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Abstract.

The current study deals with the size-dependent free vibration analysis of graphene nanoplatelets (GNPs) reinforced

polymer nanocomposite plates resting on Pasternak elastic foundation containing different boundary conditions. Based on a four
variable refined shear deformation plate theory, which considers shear deformation effect, in conjunction with the Eringen
nonlocal elasticity theory, which contains size-dependency inside nanostructures, the equations of motion are established
through Hamilton's principle. Moreover, the effective material properties are estimated via the Halpin-Tsai model as well as the
rule of mixture. Galerkin's mathematical formulation is utilized to solve the equations of motion for the vibrational problem with
different boundary conditions. Parametrical examples demonstrate the influences of nonlocal parameter, total number of layers,
weight fraction and geometry of GNPs, elastic foundation parameter, and boundary conditions on the frequency characteristic of

the GNPs reinforced nanoplates in detail.
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1. Introduction

Finding free vibration response of structures is one of
the primary tasks in structural analysis so that a great deal
of pioneer mechanical studies has been conducted on this
issue so far (Khan et al. 2011, Panda and Singh 2013,
Bounouara et al. 2016, Hebali et al. 2016, Mehar and Panda
2016, Dash et al. 2018, Houari ef al. 2018, Farajpour et al.
2019, Kumar et al. 2019, Shahsavari et al. 2019).
Reinforced structures, are multifunctional structures, which
prepare great advances designing smart structures (Singh et
al. 2019). These structures can be used in some devices
(such as turbines, blades) because of its great properties (i.e.,
high strength and stiffness). In the recent decade, in order to
reinforce the structures some advanced polymeric
composite matrix, including Carbon Nanotubes (CNTs),
Graphene, Graphene Platelets (GPLs) and GNPs are utilized
for special aims. The mechanical properties of GPLs,
single-walled CNTs and multi-walled CNTs reinforced
epoxy nanocomposites were reported by (Rafiee ez al. 2009)
in which they showed that the strength and stiffness, which
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can be achieved with 1% of the weight fraction in the CNTs,
can be easily achieved for GPLs with 0.1% of weight
fraction. This positive point creates a great potential for
using nanocomposites like GPLs and CNTs in some
advanced and smart structures more than before. In this
respect, some experimental, analytical, and numerical
studies conducted to show the mechanical characteristics of
reinforced structures made of beams, plates, and shells
(Mehar and Panda 2015, Mehar and Panda 2016, Mehar et
al. 2016, Mehar et al. 2017, Mehar et al. 2017, Mehar et al.
2017, Mehar et al. 2017, Bisen et al. 2018, Mehar and
Kumar Panda 2018, Mehar and Panda 2018, Mehar et al.
2018, Dash et al. 2019, Eyvazian et al. 2019, Karami et al.
2019, Karami et al. 2019, Mehar and Panda 2019, Mehar
and Panda 2019, Mehar, Panda ef al. 2019; Mehar, Panda et
al. 2019; Eyvazian, Shahsavari ef al. 2020, Karami et al.
2020, Karami and Shahsavari 2020, Mehar er al. 2020,
Mehar and Panda 2020, Mehar et al. 2020, Motezaker and
Eyvazian 2020). To review some of studies on GPLs
reinforced structures, the dynamics of GPLs reinforced
polymeric nanocomposite plates were studied by (Song et al.
2017) via Navier solution-based technique. In another work
(Song et al. 2018) studied the bending and buckling
problem of mentioned structures using an analytical
solution. Employing a numerical approximate based on
Finite Element Method (FEM) an investigation was carried
out by (Zhao et al. 2017) for static and dynamics of

ISSN: 1229-9367 (Print), 1598-6233 (Online)



