformation theory for composite plates were presented by
Boscolo and Banerjee (2012). The exact solutions for the
spatially coupled free vibration analysis of composite box
beams resting on elastic foundation under the axial force
using the power series method based on the homogeneous
form of simultaneous ordinary differential equations and
dynamic stiffness matrix are presented by Kim (2009).
Chronopoulos et al. (2013) proposed a dynamic stiffness
approach for the prediction of the vibratory response of thick
laminates and sandwich panels. The procedures and results
of a modal test for a honeycomb sandwich panel for
aerospace applications are presented and discussed by Sousa
et al. (2016).

But fewer investigates have been performed in the field
of free vibration analysis of damaged composite structures.
Free vibration and damping characteristics of composite
beams with holes are investigated experimentally and
numerically by Demir (2016). Krawczuk and Ostachowicz
(1995) investigated the eigen-frequencies of a cantilever
beam made from graphite-fiber reinforced polyimide with a
transverse one-edge non-propagating open crack, then they
investigated the discrete-continuous and finite element (FE)
model of a composite beam with a transverse one-edge non-
propagating open crack. Strganac and Kim (1996) studied
the aero-elastic response of several damaged composite
plates and developed a model of microstructural damage.
Then they presented two examples of aero-elastic systems
with microstructural damage: 1) a panel flutter of a
composite plate and 2) a bending-torsion flutter of a wing
represented by a cantilevered composite. Song and Librescu
(2003) developed an exact solution method based on
Laplace transform technique enabling one to analyse the
bending free vibration of cantilevered laminated composite
beams weakened by multiple non-propagating part-through
surface cracks. Also, Wang et al. (2005) investigated aero-
elastic characteristics of a cantilevered composite panel of
large aspect ratio with an edge crack. They modelled a one-
dimensional beam vibrating in coupled bending and torsion
and revealed that edge crack does not necessarily reduce
either flutter or divergence speed because the critical speeds
are also affected by the bending-torsion coupling parameter
due to the material. In another work, Wang and Inman (2007)
studied crack-induced changes in the aero-elastic boundaries
of an un-swept composite wing. The bending- torsion
couplings are applied to the equation of motion due to the
unbalanced laminates and offset of the centre of gravity. The
edge crack which is modelled with the local flexibility
concept, introduces additional boundary conditions at the
crack location. Daneshmehr et al. (2013) considered free
vibration of cracked composite beams subjected to coupled
bending-torsion loading based on a first order theory to
study the influence of open edge cracks on first natural
frequency of the beam. Jafari (2015) investigated the free
vibration analysis of rotating delaminated composite beams
with general lay-ups using an assumed series solution in
conjunction with Lagrange multipliers. This paper illustrates
that the present method has a rapid convergence properties
in predicting the natural frequencies and mode shapes of the
beams.

The current study is motivated by Banerjee et al. (2008)
and Wang and Inman (2007) studies which are concerned
with the dynamic stiffness formulation and free vibration
analysis of composite cracked beams that exhibit bending—
torsion coupling. The current paper relies on one frequency
dependent matrix called the dynamic stiffness matrix which
has mass and stiffness properties of the structure together,
unlike other methods such as FEM that relies on two
separate matrices, mass and stiffness matrices (Banerjee and
Su 2006). In this paper crack effects on the modal
characteristics of composite Goland wing are studied and
damage effects on the natural frequencies are illustrated.
Also in this study, free vibration analysis of an intact
composite beam is considered and its results are verified
with similar works. Then free vibration analysis of cracked
Goland composite beam is determined. The contribution of
this study is compared to previous works regarding both
geometric and material coupling in cracked Goland wing
modelling and use of formulations and approaches related to
dynamic stiffness matrix. The originality of the presented
study is notable from two points of view. From method and
formulation point of view in comparison with Banerjee et al.
(2008) including edge crack effects and in comparison with
Wang and Inman (2007) using dynamic stiffness matrix
method including both geometric and material coupling.
This study is quite new compared with the previous ones
from the results and analyses point of view. Thus, the
novelty of this study is to develop the dynamic stiffness
matrix method for free vibration analysis of cracked wing
with including coupling parameters.

2. Governing equations

The wing is idealized as a bending-torsion coupled
cantilevered beam with negligible damping. Since structural
damping of the wing model is negligible in comparison
with other structural parameters e.g. stiffness and mass of
the structure and in the aero-elastic analysis, contribution of
structural damping is small in comparison with
aerodynamic damping (Ling et al. 2015) and also to reduce
the complexity, here damping is neglected.

The model is illustrated in Fig. 1 represents a
cantilevered wing with a span length L, chord length b,
crack length a, fiber angle 6 and principle axes which is
specified by 1 and 2. Also in this model x, is the distance
between the mass and elastic axes, which is responsible for
geometric coupling.

According to Meirovitch and Silverberg (1984),
Banerjee (2001) and Wang (2004), by utilizing bending-
torsion material coupling rigidity term and assuming that
cross section is non-variable, the following governing
differential equations are obtained

d? (d*h d [(d*y d*h d*y
I K +m—+mxaﬁ=0,

dy?\dy?) " dy\dy?)" " dt 1
c >y X d (d*h d?h a2y 0 M
]dyz dy \ dy? *dtz  Ydez
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Fig. 1 coordinate system and notation for a bending-torsion coupled composite wing

Where h(y,t) is the bending displacement of a point
on the elastic axis and y(y,t) is the torsional displacement
about the elastic axis, EI and GJ are the bending and
torsional stiffness’s, respectively. Mass moment of inertia
about the elastic axis is denoted by I, and x, is the
distance between the inertia axis and the elastic axis.
Assuming harmonic oscillation for bending and torsion
motions

h(y, t) = H(y)eia’t’w(y’ t) — W(y)eia)t (2)

With substituting Eq. (2) in Eqg. (1) and definition of a
dimensionless variable(§ = y/L)

El0*H ) K 93y X

L_"_af" - TERTE + mx,wy, .
K 0°H b G d*U ) ©)
F@—mxaw H=L_2d_€:2+ aW lIJ

Derived expressions regarding dimensionless variable
are

OH 10H 0°H 1 0%H
dy Log’oy? 129§’
0'H  10%H 0%y 10%y “)

dy*  1*ag* oys 1P ogd
By defining a differential operator D = d(.)/d¢ and
rearranging

K K
(L—3D3 - mxawz) (L—3D3 + mxaa)2>
GJ El ) (5)

= (L_ZDZ + Iawz) <F D* — mw?

