Steel and Composite Structures, Vol. 35, No. 1 (2020) 147-157
DOI: https://doi.org/10.12989/scs.2020.35.1.147

147

Thermal buckling of nonlocal clamped exponentially graded plate according to
a secant function based refined theory

Mohammed Abdulraoof Abdulrazzag, Raad M. Fenjan, Ridha A. Ahmed and Nadhim M. Faleh*

Al-Mustansiriah University, Engineering Collage P.O. Box 46049, Bab-Muadum, Baghdad 10001, Iraq

(Received October 17, 2019, Revised February 12, 2020, Accepted February 20, 2020)

Abstract.

In the present research, thermo-elastic buckling of small scale functionally graded material (FGM) nano-size plates

with clamped edge conditions rested on an elastic substrate exposed to uniformly, linearly and non-linearly temperature
distributions has been investigated employing a secant function based refined theory. Material properties of the FGM nano-size
plate have exponential gradation across the plate thickness. Using Hamilton’s rule and non-local elasticity of Eringen, the non-
local governing equations have been stablished in the context of refined four-unknown plate theory and then solved via an
analytical method which captures clamped boundary conditions. Buckling results are provided to show the effects of different
thermal loadings, non-locality, gradient index, shear deformation, aspect and length-to-thickness ratios on critical buckling

temperature of clamped exponential graded nano-size plates.
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1. Introduction

Normally, due to their specific properties, composite
materials have found very wide applications in various
applications into modern industrial construction such as
mechanical engineering, aerospace, transportation industries
and so on. However, in extreme conditions as a use in the
high-temperature environments, these classical composite
materials represent some deficits and fail to preserve their
integrity. To surmount these drawbacks, a new sort of
advanced composite materials or functionally graded
materials (FGMs) have been designed. Usually these
materials are made from a mixture of a ceramic and a metal
with volume fractions which are varied continuously as a
function of location depending on some dimension(s) of the
structure to reach a required function. The FGMs have been
applied in several hi-tech industrial applications of for
defense industries, aerospace, aircrafts, automobile,
shipbuilding industries, and further engineering structures.
Presenting these notable advantages, studies of structures
made of these types of materials have attracted the
worldwide interest by numerous researchers (Kettaf et al.
2013, Zidi et al. 2014, Bouderba et al. 2013, Ait Yahia et al.
2015, Atmane ef al. 2015, Mirjavadi et al. 2017).

New studies focus on engineering structures at nano-
scales due to their involvement in nano-mechanical systems
or devices. However, the main issue in these studies is to
select an appropriate elasticity theory accounting for small
scale impacts. The impact of size-dependency might be
considered with the help of a scale parameter involved in
non-local theory of elasticity (Reddy 2007, Pradhan and
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Phadikar 2009, Aydogdu 2009, Murmu and Adhikari 2010,
Ahouel et al. 2016, Houari et al. 2018). The word "non-
local” means that the stresses are not local anymore. This is
because we are talking about a stress field of nano-scale
structure. Many authors are aware of these facts and they
are using this theory to analysis mechanical characteristics
of small size engineering structures. Strain gradients at
nano-scale are observed by many researchers (Alimirzaei et
al. 2019, Chemi et al. 2015, Besseghier et al. 2015). Thus,
nonlocal-strain gradient theory was introduced as a general
theory which contains an additional strain gradient
parameter together with nonlocal parameter (Natarajan et al.
2012, Cherif et al. 2018). The scale parameters used in
nonlocal strain gradient theory can be obtained by fitting
obtained theoretical results with available experimental data
and even molecular dynamic (MD) simulations. Recently, it
is shown that thermal loads have great impacts on static
stability characteristics of small scale structures. This is due
to the reason that such loads lead to reduced stiffness of the
structure during the loading.