690 Behrouz Karami, Davood Shahsavari, Ali Ordookhani, Parastoo Gheisari, Li Li and Arameh Eyvazian

trapezoidal nanocomposite plates reinforced with GPLs.
(Kitipornchai et al. 2017) investigated the free vibrations
and elastic buckling of porous beams reinforced with GPLs
via Timoshenko beam theory and Ritz method. Wave
propagation of GNPs (GNPs) polymer composite
nanoplates was investigates using a refined plate theory by
(Karami et al. 2020). Free vibrations and stability of
graphene-reinforced porous nanocomposite plates were
studied by (Yang ef al. 2018) using Chebyshev-Ritz method.
Nonlinear vibration and post-buckling of porous
nanocomposites reinforced with graphene were investigated
by (Chen et al. 2017) employing Timoshenko beam theory
and Ritz method. Doubly-curved shallow shells reinforced
with GPLs for vibration and bending problems via a higher
order shear deformation theory and Navier technique were
analyzed by (Wang et al. 2018). Using a numerical method
and a unified higher-order shear deformable plate model,
the nonlinear vibration of polymer nanocomposite
rectangular plates reinforced by GPLs was studied by
(Gholami and Ansari 2018). As shortly reviewed, there is a
shortcoming for analysis of GNPs reinforced structures
when the scale of this structure tends to nanoscale.
Nowadays, with the development and growth of using
miniature systems, a great deal of research has been made
by many researchers on the precise understanding of
materials at micro/nano scales. In order to study the size-
dependent analysis of these structures, some theories
including small-scale parameters were presented so that the
small-scale effects can be incorporated when the scale tends
to micro/nanoscales (Ghayesh et al. 2016, Farajpour et al.
2018, Ghayesh 2018, Farajpour et al. 2019, Ghayesh and
Farajpour 2019, Karami ef al. 2020). As one of these well-
known size-dependent theories, the nonlocal -elasticity
theory presented by Eringen has been employed by many
researchers to investigate the stiffness-softening mechanism
of various nanostructures (Ghayesh 2014, Quaresimin et al.
2016, Bouafia et al. 2017, Shahsavari et al. 2017, Karami et
al. 2018, Mehar et al. 2018, Benahmed et al. 2019,
Farajpour et al. 2019, Fattahi et al. 2019, Karami et al. 2019,
Shahsavari et al. 2019, Shahsavari et al. 2019, Tahouneh et
al. 2019, Gholipour and Ghayesh 2020, Karami and
Janghorban 2020). In the recent years, size-dependent
analysis on nanostructure systems reinforced with CNTs
and GNPs have been conducted in some studies. (Phung-
Van et al. 2017) investigated the size-dependent static and
dynamics of composite nanoplates reinforced with CNTs
based on the isogeometric analysis. (Sahmani et al. 2018)
studied the nonlinear static of GNPs reinforced porous
beams using Galerkin's method. Size-dependent vibrations
responses of GNPs reinforced polymeric composite
nanoplates were analyzed by (Arefi et al. 2018). (Thanh et
al. 2018) studied the size-dependent isogeometric static and
vibration analysis of composite nanoplates reinforced with
CNTs using a higher order shear deformation theory.
(Farzam and Hassani 2018) investigated the size-dependent
thermal and mechanical buckling response of composite
plate reinforced with CNTs via isogeometric approach.
More recently, (Karami et al. 2018) studied the size-
dependent stability, bending and vibration problems of
composite plates reinforced with CNTs using the second-

order shear deformation plate theory and Navier solution-
based technique. However, considering boundary conditions
in combination with size-dependent effect has some
important gaps.

The boundary condition is one of the main issues that
need to be considered in different mechanical analyzes of
both size-dependent and size independent structures.
Because the results of static and dynamic analyses are
highly dependent on boundary conditions, which this issue
has been devised for different structures (Canales and
Mantari 2018, Imran et al. 2018). Typically, mechanics of
simply supported boundary conditions investigate, but it is
universally accepted that overall boundary condition can be
a combination of simply supported, free, or clamped
boundary conditions. To cite related articles, (Zhong et al.
2018) studied the vibrational response of composite
rectangular plates reinforced with CNTs under the impacts
of arbitrary boundary conditions using an enhanced Ritz
method. Composite plates were analyzed by (Imran et al.
2018) for effects of delamination size, stacking sequence
and boundary conditions on the vibration response using
FEM. Free vibrations of thick porous rectangular plates
with different boundary conditions were studied by (Zhao et
al. 2018) via the three-dimensional exact solution and the
Rayleigh-Ritz process. (Canales and Mantari 2018)
investigated the various boundary conditions effects on the
dynamics of isotropic laminated beams via unified
formulation and Ritz method. Jacobi-Ritz method was
utilized to investigate the vibrations response of cracked
laminated composite beams by (Kim et al. 2018) for
different boundary conditions. The electro-thermo-
mechanical vibration behavior FG piezoelectric plate was
studied by (Barati and Zenkour 2018). In their work, the
effect of different boundary conditions was also
investigated via an analytical approach. Size-dependent
vibration and stability responses of graphene sheets
including different boundary conditions were analyzed by
(Radi¢ and Jeremi¢ 2017) using Galerkin's method. They
showed that this method is in good agreement with exact
results for size-dependent analysis of structures with
different boundary conditions using determined shape
functions.

Hence, performing an analysis on the size-dependent
vibrational behavior of GNPs-reinforced FG-PC nanoplates
with the use of a higher-order refined plate theory and
Eringen nonlocal differential model using Galerkin's
method is the main aim of this study. Further, inside the
polymer matrix, four different patterns of reinforcement
distributions are supposed. The Halpin-Tsai model and a
rule of mixture are utilized to estimate the properties of the
material with GNPS distributed in the thickness direction of
the plate. The governing equations and boundary conditions
are derived via Hamilton's principle and solved using
Galerkin's method for vibrational problem including
different boundary conditions. Also, the effects of some
important parameters such as the geometry of GNPs, the
total number of layers, the weight fraction of GNPs,
Winkler-Pasternak ~ foundation  coefficients, nonlocal
parameter, and boundary conditions on the free vibrations
of GNPs reinforce FG-PC nanoplates are studied. It is
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hoped that the present numerical results can serve as a
benchmark for future investigation of GNPs reinforced
nanoplates.

2. Eringen nonlocal differential model

(Eringen 1983) presented a non-classical model of
continuum mechanics in which the size-dependent effects
are considered by only one small-scale parameter. In this
model, “the stress field at a reference point x in an elastic
continuum media depends not only on the strain at that
point but also on strains at all other points in the domain”.
So, the stress tensor is given by

7, :L alx'=x|,7)a; (x AV’ (1)

where o; and 7; are, respectively, the local and nonlocal
stress tensors. a(|X '—X|,T) refers to the nonlocal kernel.

=eoa/{ refers to a small-scale factor where ey is determined
experimentally, “¢ is the external characteristic length (e.g.,
lattice parameter) and a is an external characteristic length
(e.g., crack length, wavelength) of the material”.