Eventually, a sixth order ordinary differential equation
is obtained as

EI.G] K? EI G
<L_6] - F) D® + I, w? L_4D4 - msz—sz —ml,w?

(6)

+m?x,2w* =0

Rearranging leads to auxiliary equation as
(D¢ +aD* —bD*—abé)W=0,W=H or ¥ (7)

where @, b and ¢ are defined in Appendix B. General
solution for a differential equation of six order consists of
one pair of real root (@, —a) and two pair of pure

imaginary roots ((iB, —ip), (iy, —iy)) as

oW *w  _9*w
oz Tigm e
W(&) = C; cosh aé + C, sinh aé + C5 cos B¢ +
Cysin B¢ + Cs cosy& + Cg sinyé
In which C; —Cg are constants and parameters

a,f and y will be defined in appendix C. Thus mode
shapes related to bending and torsion modes will be as

—abéw =0

®)

cosh a&
sinh aé
cos ¢
sin B¢
cosyé
sinyé

A, — Agand B, — By are two different sets of constants.
By substituting general solutions in the Eq. (1), A and B
coefficients are

{H(f)}_[/h A, A3 Ay As Ae] ©)

wE)) By B, B B, Bs Bg

€9 e e e.9
B, =— "‘L T A +T“A2,Bz = T"‘A1 - “L 2 A,,
epdp p p esdp
B3 = _L A3 +TA4,B4 = —TA3 +_L A4, (10)
e, g e e e,g
Bs =~ As + 1 Ag By = = As + < Ag.

For more details refer to Appendix F. According to
(Banerjee et al. 2008)
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ka Bk5 El l_) - a4
ea_ ga:ga— 23 ) a:? poc ,
k bk Elb—p*
B 5 _
eﬂ 1+gz;gﬁ ﬂ3 ’kﬁ_?T’ (11)
e ky g Eké‘ k. = EE - )/4
]/ 1+ gy' 2 y3 e 4 K )/3
which
x,El - mw?lt
= = 12
T T (12)
Thus Eq. (9) will be converted to
HE) =AXT,¥(¢)=BXI,B=AXP (13)

{Az[A1 A, As A, As Ad
B=[B, B, By By Bs Be]’ (14)
= {coshaé,sinhaé,cosBé,sin BE, cos y&, sin y&}T

_€da  Ca 0 0 0 0]
L L
ba  _%a9a 0 0 0
L L
0 0 @ —%ﬁ o 0
"o o %% o o |7
0 0 T I
0 &9y &
0 0 T 1
0 & &Yy
0 0 0 T I

3. Free vibration analysis of an intact beam

According to the normalized form of the general
solution, there are six unknown coefficients as 4 and B
coefficients are dependent together. Thus, to determine
these coefficients a set of six equations are required. For a
cantilevered beam theses equations are

-At the fixedend, £ =0

H(0) =0(0) =¥(0)=0 (16)
-Atthe freeend, £ =1
M(1) =S(1)=T(1) =0 17)

The cross-sectional rotation ©(§) , the bending
moment M(§), the shear forceS(¢), and the torsional
moment T(§) at any cross section with the normalized
coordinate ¢ are (Banerjee et al. 2008)

H($)
_LAC) A+ 0,4, + 0,4, + 0,4
(f) L df 1411 2412 3413 4414 (18)
+ 0545 + 04Aq

EId*H(©) N K d?¥ (&)

L dé3 12 déz
= S,A; + SA; + S3A5 + S,4,  (19)
+ SAs + SeAq

S =

EId’HE) K d¥(©)

TN AT
= MlAl + MzAz + M3A3 + M4A4_ (20)
+ M5A5 + M6A6

M(§) =

K d*M(§) GJa¥@)

TZ e L &
= TlAl + T2A2 + T3A3 + T4A4_ (21)
+ TsAs5 + T4

T() =

Coefficients in Egs. (18)-(21) are defined in Appendix
D. Applying six boundary conditions from Eqs. (16) and
(17) and Egs. (18)-(21) leads to

HO0)=0->HE =0)=4,+4:+4:=0 (22

Y0)=0-¥YE¢=0=B,+B;+B;=0
e e
_)(_ zxgaA1+_aA2)

+ (@A3 + %AQ + (eyLﬂA5 + eL—VAG) =0
1dH(é = 0
8(0) = 0 - O(¢ = 0) = %
(24)
= Z(Aza + A8+ Agy) =0
EI dzH(f) K d¥ (&) mE=1)=0
ME) =-1z déz L d¢
(25)

M(¢) = Ml(l)Al + Mz(l)Az + M3(1)A3+M4(1)A4
+ M5(1)A5 + M6(1)A6 =0
Eld3H K d?¥ =1)=
SO = 55 g g
I3 dé¢ 12 dé¢ (26)
S(f) = 51(1)A1 + 52(1)A2 + 53(1)143 + 54(1)144
+ Ss(1)As + Sg(1)Ag =0
K dzH(E) GJ d¥ (&) T(e=1)=0
12 dE&2 L dé
(27)
T() = T1(1)A1 + T, (1)A2 + T (1)A3 + T4(1)A4
+ T5(1)A5 + T6(1)A6 =0

