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1. Introduction 
 

The sandwich structures are used recently in many 

industries due to achieve the excellent material properties. 

One of the novel ways for control the important structure is 

utilizing piezoelectric layer as sensor and actuator. On the 

other hands, FGMs are used in many works due to high 

temperature resistance and good mechanical characteristics. 

In this paper, we used a FGM cylinder integrated by two 

piezoelectric layer and our purpose is studding the stress 

response and electric potential of the structure.  

Stress response of the structures is presented by many 

authors. An exact solution for axisymmetric problem of an 

infinitely long, radially polarized, radially orthotropic 

piezoelectric hollow circular cylinder rotating about its axis 

at constant angular velocity was developed by Galic and 

Horgan (2002). Liew et al. (2003) investigated thermal 

stress behavior of FGM hollow circular cylinders. The 

analytical solution of a FGM piezo-thermo-elastic hollow 

cylinder was studied by Chen and Shi (2005). Dai et al. 

(2006) investigated analytical solutions for FGM cylinder 

subjected to uniform magnetic field. Lee (2007) studied 

three-dimensional analysis of stress distribution in a long 

circular cylinder containing an elliptical crack. Based on the 

surface/interface elast icity theory, the effect of 

surface/interface on the dynamic stress of two interacting 

cylindrical nano-inhomogeneities under compressional 

waves was considered by Fang et al. (2010). Li et al. (2012) 

investigated thermal stress analysis and structure optimum 

of the neck tube support system of cryogenic cylinders 

subjected to internal pressure. Thermoelastic stress analysis  
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of the contact between a flat plate and a cylinder was 

studied by Garinei and Marsili (2013). Sallem and Hamdi 

(2015) presented experimental measurements of ground 

work piece obtained by X-Ray diffraction show high level 

of compressive residual stresses generated in ground 

surfaces. A cross-section analysis technique that provides 

interaction curves of arbitrary welded sections with 

consideration of the effects of residual stress by meshing 

the entire section into small triangular fibers was formulated. 

by Li et al. (2015). Numerical analysis of large amplitude 

free vibration behaviour of laminated composite spherical 

shell panel embedded with the piezoelectric layer was 

presented by Singh and Panda (2015a). The nonlinear free 

vibration behaviour of laminated composite single/doubly 

curved shell panel embedded with the piezoelectric layer 

was investigated numerically by Singh and Panda (2015a). 

Singh and Panda (2016) investigated the geometrical 

nonlinear free vibration characteristic of cylindrical 

composite shell panel embedded with piezoelectric layers. 

The geometrically nonlinear transient response of the smart 

laminated composite plate was investigated by Singh et al. 

(2016a) under the coupled electromechanical load. Singh et 

al. (2016b) studied geometrical nonlinear flexural 

behaviour of laminated composite shell panels integrated 

with the piezoelectric fibre reinforced composite (PFRC) 

layer. Benchiha et al. (2016) used the stress intensity factor 

(SIF) and crack opening displacement (COD) for cracks 

repaired with single and double-sided composite patches. 

An analytical sandwich beam model and its corresponding 

beam finite element model for geometric and material 

nonlinear analysis were developed by Chen et al. (2016). 

The flexural behaviour of the laminated composite plate 

embedded with two different smart materials (piezoelectric 

and magnetostrictive) and subsequent deflection 

suppression were investigated by Dutta et al. (2017). Static 
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bending and strength behaviour of the laminated composite 

plate embedded with magnetostrictive (MS) material was 

computed numerically by Suman et al. (2017). A layerwise 

(LW) formulation based on the Galerkin method was 

presented by Ahmadi (2017) to investigate the three-

dimensional stress state in long sandwich plate which is 

subjected to tension force and pure bending moment. The 

eigenfrequency responses of a nanoplate structure were 

evaluated numerically by Mehr et al. (2018) via a novel 

higher-order mathematical model and finite-element 

method including nonlocal elasticity theory. Thermal 

buckling temperature values of the graded carbon nanotube 

reinforced composite shell structure was explored by Mehar 

and panda (2019). Wang and Shao (2018) used theoretical 

analysis and experimental tests for new I-girder to 

investigate the stress distribution in the flanges and in the 

corrugated web. Chaabane et al. (2019) presented static and 

dynamic behaviors of functionally graded beams (FGB) is 

presented using a hyperbolic shear deformation theory. 
Boulefrakh et al. (2019) presented a simple quasi 3D 