For the sake of simplification, to consider the scale
effects, the following differential constitutive relation
consequent (but not equivalent) to Eq. (1) is used.

[1_(e0a)2v2:|o-ij =C € 2

where V? is the Laplacian operator in Cartesian
coordinate, and Cjy denote elastic matrix components.

3. Basic formulation

3.1 Material properties of composite nanoplate
reinforced with GNPs

Consider a plate made of polymeric nanocomposites
with the length a, width b, and thickness & which is
composed N; layers with the thickness dh=h/N; (see Fig. 1).
GNPs are utilized as the filler inside each layer or the
reinforcement phase.

Shear layer

Rigid base

Linear layer

Fig. 1 The geometry of GNPs reinforce nanocomposite
plate
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FG-0

Fig. 2 Patterns of GNPs distributions.

The reinforcement of GNPs is dispersed in a polymer
material via four different patterns, as shown in Fig. 2.
Uniform and three non-uniform distributions patterns of
GNPs are considered.

The density of GNPs and a polymer matrix are defined
by pone and py, respectively. vy and venp are, respectively,
the Poisson's ratio of a polymer matrix and GNPs. Using the
role of mixture, the effective density and Poisson's ratio for
the GNPs reinforced nanocomposite plate for the k-layer is
expressed as

(k)

(k)
o

k
= PaneVonp + pMVI\SI ) 3)
Vc(k) :VGNPVG(IGF)’ +VMVn5|k) 4

in which V) denotes the volume fraction of GNPs,

defined as
0 _ I
VGNP = ) 2 ) (5)
g+ (198
M

herein gém indicates the weight fraction for the k-layer of

GNPs. Fig. 2 shows different GNPs distributions, and the
weight fraction of GNPs is expressed as follows (Song ef al.
2018)

Jene ubD
. N, +1 N, +1
O
2N FG-O
+
g = - (6)
» 1 N, +1
4gGNP (§+ k _T)
FG-X
(2+N )
2kgewe /(N +1) FG-A

with g;NP being the weight fraction of GNPs. The

effective Young's moduli are estimated through the Halpin-
Tsai model and given by (Yang et al. 2018)

) _ 31+§L’7Lve(r:g 51+& n‘rVG(IEF)’ E
eff o k) XEy +3 k) XEy (7
8 1-1mVae 8 1-mVeye

in which Young's modulus of a polymer matrix is indicated
by FEuy. The subscripts ‘L’ and ‘7 account for the
longitudinal and transverse effects, respectively. To account
for the effect of Young's modulus of GNPs and the
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geometry of GNPs, four additional parameters (7;, #r) and
(&1, &r) are defined as follows

EGNP -1 EGNP -1
E E
77L = E = ’771' = E " (8)
ﬂ_'_éL ﬂ_'—él\/
EM EM
I w
é:L — 2 hGNP !§T — 2 GNP (9)
GNP GNP

where Ionp, wonp, and henp are, respectively, the average
length, width, and thickness of the GNPs. Notice that
Young's modulus of GNPs is indicated by Egnp.

3.2 Kinematic relations

The equations of motion are obtained based on the
following displacement fields (Zidi et al. 2014)

ux,y,z,t)y=u,(x,y,t)-z W, —f (z)aws
OX X
V<x'y,z.t)=vo(x,y,t)—zawb—fw% 1

W(valz1t):Wb(va1t)+Ws(vavt)

where o and v indicate the displacements along the x and y
directions, respectively; the bending and shear components
of the transverse displacement respectively shows by w; and
ws; f(2)is the shape functions and presented as follows

S 2
f(z):—%+§z(zﬁ) (11

The stress-strain relation of a k-layer polymer composite
nanoplate can be expressed as

ol fckck o o o0&

ol et e 0 0 o s
V)= 0 0 ¢ 0 0 |n| (2
sz 0 0 0 CS(:) 0 }/xz
[Ty | _0 0 0 0 Ce(g)__;/xy_

where
E(k)
k) = (k) = c
C11 _sz _1_(V(k))2
Cy'=Cy’=vicy (13)
(k) (k) (k) Ec(k) _
C.’ =Cg’ =Cg =2(1+Vc(k))

in which p=epa. Non-zero strain-displacement relations are
expressed as the following formulas

&, & ky Ky
&, = g? +2 k;’ +f(2)1k;
Ywl |7, Ky Ky (14)

0
}/yz _ j/yz _ 8f
{7 }_g{ : }'g_l_ﬁ_z
Xz yxz

in which
au, A,
. ox Kb ox?
g* ov, . _ow,
y ay y ayZ
Yol lou, ov,| (K w
u, v, _, 0w,
oy  ox X oy
ow (15)
ke ax? ow,
o L) o, {V‘y’z}_ Y
. oy’ [Tl |ow,
Ky 0w, x
ox oy

Using Hamilton's principle, Euler-Lagrange equations
can be derived as

j;5@ “K 4V )dt =0 (16)

where OU,0K and oV refer to the variation of strain

energy, kinetic energy, and work done by applied forces,
respectively. The variation of strain energy is expressed as

h/2
oU = j—h/z IA I:O'ij g, ]dAdZ
:J'A[NX653+NY553+NXY5;/X°V+Mf§kf+M;’5k§ (17
+M 3 okp +MESks +M ok +M S Ske +Q;, 7y,
+Q;, 75, JdA =0
where
N, N, N, 1
b b b h/2
MP M) M) :Lh/z(ax,ay,rxy z (dz (18)
M; M; Mj f
and
s s h/2
Q: Q) =], 9.7 )Xz (19)