T() =

From Egs. (22)-(27) matrix equation is obtained as

[G1 @2 Gz Gie G5 Qis [Al]

[az1 a2z Q23 Qe Q25 Q26 | | 4z [0]
a31 Q32 Qazz dzqg 935 Q36
(41 Qup Qu3 Qg Qas  Oag A4 |0‘ (28)
As1 Qs Q53 Qsq Qss  Ose|lAs lOJ
Ae1  Qe2 Qg3 Qgyq  Ogs a66J Ag 0

> AxAT =0
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Fig. 2 Coupling parameter changes w.r.t fiber angle

Table 1 Properties of case study I (composite Goland wing)

Bending rigidity
Torsional rigidity
Bending—Torsion coupling rigidity
Mass per unit length
Mass moment of inertia per unit length
Distance between the mass and elastic axes

Length
Width

EI =9.75 x 10°N. m?
GJ = 9.88 x 10°N.m?
K =0,1.5,2,2.5 X 10°N.m?

m = 35.75 kg/m
I, = 8.65 kg.m

Xq = 0,0.1,0.2,0.3 m

L=6m
b=183m

The natural frequencies are gained when the coefficients
matrix determinant (dynamic stiffness matrix) is equal to
zero (|A| = 0).

3.1 Coupling parameter

According to the publication (Wang 2004),
dimensionless coupling measure is defined as
K [1=0 - no coupling,
= - {l’[ = +1 - strongest coupling 29)

JEI.GJ

By plotting coupling parameter versus fiber angle in Fig.
2 it is obvious that no coupling case is related to fiber
angles: 0, 30, 90deg and the strongest coupling case is
related to fiber angle :70deg.

For conventional layup in composite wings such as
[0,90, +45]; and thickness of 0.005m for any ply, coupling
parameter is equal to 0.1516, this value is near to coupling
parameter for layup 35 deg. Thus, to simplifying the
calculations a simple layup 35 deg can be used instead of
aforementioned conventional layup as unidirectional
composite wing.

4. Results and validation

In this paper three case studies were considered for
intact wing. Case study I which is Goland composite wing
or Banerjee study, case study II which is composite Minguet
wing and case study III which is Wang composite wing. In

all these cases validation results were provided and the
comparison of the results were given in Table 2, Tables 4
and 6. For validation of cracked wing results, only Wang
composite wing is selected and the comparison of the
results were given in Table 7.

4.1 Intact beam results

In order to validate and confirm the outcome of the
model approach in MATLAB and the accuracy of the theory,
two illustrative examples are chosen from the works of
Minguet (1989) and Banerjee et al. (2008) which were also
used in previous literature then the model approach is
developed to case study II1.

4.1.1 Verification by the case study I: Goland wing

A cantilever composite wing whose stiffness and mass
properties are similar to that of the metallic wing is used by
Goland except for the bending—torsion coupling rigidity (K)
which does not apply to a metallic wing. However, K is an
important parameter for a composite wing. The basic data
used for the wing are given in Table 1. Complete consistent
between present study and reference study (Banerjee et al.
2008) is illustrated in Table 2.

4.1.2 Verification by the case study Il: Minguet wing

The properties of case study II are given in Table 3. Also
results and comparison with study Banerjee et al. (2008) is
listed in Table 4.
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Table 2 Results comparison between present study and study Banerjee et al. (2008) for intact beam

Natural frequencies (rad/s)

Xq(m) (x 1 Oé(N. m?) Present study Banerjee et al. (2008)
fi fa f3 f fa f3
0 51.05 88.45 265.25 51 88.47 265.44
1.5 42.7 91.14 212.38 42.68 91.21 212.44
0 2 36.30 91.58 181.60 36.28 91.65 181.63
25 27.34 87.14 146.03 27.32 87.18 146.03
0 50.55 90.93 258.25 50.53 91.02 258.43
1.5 40.26 98.99 197.52 40.25 99.07 197.57
01 2 33.97 100.39 168.52 33.96 100.4 168.55
25 25.46 94.78 137.33 25.44 94.81 137.34
0 49.34 99.10 246.48 49.33 99.20 246.60
1.5 38.08 112.12 185.54 38.07 112.22 185.57
02 2 31.99 114.61 157.80 31.98 114.71 157.81
2.5 23.90 104.34 133.82 23.88 104.36 133.87
0 47.75 115.59 238 47.74 115.74 238.10
03 1.5 36.15 134.70 177.11 36.14 134.86 177.15
2 30.29 139.80 148.83 30.28 139.97 148.83
2.5 22.59 109.65 146.88 22.57 109.62 147.03
Table 3 Properties of case study II (composite Minguet wing)
Bending rigidity EI = 0.0143 N.m?
Torsional rigidity GJ = 0.0195 N.m?
Bending—Torsion coupling rigidity K =0.00632 N.m?
Mass per unit length m = 0.0238 kg/m
Mass moment of inertia per unit length I, =1.66 X 107¢ kg.m
Distance between the mass and elastic axes Xq =0
Length L=0.56m
Width b=0.03m
thickness t=0.00054 m
layup [0°,45°]

Table 4 Results comparison between present study, and other studies for intact beam

Natural Frequency (rad/s)

Frequency number Minguet 1989 Banerjee et al. (2008) Pgizzr;t
1 8.04 8.04 8.045
2 50.32 50.39 50.395
3 1414 141 141.025
4 279 276 275.985
5 306 304.3 304.285

4.1.3 Verification by the case study Ill: Wang wing
The unidirectional composite beam consists of several
plies aligned in the same direction. In each ply (and for the

whole laminate) the material is assumed orthotropic
regarding to corresponding axes of symmetry. Material and
geometric properties of the beam are given in Table 5.
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Table 5 Properties of case study III (Wang 2004)

