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Abstract. In nanosized structures as the surface area to the bulk volume ratio increases the classical continuum mechanics
approaches fails to investigate the mechanical behavior of such structures. In perforated nanobeam structures, more decrease in
the bulk volume is obtained due to perforation process thus nonclassical continuum approaches should be employed for reliable
investigation of the mechanical behavior these structures. This article introduces an analytical methodology to investigate the
size dependent, surface energy, and perforation impacts on the nonclassical bending behavior of regularly squared cutout
nanobeam structures for the first time. To do this, geometrical model for both bulk and surface characteristics is developed for
regularly squared perforated nanobeams. Based on the proposed geometrical model, the nonclassical Gurtin-Murdoch surface
elasticity model is adopted and modified to incorporate the surface energy effects in perforated nanobeams. To investigate the
effect of shear deformation associated with cutout process, both Euler-Bernoulli and Timoshenko beams theories are developed.
Mathematical model for perforated nanobeam structure including surface energy effects are derived in comprehensive procedure
and nonclassical boundary conditions are presented. Closed forms for the nonclassical bending and rotational displacements are
derived for both theories considering all classical and nonclassical kinematics and kinetics boundary conditions. Additionally,
both uniformly distributed and concentrated loads are considered. The developed methodology is verified and compared with
the available results and an excellent agreement is noticed. Both classical and nonclassical bending profiles for both thin and
thick perforated nanobeams are investigated. Numerical results are obtained to illustrate effects of beam filling ratio, the number
of hole rows through the cross section, surface material characteristics, beam slenderness ratio as well as the boundary and
loading conditions on the non-classical bending behavior of perforated nanobeams in the presence of surface effects. It is found
that, the surface residual stress has more significant effect on the bending deflection compared with the corresponding effect of
the surface elasticity, Es. The obtained results are supportive for the design, analysis and manufacturing of perforated

143

nanobeams.
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1. Introduction

Perforated materials are a reliable method which can be
applied in many practical applications in modern society
and industrial applications. Perforation is a very common
procedure in MEMS fabrication. The release of beams and
plates is often obtained by sacrificial etching through a
pattern of holes fabricated on these structures. Perforations,
though introduced for a technological reason, affect the
behavior of MEMS structures in various ways. However,
their effect on the mechanical behavior of beams and plates
has been extensively investigated only for specific cases
and applications, Luschi and Pieri (2014).

Elements structure such as, beams, plates and shells are
widely used in real applications, ranging from macro-scale
applications (i.e., aerospace, civil, mechanical and nuclear
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structures), to micro-scale applications (i.e., actuators,
resonators, switches, and RF MEMS), and to nano-scale
applications (i.e., AFM, nanoprobes, nanoactuators, and
nanoswitches), Abdelrahman et al. (2019). Nowadays,
perforation is a geometric procedure widely used in
advanced technologies to develop sensitive structures such
as in the heat exchangers and nuclear power plants
applications (Jeong and Amabili 2006), in ships and
offshore structures Kim et al. (2015), and in optomechanics
and photonics Chan ef al. (2009).

As a macro-scale structure, Luschi and Pieri (2012)
introduced closed forms for equivalent bending stiffness in
the filled and the perforated sections of perforated beam to
examine bending properties of beams with regular
rectangular perforations. Xiao et al. (2012) exploited wave
expansion method to study the flexural wave propagation in
locally resonant beams with multiple periodic arrays of
attached spring-mass resonator. Sun et al. (2017) carried out
experiments to reveal cutout effects on stress
concentrations, failure styles, natural frequencies and mode
shapes of conical carbon fiber reinforced composite lattice-
core sandwich cylinder. Sivakumar et al (2018)
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investigated 3D static bending of a perforated beam due to
applied loading and electrostatic forces together. Choudhary
et al. (2019) exploited global optimization Genetic
Algorithm tool to optimize the location of cutout within
laminated cantilever beam for maximum lateral buckling
load. Chaabane et al. (2019) studied analytically bending
and free vibration responses of FG beams resting on elastic
foundation. Zhang et al. (2019) presented mixed
experimental-numerical analysis to simulate modal
characteristics of micro-perforated sandwich beams with
square honeycomb-corrugation hybrid cores. Abdelrahman
et al. (2019) and Almitani et al. (2019) studied the free and
forced vibration of perforated beam with regular array of
squares by using analytical method and derived closed
forms for resonant frequencies, corresponding Eigen-mode
functions. Ansari et al. (2019, 2020) studied buckling and
vibration of functionally graded (FG) carbon nanotube-
reinforced composite plates with the arbitrarily shaped
cutout using a numerical approach.

In a nanoscale system, the dimensions of the structures
are akin to their inter-atomic distances, which means that
classical continuum models are incapable to incorporate
size-scale effects in the solution, Eltaher er al. (2013a). So,
modified continuum models such as micromorphic,
micropolar theory, Cosserat theory, nonlocal -elasticity
theory, couple stress theory and surface energy effects have
been proposed to include micro/nano-scale effects and
encompass classical continuum mechanics at macroscale,
Eltaher et al. (2014a). Ansari and Sahmani (2011) studied
bending and buckling behaviors of nanobeams including
surface stress effects corresponding to different beam
theories. Mahmoud et al. (2012) and Eltaher et al. (2013a)
studied the coupled effects of surface energy properties and
nonlocal elasticity on static and vibration of nanobeams by
using finite element method. Khater ef al. (2014) examined
impact of surface energy and thermal loading on the static
stability of curved nanowire. Eltaher et al. (2016) exploited
two scale size dependent model including material scale and
size-scale to investigate the nonlinear bending of nonlocal
nanobeam. Agwa and Eltaher (2016) investigated the
influence of surface elasticity and residual surface tension
on the natural frequency of nanomechanical mass sensor
using a carbyne resonator. Ebrahimi e al. (2017) presented
influenced surface energy on vibration and buckling
behavior of embedded nanoarches. Phung-Van (2017a, b)
developed nonlinear transient isogeometric analysis of
smart piezoelectric FG plates under thermo-electro-
mechanical loads. Bellifa et al. (2017) developed a nonlocal
zeroth-order shear deformation theory to study nonlinear
postbuckling of nanobeams. Ebrahimi and Barati (2018)
studied surface and flexoelectricity effects on size-
dependent thermal stability of smart piezoelectric
nanoplates. Ebrahimi and Barati (2018) investigated
stability of porous multi-phase nanocrystalline nonlocal
beams based on a general higher-order couple-stress beam
model. Li ef al. (2018) developed nonlocal strain gradient
beam model incorporating the thickness effect in buckling
analysis of nanobeams, and derived closed-form solutions
for post-buckling configuration and critical buckling force.
Phung-Van et al. (2018) and Thanh et al. (2018, 2019a)