The first variation of work done can be expressed as
& =[" [ |k, OO 00 | swpAd (20
-hjzJA OX Ox oy oy

where kw and kp are elastic foundation parameters. The
kinetic energy variations can be given as

5K = jhh/;jA [UgU, +V 0 , +vi O Az

= [, {10 (UgOq +Vo iy + (1, +W (S0, + 0, )

1,0, P Xy gy, O O
ox X o oy
—Jl[u'o O, W 5, +v, 2 +%5v'0]
OX 1) oy oy 1)
oW, 00w, oW, O,
+l, +
x x oy o
oW, 06w, 0w, W,
+K, +
ox X oy oy

OW, OOW, OW, OOW, OW, OO 6 OW, 0w,
+J, + +— + dA
O0X  OX ox  OX oy oy oy oy
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where
{19,11,30,1,,3,, K, } =

N, z(k+z)

> [ frz.f.2%af 17 pMdz

k=1 z(k)

(22)

The nonlocal differential equations of motion are
obtained by inserting Eqgs. (17), (20) and (21) into Eq. (16)

as follows
N ) ) .. ..
5u0:a X+—y:I0u0—I1%—JléBWS
OX oy oX oX
oN ON ow oW
5\/0:—”+ Y =y, -, —2-J,—
ox oy oy oy
2 b aZMb 62Mb
&Nb:aMx+2 2y L —k,W +k, Vv

ox? oxoy oyl
g+t | Lo Yo |y vay, —3, v
ox oy

S

M

2 s 2 s s s
6Mxy+6My anz+6Qyz
*Toox?

+
oxoy oy OX oy

+kpvim::|yV+Jl[a”°+6N°J—sz%vb—sz%vs
ox oy

ow +2

—kyWw

(23)

24

(25)

(26)

Due to the stress-strain relations (Eq. (14)) and
equations of motion (Egs. (23-26)), the stress resultants are

obtained as

N Ay A, 0 o
MPi=|A, A, O

oy
s 0 0 A
M 66 87U g
oy ox
dw, dw,
ox? s os ox?
Bll 12 Bll BlZ 0
ow, . ow,
+/B, B, 0 5 +/B; B, O 5
oy oy
0 0 B 0 0 Bg
&, L,
OX 0y oX oy
au
b -
MX 1 12 0 Z\IX
M) t=|By, B, 0[\—
b 0 0 B o
MXy 66 i‘uﬂ
oy X
dw, o,
ox? s s ox?
Dll D12 0 Dll DlZ 0
a?Wb N N a2Ws
+ Dll 12 0 2 + Dll DlZ 0 2
oy oy
0 0 Dg 0 0 Dg
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Ox oy Ox oy

27)

(28)

au
Mi| [e B 0
M; :Blsl Blsz 0 K=
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M 0 0 Bg
Xy ou oV
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oy X
o, O,
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oy Dy 0. | [Hy Wy 0]
N S az\'vh s S aQ\NS
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where
(Aij’Bij'Bi?'Dij’Di?'Hi?):
N, z(k+z)
> j C@z,f,z%2f f2)dz, (i,])=126
k=L 2(k)
and
N, z(k+z)
k)2
AL:A%:Z J‘ C5(5)g dz
k=1 200
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29

(30)

€2))

(32)

According to the Eringen nonlocal differential model
and applying Egs. (27)-(30) into Egs. (23)-(26), the
nonlocal equations of motion can be expressed in terms of

displacements as follow
Alld 11u0 + A66d 22u0 + (A12 + AGG )d12v 0 Blld 111\N b
_(812 + 2866)d122wb - Blsldlllvv s (sz + ZBgﬁ)dIZZW S
=L, (10, - 1,4, ~3,y7,) =0

AZZd ZZVO + A66d 11V 0 + (A12 + A66 )d 12u0 - BZZd ZZZW b
_(BlZ + ZBBB)dMZWb _8252d 222Ws _(B].SZ +28;6)d112ws
=L, (13, ~ 1 d W, ~Jdw,)=0
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-D,,d W, —Dd, W —2(Dy, + 2D )d, W
—D,d W +Lﬂ(—kww +k, @ w +d,w))
=L, (Iy0, +w ) +1,(du, +dyy)
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(34
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in which d,, dij, dj and dj,, are the following differential
operators
B P
U axox, M ox oxox,
84

dijlm = A A A A
OX; OX jOX,OX

(37
(i,j,1.m=12)

and L, =1-4/7(d, +d,,).

4. Solution procedure

Here an analytic technique is utilized for vibration
problem of the nanoplate with simply-supported (S),
clamped (C) or free (F) edges. These boundary conditions
are introduced as follow (Sobhy 2013, Meziane et al. 2014,
Abdelaziz, Meziane et al. 2017):

* Simply-supported (S)

wr=ws=Nx= Mx=0 at x=0, a

(38)
wy=ws=Ny= My=0 at y=0, b
* Clamped (C)
u=v=wp=w,;=0t x=0, a and y=0, b (39)
* Free (F)
Mx= Mxy=0.=0 at x=0, a
(40)

My= Mxy=0,.=0 at y=0, b

The following series are suggested to satisfy the above
boundary conditions.