The higher-order shear deformation theories, widely
known as HSDT, offer advantageous properties including
consideration of various boundary conditions on the upper
and lower faces (Soldatos 1992, Reddy 1984, Akvaci 2014,
Mabhi and Tounsi 2015, Sahoo and Singh 2013, Thai ef al.
2014, Bourada et al. 2019, Boutaleb et al. 2019, Chaabane
et al. 2019). Further, compaction and shear deformation
effects of the core can be modeled using these theories. It
should be added that other researchers employed higher-
order shear deformation theories to investigate the behavior
of sandwich structures with various cross-section types
subjected to different loadings (El-Haina et al. 2017,
Menasria et al. 2017, Mokhtar et al. 2018, Semmah et al.
2019, Tlidji et al. 2019, Youcef et al. 2018, Zarga et al.
2019, Mahmoudi et al. 2019, Draiche et al. 2019). In
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Fig. 1 A functionally graded nano-size plate rested on
substrate.

addition, different types of boundary conditions were
considered in these researches. A number of these studies
are available in full detain in (Oktem et al. 2012, Mantari et
al. 2012, Taj et al. 2013, Ebrahimi and Barati 2015).

Studied in this article is thermo-elastic buckling of
small scale functionally graded material (FGM) nano-
size plates with clamped edge conditions rested on an
elastic substrate exposed to uniformly, linearly and non-
linearly temperature distributions employing a secant
function based refined theory. Material properties of the
FGM nano-size plate have exponential gradation across
the plate thickness. Using Hamilton’s rule and non-local
elasticity of Eringen, the non-local governing equations
have been stablished in the context of refined four-
unknown plate theory and then solved via an analytical
method which captures clamped boundary conditions.
Buckling results are provided to show the effects of
different thermal loadings, non-locality, gradient index,
shear deformation and length-to-thickness ratios on
critical buckling temperature of clamped exponential
graded nano-size plates.

2. Basic relations

2.1 Exponential functionally graded material (E-FGM)
model

Suppose a FGM nano-size plate with dimensions
illustrated in Fig. 1. Such FGM nano-size plate has variable
material properties in transverse directions which can be
defined according power-law functions of elastic modulus
(E(z)), Poisson’s ratio (v) and thermal factor («) as

1 14

E(z) = (E,—E,) (% + E) + E,,, (1)
P

v(z) = (Ve — Vi) (% + %) + Vi, 2
P

a(z) = (a, — ay,) (iZz %) + apy, (3)

or exponentially graded model as follows (see Zenkour
2014)

E(z) = Eexp -ln (5—;) (% + %)p], “4)
v(z) = v, exp -ln (:—;) (% + %)p], (5)
a(z) = a,, exp -ln (Z—;) (% + %)p]. (6)

in above relations, p defines the gradient exponent which
states the variable material distributions in transverse
direstion.

2.2 Basic relations

Modeling of the nanoplate is performed employing a 4-
unknown plate theory which has fewer field unknowns
compared with the refined S-unknown and also first order
plate theory (Beldjelili et al. 2016, Bounouara et al. 2016,
Berghouti et al. 2019, Boukhlif et al. 2019, Boulefrakh et
al. 2019, Abualnour et al. 2018, Addou et al. 2019, Attia et
al. 2018). The three dimensional displacement field (u;, uo,
u3) of the 4-unknown plate model can be expressed by

owy, 6WS
w(x,y,2) =u@y) —z—>~ (@)

owy, 6ws (7)
u,(x,y,2) = v(x,y) —z2——— f(z )5

oy
uz(x,y,2) = wp(x,y) + ws(x, y).
Here, u and v are in-plane displacements and w denotes the
transverse displacement; f(Z) is shear deformation
function.

f(z)—z—zsec(h)+zsec( )[1+ tan( )] ®)

in which r = 0.1. Finally, the strains based on the 4-
unknown plate model are obtained as

£ &l K2 K ,
{Sy}= St @y L ()
Vo) )y K2y Ky 9)

yysz}
=g(z
9t ){V;?z
where g(z) =1—f'(2) and
ou %wy,
2 { ox ] K2 { ax? ] K
& 4 > $ ko Lo ) L Kyt =
y ay ’ Y (~ ayz [’ Sy -
y,?y kau avJ K,lgy 2 9%wy, Kxy
dy = Ox 0xdy 10
92w ) (19)
Ix2 Awg
_ 9%w; {Y;z} _ ) oy
| ay* |' Yz B aws |
2wy ox
axayJ