Modulus of elasticity-matrix
Modulus of elasticity-fiber
Modulus of rigidity-matrix

Modulus of rigidity-fiber
Mass density of matrix

Mass density of fiber

E,=2.76 x 10° N/m?
E=275.6 x10° N/m?
Gn=1.036 x 10° N/m?
G=114.8 x 10° N/m?
Pm=1600 kg/m3
pr=1900 kg/m3

Length L=05m
Width b=0.1m
Thickness =0.005 m
fiber angle 6 =30°70°
Offset of the center of gravity Xq =0
Table 6 Results comparison for intact beam in case study 111 (Wang 2004)
6 =30° f f2 f3 fa
Wang 2004 42.35 265.42 554.38 743.41
Present study 42.35 265.45 554.35 743.25
6 =70° fi f2 f3 fa
Wang 2004 75.2 445.6 916.1 1179.7
Present study 76.05 465.85 896.55 1220.3
6 =0° fi f2 f3 fa
Intact beam
Wang 2004 43.6 273.1 413.5 764.7
Present study 43.55 273.15 411.65 764.75
6 =90° fi f2 f3 fa
Wang 2004 181 413.5 1134.5 1240.6
Present study 181.05 411.65 1134.6 1235.1
6 = 35° fi f2 f3 fa
Present study 43.85 268.25 603.35 750.75
4.2 Free vibration analysis of the cracked beam B = — eagaA n e_aA B — e_aA _ eagaA
To model a cracked beam such as Wang and Inman ! . Lt . L 2R eL ! . L 7
(2007) a beam can be replaced with two intact beams By = 898 As+La,B,=—La,+ 98 A,
connected in the crack location. Then, additional boundary e Lg eL eL e lg
conditions are defined in the crack location by local Bs = YL Y As + TYAG, Bg = —TVAS + YL iy
flexibility method and Castigliano’s theorem. Replacing the €00 ey e, eala
cracked beam with two intact beams yields 7 s L 7e ) L ‘8 P8 é‘ﬁ 7 . Bl‘gﬁ & (32)
0<€<€ _){Hl(f) =A><F, Bg = L Ag +TA10,B]_O=—TA9+ I AlO'
T T W) =BXT, ey 9y ey
Hy(§) =A XT (30) B,y = TAll + TA12:
FCS““{WZ( )= BxT
= X e e
2(¢ By, = __YA11 + vy Ay,
L L
{{ =[4; Ag Ay A A A1 (1) Similar to intact beam boundary conditions in fixed and
B=[B, Bg By Biy Bi1 Bi;] free ends, the boundary conditions will be the same as Eqs.

Which the relations between 4 and B coefficients, in
the same approach for Eq.(10) are as

(16) and (17). The additional boundary conditions or
continuity boundary conditions in crack location are
M, (€e) = M3 (§0), S1(8e) = S2(80), To(6e) = T2 (60,
Hz(§c) = Hy(§e) + €2251(§) + 26 T1(60), (33)
02(8c) = 01(&) + caMy(&0),
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Table 7 Results comparison for cracked beam in case study |

6 =30° fi f2 f3 fa
Wang 2004 39.03 259.77 531.15 683.31
Present study 41.85 24235 546.05 709.35
6 =70° fi f2 f3 fa
Wang 2004 67.95 441.88 665.15 1144.8
Cracked beam Present study 69.85 304.85 903.05 1084.1
Contk lovaton 0.3 6= 35° f f f f
Present study 4235 245.05 595.25 716.75
6 =90° fi f2 f3 fa
Present study 170.65 409.75 800.45 1212.8
6=0° fi f2 f3 fa
Present study 42.95 243.45 409.75 722.45

The first natural frequency (rad/s)

i
0 01 0.2 0.3 04

1 I i
0.5 0.6 0.7 0.8 09 1

Crack location ratio
Fig. 3 The first natural frequency changes w.r.t crack locations in various crack depth ratio (eta) for case study I at

fiber angle 30 deg

Wy (&) = W1(&c) + 6251 (8c) + co6Ti (E0)

c;j are coefficients of local flexibility matrix € which
these are defined in Appendix E.

€z 0 6
c=|0 Caa 0 (34)
Ce2 0 ceo

According to the general solution in the normalized
form, the number of unknown coefficients is equal to
twelve, because B ,A and B ,4 coefficients are related.
Thus, to find the coefficients twelve equations are required.

From the paper (Wang 2004), the cross-sectional
rotation ©(§), the bending moment M(§), the shear force
S(&) and the torsional moment T(&) at any cross section
with the normalized coordinate ¢ will be similar to
Eqgs.(18)-(21) From Egs. (16) and (17) and Eq. (33) related
to boundary conditions, matrix becomes

[/1]12x12[0‘lT]12><1 = [0]12x1, A = [A:ﬁ] (35)

Again, the natural frequencies are equal to frequencies
that lead to zeroing coefficients matrix (dynamic stiffness
matrix) determinant (|JA| = 0). In order to determine the
crack effects on vibration analysis, three case studies are
investigated and natural frequencies and shape functions are
extracted and compared with previous works.

4.2.1 Verification by the case study I: Wang wing

According to cracked wing model (Wang 2004) and
properties in Table 5 and applying dynamic stiffness matrix
approach (Banerjee et al. 2008), as it is given in Tables 6
and 7, in fiber angles 30 and 70 deg, natural frequency for
intact beam is equal to 42.35 rad/sec and for cracked wing
the natural frequency is 39.03 rad/sec while according to
present study the natural frequency for cracked beam is
38.95 rad/sec. This conclusion is extensional for other fiber
angles.

From this analysis, the following results are obtained:

1- Mode shapes of cracked wing in Wang’s model
shows that in crack location there is a discontinuity
and the most discontinuity happens in torsion
mode which is the fiber angle of 70 deg. Therefore,
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is decreased and this behaviour is more intensive for
the crack location at the root.

at this fiber angle this mode can be used as a base
for mode shapes of cracked wing in aero-elastic

analysis.