”—zli_iu X (X)Y 2 (y)e' (1)
' _ZZVX x )aY 2 “2)

=§Z\menxm(xyn(y)e‘”‘ (43)
; =§2Nsmnxm(X)Yn(y)6‘“" (44)

herein (Unn, Vinny Womn, Wsmn) denote the unknown variables
and the functions X,, Y, according to different types of
boundary conditions, which are defined in Table 1 (e=mn/a,
B=nn/b).

Inserting the above series (Egs. (41)-(44)) in the
governing equations (Egs. (33)-(36)) leads to the following
relation

(K]-[M]

Vo W W 1T

mn?*Y mn "% bmn ?

o}, )A=0 (45)

in which A ={U ; Kij and Mj; indicate,

respectively, the stiffness and mass matrices. The natural
frequencies w., are obtained by finding the determinant of
the coefficient matrix of the Eq. (45) and setting this
multinomial to zero.

5. Numerical results

The presented investigation shows the impact of
boundary conditions on the vibrational behavior of
Functionally Graded Polymer Composite (FG-PC)
macro/nano-plates reinforced with GPLs or GNPs when
size effects is included. Here, the influence of Winkler-
Pasternak foundation is also studied. Parametrically, the
effects of the distribution patterns, weight fraction,
geometries of GPLs, and total number of layers on the
vibration characteristics of the FG-PC macro/nano-plates
reinforced with GNPs are investigated in tabular and
graphical forms. With the lack of a comprehensive study on
the impact of boundary conditions for vibration behavior of
the mentioned structure, it is hopeful that the results of the
present study can serve as a benchmark for future works.

5.1 Validation

First of all, the accuracy of the presented mathematical
model to study the nanocomposite materials reinforced with
GNPs must be checked by comparing the results for free
vibrations of plates with those reported by (Song et al. 2017)
and (Arefi et al. 2018) and then the results are tabulated in
Table 2. Further, the uniform and non-uniform
reinforcement distribution patterns are also verified. At first
glance, a good agreement between the different methods for
several vibration modes and reinforcement patterns is
observable easily.

As clarified, the impacts of different boundary
conditions and nonlocality behavior on the vibrational
response of the nanoplates reinforced with GNPs are main
aim of this article and should be tested firstly. Hence, the
results are compared with those of (Natarajan et al. 2012)
for size-dependent free vibrations of SUS304/Si3N4 FG
plate considering the effect of nonlocal parameter and
boundary conditions (here simply supported and fully
clamped) in Table 3. The results confirm that the presented
mathematical approach can predict the size-dependent
behavior of nanostructure systems including different
boundary conditions effects.

As the final step of verification process, the influences
of elastic foundation on the mechanical characteristics of
the structure are examined for non-dimensional natural
frequencies of Al/AI1203 plate with make a comparison with
the results of (Baferani et al. 2011) and (Shahsavari ef al.
2018) (see Table 4). Once again, a good deal of agreement
can be seen between the proposed models.

5.2 Free vibrations of FG-PC nanoplates reinforced
with GNP

In this subsection, the free vibration of FG-PC
nanoplates reinforced with GNPs is studied. For material
properties an epoxy-matrix with Young’s modulus E)=3
GPa, Poisson’s ratio v3=0.34, and density py~=1200 kg/m? is
considered. For reinforcements, the GNPs are utilized with
Young modulus Egyp=1.01 TPa, Poisson’s ratio vgnp=0.186,
and density penr=1060 kg/m®. The thickness of composite
nanoplate is fixed at #=20 nm, and in-plane geometry is
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Fig. 3 1%t natural frequency of the nanoplate (in GHz) vs the total number of layers (N.) for FG-O pattern with

respect to nonlocal parameters

chosen as a=b=10/ and is made of GNPs with length
lenp=3 nm, thickness hgyp=0.7 nm, width wgyp=1.8 nm

(Rafiee et al. 2009).
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Table 1 The admissible functions X, (x) and Y, (y) (Sobhy 2013, Meziane et al. 2014, Abdelaziz et al. 2017)

Boundary conditions The functions X and Y»
Atx=0, a Aty=0,b Xon (x) Yu ()

8SSS X (0)=X"@©)=0 VY,0)=Y"0)=0 sin(ax) sin(By)
X,@=Xp@=0 Y, (b)=Y (b)=0

CSCs X, 0)=X,(0)=0 Y, 0)=Y,/(0)=0 sin(ax)[cos(ax)—1] sin(By)[cos(py)—1]
X,@=X;'@=0 Y, b)=Y (b)=0

ceee X, (0)=Xx,(0)=0 Y, (0)=Y, (0)=0 sin?(ax) sin*(By)
Xn@)=X,(@)=0 Y,b0)=Y /(b)=0

CCFF X ")=x"0)=0  Y,(0)=Y,(0)=0 cos’ (arx )| sin® (arx ) +1] sin®(By)

X"’@)=X"@=0 Y,b)=Y,b)=0

Table 2 Comparison of the present model for free vibrations of nanocomposite plate

(m,n)  Model Pure UuD FG-O FG-X FG-A
Epoxy

1,1 (Song et al. 2017) 0.0584 0.1216 0.1020 0.1378 0.1118
(Arefi et al. 2018) 0.0584 0.1216 0.1023 0.1365 0.1118
Present 0.05843 0.12158 0.10230 0.13662 0.11178