hyperbolic shear deformation model for bending and 

dynamic behavior of functionally graded (FG) plates resting 

on visco-Pasternak foundations. Zaoui et al. (2019) studied 

free vibration of functionally graded plates on elastic 

foundations. Karami et al. (2019) studied size-dependent 

wave propagation analysis of functionally graded (FG) 

anisotropic nanoplates based on a nonlocal strain gradient 

refined plate model. Habib et al. (2019) represents a 

mathematical analysis of the stresses and strains of an FGM 

cylinder. Boukhlif et al. (2019) studied a dynamic 

investigation of functionally graded (FG) plates resting on 

elastic foundation using a simple quasi-3D higher shear 

deformation theory. Addou et al. (2019) investigated the 

effect of Winkler/Pasternak/Kerr foundation and porosity on 

dynamic behavior of FG plates using a simple quasi-3D 

hyperbolic theory. Semmah et al. (2019) investigated the 

thermal buckling characteristics of zigzag single-walled 

boron nitride (SWBNNT) embedded in a one-parameter 

elastic medium. Mahmoudi et al. (2019) applied a refined 

quasi-three-dimensional shear deformation theory for 

thermo-mechanical analysis of functionally graded 

sandwich plates. Doan et al. (2020) presented the stress 

concentration phenomenon at the points with force jumping, 

structural jumping and sudden changes of boundary 

conditions of cylinder laminated shells. Kaddari et al. (2020) 

studied structural behaviour of functionally graded porous 

plates on elastic foundation using a new quasi-3D model. 

In the present study, buckling of smart plate containing 

CNT resting on the elastic medium is investigated. The 

structure is covered by a piezoelectric layer subjected to the 

external voltage. On the basis of HSDT, the governing 

equations are inferred utilizing Hamilton's principal. Navier 

method is adopted to determine buckling load. The 

influence of applied voltage to the smart layer, 

agglomeration and volume percent of CNTs, geometrical 

parameters and elastic medium are shown on the buckling 

load. 

 

 

 

 

Fig. 1 A schematic configuration of pad concrete plate 

containing nanoparticles covered by smart layer resting 

on elastic medium 

 
 
2. Formulation 
 

In Fig. 1, a plate is shown with length, width, thickness 

of a, b and hc, respectively. The structure is mixed by CNT 

nanoparticles and covered by a piezoelectric layer with a 

thickness of hp. In addition, the plate is located at the elastic 

medium which is modeled by the spring element. 

There are many theories for modelling of structures (El-

Haina 2017, Menasria 2017, Chikh 2017, Bouafia 2017, 

Besseghier 2017, Bellifa 2017, Mouffoki 2017, Khetir 2017, 

Abualnour et al. (2019), Draiche et al. (2019), Belbachir et 

al. (2019), Medani et al. (2019), Sahla et al. (2019)). Based 

on the HSDT thick plate theory, the displacement field is 

(Reddy 2002) 
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The mid-plane displacements are u, v and w along the x, y, z 

directions, correspondingly;
 x and y present the 

rotational displacement about x and y directions, 

correspondingly. Utilizing the above relations, the relations 

between the strains and displacements are 
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For the piezoelectric material, the stresses σ  and strains 

ε  are coupled by displacement related to electric D  and 

by field E  as follows (Tiersten 1969) 
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(8) 

The elastic, dielectric and piezoelectric constants are 

indicated by ijC , ij  and ije  respectively.  

The electric field can be determined respect to the 

electric potential ( ) 

,kE  (9) 

Where the electric potential is considered consists of a 

linear variation and half-cosine (the Maxwell equation are 

satisfied) as 

02
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where ( , , )x y t  is the electric potential with satisfying 

the boundary conditions related to electric; 0V  is the 

external voltage. Based on Eqs. (4) and (5), the stress 

equations of the smart layer may be given as 
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Utilizing Eqs. (4) and (6), the electric displacement 

equations of the piezoelectric layer are 
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For the plate, the stress relations can be given by neglecting 

piezoelectric constants of Eqs. (9)-(13) as 

11 12

2 2
,

1 1

c

xx xx yy

Q Q

E E
  

 
 

 
 

(19) 

12 22

2 2
,

1 1

c

yy xx yy

Q Q

E E
  

 
 

 
 

(20) 

 
44

,
2 1

c

yz yz

Q

E
 





 

(21) 

 
55

,
2 1

c

xz zx

Q

E
 





 

(22) 

 
66

,
2 1

c

xy xy

Q

E
 





 

(23) 

where the modulus of elasticity (E) and Poisson’s ratio ( ) 

based on the Mori-Tanaka model (Shi and Feng 2004) may 

be given as 
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in which the equivalent shear modulus (G) and bulk 

modulus (K) are presented in Appendix A. 