investigated nonlinear transient isogeometric analysis of
FG-CNTRC damped and undamped nanoplates in thermal
environments. Ebrahimi et al. (2019a, b) and Vinyas (2020)
and Vinyas et al. (2019a, b) studied frequency response of
porous FG magneto-electro-elastic plates and beams.
Ebrahimi et al. (2019¢, d, e) studied scale-dependent
vibration behavior of flexoelectric nanobeams by using
surface energy and nonlocal strain gradient elasticity
theories. Based on finite element method, Vinyas and
Kattimani (2017a, b, ¢, d) investigated the elastostatic
behavior the coupled magneto-electro-elastic smart beams
and plate structures under different mechanical or
thermomechanical loading conditions. Extensions of these
works to study the vibration behavior of these smart
structures have been developed by Mahesh et al. (2018);
Vinyas and Kattimani (2018a, b), Vinyas et al. (2018a, b).
Eltaher et al. (2019a) illustrated coupled effects of nonlocal
clasticity and surface properties on static and vibration
characteristics of piezoelectric nanobeams using thin beam
theory and finite element method. Karimiasl et al. (2019a,
b) investigated postbuckling and nonlinear vibration of
piezoelectric multiscale sandwich composite doubly curved
porous shallow shells. The frequency response and the
coupled evaluation of the vibrations characteristics as well
as the damping effect on the coupled vibration response
were investigated and analyzed by Mahesh and Kattimani
(2019), Mahesh et al. (2019) and Vinyas et al. (2019).
Comprehensive review and dynamic investigations of
functionally graded smart structures have been reported in
Vinyas (2020a, b) and Vinyas et al. (2020a, b). Benahmed
et al. (2019) studied buckling of FG nanoscale beam with
porosities using nonlocal higher-order shear deformation.
Khatir et al. (2019) proposed new technique based on
Artificial Neural Network (ANN) combined with Particle
Swarm Optimization (PSO) for damage quantification in
laminated composite plates using Cornwell indicator (CI).
Hamed et al. (2019) presented effects of porosity models on
static behavior of size dependent functionally graded beam.
Phung-Van et al. (2019) and Thanh et al. (2019b) studied
porosity effects on nonlinear transient responses and
stability of FG nanoplates using isogeometric analysis.
Thanh et al. (2019c, d) studied mechanical behaviors of
composite laminate microplate based on new modified
couple stress theory and isogeometric analysis. Mohamed e?
al. (2019, 2020) studied postbuckling of nanotube modeled
as thin beam by using energy equivalent method. Eltaher
and Mohamed (2020a) developed an analytical solution to
study nonlinear stability and vibration of imperfect CNTs
by doublet mechanics.

Material distribution greatly affects the mechanical
behavior of functionally graded structures, Alimirzaei et al.
(2019) developed a nonlinear finite element analysis to
investigate the coupled bending, buckling, and vibration
behaviors of micro composite beams. Karami et al. (2019)
investigated the buckling behavior of functionally graded
(FG) nanoplate. Stability and frequency analysis of curved
cantilevered microtubule were exactly investigated by
Shariati et al. (2020). Rayleigh-Ritz's method was applied
by Hussain et al. (2020) to simulate vibration of single-
walled carbon nanotube. Using nonlocal two variables
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integral refined plate theory, the free vibration response of
FG nanoscale plate was investigated by Balubaid et al.
(2019). Effects of nonlocality on the vibration of different
configurations of carbon nanotubes was investigated by
Hussain et al. (2019). Based on simple nonlocal quasi
3Dhigher shear deformation theory, Boutaleb et al. (2019)
studied the dynamic analysis of nanosized FG plates.
Berghouti et al. (2019) studied the vibration behavior of
porus FG nanoplates. Karami et al. (2019) analyzed the
prestressed FG anisotropic nanoshell. Vibrations of FG
microbeams with different material distributions was
investigated by Tlidji et al. (2019). Thermal buckling
behavior of zigzag single-walled boron nitride (SWBNNT)
embedded in an elastic medium modeled as Winkler type
foundation were investigated using a nonlocal first order
shear deformation theory, Semmah et al. (2019). Bedia et
al. (2019) analyzed both bending and buckling analysis of a
nonlocal strain gradient nanobeams. Constitutive boundary
conditions and paradoxes in nonlocal elastic nanobeams
were adressed by Romano et al. (2017). This work was
extended to discuss these constitutive boundary conditions
for for nonlocal strain gradient elastic nano-beams, Barretta,
and de Sciarra (2018). Barrett et al. (2019) developed a
stress-driven local-nonlocal mixture model for Timoshenko
nano-beams.

For perforated nanobeams, Luschi and Pieri (2014,
2016) developed closed expressions for the equivalent
bending and shear stiffness of clamped—clamped beams
with regular square perforations and determined their
resonance frequencies. Bourouina et al. (2016) investigation
of thermal loads and small-scale effects on free dynamics
vibration of slender simply supported nonlocal perforated
nanobeams with periodic square holes network. Eltaher et
al. (2018a, b) presented a modified comprehensive model to
investigate static bending, buckling and resonance
frequencies of nonlocal perforated nanobeam. Kerid et al.
(2019) explored the magnetic field, thermal loads and
small-scale effects on the dynamic vibration of Euler—
Bernoulli nanobeam structure composed of a rectangular
configuration perforated with periodic square holes network
and subjected to axial magnetic field. Eltaher and Mohamed
(2020b) and Hamed et al. (2020) investigated mechanical
behaviors of nonlocal perforated Euler-Bernoulli and
Timoshenko nanobeams under general boundary conditions.
Eltaher et al. (2020a, b) studied bending and vibration of
piezoelectric nonlocal preforated nanobeam with and
without surface effects by using finite element method.
Almitani ef al. (2020) investigated buckling stability of
perforated nanobeams incorporating surface energy effects.