2,1 (Song et al. 2017) 0.1391 0.2895 0.2456 0.3249 0.2673
(Arefi et al. 2018) 0.1391 0.2896 0.2471 0.3183 0.2671
Present 0.13914 0.28954 0.24698 0.31885 0.26713

2,2 (Song et al. 2017) 0.2132 0.4436 0.3796 0.4939 0.4110
(Arefi et al. 2018) 0.2133 0.4438 0.3830 0.4798 0.4107
Present 0.21321 0.44369 0.38279 0.48090 0.41071

3,1 (Song et al. 2017) 0.2595 0.5400 0.4645 0.5984 0.5013
(Arefi et al. 2018) 0.2597 0.5403 0.4694 0.5787 0.5009
Present 0.25956 0.54018 0.46909 0.58030 0.50030

32 (Song et al. 2017) 0.3251 0.6767 0.5860 0.7454 0.6299
(Arefi et al. 2018) 0.3254 0.6773 0.5934 0.7168 0.6294
Present 0.32530 0.67703 0.59304 0.71903 0.62921

33 (Song et al. 2017) 0.4261 0.8869 0.7755 0.9690 0.8287
(Arefi et al. 2018) 0.4267 0.8881 0.7877 0.9251 0.8282
Present 0.42651 0.88772 0.78701 0.92836 0.82820

Table 3 Comparison of non-dimensional natural frequency @=wh,/p, /G, of based SUS304/SizN4 FG plate for
different nonlocal parameters and boundary conditions (n=5)

a’h u SSSS CCCC
RSDT* Present RSDT* present
10 0 0.0441 0.04412 0.0758 0.07936
1 0.0403 0.04032 0.0682 0.07051
2 0.0374 0.03736 0.0624 0.06408
4 0.0330 0.03298 0.0542 0.05520
20 0 0.0113 0.01133 0.0207 0.02109
1 0.0103 0.01036 0.0186 0.01876
2 0.0096 0.00960 0.0170 0.01701
4 0.0085 0.00847 0.0147 0.01471

2: Ref. (Natarajan et al. 2012)
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Table 4 Comparison of the present approach for free vibrations (@ = wh, f P /E,, ) of mounted AlI/A1203 plate

Kw Kp a’h Method n
0 0.5 1 2 5
0 5 TSDT? 0.4273 0.3758 0.3476 0.3219 0.2999
Quasi-3DP 0.4284 0.3734 0.3431 0.3159 0.2950
Present 0.42689 0.36969 0.33704 0.30831 0.28910
20 TSDT? 0.0298 0.0258 0.0238 0.0221 0.0210
Quasi-3DP 0.0298 0.0257 0.0236 0.0218 0.0208
100 Present 0.02977 0.02554 0.02325 0.02139 0.02044
100 5 TSDT? 0.6162 0.6026 0.5978 0.5970 0.5993
Quasi-3DP 0.6137 0.5940 0.5856 0.5815 0.5843
Present 0.61562 0.59405 0.58313 0.57691 0.58075
20 TSDT? 0.0411 0.0395 0.0388 0.0386 0.0388
Quasi-3DP 0.0411 0.0393 0.0386 0.0383 0.0385
Present 0.04106 0.03921 0.03841 0.03804 0.03834

a: Ref. (Baferani et al. 2011), b: Ref. (Shahsavari et al. 2018)

To investigate the size-dependent behavior of
nanostructure systems, the stiffness-softening mechanism of
nanostructures (via Eringen nonlocal model) on the first
natural frequency of FG-PC nanoplates reinforced with
GNPs for the fixed FG-O pattern are analyzed with respect
to the total number of layers of GNPs for different boundary
conditions. The results are demonstrated in Fig. 3. It can be
seen that for vibration problem, there is a decrement in
natural frequency with increase in nonlocal parameter for
all boundary conditions. Another important result may be
that the reinforced structures made of GNPs is more
resistance to higher natural frequency with the increasing
number of layers. Furthermore, the effect of the total
number of layers from N;=2 to N;=5 is more than that from
N;=10 to N;=20.

Fig. 4 is plotted to show the effect of nonlocality effect
on the natural frequency of SSSS FG-PC nanoplates with
respect to the GNPs distributions patterns. As a general
trend it can be concluded that the nonlocality effect is
independent of reinforcement patterns, and the vibration
response will always reduce by increasing the nonlocal
parameter. Further, it can be seen that the UD pattern and
FG-A pattern has almost the same results for SSSS
boundary conditions. Furthermore, as FG-PC plate
reinforced with GPLs, the greatest natural frequencies of
the nanoplate reinforced with GNPs is obtained for the
nanoplate with FG-X reinforcement pattern followed by UD,
FG-A, and FG-O, respectively.

As a benchmark result, the first natural frequency of
square FG-PC nanoplate has been reported in Table 5 for
different values of weight fraction of GNP, boundary
conditions, reinforcement patterns, and nonlocal parameters.
In a similar way with plates, the natural frequency of
nanoplates increases with increment in the weight fraction
of GNP. Likewise, the plate, which is revealed to have the
greatest natural frequencies of the FG-PC nanoplate
reinforced with GNPs, is considered for the nanoplate with
CCFF boundary conditions followed by CCCC, CSCS, and
SSSS, respectively.