The non-local governing equations may be derived
based upon Hamilton’s rule which is defined by
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Jy 8(U +V)dt = 0. (11)

Here U and V are energies due to internal and external
forces. However, internal energy variation may be

determined as
oU = fff Jij5€ijdv
v

(12)
= ﬂ- (O‘x5€x + 0,08y + 0,,,0Vy; + 0x;6Vy7
v

+ 04y 0 yxy) dv.

Placing Egs. (9) and (10) into Eq. (12) gives
adu , 026w, 078w
5U = ﬂ[ e
asv %8wy,

+N,—— M}
y6y y ayz

026w,
N
Yoy (13

b 6 5Wb _
XY 9xdy

2] 4

+ny (68u @) _

ay ox

2285w asw.
s s s
2Myy 5o, T Q25

+ Qxz

so that forces and moments may be defined based on
below relations

h
2
{N;, MP, M§} = f (L2 flodz,

h/2

Q] = gajdzl
-h/2

i=(x,yxy),
(14)

j = (xz,yz).

Also, external energy variation may be determined as

sV — ff [NO o(wy, + wg) 08(wp, + wy)

0x
4 NJ(,’ 6(Wb + wg) 08(wy, + wy)
dy dy
ow, +w)o(wy, +w (15)
+25N, ( l:?x ) 0( bay s)

- kW6(Wb + Ws)
+ kpV25(wy + Ws)] d4,

where V? is the Laplacian, Ny, Ny and Ny, are in-plane
forces and ky, and kp are elastic substrate parameters. By
inserting Eqs. (12) and (14) into Eq. (11) and considering
the coefficients of du, dv, dw, and Sw, as zero, the
below governing equations may be derived

N, 0Ny,
=0, 16
o (16)

0Ny, 0N,
4+ 2 =0 17
St =0 (17)

2nb 2pb 2

CUY g TMEy Oy wytwy) + (1B)

0x? dxdy dy?2

(kp — NTYVZ(wp, +w,) =0,

0%M3 N 0°Mz, 0*M; N 9Qy, 0Qy,

0x? oxdy  0dy? ox dy
= w (W + W) (1)
+ (kp — NT)V?(wp, + ws) = 0.

It is supposed that the nano-size plate is exposed to
a bi-axial thermal loads and the shear loads have been
discarded (Ny = Ny =NT, N2, =0). So, thermal
resultant can be defined as

_(M* E@zT)
NT = f_ T a(z,T)(T - Tp)dz. (20)

2.3 The non-local elasticity model for FG nanoplate

In the context of Eringen’s non-local elasticity model
(Eringen and Edelen 1972), the stress situation at every
point within a structure is a function of strains of all points
in the neighbor zones. Therefore, the non-local stress tensor
at point x in the solid can be stated by (Fenjan et al. 2019,
Al-Maliki et al. 2019)

O'ij(x) = fffn o(lx’
where t;;(x") denotes the local stress tensor and is

associated with the strain tensor based on below
relation

— x|, Dt (xNde ), (21)

tij = Cijri€rt- (22)

Also, the nonlocal kernel o(|x" — x|, T) enumerates the
influence of strains at point x' on the stresses at the point
x and p is an internal characteristic length (e.g., lattice
parameter, granular distance, the length of C-C bonds). In
addition, T = eya/l is a constant which depends on the
internal and external characteristic length (e.g., crack length
and wavelength). Finally, non-local constitutive relations
for the present FG nanoplate may be expressed by

Oy
Oy
(1 — uv?){ Oyz

O'xy

[Qll Qiz 0 0 0] (&x — alAT (23)
Qiz Q2 O 0 0| {& — aAT
- 0 0 Q44 O 0 sz ,
0 0 QSS 0 yxz
Lo 0 0 0 Qull vy J
where u = (epa)? and
E(z)
Q11 =022 = TZ(Z)' Q1>
=v(2)Q11, Qua =0
j _11 E(Z) 44 55 (24)
= Qoo = 21 +v(@)]
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After integrating Eq. (22) in thickness direction, we get to
the following relationships