According to author’s knowledge and literature review,
the investigation of the nonclassical bending behavior of
perforated nanobeam with the presence of surface energy
effect has not been analyzed before. So, this manuscript
tends to fill this gap and present a unified nonclassical
continuum model for bending analysis of regularly squared
perforated nanobeams including the surface stress effects.
To investigate the shear deformation effect due to
perforation process, both Euler Bernoulli and Timoshenko
beams theories are considered. The nonclassical theory of
elasticity is coupled with the classical elasticity theory to

incorporate the surface stress effects. The Gurtin-Murdoch
surface elasticity model is modified and applied to simulate
the surface energy effects in perforated nanobeams.
Equivalent geometrical model for both bulk and surface
parameters is developed. Considering both classical and
nonclassical boundary conditions, closed forms for the
nonclassical bending profiles throughout beam span are
derived for both concentrated and uniformly distributed
loading patterns. The rest of this article is organized as
follows: section 2 presents equivalent geometrical and
material properties of beams perforated by regularly
squared array. Displacement field, strain-displacement
relations, surface elasticity constitutive equations, and
equilibrium equations of thin and thick perforated
nanobeam are presented and derived in detail through
section 3. The analytical solution procedure and the closed
for expressions for different perforated nanobeams are
derived in section 4. Model verification with the available
analytical solutions is proved in section 5. Numerical results
and comprehensive discussion are presented in section 6, to
present influences of filling ratio, the number of hole rows,
surface material characteristics, beam slenderness ratio as
well as the boundary conditions. Section 7 discusses and
illustrates main points and outcomes.

2. Equivalent geometrical model

Consider a regularly squared perforated nanobeam,
shown in Fig. 1. The nanobeam has the following
geometrical characteristics: length L, thickness 4, and width
w. The regular squared perforation pattern has the following
characteristics: the spatial perforation period /s, hole side / -
t;, and the number of holes throughout the cross section is
N. The perforated beam filling ratio; a defined by the ratio
of the spatial period, # to the spatial perforation period, /s
which can be expressed as

0<a<l «a

_ {0 Artifitial case (1)
" {1 Fully filled solid beam

Assume that the total induced stress throughout the
cross section is the same for both fully filled solid
nanobeam and the corresponding perforated one. Also, the
stress distribution throughout the filled segment in the
perforated nanobeam is assumed to be linear and continuous.
Based on these assumptions, following the procedure
presented in Luschi and Pieri (2014) and Abdelrahmaan et
al. (2019), the equivalent bending stiffness and shear
stiffness of the bulk material of the perforated nanobeam
can be expressed as

(EI)Perf = (EI)Solid
{ a(N+1)(N?+2N+a?) } 2)

(1-a2+a3)N3+3aN2+(B3+2a-3a2+a3)a?N+a3

3(N+1
e+ )] 3

(GA)perf = (EA)sotia [
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Fig. 1 Geometry of a perforated beam Luschi and Pieri
(2014)

where, E is the elasticity modulus, 7 is the area moment of
the fully filled beam. (EA)gq;4is axial extension stiffness
of the full beam. The equivalent cross-sectional area of
perforated nanobeam can be expressed as

(Apors = (pA)so1ia {[1 —N(a - 2)]“}

(p)Perf N+a
— [1-N@-2)]] @&
- ( )solid {(N + (Z)(Z _ a)}

where (A)pers is the equivalent cross-sectional area of the
perforated beam, (A)go1iq iS cross sectional area of the
fully filled solid beam. Consequently, the equivalent
geometrical characteristics of the surface layer can be
expressed as

1—N(a—2
(ATs)perf = (ATs)s01ia {[ (a )]}

N+a)2—a) )

where T, is the surface residual stress. Then the equivalent
2" moment of area of the perforated beam can be expressed
as

{I}par'_f = {I}solid *
(6)

[(2-a)V®+3N*—2(a-3)(a®—a+1)N+a®+1]
{ 2wl ar }

where (I)pers is the equivalent 2 moment of area of the

perforated beam, (I);4 is the 2" moment of area of the
fully filled solid beam.

3. Mathematical formulation

The mechanical behavior of beams can be modeled with
different theories depending on the beam slenderness ratio.
In this section, the mathematical formulation of perforated
nanobeams considering surface energy effects is presented.
Both Euler Bernoulli beam theory (EBBT) and Timoshenko
beam theory, (TBT) are considered throughout this study.

3.1 Displacement field

Consider a straight uniform beam with the following
geometrical parameters; the beam length, L and the
rectangular cross-section, A and depth, h. Assuming that the
deformation of the beam takes place in the x-z plane, the
displacement field can be expressed in a general form as
ow(x,t)

0x

ow(x,t)
+ }/(Z) (T + CD(X, t)) (7)

u,(x,z,t) =w(x,t)

u,(x,z,t) = uy,(x,t) — z

where (u., u.) are the total displacements along the
coordinate directions (x, z), and u,, w, and ® denote the
axial, transverse and angular displacements of a point on the
neutral axis. While y(z) is the beam shape function which
can be written as, Ansari and Sahmani (2011)

_ (0 EBBT
v ={ BT ®)

3.2 Strain-displacement relation

Using the linear strain-displacement relations, the
components of the infinitesimal normal strain &, shear
strain, & are related to the displacement and rotation
vectors as, Ansari and Sahmani (2011), Yang et al. (2002)

SXX (x! t)

Ou,  Ou,(x,t) 2*w(x,t) EBBT
_ { ax . ox 7 o ( )
ou, ou, (x,t) 0D (x,t)
k x| ox Tz 0x (TBT)
Exz (x, t)
0 (EBBT)
- 1{ow(x, 1) (10)