4.9

b
%
&

b
%

1% Natural Frequency (GHz)
5
>

4.7 : ‘ ‘

0 1 2 3 4 5
Nonlocal parameter (1)

Fig. 4 Influences of nonlocality on the 1% natural

frequency (in GHz) of SSSS FG polymer composite

nanoplates reinforced with GNPs for each pattern

The impact of the geometry and size of GNPs is
investigated vs length-to-thickness ratio (lgxp/honp) and the
length-to-width ratio (Igne/Wene) on the first natural
frequency of GNPs reinforced nanoplates with respect to
different GNP distribution patterns. Note that the length of
GNP /gnp is kept constant. Natural frequency increases as
the lgnp/honpratio increases. This demonstrates that GNPs
with fewer layers are more effective in growing the
frequency of the nanoplate (see Fig. 5). Further, the GNPs
reinforced polymer nanocomposite with square GNPs
(Iene/wonp=1) is seen to have a bigger frequency than its
counterpart with rectangular GNPs (lgnp/waonp=2).

The influences of two-parameter elastic foundation on
the first natural frequency have been presented in Table 6
with respect to the different nonlocal parameters, boundary
conditions, and GNPs reinforcement patterns. From this
table, it is observable that increasing of linear and shear
coefficients of Winkler-Pasternak foundation leads to the
increasing natural frequency, and this conclusion is
independent of boundary conditions, nonlocality, and GNPs
reinforcement patterns. Moreover, the impact of the shear
layer of the elastic foundation is more than linear layer
once. Therefore, it is very important to regard the shear
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layer of an elastic foundation in the analysis of FG-PC
nanoplates reinforced with GNPs. To better understanding
of this issue, the effect of Winkler-Pasternak foundation on
the first natural frequency of GNPs reinforced nanoplates
for fixed FG-O pattern is illustrated in Fig. 6. It can be seen
that for the analysis of nanostructures, considering the role
of size effects and boundary conditions are important to
perform and accurate design.

6. Conclusions

This study investigated the effects of boundary
conditions on the dynamic characteristics of GNPs
reinforced nanocomposite nanoplates considering the size-
dependent effect. Using the rule of mixture in conjunction
with the Halpin-Tsai micromechanical modeling, the
effective properties of the material with uniform and three
different non-uniform patterns of GNPs distributions were
achieved. Employing Hamilton's principle, governing
equations of motion and boundary conditions were obtained
Eringen nonlocal differential model in conjunction with a
four unknown refined plate theory. Galerkin method was
utilized to solve the size-dependent natural frequency of the
nanoplates reinforced with GNPs for different boundary
conditions. It was found that the natural frequency increases
with an increment in Winkler-Pasternak foundation
parameters and a decrement in the nonlocal parameter. It
can be emphasized that stiffer structures have greater
natural frequencies and can reduce the impact of
reinforcement pattern on the results. Moreover, it was
reported that the effect of weight fraction of GNPs on the
vibration characteristics of GNPs reinforced nanoplates is
more considerable for a bigger value of weight fraction of
GNPs. Further, an addition of a number of layers of GNPs
can decrease the natural frequencies of the GNPs reinforced
nanoplates. It was also revealed that the greatest natural
frequencies of the square FG-PC macro/nano-plates
reinforced with GPLs/GNPs is obtained for the plate with
CCFF (FG-X) boundary conditions (distribution patterns of
GNPs or GPLs) followed by CCCC (UD), CSCS (FG-A),
and SSSS (FG-0), respectively.
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Table 5 Natural frequencies (in GHz) of the nanoplate for different weight fractions g"gnp, patterns, nonlocal parameters,

and boundary conditions, (N;=10)