[ du
ox
Ny Ay A O ov
A—pV?)I Ny 2 =41, A O v
N 0 0 A y
xy 66" lou ov
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0 0
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( .u ) 0 §5 aWS
0x
so that
Ay1, B11, Bi1, D11, D31, Hy
A1z, B12,Bi5, D12, D35, HY, ¢ =
Ag6, Bos, Bés, Do, Dég, He
1
h/2 2 2y ) v(2)
f_h/lel(errf'Z er'f) l—v(z) er (29)
2
h/2
2, E@

A5, =A% =f ———dz
44 55 _h/zg 2[1+V(Z)]

Note that Ax»=A);. Also, the stress and moment resultants

Ny =NJ, M) =M)" and M3" = M;" due to thermal
loadings are defined as
T
NZT h/2 E(Z,T)
My =f ———a(z, T)(T
MsT -h/2 1-v(2)
x (30)
1
—TO){ z }dz.
f(2)

Four equations of motion for exponential graded plate based
on non-local theory will be achieved by placing Eqs. (24)-
(27) in Eqgs. (15)-(18) by

92 o%u 2%v 3wy,
A11ﬁ+A66a_yz+(A12 +A66)m_ 1753
63Wb
— (B2 +2Beg) 55 9xy?
23w 23w,
—Bfi 5 — (B +2B%) 5 —— 5 =0 (31
9%v 9%v 62u 23w,
Ass 53 3 +A4255 32 + (A + Ase) Bzza—yg,

3W
— (B12 + 2Bg) %29y

3 < 63WS
—B5,——=—— (B, + 2B},))——=0 (32)
22 ay3 ( 12 66)6 26
2%u o3u 2%v 2%v
By1 55+ (Biz + 2Bee) W‘FW + Bzzﬁ
a4Wb
o0* 0*wy, 0*w.
_2(D12+2D66) Zay —Ds, ay* 1 6x4s
—2(D5, + 2066) Zayz (33)
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4

d*wyg
_DZZ a

— (1= uV?)lky (wp + wy)
— (kp = NDVZ(wp, + wy)] = 0

, 0%u s s 23u d3v
Bnﬁ + (Bi2 + 2Bge) <6x6y2 + 6x26y>
d3v *wy, 2w
+Bzzay3 Dfy Ep +A55 %2

2 4-

J“wg 0%*wy,
+Ah—— 32 —2(Df, +2D66) Zayz
D 0 Wp s a Wg
BRIy
'ws (34

—2(H{; + 2H66) 9x20y?

4
s 0%wg

—Hy, oyt 1- #72)[kW(Wb + wg) —
(kp — NTIVZ(wp, + w)] = 0.

3. Solution procedure

In this chapter, Galerkin’s approach has been utilized for
solving the non-local governing equations for thermal
stability of a FGM nano-size plate having simply-supported
(SSSS) and clamped (CCCC) edges as follows (Sobhy
2013):

Simply-supported (S)

w,=ws=N,=M2=M:=0 at x=0,a, 35
Wy, =ws =N, =M) =M = at y=0,b. (33)
Clamped (C)
u=v=w,=w;=0 at x

=0,a and y=0,b»b. (36)

Four displacement components have been defined in below
forms satisfying above conditions

- Z Z A (3,9), @)
v= Zi Brnin P (X, 7), (38)
wp = 22 Conn P (%, ), (39)
m=i§ﬁm%mm, (40)

where A, Bmn, Cmn and D, are the unknown
coefficients and 2,,,,,, Ppun> Pmn and Y, are admissible
functions which are expressed as

Table 1 The admissible functions

(Sobhy 2013)

151

Xn(x) and Y,(y)