3.3 The constitutive relations

Considering the Poisson’s effect, the constitutive

equations are given by, Yang et al. (2002)

O-X X

(1-v)E (0uo(x, ) 2%w(x, t)> (EBBT)

_ { A+v)1-2v) dx z 0x2 (11)
B A1-VE  [duy(x,t)  0D(x,t)

k(l +v)(1 - 2v) ( 0x r ) (TBT)

Oyy = Ozz

ouy(x,t)  9%w(x,t) v
:{ /1( S ):(1_v)axx (EBBT) 12)
0u,(x,t) aP(x,t) v
/1( ax T ox ) = (1 - v) Tox (TBT)
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(EBBT)

2Uex, =0
Opp = _KE ow(x, t) (13)
{Zkﬂsxz =3+ ( 7% +  D(x, t)) (TBT)

with E = 2u + A is the equivalent modulus of elasticity.
Where FE is the modulus of elasticity, v is the Poison’s ratio,
k is the shear correction factor, oy and oy, denote to the
components of the Cauchy normal and shear stress
components, respectively, 4 and u are Lame's constants in
classical elasticity which are related to the -elasticity
modulus and Poisson’s ratio as

E vE

201+ v)’ TA+v-2v) (14

M:

3.4 The surface elasticity theory

According to the surface elasticity theory, Gurtin and
Murdoch (1975, 1978), the surface layer of an elastic
material satisfies distinct constitutive equations involving
surface elastic constants and surface residual stress. The
non-zero components of the surface stresses are related to
the displacement as follows, Gurtin and Murdoch (1975,
1978)

2
( o+ (s + A )(au"a(j' 9_,9 ‘g,(; t)> (EBBT)
{ du,(x, t) 0D(x, t) 1 5)
s s @ + AS)( ax 7 ox ) (TBT)
ow(x,t
Ty = TsNy ;x ) (EBBT and TBT) (16)

where n. is the z-component of the unit outward normal
vector to the beam lateral surface. u; and A are the surface
elastic constants and 7y is the residual surface stress (i.e., the
surface stress at zero strain). These three constants y, 4, and
7; can be determined from atomistic simulations, Miller and
Shenoy (2000). 7. is the out-of-plane components of the
surface stress tensor. Since the stress component o. is small
as compared to oy it is neglected in the classical beam
theories. By such assumption, the surface conditions cannot
be satisfied. Thus, in order to satisfy the surface conditions
of the Gurtin Murdoch model, it is assumed that o.. varies
linearly through the thickness of nanobeam and satisfies the
balance conditions on the surfaces Wang and Feng (2007)
and Lu et al. (2018). Therefore, o..is given for both EBBT
and TBT as follows

1
= E (0-)?; - O-)?Z_) +— (ze + o-xz ) (17)

o and of; are the top and bottom fibers’ stresses,
respectively. By substituting Eqgs. (12) and (13), o.: can be
obtained as

1 VA
02z = 2 (Trtx,x + Tr:x,x) + h (TT-'l-x,x - Tr_Lx,x) (18)

1

Z
Oz = E (TSW;:XX - Tst_,xx) + E (Tst-':xx + Tst_,xx) (19)

Eq. (19) can be rewritten as

= 22 (4, 20 (20)

a. =
zz h dx2

By using the expression for o, the components of stress for
the bulk of nanobeam can be modified a

Oxy = E€yy +v0,, =

A (Qup(xt) 9*w(xt) 2vz 2w (x,t)

E( ax ox? ) n ( s oxz ) (EBBT)  (21)
A (Ouy(x,t) D (x,t) 2vz %w(x,t)

E( ox T% ox )+_(5 ax? ) (TBT)

3.5 Perforated beam equilibrium equations

According to EBBT the equilibrium equations of
perforated nanobeams with surface energy effects can be
written as

R h
[(El)eq — 7 (4Tsdeq + (Eslp)eq] Tt
i [Z(Ars)eq _»p ] d*w

n ol gxz T4

(22a)

As illustrated in Eq. (22(a)), the surface effects on the
perforated Euler Bernoulli nanobeams is attributed to two
terms; the surface elasticity (E;) and surface residual
stresses (surface tension), 7z Neglecting the surface residual
stress effect, the equilibrium equation can be expressed as

((BD),, + (BDy), |55+ P55 +a =0

While if the surface elasticity effect is neglected, the
equilibrium equation can be expressed for perforated Euler
Bernoulli nanobeam PEBNB with surface tension only can
be written as

[(El)eq

(22b)

dw [Z(Ars)eq_ ]dzw

(ATs)eq h 0 W +q (220)

=0

Neglecting the surface -elasticity effects leads to the
classical EBB equilibrium equation which can be written as

[(E )eq] dx4 P, dx2 5+ q =0 (22d)

Considering the TBT, the equilibrium equations can be
expressed as

2Tv(l‘[s)eq 333 [(EI) + (E Ip)eq] dxZ

(23a)
K(GA) g (q> + E) =0
2 d*w dd
(E (ATy)eq + K(GA) o — PO) PR CONE =R B

=0

Neglecting the surface elasticity effect, the equilibrium
equations of perforated Timoshenko nanobeam (PTNB)
with the presence of surface residual stress only can be
written as,
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(ITs)eq [( 1) ] K(GA)eq
(23b)
(CD + ﬁ) =0
d*w dtD
( (ATy)eq + K(GA) o — ) o2 D

=0

On the other hand neglecting the surface residual stress and
considering the surface elasticity effect only leads to the
following equilibrium equations

|(BD),, + (EsL), ]dxz K(GA)eq (P +22) =0 (23¢)

2

(k(GA)oq — (24¢)

d*w do
)d 7 +1(GA)eg -+ 4 =0
Neglecting the two effects of the surface elasticity lead to
the well known classical TBT with the following

equilibrium equations
|(BD),, + (Eshy), ] e —k(GA)e (P +52) =0 (23d)

2

d?w do
(k(GA) g — )d 7+ K(GA)eg -+ q=0 (24d)

Assuming rectangular cross-sectional area of the perforated
nanobeam

(1), =

((A)eqh + %3) and

E (ATs)eq

([Ts)eq = 25)

4. Analytical solution

In this section, closed form solutions for static
deflection profile throughout the perforated nanobeam with
different nonclassical boundary conditions considering both
PEBBT and PTBT theories are presented. Introducmg the

nondimensional quantities; and x = Z

additionally, M,® and Q are defined in terms of the
nondimensional quantities W and X the quantities. The
considered boundary conditions shown in Table (1).