UD FG-O FG-X
g; e B.C pn=0 p=1 p=2 u=3 u=4 p=0 p=l1 pu=2 u=3 p= pn=0 p=1 p=2 pn=3 n=4
E)./;) SSSS 4.6574 4.6562 4.6528 4.6471 4.6391 44638 4.6426 4.6392 4.6335 4.6256 46709 4.6698 4.6663 4.6606 4.6526
CSCS 81708 8.1676 81579 8.1418 8.1194 81491 81459 81362 8.1201 8.0978 8.1925 8.1892 8.1795 8.1634  8.1409
CCCC 83900 83872 83788 83649 83455 83689 83661 83578 83439 83245 84110 84082 83998 83859  8.3664
CCFF 88310 8.8282 88198 88058 87863 8.8098 88070 87986 8.7847 87653 8.8521 8.8493 8.8408 8.8268  8.8073
04  SSSS 46952 4.6940 4.6905 46848 46767 46681 46669 46635 46578 46498 47221 47200 47174 47116 47036
CSCS 82372 82340 82242 82080 8.1854 8.1939 8.1906 8.1809 8.1647 8.1423 82803 82770 82672 82508  8.2282
CCCC 84583 84555 84470 84330 84134 84162 84133 84049 83909 83715 85000 8.4972 8.4887 8.4746  8.4549
CCFF 89029 89001 88916 88775 88579 8.8606 88578 8.8493 8.8353 8.8158 89448 89419 89333 89192  8.8995
0.6  SSSS 47328 47316 47281 47223 47142 46923 46912 46877 46819 46739 47730 47718 47683 47624 47543
CSCS 83034 83001 82902 82739 82511 82384 82352 82254 82092 8.1866 83685 83642 83543 83378 83149
CCCC  8.5263 8.5234 85149 85007 84810 84632 84603 84519 84378 84183 8.5884 8.5856 85770 8.5627  8.5429
CCFF 89745 89717 89631 89489 89291 89111 89083 8.8998 8.8857 8.8660 9.0368 9.0340 9.0253 9.0110  8.9911
0.8  SSSS 47703 47691 47656 47597 47516 47165 47153 47118 47060 4.6980 4.8236 4.8224 48188 4.8129 4.8047
CSCS 83692 83659 83560 83395 83166 82829 82796 82698 82534 82308 84543 84509 8.4409 8.4243  8.4011
CCCC 85940 8.5911 8.5825 8.5682 8.5484 85100 85072 8.4986 8.4845 8.4648 8.6764 8.6735 4.6648 8.6504  8.6303
CCFF  9.0458 9.0430 9.0343  9.0200 9.0001 89614 8.9586 89500 8.9358 89161 9.1284 9.1255 9.1168 9.1023  9.0822
1 SSSS 48076 4.8064 4.8029 47970 47888 47406 47394 47359 47301 47219 48739 48727 48691 48631 48548
CSCS 84349 84315 84215 84049 83818 83272 83239 83140 82976 82747 85406 85372 85271 85102  8.4868
CCCC  8.6614 8.6585 8.6499 8.6355 8.6155 8.5567 8.5538 85452 85310 85112 87638 87608 8.7521 8.7375 8.7173
CCFF  9.1169 9.114  9.1053  9.0909 9.0708 9.0115 9.0087 9.0001 8.9858 89659 9.2194 92165 92077 9.1931  9.1728
Table 6 Natural frequencies (in GHz) of the nanooplate for different elastic foundation parameters, patterns, nonlocal
parameter, and boundary conditions, (N;=10).
UbD FG-O FG-X
(Kw, Kp) B.C pn=0 p=1 pn=2 n=3 n=4 pn=0 pn=1 n=2 pu=3 n=4 n=0 p=1 u=2 p=3 n=4
(100,0) SSSS 5.3782 5.3771 5.3739 5.3687 53613 5.3782 5.3771 5.3739 5.3687 5.3613 5.4376 5.4365 5.4333 5.4279 5.4204
CSCs 8.7706 8.7673 8.7577 8.7417 8.7195 8.7706 8.7673 8.7577 8.7417 8.7195 8.8724 8.8691 8.8593 8.8431 8.8206
cccce 8.9901 8.9873 8.9789 8.9651 8.9458 8.9901 8.9873 8.9789 8.9651 8.9458 9.0888 9.0860 9.0775 9.0635 9.0440
CCFF 9.4302 9.4274 9.4190 9.4050 9.3855 9.4302 9.4274 9.4190 9.4050 9.3855 9.5294 9.5266 9.5181 9.5039 9.4843
(100,100) SSSS 11.9847 11.9795 11.9639 11.9380 11.9019 11.9575 11.9523 11.9368 11.9109 11.8747 12.0119 12.0067 11.9911 11.9652 11.9291
CSCs 16.1029 16.0910 16.0559 15.9955 15.9125 16.0454 16.0334 15.9976 15.9380 15.8550 16.1600 16.1480 16.1121 16.0525 15.9695
ccce 15.2807 15.2692 15.2345 15.1770 15.0966 15.2204 15.2088 15.1742 15.1166 15.0362 15.3402 15.3286 15.2940 15.2365 15.1562
CCFF 15.2928 15.2806 15.2440 15.1830 15.0979 15.2291 15.2168 15.1801 15.1191 15.0339 15.3554 15.3432 15.3066 15.2456 15.1606
(200,100) SSSS 12.2247 12.2196 12.2044 12.1790 12.1436 12.1981 12.1930 12.1777 12.1523 12.1169 12.2514 12.2463 12.2311 12.2057 12.1702
CSCS 16.2812 16.2694 16.2339 16.1750 16.0929 16.2243 16.2124 16.1770 16.1181 16.0360 16.3377 16.3258 16.2903 16.2314 16.1493
ccce 15.4694 15.4579 15.4237 15.3669 15.2875 15.4097 15.3983 15.3641 15.3072 15.2278 15.5282 15.5167 15.4826 15.4257 15.3464
CCFF 15.4816 15.4696 15.4334 15.3731 15.2890 15.4186 15.4065 15.3703 15.3100 15.2258 15.5435 15.5314 15.4952 15.4350 15.3510
(200,200) SSSS 16.2523 16.2450 16.2231 16.1866 16.1358 16.2319 16.2246 16.2027 16.1663 16.1154 16.2727 16.2654 16.2435 16.2070 16.1561
CSCS 21.1521 21.1352 21.0845 21.0005 20.8833 21.1072 21.0904 21.0397 20.9557 20.8385 21.1966 21.1797 21.1291 21.0450 20.9278
ccee 19.7978 19.7812 19.7316 19.6490 19.5337 19.7503 19.7337 19.6841 19.6014 19.4861 19.8447 19.8281 19.7785 19.6959 19.5807
CCFF 19.6113 19.5936 19.5404 19.4520 19.3285 19.5606 19.5429 19.4897 19.4013 19.2776 19.6611 19.6434 19.5903 19.5019 19.3785
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