Edge conditions

The functions X,, and

At x=0,aAt y=0,b X,(x) Y,(»)
Xn(0) Y,.(0) : :
—X"(0) =Y/(0) sin(mTx/a) sin(nmwy/b)
=0 =0
SSSS
Xm(a) Y.(b)
= Xin(@ =¥ )
=0 =0
0 LO »
=x'(0) =y, (0) SO (mnx  sin*(nmy
=0 = /a) /b)
CCcC
Xm(a) Y.(b)
=Xm(@)  =Yy(b)
=0 =0
_ 0X (%)
—__m¥7 41
Bn(3) = =22 0,0), @
— BY
Prn (%, ¥) = X () (y) (42)
Prn (%, ) = X ()Y, (), (43)

where two functions X, and Y, have been represented in
Table 1 for considered edge conditions. Placing Egs. (37)-
(40) into Eqgs. (31)-(34) gives

K1 Kiz

i K2

lsym.
where

K11 = Ap1K15 + AgeKs,

Ki3
K>3
K3,3

K1,4--| 14—mn
KZ 4 B
K\ (=10 @9
34| | Cnn
K4,4— _mn
Kip = (Agz + Agg)Kg, Kis
= —By1k12 — (Bip + 2Bgg)ks, (45)

Ki4 = —Biiki, — (Bfz + 2Be)ksg, Koz = Agaky + Agskro,

Ky3 = —Baaks — (B2 + 2Beg) K10, Ky4 = —B3sk, — (Biz +

2Bg6)K10,
K33 = —Di1ki3 — 2(D1z + 2Dge)ic11 — Dagks — kyky
— (uky — kp + NT) (i3 + ko)
FUINT = kp) (s + 113 + 2k11),
K34 = —Df1k13 — 2(Df; + 2Dgg)k1y
—D3,ks — kyiey — (uky — kp + N™) (i3 + ko)
+u(NT = kp) (s + 113 + 2K19),
Ky4 = —Hiikis — 2(Hf, + 2Hge)kyy — H3zks + Afsko + Afsis — Kyiy
—(uky = kp + NT) (i3 + K9) + u(NT = kp) (ics + fey3 + 2K11)

in which
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b ra
Geurenns) = [ O X X VK Vo,
0 0

b a
(Ko, Ky K3} = f f X0 XY, XY, Yo Yrclady,
o o (46)
(o = [ [ O X X G IX by,
0 0

b a
ocprioh = || Ol X XYy
0 0

4. Types of thermal loading

There are three types of thermal loading considered in the
present paper. The temperature field (T) for these loads can be
expressed as (Javaheri and Eslami 2002)

Uniform temperature rise (UTR): T = AT + T,
Linear temperature rise (LTR): T = T,,, + AT (% + %)

. . B
Non-linear temperature rise (NLTR): T =T, + AT G + %)

where [ is the parameter of nonlinear temperature
distribution. Here, T defines the reference temperature. Ty,
defines the temperature of metal phase.

5. Discussions on obtained results

The present section is devoted to provide a variety of
numerical findings to investigate the thermal buckling
characteristics of a fully clamped E-FGM nanoplate
employing 4-unknown refined theory. The elastic properties
of both metal and ceramic materials are represented in Table
2. To ensure the validity of the present shear deformation
theory in predicting thermal buckling behavior of FGM
plates, the obtained results are compared with the existing
ones in the literature. A comparison between buckling
results for a simply-supported FG plate under uniform and
linear temperature rises based on presented theory and those
of Bouhadra ef al. (2015) is presented in Table 3 and a good
agreement is observed. Also, critical buckling temperatures
of present study for a clamped FG plate are compared with
those of Bateni et al. (2013) and Bouhadra et al. (2015) and
the results are represented in Table 4. One can found that
the critical buckling temperatures predicted via shear
deformation theories are identical. However, CPT which
ignores shear deformation effect provides larger critical
temperatures. Next, for better representation of the obtained
results the below normalized factors have been defined

Ko = ky a* _ kya? D - E.h3
W= b P= p. €T 121 —v2)

(47)