The first natural frequency changes with respect to
fiber angles (at dimensionless crack location of 0.3
and dimensionless crack depth of 0.3) shows that
by increasing the fiber angle, the first natural
frequency is increased and the highest first natural
frequency is located at the fiber angle of 85 deg.
The first natural frequency variations with respect
to crack location ratio (at the fiber angle 30deg and
dimensionless crack depth 0.3) shown that the
lowest of the first natural frequency has happened
when the crack location is at the root and the
highest frequency has happened when the crack
location is at tip. Thus, whatever the crack’s
location farther away from wing root, the first
natural frequency is higher and the wing structure
is better (Figs. 3 and 4).

The first natural frequency changes with respect to
crack depth ratio (at fiber angle 30deg and various
crack location ratio) shows that by increasing the
crack depth ratio (eta), the first natural frequency

5-

Due to coupling terms, in non- coupling case
(30deg) there are good agreements between
present study results and the Wang’s paper (Wang
2004). But in strongest coupling case (70deg) there
are weak agreements.

4.2.2 Case study II: Minguet wing

The second illustrative example of bending-torsion
coupled composite beams available in the literature is the
flat composite beam of four ply carbon-fiber reinforced
plastic material (Minguet 1989) with lay-up [45deg/Odeg],
length 0.56 m, width 0.03m and thickness 0.00054 m. The
rigidities and other properties are given in Table 3. Fig. 5 to
Fig. 8 illustrates changes of the first natural frequency of
wing with crack location and crack depth variations.

As illustrated in Figs. 5 and 6, maximum decreasing of
the first natural frequency is related to crack location at the
root, and maximum decreasing of the second natural
frequency is related to crack location ratio 0.3.

Fig. 7 similar to Fig. 3 shows an increasing trend for the
natural frequency when the edge crack approaches to the tip
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of the wing. Of course this trend is different for the second crack location ratio between 0 to 0.08 the trend is
natural frequency. Regarding Fig. 8 (similar to Fig. 4), for increasing, between 0.08 to 0.16 trend is almost constant,
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Table 8 simple verification of developed code for Goland
wing

Crack depth 0

Crack location 0

Fiber angle 0
Bending—torsion coupling rigidity (K) 10e-6

Geometric coupling parameter (x,) 0
Bending natural frequency (rad/s) 51.05
Torsion natural frequency (rad/s) 88.45

between 0.16 to 0.32 it is decreasing and between 0.32 to
0.56 the trend is again increasing.

4.2.3 Case study lll: Goland wing

As it was seen in previous section, the edge crack
obviously reduced the first natural frequency of the cracked
beam. In this subsection, the edge crack effects on high
aspect ratio composite Goland wing with properties given in
Table 1 will be investigated. The Goland wing model used

in this work is based on the described model by Banerjee et
al. (2008). The model (Fig. 1) represents a cantilevered
wing with a 6 m span and 1.83 m chord.

To verify the model approach, the crack depth was set to
zero as an input and after finding the natural frequencies,
the intact beam natural frequencies were obtained (Table 8).

Fig. 9 to Fig. 12 shows changes of the first natural
frequency of Goland wing with crack location and crack
depth variations at fiber angle Odeg, material coupling
parameter le-6, distance between the mass and elastic axes
0 (geometric coupling parameter) for bending and torsion,
respectively. In bending mode, by increasing the crack
depth the bending natural frequency is reduced and it is
more intensive where the downward trend of the crack
location approaches to the root. In addition, in torsion mode
the same trend happens with lower slope.

In Figs. 11 and 12, upward behaviour of the first natural
frequency in bending and torsion modes has been plotted
for crack location from the root to the tip. It is showed that
the first natural frequency is increased by moving the crack
from the root to the tip.



554

Ali Reza Torabi, Shahrokh Shams and Mahdi Fatehi-Narab

90 ‘ ,

i ; .
: L o
80 - geop- @0 0= SOOI ;

2
I R
‘s;
£ : :
S460 ---eme e e GEGRREREEEE Tt
£ &O
= : e
=50 ﬁ:u--ﬂ'-n --------- FRREEEIEEEEEE
£ oo ; H
: @8 3
g 40 SRR SR A
[ s — eta=0
s PR 4 : --0-- eta=0.1
E [ : =0.
£ 308 N P 5 8- eta=0.3
& =#-- eta=0.5
20N T 550 o4 j---| —4— eta=0.7
3400 49T TEET | | |-¢--etaz0.0
0 : ; ; \
0 1 2 4 5 6

Crack location (m)

Fig. 11 The torsional natural frequency changes w.r.t crack locations in various crack depths (eta) for Goland wing

60 : :

50— eta=0
-©--eta=0.1

404 -8--eta=0.3
=¥=-eota=0.5
—4—eta=0.7

30

e eta=0.9

20

10

The first bending natural frequency (rad/s)

Crack location (m)

Fig. 12 The bending natural frequency changes w.r.t crack locations in various crack depths (eta) for Goland wing

Table 9 Natural frequencies for composite Goland wing

Crack depth
Crack location
Bending—torsion coupling rigidity (K)
Fiber angle (deg)

Geometric coupling parameter (x4)

0.1 5.85
3 82.05
1.5¢6 . 115.85
Natural frequencies (rad/s)
45 231.75
0.1 367.55
486.65

To plot shape modes, assuming crack depth 0.1 m and
crack location 3 m, the natural frequencies are derived as
Table 9.

In Fig.13 to Fig.15 the first six mode shapes of
composite Goland wing has been illustrated. It is obvious
that there is a discontinuity in the crack location.