 

2.4 Energy method 
 

The potential energy related to pad concrete plate with a 

smart layer can be expressed as 

1
,

2

c c c c

xx xx yy yy xz xz yz yz

c p p p

xy xy xx xx yy yy xz xz

p p

yz yz xy xy

x x y y z z

U dV

D E D E D E

       

       

   

   
 
    

  
  
 
   

  (26) 

Substituting Eqs. (4), (7) and (8) into Eq. (24) yields 
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where the resultant may be given as 
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The kinetic energy related to the smart concrete structure is 
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where 
c  and 

p are density of concrete and smart layer, 

respectively.   

The external work due to elastic medium is  
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where 
sK  is elastic spring constant. 

Hamilton's principle is adopted to infer the governing 

equations 
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where the moment of inertias are 
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Substituting Eqs. (4)-(6) into Eqs. (26)-(28), the stress 

resultants may be expressed as written in Appendix B. 

 

 

3. Analytical method 
 

Based on Navier method for simply supported boundary 

condition, we have 
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where n and m are axial and lateral mode numbers, 

respectively. Substituting Eqs. (43)-(48) into Eqs. (34)-(39) 

yields 

011 12 13 14 15 16

021 22 23 24 25 26

031 32 33 34 35 36

041 42 43 44 45 46

051 52 53 54 55 56

61 62 63 64 65 66 0

0,
x

y

uK K K K K K

vK K K K K K

wK K K K K K

K K K K K K

K K K K K K

K K K K K K







  
  
  
  

  
  
  
  
      

(51) 

Finally, for calculating the buckling load, the determinant of 

matrix in Eq. (49) should be equal to zero. 

 

 

4. Numerical results  
 

For the parametric study, a plate with Poisson’s ratio of 

0.3c   and elastic modulus of 70cE GPa  is assumed. 

The reinforcement is CNT density and Hill’s constants 

reported in Motezaker and Kolahchi (2017). The smart 

layer is made from polyvinylidene fluoride (PVDF) in 

which the mechanical properties are expressed in Table 1 

(Farokhian (2020)). In this paper, dimensionless buckling 

load is defined as / ( )x cP N E a . 

In order to validate the present results, we neglected from 

the agglomerated CNTs as reinforcement, elastic medium 

and studied buckling of simply supported laminated plate. 

Considering the material properties the same as Matsunaga 

(2000), the buckling load is shown in Table 2. As can be 

seen, the present results are in good agreement with Noor 

(1975) based on 3D elasticity solution, Putcha and Reddy 

(1986) based on FSDT and Matsunaga (2000) based on 

HSDT. 

 

 

Table 1 PVDF material properties 

Properties PVDF 

11C  238.24            (GPa) 

12C  3.98           (GPa) 

22C  23.6            (GPa) 

11e  -0.135        (C/m2) 

12e  -0.145         (C/m2) 

11  1.1e-8      (C2/Nm2) 

 

 

Table 2 Comparison of present work with the published 

papers 

Solution  
21 / EE   

  3 10 

A  5.3044 9.7621 

B  5.3991 9.9652 

C  5.3208 9.7172 

D  5.3918 9.8452 

    

A  5.3255 9.9603 

B  5.4093 10.1360 

C  5.3348 9.9414 

D  3.4011 9.9087 

A: 3D elasticity solution, Noor (1975) 

B: FSDT, Putcha and Reddy (1986) 

C: HSDT, Matsunaga (2000) 

D: Present work 

 

 

 

Fig. 2 The effect of CNT volume percent on the 

dimensionless buckling load 

 

 

The dimensionless buckling load versus the axial mode 

number is shown in Fig. 2 for different CNT volume 

percent. It can be observed that the buckling load decreases 
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at first until reaches to the lowest amount and after that 

increasing process begins. The critical buckling load 

appears in the point where the buckling load is minimal. It 

may be concluded that with enhancing the CNT volume 

percent, the dimensionless buckling load enhances. It is due 

to the fact that with increasing CNT volume percent, the 

stiffness of the structure increases. In addition, the effect of 

CNT volume percent on the dimensionless buckling load 

becomes more prominent at higher axial mode numbers. 