The effects of different values of non-local factor (i),
gradient index (p) and length-to-thickness ratio (a/h) on
critical buckling temperature of clamped E-FGM nanoplate
resting on elastic foundation accounting for uniformly-type,
linearly-type and non-linearly temperature rises is
represented in Tables 5-7, respectively. It can be deduced
that for all types of thermal loadings, nonlocality has a

decreasing influence on structural plate stiffness and critical
buckling temperatures of clamped E-FGM nanoplates. Also,
presence of elastic foundation increases the plate stiffness
as well as critical buckling temperatures. Moreover, one
may observe that for every value of non-local factor and all
types of thermal loadings increasing in side-to-thickness
ratio (a/h) reduces the critical temperature (4T,,.). Also, it
is worth mentioning that at a prescribed contact condition,
non-linear temperature rise (NLTR) provides greater critical
temperature than uniformly (UTR) and linearly temperature
rises (LTR) for a clamped FGM nanoplate.

Table 2 Material properties for metal and ceramic
constituents

Property Metallic Ceramic

E (GPa) 70 380

a (1/K) 23e-6 7.4e-6
v 0.3 0.3

Table 3 Critical buckling temperatures for SSSS FGM plate
based on different shear deformation plate theories (a/h =
100)

Uniform Linear

p Theory
a/b=1 a/b=2 a/b=3 a/b=1 a/b=2 a/b=3
0 Present 17.0895 42.6876 85.2551 24.1789 75.3752 160.510
HPT 17.0894 42.6876 85.2553 24.1789 75.3752 160.510
SPT 17.0894 42.6876 85.2554 24.1789 75.3753 160.510
TPT 17.0894 42.6875 852551 24.1789 753751 160.510
CPT 17.0991 42.7477 85.4955 24.1982 75.4955 160.991
1 Present 7.94001 19.8359 39.6248 5.51388 27.8242 64.937
HPT 7.94000 19.8359 39.6248 5.5138 27.8242 64.937
SPT  7.94000 19.8359 39.6249 55138 27.8242 64.937
TPT 7.94000 19.8358 39.6248 5.5138 27.8242 64.937
CPT 794370 19.8594 39.7188 5.5209 27.8683 65.114
5 Present 7.26066 18.1327 36.2025 3.89125 22.6052  53.708
HPT  7.2607 18.1330 36.2037 3.8913 22.6057 53.710
SPT 72606 18.1324 36.2014 3.8911 22.6047 53.706
TPT 72606 18.1327 36.2025 3.8912 22.6052 53.708
CPT  7.2657 18.1642 36.3285 3.8999 22.6595 53.925




Thermal buckling of nonlocal clamped exponentially graded plate according to a secant function ...

Table 4 Comparisons of critical buckling temperatures for
square clamped P-FGM plates for various material
compositions

Gradient exponent (p)
a/h  Theory

0 05 1 2 5

50  Present 181.31  102.795 843067 74.7146  76.9296

Bouhadra 181.3 102.795 84307  74.715  76.934
etal.
(2015)

Batenietr  180.3 10223 8384 743 76.5
al. (2013)

100  Present 45.5291 25.8004 21.1566 18.7548 19.3393

Bouhadra 45.529 25.8 21.156 18.754  19.339
etal.
(2015)

Bateni et 45.28 25.65 21.04 18.65 19.23
al. (2013)

Table 5 Critical buckling temperatures for CCCC E-FGM
nanoplates rested on elastic substrate with uniform
temperature rise
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Table 6 Critical buckling temperatures for CCCC E-FGM

nanoplates

temperature rise

rested on

elastic

substrate  with

linear

w (Kw, Kp

a/h=5

a/h =10

p=0.5

p=1

p=2

p=0.5

p=1

p=2

0 (0,0)

1

(50,0)

(50,10)

(0,0)

(50,0)

(50,10)

2 (0,0)

(50,0)

(50,10)