In Table 10 natural frequency changes regarding
bending—torsion coupling rigidity (K) has been tabulated
assuming crack depth 0.1m and crack location 3 m. In Fig.
16 the natural frequency changes regarding coupling
parameter (K) has been illustrated in crack depth 0.1 m and
crack location 3 m for different geometric coupling

parameters. It is clear that in a certain coupling parameter,
the highest of the first natural frequency has occurred at the
highest of the geometric coupling parameter.

Finally the following results are obtained:

o (ritical case study is related to case study III
since most natural frequency reductions have occurred
in this case.

e As illustrated in Table 11 critical crack location in
the first natural frequency is related to the root of the
wing but it is different in the second natural frequency
depending on fiber angle and geometric and material
couplings.
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Table 10 Natural frequency changes w.r.t bending—torsion coupling rigidity in composite Goland wing
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Crack depth:0.1, Crack location:3,

Geometric coupling parameter (x,):0.1

Fiber angle

0
35
40
45
52
60
70

Bending—torsion coupling rigidity (K)

10e-6
0.5¢6
le6
1.5e6
2e6
2.5e6
2.63e6

Natural frequencies (rad/s)
6.85-66.95
6.85-68.35
6.55-72.75
5.85-82.05
4.85-250.55
3.45-242.85
3.05-221.95
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Table 11 Event conditions of the lowest natural frequency in case studies

The first natural frequency

The second natural frequency

CS™ 1 CSl csS CSlI csli cs
eta 0.9xC™ 0.9xC 0.9xC 0.9xC 0.9xC 0.9xC
& root root root 0.6xS™ 0.3xS root

“Case Study, “Chord, ""Span

6. Conclusions

In this study the edge crack effects on modal properties
of a composite wing is investigated. First, free vibration
analysis of an intact wing, which modelled as an Euler-
Bernouli cantilevered composite beam, is performed then
the edge crack effects on modal properties are studied.
Results showed that the edge crack reduced natural
frequencies in both uncoupled case (30 deg) and strongest
coupling case (70 deg). It also showed that the edge crack
changes the mode shapes and the changes appeared as a
breakage in crack location. These changes in strongest
coupling case and torsional mode are more tangible than
other cases. The first natural frequency corresponding to
crack location showed that moving from wing root to wing
tip increases the natural frequency. Also, increasing the
crack depth decreases the natural frequency which is
intensive in the wing root. The changes of first natural
frequency w.r.t fiber angle showed that increasing the fiber
angle decreases the first natural frequency for fiber angle
less than 30 deg and increasing fiber angle increases the
first natural frequency for fiber angle more than 30 deg. The
highest first natural frequency has occurred in the fiber
angle of 88 deg. The bending-torsion coupling rigidity
showed that in fiber angle 0 and 90 deg there is no material
coupling and the weakest coupling is in 30 deg and the
strongest coupling is in 70 deg. Also the crack leads to a
geometric coupling. At final mode-shapes of the cracked
beam, the fiber angle of 70 deg could be selected as an
input for aero-elastic analysis because the crack effect is the
highest at this fiber angle. In the case studies three models

for verification have been selected for an intact wing. Also
for a cracked beam, three models have been selected
including models of the intact beam. In this study, dynamic
stiffness matrix formulation for coupled bending-torsion
vibration of composite cracked beams is developed and the
results is determined for a well-known cantilevered beam.
The results showed that the crack (even with shallow depth)
in root of large span wing severely decreases the natural
frequency. Therefore structural designers should use from
different methods such as aero-elastic tailoring and SHM to
reduce this danger.
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Appendix A

Nomenclature

ST 3~ o~

h(y,t)
Yy, t)

a,B,y
Ay, By, C;
/J1,/v12
'4
E11' EZZ' G23'

G12) V12, V21
w.r.t

Ali Reza Torabi, Shahrokh Shams and Mahdi Fatehi-Narab

= span length

= chord length

= thickness

= mass per unit span

= crack length

= fiber angle

= principle axes

= distance between the mass and elastic axes
= bending displacement

= torsional displacement about the elastic axes
= bending stiffness

= torsional stiffness

= bending—torsion coupling rigidity

= moment of inertia about the elastic axis

= crack location ratio (c.Lr)

= crack depth ratio

= frequency (rad/s)

= bending mode shape

= torsional mode shape

= differential operator

= cross-sectional rotation

= bending moment at any cross section

= shear force at any cross section

= torsional moment at any cross section

= coefficients of local flexibility matrix

= flexibility matrix

= correction factor for third mode of crack

= correction factor for first mode of crack

= compliance matrix components

= dynamic stiffness matrix

= crack area (crack length for two-dimensional problems)
= roots of auxiliary equation

= constant coefficients of mode shapes

= roots of the characteristic equation

= coupling parameter

= constants from compliance elements of the composite along the principle axes

= mechanical properties of the composite

= with regard to
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Appendix B

Coefficients @, b and ¢ from Eq. (7)

El EI
L Iawzﬁ B Iasz—4 _ L,w?Ell*?  L,w?EII*/EI.G] @
“TELG] K*T ELGI—K® ELG —K? (1_ K2 ) 1—ky
5 I° L5 ET.G]
G mw?GJL* _
5 msz—g _ mw?G/L*  TELG] b
CEL.G] K*! ELGI—K* (, K*\ 11—k,
5 I° ET.G]
B = m2x2w* — ml,w* I,w?EIL? mw?GJL* \  L(mPxio* —ml,w®)
€= EL.G] K? EI.G] —K?J\EL.G] —K2)° EI.G] — K2
5~ I°
2 2,2 2 2 2
mx; mKx; K mxg K
¢ =— —t+1- =(1- 1-— =(1-k,)(1 -k
¢ I, +IaEI.G] EL.G] ( I, )( ELG] ( o) m)
Appendix C

Closed form solution of the auxiliary equation Eq. (7)

assuming trail solution W = eP¥will be as

p® + ap* — bp? — ab¢ =

2=p? S 34 a? a2
R +a—br—abi=0->P +22+|(———
3 3 3

( 5.