W——
L

4.1 Perforated Euler Bernoulli nanobeams (PEBNBs)

To obtain closed form solution for static deflection of
PEBNBsS, the following non-dimensional quantities are
defined

w X ow Jdw

W= — X — — _ 26
W= X=7 and Foale (26)

The governing equation of PEBNBs subjected to uniformly
distributed load of intensity g, the bending moment (MF)
and the shear force (QF), in terms of the non-dimensional
quantities, W and X can be written as

Table 1 The different boundary conditions for both
distributed and central point loads

BCs Distributed load
S-S w(0)=w(1)=M0)=M(1)=0
C-C w(0) =®(0) =w(1)=d(1) =0
C-F w(0)=®0)=M(1)=Q(1)=0
BCs Point load of intensity P
S-S w(0) = M) =d(1/2)=0, Q(1/2) =—
c-C wO0)= ®0)= d(1/2)=0, 0(1/2)= _TP
C-F w(0) = &(0) =0, M) =0, QMU =-P
dw  d*w q L3
o Prge =T Kf (27a)
ME = _K_bEaz_W E
L ox?’
_ KEow .\ 2(A)eg 0w (279)
2 0¥’ | h Sox
Where
c_lre vh (A)egh h3
Ky =|(E1),, — 17 (4T + Es< > tg
%rs x [
pi =
Ky

The general solution of Eq. (27(a)) for both the static
deflection and rotation can be written as

3
w(x) = Cyexp(Bgx) + C; exp(—fX) + BLLEPE

2B2K, " (28a)
+ C3x + Cy
D(x) = w'(x) = C1L,354€Xp(ﬂ5f) -
LeCrexp(—fe) + Lt it O

The bending moment and the shear force can be written as
E(z K 2 =
MF () = =" (G52 exp(Be) +

13 (29a)
C,B% exp(—f¥) + — 52 KE)

Qf(®)=—=>% (C1ﬂE exp(fgX) —
C, B3 exp(—Bg¥)) + (A)eq Ts <C1ﬁE exp(Bpx) — (29b)

C2PBr exp(—PeXx) + Ex + C3)

Apply the different boundary conditions shown in Table
1. The following explicit formulas can be obtained for the
static deflection profile throughout the beam span
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4.1.1 Simply Supported (S -S) beams

For the simply supported beam (S-S) under uniform
distributed load of intensity ¢, the nonclassical static
bending deflection, [W(X)]yc.can be expressed as

exp(Bi) exp(~p5R)
1+exp(PE) (30&)

o L3 (BEx)
[W()]neL = — i (exp Pex

BAKE \1+exp(BE)
2 2

gz yfg—1)
2 2

Neglecting the surface energy effects, the classical bending
deflection [W(X)].,can be written as

— qL _

[w()]e, = m[ X421 -1 ] (30b)
By the same way, the nonclassical static bending deflection

for S-S beam under central point load of intensity p,
[W(x)]ycL can be expressed as

— _ pPL? exp(0.58E)xexp(Bgx) _
P nes = 57z [ trenmisey (1)
exp(0.58p)xexp(-fg%) _]
Be(1+exp(BE))

The classical solution can be obtained when the surface
energy effects are neglected and can be expressed as

_ PL*x
- E
48K}

[w(@]er (4x? —3) (31b)

4.1.2 Clamped-Clamped (C-C) beams

Considering the clamped-clamped beam under uniform
distributed load of intensity ¢, the nonclassical bending
deflection can be obtained as

_ _ _—aqL exp(BE%)
Wlner = 257 5F [BE (exp(Bp)—D) (322)
exp(Bp)xexp(-BgX) (exp(Bp)+1)

X“+Xx—

Be(exp(BE)—1) Be (exp(Br)-1)

While the classical bending deflection can be obtained as

[W@]e = 25 (1% )?

24KE

(32b)

By the same way, the nonclassical static bending deflection
for C-C beam under central point load can be obtained as

L _PL exp(Bgx) _
[W(x)]NCL - Zﬁfj fo [BE (1+exp(0.58E)) (33a)
exp(0.58g)xexp(—Bgx) . , (exp(0.5Bg)—1)
BE(1+exp(0.55E)) Be(1+exp(0.58E))

The classical bending deflection can be expressed as

PL%x?
E
48K

[W(f)]a = (49? - 3) (33b)

4.1.3 Clamped- Free(C-F) beams
The nonclassical bending deflection of cantilever beam
(C-F) under uniformly distributed load can be expressed as

-qL® [(1-Bg exp(-BE)) exp(BeX) (34a)
2 E 2 +
Bg xKp | Bg (exp(Bg)+exp(-BE))

W@ ]neL =

(1+BE exp(BE)) exp(-Bg%) _ %* +E—
BZ (exp(Bg)+exp(—BEr)) 2
(2—BE exp(—=BE)+PE eXP(BE))]

B (exp(Bp)+exp(-Br))

The classical bending deflection can be expressed as

W] = Loby (—22 + 4% — 6)

24KE

(34b)

By the same way, the nonclassical static bending deflection
of cantilever beam under tip point load can be obtained as

— _ PL2 exp(BgX) _
[WEner = Fig (B expapmn (350)
exp(2Bp) exp(=BeX) _ - (exp(2BE)-1)

BE (exp(2Bp)+1) BE (exp(2BEg)+1)

Neglecting the surface energy effects, the classical bending
deflection can be obtained as

W@]e, =

Px2L?