In order to show the effects of CNT agglomeration on 

the dimensionless buckling load, Fig. 3 is plotted. As can be 

seen, considering agglomeration effects leads to decrease in 

the dimensionless buckling load of the structure. It is 

because CNT agglomeration reduces the stability and 

rigidity of the structure. 

Fig. 4 illustrates the effect of the applied external voltage on 

the dimensionless buckling load versus axial mode 

numbers. It can be concluded that the negative voltage 

increases the buckling load and positive one, the buckling 

load is reduced. It is because with negative voltage the 

structure is subjected to compressive load. 

 

 

 

Fig. 3 The effect of CNT agglomeration on the 

dimensionless buckling load 

 

 

 

Fig. 4 The effect of external voltage on the dimensionless 

buckling load 

 

 

Fig. 5 The effect of length to width ratio of plate on the 

dimensionless buckling load 

 

 

 

Fig. 6 The effect of length to total thickness ratio of plate 

on the dimensionless buckling load 

 

 

The effect of length to width ratio of plate is presented in 

Fig 5 on the dimensionless buckling load versus axial mode 

number. It is found that with increasing the length to width 

ratio, the buckling load is reduced due to reduction in the 

stiffness of structure. 

Fig. 6 demonstrates the effect of length to total thickness 

ratio of plate on the dimensionless buckling load versus 

axial mode number. As can be seen, with enhancing the 

length to total thickness ratio of plate, the buckling load is 

increased. It is physically due to this fact that with 

increasing the length to total thickness ratio of plate, the 

stiffness of structure increases. 
The effect of the elastic medium is shown in Fig. 7 on the 

dimensionless buckling load versus axial mode number. It is 

found that the existence of the elastic medium increases the 

stiffness of the structure and thereby the dimensionless 

buckling load increases. It is since, the elastic foundation 

can increase the bending rigidity of the structure. 

Fig. 8 demonstrates the effect of smart layer toplate 

thickness ratio of plate on the dimensionless buckling load 

versus axial mode number. As can be seen, with enhancing 

the smart layer to plate thickness ratio, the buckling load  
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Fig. 7 The effect of elastic medium on the dimensionless 

buckling load 

 

 

 

Fig. 8 The effect of length to total thickness ratio of plate 

on the dimensionless buckling load 

 

 

decreases. It is physically due to this fact that with 

increasing smart layer to plate thickness ratio, the stiffness 

of structure decreases. 

 

 

5. Conclusions 
 

Buckling analysis in plate containing CNT with a smart 

layer was presented in this research based on mathematical 

modeling. The Mori-Tanaka model was applied for 

modeling the CNT in the plate. The governing equations 

were deduced by HSDT and Hamilton's principle. The 

analytical method was used to calculate the buckling load of 

the structure. The influence of the applied voltage, CNT 

volume fraction and agglomeration, elastic medium and 

geometrical parameters of the plate were assessed. Results 

show that:  

 With enhancing the CNT volume percent, the 

dimensionless buckling load enhances. 

 Considering agglomeration effects leads to 

decrease in the dimensionless buckling load of the 

structure. 

 Tthe negative voltage increases the buckling load 

and positive one, the buckling load was reduced. 

 With increasing the length to width ratio, the 

buckling load was reduced. 

 With enhancing the length to total thickness ratio 

of plate, the buckling load was increased. 

 With enhancing the smart layer to plate thickness 

ratio, the buckling load decreases. 
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where, the bulk modulus (Km) and shear modulus (Gm) o

f the matrix are defined as 
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In above relations, mC  is  the volume fractions of the 

matrix and rC  is the the volume fractions of nanoparticles 

respectively and   and   describe the agglomeration of 

nanoparticles. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

10



 

Buckling response of smart plates reinforced by nanoparticles utilizing analytical method 

 

Appendix B 
 

11 12 16

11 12 16

2 2

11 1 12 12 2

2

16 1

12 22 26

12

2 ,

xx

y yx x

yx

y x

yy

u v u v
N A A A

x y y x

B B B
x y y x

w w
E c E c

x x y y

w
E c

x y x y

u v u v
N A A A

x y y x

B

  



 

    
    

    

   
    

    

    
     

      

  
   

    

    
    

    

 22 26

2 2

12 1 22 12 2

2

26 1

16 26 66

16 26 66

16 1

2 ,

y yx x

yx

y x

xy

y yx x

B B
x y y x

w w
E c E c

x x y y

w
E c

x y x y

u v u v
N A A A

x y y x

B B B
x y y x

E c

  



 

  

   
   

    

    
     

      

  
   

    

    
    

    

   
    

    