=b+—

a 3

_a+2

¥=4T3

all three roots of equation x3 —qx —r =
Wang (2004) will be as

0 as given by

X, = 2/q/3cos(¢/3),x, = 2/q/3 cos((m — ¢)/3), x3 = 2y/q/3 cos((m — ¢)/3).

Finally, all six roots of auxiliary equation (Eq (7)) will
be defined by parameters «, 8,y,qand ¢ from Eq. (8) as

( a? =2./q/3cos(¢/3) —§—> (a,—a)
3 , ,

B = 24/ cos(x = $)/3) + 5 = (B, ~i),

| ¥? =2yq/3cos((m + ¢)/3) +

cos(¢) =

27abé — 9ab — 243

2(3b +a2)*"”

S i)

—_— —_—

3 ty, -ty
Bz

a=ety

(B-1)

(B-2)

(B-3)

(C-1)

(C-2)

(C-3)

(C-4)

(C-5)
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Appendix D

The coefficient 6;,S;, M; and T; (i=1-6) can be written
as follows
1 1
0, = Zasinhaf,Qz = Za cosha&,0; = —zﬁsinﬁf,

1 1 1 (D-1)
o, = Z[s’cosﬁf,Os = —zysinyf,@ﬁ =Zycosyg‘,

Gje
( 2 cosh a¢ +—] aLga a sinh aé _T]Taa cosh a«f),

GJ e,
= ( Zsinh a& _T]Ta sinh aé + L] aLgaacosh a{)

cosﬁf+ ) ﬂgﬁﬁ ﬁ§+——ﬁC05ﬁ’5>

(D-2)

GJ e, gy

(
1, = (58 sinpg + L psinpe — 7 LI g cos ),
( 14 cosy€+TTysmy€+%TycosyE>
(7

GJ e, Gl ey gy
y smy€+TTysm yé — 171 ycosyf)

s—(EI 3 sinh ¢ — . 2 h +K h )
L= L3a sinh aé Z 1 a? cosh aé La sinh aé

S, = (ga cosh aé + KeL a? cosh a¢ —Eeal:ga a?sinh af),
( B3 sin € — — ﬁg’* BIE B2 cos BE + ——32 sinﬁf),
g (D-3)
1= (~ 73 % cos BE — 3 2 p* cos Bt — 15 2 g sin ),

s (E Ke,g, LK K 5 . )
s =\3Y *siny¢ i y?cosy¢ L}’ siny¢ ),

El Ke Ke,g,
Se <_L3y cosyf——fy cosyf——T}/ smyf)

M;

El Ke,ga . Ke,
(—ﬁazcoshaf+z I T ),

M,

(EI h K e, h + €xYa h )
Lasm aé LLasm aé I 1L a cosh ag |,

(flﬁzco ﬁ§+— ﬁgﬁﬁm ,B€+——Bcos,8€>
(7

(D-4)
El
=y smﬁ§+——ﬁs1 e — Bgﬁﬁcosﬁf)

M3 =
M,
Ms

Ke,g,
(L—zy cosyé +ZTY sinyé§ +——ycosyf

M=y s )
zy sinyé§ I Lysmyf ycosyf
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Appendix E

Local flexibility matrix coefficients from Eq. (34)

96m3D3b 21D,
C26 = Ce2 = m 1 €22 = —— B
576D;m” b%t 24mD, Y7
Co6 = A Cag = ——— 1
(m5bt2 — 192t3)2 t

(S

__a_
a:z‘az

1 a a
Ay = ﬁf a[Fy(a/b)Pda,—— Ay = J. alF (@]%da,
0 0

A = biz fo 4l (a/b)]?da = fo “alF,(@]2da

Where, Fj; denote correction factor for third mode of
crack and defined as

Ay =— %ln (cos %)

And F; denote the correction factor for first mode of
crack and is defined as

tanA1[0.752 + 2.02(a/b) + 0.37(1 — sin 1)3]
A cos A

Fi(a) =

Constants D;, D,, D; and D,, are defined as

A +
D, = _fe2 <,“1 .“2)’
B 2 Hilda
i - 1
D, = %Im(lh + 12), D1z = Ay Im(uypy), Dy = oV AyaAss.

In which y; and p, are positive imaginary parts of
characteristics equation roots

App® = 245603 + (241, + Age)lt® — 24560 + Apy = 0,
Compliance matrix components are
A = Am* + (241, + Agg)m®n? + Ayynt,
Ayy = Apn* + (244, + Agg)m?n? + A,,m*,
Ay = (Agg + Ayy — Age)m?*n® + A, (m* +n%),
Ay = (2411 + 2415 — Age)m®n — (245, — 24,1, — Age)mn’®,
Aye = (2411 — 241, — Agg)mn® — (24,, — 24, — Agg)m>n,

Age = 2(2A11 + 245, — 441, — Agg)m?n? + Age(m* + n%),
With m =cosf, n=sinf and 6 is fiber angle.