14254.8

15720.7

23437.4

9335.73

10548.9

18265.6

6939.42

8029.49

15746.1

11849.7

13421.9

21697.6

7760.11

9061.22

17337

5767.88

6936.93

15212.7

10226.6

11944.2

20985.1

6696.75

8118.17

17159.2

4977.2

6254.35

15295.3

4791.68

5158.17

7087.33

3136.03

3439.33

5368.49

2329.48

2602

4531.15

4017.64

4410.69

6479.63

2628.98

2954.26

5023.2

1952.49

224476

4313.7

3595.37

4024.76

6285

2352.34

2707.7

4967.94

1746.8

2066.09

4326.33

Table 7 Critical buckling temperatures for CCCC E-FGM
nanoplates rested on elastic substrate with non-linear
temperature rise

a/h =5 a/h =10
u(Kw.Kp)zi . p=1 p=2 p=05 p=1 p=2
0 (0,0 = 6477.69 560872 257444 219956  1975.1

(50,0) 7336.48 6549.88 2770.96 241426  2210.39
(50,10) 11857  11503.9 380543 354438 344891
1 (0,0) 424383 367453 1686.63 1441.03  1293.98
(50,0) 495454 445341 184927 161871  1488.7
(50,10) 9475.03 940747 2883.74 274883  2727.22
2 (0,0) 3155.6 273229 125414 107152 962.171
(50,0) 379418 343211 140027 1231.16  1137.13

(50,10) 8314.67 8386.17 2434.74 236128  2375.64

u (KW> a/h=5 a/h =10
,Kp

0 (00 p=05 p=1 p=2 p=05 p=1 p=2
(0,00 27199.2 22098.2 18722.0 9142.9 7492.39 6582.11
(50, 29996.4 25030.1 21866.4 9842.2 8225.38 7368.22
?5)0, 44720.4 40463.4 38418.0 13523.2 12083.7 11506.1

1 (1(?,)0) 17813.3 14471.6 12259.9 5983.79 4902.71 4306.48
(50, 20128.2 16898.0 14862.1 6562.52 5509.32 4957.04
?5)0, 34852.1 32331.3 31413.6 10243.5 9367.63 9094.92

2 (1(?,)0) 13241 10756.4 9111.86 4444 .84 3641.16 3197.91
(50, 15320.9 12936.5 11450.0 4964.82 4186.19 3782.43
?5)0, 30044.8 28369.7 28001.5 8645.8 8044.5 7920.31
10)
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2 4
Nonlocal parameter, u

Fig. 2 Variations of critical buckling temperatures of
clamped FGM nanoplate subjected to different
temperature rises versus nonlocal parameter (a =b =
10h, Kyy = Kp =0)
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Fig. 3 Variations of critical buckling temperatures of
clamped FGM nano-size plate with respect to length-to-
thickness ratio subjected to different temperature rises
=1, u=2 nm?, K, =K, =0)
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Fig. 4 4 Variations of critical buckling temperatures of
clamped FGM nano-size plate with respect to aspect ratio
based on different thermal loads (a/h =10, p =1, u =
2 nm?, K, =K, = 0)

The critical buckling temperatures as functions of nonlocal
parameter for a E-FG nanoplate with clamped edge
conditions under different thermal loadings (UTR, LTR and
NLTR) at length-to-thickness ratio a/h = 10 is depicted
in Fig. 2. One can see that for all thermal loadings, a
nonlocal clamped E-FG nanoplate has lower critical
temperatures than local one. This is due to the fact that
nonlocality makes the nanoplate structure less rigid.
Moreover, it is found that the reduction in critical buckling
temperatures of clamped E-FGM nano-size plate based
upon NLTR is more considerable than UTR and LTR.

The variations of critical buckling temperatures of clamped
E-FGM nano-size plate according to length-to-thickness
ratio (a/h) based on different thermal loadings at p = 1,
Ky =Kp =0 and u =2 nm? is represented in Fig. 3. As
previously stated, non-linear and uniformly temperature
rises, respectively, provide largest and smallest values of
critical temperature difference.