S @ —3) (35b)

4.2 Perforated Timoshenko nanobeams (PTNBs)

The equilibrium equations of PTNBs subjected to
uniformly distributed load of intensity ¢, the bending
moment (M) and the shear force (Q7) can be written a

(lfs)eq ax3 [(EI) + (E Ip)eq d7_

(36a)
K(GA)eq (@ + d—x) =0
2
(Z (ATs)eq + K(GA)eq 0) + K(GA)eq dx (36b)
q=0
The bending moment can be expressed as
T = [0 2dA + §, Typzds = ((Esls)eq + 60
~ ad(xt) | (2v(Ts)eq) 02w, (x,t) ¢
(El)eq) dx + ( h ) 9x? + TP,
where
I = fA 7z2dA, I = ﬁszzds ,
(36d)
Py = $zds ¢ nids
The shear force can be expressed as
"= [, 00dA+ § Tynids = k(GA) g (aW;:t) +
(36¢)

owy (x,t)
ox

D(x, t)) + (Sprs)eq

Using Egs. (39(a)) and (39(b)), the PTNBs equilibrium
equation can be expressed in a single equation in terms of
the transverse deflection. Neglect the effect of the
compressive force, Ny, integrating Eq. (39(b)), the rotation,
@ can be obtained as

1
K(GA)eq

[ (Ar0)eq +1(6AYg ) G2~ aFL+C5 | (360)

The 1% and the 2™ derivatives of the rotation can be
expressed as
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do 1 2 da?w

= o | Udeq + 16 ) 5 = | 60)
d*o 1 2 3w
@ K@heg |G (Ar0)eq +1(6A)eg) s | B6D)

Substitute into Eq. (39(a)) yield

(Ars)eq v w
[(EI) + (Eslp) ] (K(GA) ) - 27(”5)”] 3"3 - (361)

(2 (Ar)eq) 1252+ qL3% = G317 =0

Eq. (39(i)) can be written as

d3w 2dw | qL® _ C3L

dx3 T 4% kT x = KT =0 (36j)
Integrating yields
d*w ql® C312
20 72
—_2—,8TW——2KST +— KT —x+C, (36k)

Where
KT = {}/T |[(ED),, + (Es1), ]— (Irs)eq}
LZZ(Ars)eq

2 (361)
BT Kg‘
2
+(Ats)
_ |rt4Ts)eq
Yr= [K(GA)eq + 1]
The general solution of Eq. (39.k) can be written as
w(x) = C; exp(Br¥) + C; exp(—frx) + 252 KTx -
T%s
ol (37a)
T2 X+ C,
_ %(ATs)eq _
o(x) = |- 1(GA)g + 1) (C1fr exp(Brx) —
1 (37b)

qL x ch2
prCy exp(—frx) ) — BZKT KTﬁ%

The bending moment and the shear force can be written as

MT(%) = — [K{ (C(Br)? exp(Br%) +
(37¢)
(Br*Co exp(—Fr) )+ Ky 1oer]
Q" (%) = qLx — Cs (37d)
Neglecting the surface tension (% = 0)
63_ 3 _ 2
== —%x#;si (382)
where
= [(&),, + (E:1),, | (38b)

Integrating Eq. (41(a)) yields

C3L? _
w(x) =— 241<T S(T %3 +—x +C x (38¢)
L? 1
(%) = — [—%f3+c3( —®+ )+
6K, :xL K(GA)eq (38)
sz + Cl - (GA)eq]
The bending moment and the shear force can be written
as
T Ta‘b __k[*w _ e |__
M (x) = ax L [B)EZ K(GA)eq] T
kI [_ q? ‘2+C( )+C—L (38¢)
L | 2kT 3 2 (GAeq

T = i(GA)eq (fi—“: + <p) =qL% — Cy (38f)

Apply the different boundary conditions shown in Table 1.
Explicit formulas can be obtained for the static deflection
profile throughout the beam span.

4.2.1 Simply Supported (S -S) beams

For the simply supported beam (S-S) under uniform
distributed load of intensity ¢, the nonclassical static
bending deflection, [w(%)]%,can be expressed as

1—exp(=Br)

— _ KpqL _
WO = =2t ([ o) SXPBrD) + o0
3 a
exp(fr)-1 _pow _KIBE _p KT B -
[exp(ﬂ'r)—exp(—ﬁr)] exp( BTX) 2XKp x5+ 2XKp x 1)

Neglecting the effect of surface energy effects, the classical
bending deflection [w(X)],can be written as

qx L

SOeVT _ GEP% o3 52 _
W)l = (—x3 + 2% 1) +—— G

24K

(x2—=1) (39b)

By the same way, the nonclassical static bending deflection
for S-S beam under central point load of intensity p,
[W(x)]yc, can be expressed as

PL?[exp(Br%)—exp(=Br¥)] _
2KkT B3 yr(exp(0.587)+exp(—0.587) )
s PT y’;;zxp_ T)+exp T (403)
2K g2

(W] heL =

The classical solution can be obtained when the surface
energy effects are neglected and can be expressed as

PXL?

oy (47 —3)

WL, = (40b)

ZK(GA)

4.2.2 Clamped-Clamped (C-C) beams

Considering the clamped-clamped beam under uniform
distributed load of intensity ¢, the nonclassical bending
deflection can be obtained as

W, = -qL? ([eXP(BTfHeXP(BE) exp(=Brx)—(exp(Br)+1)] _

2BPkT yr(exp(Br)-1)

(41a)
Brx(x — 1))
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Fig. 2 Variation of the normalized deflection with the normalized coordinate for EBBT for different loading and boundary
conditions

2
While the classical bending deflection can be obtained as W@ 5 = PL
2KI B3y, (exp (ﬁT> - exp( ﬁT))
_ 17 _ —qX%%L3 _E) 4 _
[w()]e, = 24KT 1-x )"+ 2(GA) (x*-1) (41b) [(1 _ exp( ﬂT)) exp(Br%) + (1 — (42a)
Pr Br Bry _
By the same way, the nonclassical static bending deflection exp ( 2 )) exp(—Fr%) + exp( ) +exp ( ) 2]