Constants Ay , Ay, Age and A;, for plane stress
condition are

1 1 V1o Va1 1 1
_’A =_;A :__:__IA =
VU T BT T B By Gy
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(E-1)

(E-2)

(E-3)

(E-4)

(E-5)

(E-6)

(E-7)

(E-8)

(E-9)

(E-10)
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Appendix F

To find the relationships between the coefficients
Ai_gand B;_g, substitute Eq. (9) to the first of Eq. (1)

(F1)

El K
(FA1a4 + L—382a3 —mw?4, + mxaw231> cosh aé
(F2)

—A,a* + < Bia® —mw?A, + mx,w?B, | sinh a¢
(F3)

e

(F4)

(Fs)

El K
— Agy* — —=Bgy? — mw?As + mx,w?Bg | cosy¢

(Fe)

El K
+ (— 3B — L—334B3 —mw?4; + mx,w?B; | cos B¢

)

)
o+ o st + mt, ) sin

)

)

El K
+ (L—4A6y4 + EBSVS —mw?Ag + mx,w?Bg |sinyé =0

from the equation (F7) of the equation (F-1), B; is derived

as
El .. K 3 2 2
FAla +L—332a —mw-4; + mx,w*B; =0 -
EIl K 1
- 4 3
B et MY T g 2 A
then B; is substituted in the Eq. (2)
El . K 3 2 2
FAZO( +L—3310( —mw-A, + mx,w°B, =0 -
El K El K 1
il S S (N SV S - SV BT 3
L* Axa +L3< mxasz“Ala mx,w?L3 Boa +xa Al)“

—mw?4, + mx,w?B, =0 -

K? . 5 EIK ., k| El , 5
_m—xaw2L6a + mx,w BZ:(mxaa)zﬂa _xaL3a )A1+(—L—4a + mw )Az

finally, after an algebraic manipulation B, is derived as

EIK 7 _ K 3) El
(mxaw2L7 “ X BY (_ L—4a4 + mwz) €q €aJa
B, = e A+ e Ap =T A ——— 4y
__ " 6 2 __ A" 6 2
( mxaszﬁa + mx,w ) ( mxaszﬁa + mx,w )

B, is substituted in the Eq. (2) and after an algebraic
manipulation B, is derived a
_ eaga ea

By =~ A+ A

In the same manner, other relationships between
coefficients A;_¢ and B;_g are obtained as

(F-1)

(F-2)

(F-3)

(F-4)

(F-5)
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f 1),(2) e e e
L)Blz al:gaA1+LA2’BZZTaA1 afaAz,
f (3).(4) e
L)Bs == ﬁgﬂA3+TﬂA4'B4=_fﬁA3 ﬁfﬁA4,
from (5),(6) e, g e e, g
By =L 45 + L Aq By = —TAS + = Ae.
For sample, algebraic manipulation for the first
expression of the equation (F-4) will be as (F-7) and for the
second expression of the equation (F-4) will be as (F-8).
EIK ;K 3 EIKa” — mw?l*Ka
mxgw?L7 2) mxqw?L7 _ —EIKa’ + mw?L*Ka’®
(_ K> 64 my a)z) - —K?2a® + mPx, 2w’ LK2ab — m2x,2w*L’
mx,w?L°e @ mx,w?L°
a3(—EIKa* + mw?L*K) *
=
LK?a® — m?x,2w*l’
(EILK)?
3(EILK)*(—Ela* + mw?L*)

_ a®(=EIKLa* + mw’L’K) LK a3(—Ela* + mw?L*) *Gik?
T I2K%a8 —m2x, 2wl L[2K2a6 — m2x,2w*L8 (EILK)2(L2K2?ab — m2x,2w*L8)

s (—Ela* + mw?L*
a —_——

a3 (EILK)*(—Ela* + mw?L*)  EI El
(EILK)?(L2K?a® — m2x,2w*L8) LK\ (EIKL)?a® — m2x,2w*L8(EI)?
a
(EILK)?

mw?L*
o 2 )

3 (—Ela* + mw?L* .
EI — B ) \*=El 76
= — _— —
LK\ o m2x,2w*L8(EI)? LK o m2x,2w*L3(EI)?
a (EILK)? \“ (EILK)?
a6
ma)
/ ( EI B \ (b—a4) \ . XgEl
EIl 1 —(b a*)=ka~7 —-=ks
T IK 4L8x2 EI Z _ xEIz
6 _ za 2(Za ="
@ (51)2 L2 1_b (L K)
a6
ks
1 ky 1 kg F=g"‘ 1< kq ) €y
=7 =7 2 —_ - 2) "7
L b2k5 L kl B L;?) ) L\1—-g, L
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(F-6)

(F-7)
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El Ela* — mw?L*
(_L_4a4 + mwz) _ - = mx,z(usz(EIa4 - mw2L4)
K2 . , T K26 — mzxa2w4L6 - K2q6 — mzxaza)‘*LG
( mxaszﬁa T Mxew ) mx,w?L°

mx,w?L*(mw?L* — Ela*)
L2(K2a6 _mzxazw‘l—LG)

EPP(m?x,w*L® —mx,w?L*a*El)  EI(m?x,w*L°El — mx,w’L*a*EI?)
EIZ(K?L2a® — m2x 2w*l®) (KLED?a® — m2x,2w*LPEI?
m2x, w*LBEl — mx w?L*a*EI?  EiLk?
1 “EILK?
(KLED?a® — m?x,2w*L8EI?
El
m2x,w*IBEl — mx w?L*a*EI? m?x,w*l®  mw?L* (ﬂ)z Xg 4
_ EILK? _ __ LK? El \K) 1%
L ((KLEI)ZOI6 — mzxazw“LsEIZ) L <(EILK)2a6 — mzxazw“LBElz)
EILZK? (EILK)?
mw?l* (EN* x, (mw?Ll* (F-8)
mw?L* (ﬂ)zx_a mw?L* ) g ET (7) T\E ¢
B El \k) T \"ET ¢ o 20
- 2 2 - 2742 2 2
6 _ (MWL rxg\? (E1 6 _ (MW2LN\" rxg\? (E1
L(“ ( ) (7) (%) e ) (1) (%)
o
mw?l*Elx, EI (msz“_ 4) _
El KL, K\ EI bks |
- _ as a3 __ a3 "¢ - _ Jaka
Mmw2L4 Bl x,\° L<1 (Ekg)z) L(1-g3)
“\ 3
i1 BL_KL a
Jake

__(A-98) _ _¢€ada
L L’