2 2

26 12 2

2

66 1 2 ,

yx

y x

w w
E c

x x y y

w
E c

x y x y



 

   
    

      

  
   

    

 

(B1) 

 

11 12 16

11 12 16

2 2

11 1 12 12 2

2

16 1

12 22 26

12

2 ,

xx

y yx x

yx

y x

yy

u v u v
M B B B

x y y x

D D D
x y y x

w w
F c F c

x x y y

w
F c

x y x y

u v u v
M B B B

x y y x

D

  



 

    
    

    

   
    

    

    
     

      

  
   

    

    
    

    

 22 26

2 2

12 1 22 12 2

2

26 1

16 26 66

16 26 66

16 1

2 ,

y yx x

yx

y x

xy

y yx x

D D
x y y x

w w
F c F c

x x y y

w
F c

x y x y

u v u v
M B B B

x y y x

D D D
x y y x

F c

  



 

  

   
   

    

    
     

      

  
   

    

    
    

    

   
    

    




2 2

26 12 2

2

66 1 2 ,

yx

y x

w w
F c

x x y y

w
F c

x y x y



 

   
    

      

  
   

    

 

(B2) 

 

 

11 12 16

11 12 16

2 2

11 1 12 12 2

2

16 1

12 22 26

12

2 ,

xx

y yx x

yx

y x

yy

u v u v
P E E E

x y y x

F F F
x y y x

w w
H c H c

x x y y

w
H c

x y x y

u v u v
P E E E

x y y x

F

  



 

    
    

    

   
    

    

    
     

      

  
   

    

    
    

    

 22 26

2 2

12 1 22 12 2

2

26 1

16 26 66

16 26 66

16 1

2 ,

y yx x

yx

y x

xy

y yx x

F F
x y y x

w w
H c H c

x x y y

w
H c

x y x y

u v u v
P E E E

x y y x

F F F
x y y x

H c

  



 

  

   
   

    

    
     

      

  
   

    

    
    

    

   
    

    




2 2

26 12 2

2

66 1 2 ,

yx

y x

w w
H c

x x y y

w
H c

x y x y



 

   
    

      

  
   

    

 

(B3) 

 

55 45

55 2 45 2

45 44

45 2 44 2

,

,

xx x y

x y

yy y y

y y

w w
Q A A

x y

w w
D c D c

x y

w w
Q A A

y y

w w
D c D c

y y

 

 

 

 

   
     

    

   
     

    

    
      

    

    
      

    

 

(B4) 

 

𝐾𝑥𝑥 = 𝐷55 (𝜑𝑥 +
𝜕𝑤

𝜕𝑥
) + 𝐷45 (𝜑𝑦 +

𝜕𝑤

𝜕𝑦
) +

𝐹55𝑐2 (𝜑𝑥 +
𝜕𝑤

𝜕𝑥
) + 𝐹45𝑐2 (𝜑𝑦 +

𝜕𝑤

𝜕𝑦
) 

𝐾𝑦𝑦 = 𝐷45 (𝜑𝑥 +
𝜕𝑤

𝜕𝑥
) + 𝐷44 (𝜑𝑦 +

𝜕𝑤

𝜕𝑦
)

+ 𝐹45𝑐2 (𝜑𝑥 +
𝜕𝑤

𝜕𝑥
)

+ 𝐹44𝑐2 (𝜑𝑦 +
𝜕𝑤

𝜕𝑦
) 

 

(B5) 

where 
 

 

 

 

11



 

Ahmad Farrokhian 

 

/2 /2

11 11
/2 /2

,
c c p

c c

h h h

ij
h h

A Q zdz C zdz


 

  
     (B6) 

 

2/2 /2
2

11 11
/2 /2

,
c c p

c c

h h h

ij
h h

B Q z dz C z dz


 

 
  
 
   (B7) 

 

2/2 /2
2

11 11
/2 /2

,
c c p

c c

h h h

ij
h h

D Q z dz C z dz


 

 
  
 
   (B8) 

 

3/2 /2
3

11 11
/2 /2

,
c c p

c c

h h h

ij
h h

E Q z dz C z dz


 

 
  
 
   (B9) 

 

4/2 /2
4

11 11
/2 /2

,
c c p

c c

h h h

ij
h h

F Q z dz C z dz


 

 
  
 
   (B10) 

 

6/2 /2
6

11 11
/2 /2

,
c c p

c c

h h h

ij
h h

H Q z dz C z dz


 

 
  
 
   (B11) 

 

 

 

 

 

12