23
Gradient index, p

Fig. 5 Variations of critical buckling temperatures of
clamped FGM nano-size plate rested on elastic substrate
under uniformly temperature change versus gradient index
(a=b=10h u =2 nm?)
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Fig. 6 Variations of critical buckling temperatures of
clamped FGM nano-size plate rested on elastic substrate
under linearly temperature change versus gradient index
(a=b=10h pu =2 nm?)
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Another observation is that reduction in critical buckling
temperature with respect to side-to-thickness ratio
according to non-linear thermal loading (f = 3) is more
considerable than uniform and linear thermal loads.
Therefore, it can be deduced that stability behavior of a
clamped E-FG nanoplate is affected considerably by the
kind of thermal loading.

Influence of plate aspect ratio (b/a) on the critical
buckling temperatures of clamped E-FGM nanoplates under
different temperature fields at a/h =10, p =1, Ky =
Kp =0 and u =2 nm? is presented in Fig. 4. It can be
seen that critical buckling temperature reduces by
increasing aspect ratio, especially for smaller values of plate
aspect ratio (b/a).

Variation of critical buckling temperature of clamped E-
FGM nanoplate with respect to gradient index for different
values of elastic foundation parameters under uniform,

14

2 3 4 5
Gradient index, p
Fig. 7 Variations of critical buckling temperatures of
clamped FGM nano-size plate rested on elastic substrate
under non-linear temperature change versus gradient index
(a=b=10h u =2 nm?)
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Fig. 8 Effects of Winkler factor on critical buckling
temperatures of clamped FGM nano-size plate with
different temperature changes (a = b = 10h p = 2 nm?)
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Fig. 9 Effects of Pasternak factor on critical buckling
temperatures of clamped FGM nano-size plate under
different temperature changes (a=b=10h, pu=
2 nm?)

linear and nonlinear temperature fields at 4 =2 nm? is
plotted in Figs. 5-7, respectively. It is observable that lower
values of gradient index have more prominent reducing
impact on the buckling response of clamped FG nanoplate,
while higher gradient indexes show no significant effect on
critical buckling temperatures. Furthermore, one can see
that the Pasternak layer factor of the elastic substrate
provides more prominent impacts on critical temperatures
difference than Winkler factor. Hence, by increasing
Pasternak factor (Kp) the critical buckling temperatures
enhance considerably.

To show the effect of elastic substrate factors on thermal
buckling behaviors of clamped E-FGM nano-size plate
individually, Figs. 8 and 9 represent changing of the critical
temperatures difference versus Winkler and Pasternak
factors, respectively, at a/h =10 and g = 2 nm?. One
may found from the figures that regardless of the kind of
thermal field, the critical buckling temperatures arise by
increasing of Winkler and Pasternak factors, due to the
increment in stiffness of the FGM nano-size plate.
However, according to the figures, it is evident that non-
linearly temperature distribution (NLTR) gives greater
value for AT, than UTR and LTR, while UTR gives the
lower values for critical temperatures. Moreover, at larger
values of elastic substrate parameter, the differences
between the critical temperatures according to various
thermal loadings become more prominent.

6. Conclusions

This article investigates thermal stability of clamped
nano-size plates with exponentially graded material
properties under uniform, linear and non-linear thermal
loadings based on a secant function based refined plate
theory. Hamilton’s rule and non-local constitutive relations
of Eringen are used to derive the non-local governing
differential equations based on four-unknown plate
formulation. These equations have been solved by applying
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Galerkin’s solution which captures clamped boundary
conditions. It is indicated that thermal buckling response of
clamped E-FGM nanoplate is affected by various
parameters such as nonlocality, elastic foundation
parameters, material graduation, thermal environments, and
aspect and side-to-thickness ratios. It is observed that the
nonlocality reduces the plate stiffness and critical buckling
temperatures. Also, it is found that the Winkler and
Pasternak parameters of elastic foundation increase the
critical buckling temperatures. Moreover, it is concluded
that smaller values of gradient index have more
considerable effect on critical buckling temperature of E-
FGM nanoplate than larger one. Also, it is observed that
non-linear temperature distribution has greater critical
buckling temperatures than uniformly and linearly
temperature distributions.
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