PL?  _

for C-C beam under central point load can be obtained as KT X
s PT
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The classical bending deflection can be expressed as

W, =

Px2L% ,  _
B (ax
48K

P
)= 2(GA)eq

4.2.3 Clamped- Free(C-F) beams

The nonclassical bending deflection of cantilever beam

(42b)
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While the classical bending deflection can be obtained as

qLx
2k(GA)eq

72713
WG =~ T —42+6 )+

(x—2) (43b)

By the same way, the nonclassical static bending deflection
of cantilever beam under tip point load can be obtained as

[wE@]ke, =
PL2[exp(~Br) exp(Br)—exp(Br) exp(~prx)+exp(Br)—exp(~pr)] _
KTB3x yr(exp(Br)+exp(~Br)) (44a)
PL? _
KTpE~

Neglecting the surface energy effects, the classical bending
deflection can be obtained as

Px2L?
T
6K

P x

= NT
[W()le, = K (GA)eq

(x =3)-

(44b)

5. Model verification

To verify the developed procedure to investigate the
nonclassical deflection for nanoscale beam, consider a
nanoscale beam made of aluminum silicon (Si) having the
following bulk and surface properties; Liu and Rajapakse
(2009): E=107 GPa, v=0.33, and p=2330 kg/m°. The surface
characteristics are; 7= 0.6056 N/m, us= - 2.7779 N/m, As~-
4.4939 N/m. The dimensions for thin beams are L =120 nm,
H =6 nm and w = 3 nm, and those for thick beams are L =
50 nm, H = 6 nm and w = 3 nm. Based on both EBBT and
TBT the problem is solved under different loading and
boundary conditions for both nonclassical and classical
theories. The same problem was analytically solved by Liu
and Rajapakse (2009) under the same boundary and loading
conditions. The obtained results are compared with that
obtained by Liu and Rajapakse (2009). As depicted in Figs.

2 and 3, it is illustrated that an excellent agreement is found.

6. Numerical results

To demonstrate the salient features of the mechanical
behavior of perforated nanobeams incorporating the surface
energy effect for different geometry, loading and boundary
conditions. Beams are made of silicon (S7); Liu and
Rajapakse (2009). The dimensions for thin beams are 2 =
6nm, b = 3nm, L = 60 nm and v=0.33 for both buckling and
static bending analyses.

The dependency of the maximum nondimensional
transverse deflection (wma=w/L) on the perforated beam
filling ratio due to distributed (Wgomax) and concentrated
(Wpmax) loads for both PEBBT and PTBT for different BCs
is illustrated in Fig. 4. It is noticed that both the maximum
nondimensional transverse deflection is decreased with
increasing the perforated beam filling ratio due to
increasing the beam rigidity. Moreover, the difference
between the nonclassical and classical transverse deflection
is also decreased due to increasing the bulk volume
compared to the perforated beam surface area.

Incorporating the shear deformation effect in PTBT
increases the perforated beam flexibility consequently
higher values of ®max is detected compared with the
corresponding PEBBT. Moreover, the applied loading
pattern significantly affects the maximum nondimensional
transverse deflection, higher value of ®max is detected for
the concentrated load pattern compared with the
corresponding distributed load pattern.

The beam aspect ratio (L/h) significantly affects the
investigated values of the maximum nondimensional
transverse deflection. Increasing the perforated beam aspect
ratio results in higher values of ®max. Also, the deviation
between the classical and nonclassical values is increased
due to increasing the surface are to bulk volume ratio. As
shown in Fig. 5, although the perforated beam aspect ratio
reaches 40 considerable deviation between the detected

values of Mmax for both PEBBT and PTBT is noticed for
both C_C and S_S BCs especially at lower values of filling
ratio while almost the same response is noticed for C_F
BCs.

Variations of @me with the number of hole rows (N)
beam filling ratio (¢=0.5) for both thick and thin perforated
beams are illustrated in Figs. (6) and (7), respectively for
distributed and concentrated load patterns for different
boundary conditions. It is depicted that w..x increases with
increasing the number of hole rows due to increasing the
perforated beam flexibility. Moreover more increase in @max
is detected for PTBT due to the shear deformation effect
which increases the beam flexibility. Increasing the beam
aspect ratio results in higher values of both @max and the
difference between the classical and nonclassical values of
Wmax. On the other hand, although the beam aspect ratio
reaches 4, a noticeable deviation between the detected
values of we for both PTBT and PEBBT C_C BCs while
almost the same response is detected for C Fand S_S BCs.

7. Conclusions

An analytical methodology capable of investigating the
nonclassical bending deflection for perforated nanobeams
incorporating the surface stress effects is presented. An
equivalent geometrical model for both bulk and surface
characteristics is developed. Based on the developed
geometrical model, the Gurtin-Murdoch (GM) surface
elasticity theory is adopted to incorporate the surface energy
effects. Regularly squared cutout configuration is
considered through perforation process. Both PEBBT and
PTBT are considered to explore the shear deformation
effect associated with the perforation process. Considering
both classical and nonclassical boundary conditions,
explicit closed forms for the nonclassical bending deflection
are developed relevant to each type of beam theory
considering both concentrated and uniformly distributed
loading patterns. The proposed non-classical procedure is
verified by comparing the obtained results with the
available analytical and solution and an excellent agreement
is obtained. The obtained numerical results revealed the
following concluding remarks:



154 Mohamed A Eltaher and Alaa A. Abdelrahman

£

=1

g

g

2

2 a3t 1

= ;

g |/

Z 4l [S_S]and (L/h)=10

s | PEBBT PTBT

5 st < WopNCL] -6

g ‘.‘I "' WQmaxlCL] e 2

£ .6f © Wy, [NCL] O

& [ ] @ W,,.ICL] @
.
02 03 04 05 06 07 08 09 1.0

Filling ratio (ct)

; [C F]and (L/h)=10

S0F s PEBBT PTBT
" © WonaNCL] &

4 Wy, [CL] -&

Max. nondimensional deflection (w,,,.)

40
© WpnaINCL] -©O-
@ W,,,ICL] @
_50 L L L L L L L
02 03 04 05 06 07 08 09 1.0
Filling ratio (ct)
)
S
3 2f 1
=
L]
= vy
ERRY S
R-N P [C_C] and (L/h)=10
s i PEBBT PTBT
£ ¢ S WoINCL] -6 1
g | - W, [CL] @
i 5k S W, INCL] O .
= T @ W, [CL] @
_6 1 1 'l 'l 1 1 L

02 03 04 05 06 07 08 09 1.0
Filling ratio (o)

Fig. 4 Variation of the maximum nondimensional deflection with the filling ratio for both PEBBT and PTBT for different
BCs at L/H=10



Bending behavior of squared cutout nanobeams incorporating surface stress effects 155

¢ g
Qe

'
o]
=]

[S_S]and (I/h)=40
PEBBT PTBT
- Wy, [NCL] -&-
4 Wy, [CL] -4
S Wpo[NCL] O
@ W, [CL] @

'
—_
(5=

Max. nondimensional deflection (w, )

-140
02 03 04 05 06 07 08 09 1.0

Filling ratio (o)

o 5 5

-250

@

-500

-750

[C F]and (L/h)=40

Max. nondimensional deflection (w,,,.)

-1,000 F
PEBBT PIBT

S 11,250 “© Woum[NCL] -O-

/ 4 W, [CL] -4

1500 ) S W,,[NCL] O

] @ W,,[CL] @

1 1 1 1 1 1

50
02 03 04 05 06 07 08 09 1.0
Filling ratio (o)

-1,7

b S [C_C] and (L/h)=40
30 ¢ PEBBT PTBT
{ <= Wouu[NCL] -O- 1
; 4 W, [CL] -
0 © Wy NCL] O
: @ W.lCl] @

Max. nondimensional deflection (®,,,.)

0
02 03 04 05 06 07 08 09 10
Filling ratio (o)

-5

Fig. 5 Variation of the maximum nondimensional deflection with the filling ratio for both PEBBT and PTBT for different
BCs at L/H=40



156 Mohamed A Eltaher and Alaa A. Abdelrahman

[S S]and (L/h)=10
PEBBT PIBT
- Wi [NCL] &
4 Wy, [CL] -4
© Wi NCL] O

-0.4%F-.

Max. nondimensional deflection (w,,,)

1.2 s L L s L L s
12 3 4 35 6 7 8 9 10

Number of hole rows (N)

[C F]and (L/h)=10
PEBBT PIBT
© Wona{NCL] -0
4 Wy, [CL] &
© WioNCL] O
& W, [Cl] @

Max. nondimensional deflection (®,,,,)
2o

1 1 I 1 I 1 1 1

1 2 3 4 5 6 7 8 9 10
Number of hole rows (N)

[C_C]and (L/h)=10
PEBBT PTBT
< WoaNCL] -G

4 W, [CL] &
0 < W, [INCL] -O
@ W, [CL] @

Max. nondimensional deflection (w,,,)
&
‘e

1 2 3 4 5 6 7 8 9 10
Number of hole rows (N)

Fig. 6 Variation of the maximum nondimensional deflection with the number of hole rows for both PEBBT and PTBT for
different BCs at L/H=10



Bending behavior of squared cutout nanobeams incorporating surface stress effects

[S_S] and (L/h)=40
PEBBT PTBT
= Wy, [NCL] -&-
4 Wo,,[CL] -4
S Wy o[NCL] O
@ W, [CL] @

Max. nondimensional deflection (wm,,,,)

P IR ==
1 2 3 4 5 6 7 8 9 10

Number of hole rows (N)
[C_F] and (L/h)=40

PEBBT PEBBT
- Wora[NCL] -G
4 Wy, [CL] :

*
S Wy,[NCL] O
@ W,,[Cl] @

Max. nondimensional deflection (w@,,,,)

_875 I 1 L 1 L I "‘I'-——- rdl
1 2 3 4 5 6 7 8 9 10

Number of hole rows (N)

[C_C]and (L/h)=40
PEBBT PEBBT
& WoumNCL] O
- W, [CL] &
S W [NCL] O
@ W,.[CL] @ ]

f=1

'
(387

Max. nondimensional deflection (w,,,,)
o

L L 1 1 L 1 1 L

1 2 3 4 5 6 7 8 9 10
Number of hole rows (N)

157

Fig. 7 Variation of the maximum nondimensional deflection with the number of hole rows for both PEBBT and PTBT for

different BCs at L/H=40



158 Mohamed A Eltaher and Alaa A. Abdelrahman

» Surface stresses significantly effects on maximum
bending deflection, this effect is mainly size
dependent. The difference of the obtained results
obtained based on the nonclassical surface elasticity
model and the corresponding results based on
classical models relies on the magnitudes of the
surface properties.

» An intrinsic length parameter controlled by both
surface elastic properties and the nanobeam bulk
material properties can be established to characterize
the surface energy effects for beam bending.
Increasing the perforated nanobeam aspect ratio
results in increasing the difference between the
classical and nonclassical values of bending
deflection.

» The surface residual stress, 7z has more significant
effect on the bending deflection compared with the
corresponding effect of the surface elasticity, Fs.

» As the number of holes throughout the cross section
of the perforated nanobeams increases the maximum
nondimensional bending deflection increases due to
increasing the beam flexibility.

» The perforated nanobeams filling ratio significantly
affects the bending behavior of perforated
nanobeams. As the filling ratio increases the
maximum nondimensional bending deflection
decreases due to decreasing the beam flexibility.

» For perforated nanobeams with lower aspect ratio
(L/h) the Euler Bernoulli beam theory can’t
effectively investigate the bending behavior of
perforated nanobeams especially at lower values of
filling ratio (a<0.5).

» The nonclassical boundary conditions significantly
affect bending behaviors of perforated nanobeams.
Although the perforated nanobeams aspect ratio
reaches (L/h=40), a remarkable difference is detected
between bending behaviors investigated based on
PEBBT and the corresponding behaviors
investigated based on PTBT for C_C boundary
conditions especially at lower values of filling ratio.
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