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1. Introduction 

 

Reinforced concrete (RC) structures respond nonlinearly 

during extreme loads such as earthquakes. Nonlinear 

behavior of the structures should be evaluated through 

nonlinear analysis, which is often time-consuming. Many 

codes suggest the designers to perform an equivalent elastic 

analysis to calculate displacements and forces of the 

elements by using their alternative linear characteristics. 

One of the most important parameters that is used in the 

elastic analysis is the effective flexural rigidity of the 

members, which ultimately affects the load-displacement 

curve’s initial slope. Various parameters such as cracking 

and nonlinearity of the materials may result in a change in 

the RC members’ effective flexural rigidity (Mirza and 

Tikka 1999). Several research studies were performed to 

investigate the RC members’ effective flexural rigidity. 

Kumar and Singh (2010) investigated the effect of concrete 

compressive strength on the RC members’ effective flexural 

rigidity. The results indicated that the RC members’ 

effective flexural rigidity depended on the concrete 

compressive stress. Pauley and priestly (1992) evaluated 

various parameters which influenced on the RC members’ 

effective flexural rigidity and recommended the average  
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value for any level of axial load. Many codes such as ACI 

and CSA outlined different approaches to consider the RC 

members’ effective flexural rigidity. In ACI-318 (2014), the 

effective flexural rigidity of the members relate to the type 

of the element; for RC columns, in the braced frames and 

the free sway frames, these values are EcIg and 0.7 EcIg, 

respectively, where  the effective flexural rigidity of RC 

beams are smaller and equal to 0.5 EcIg and 0.35 EcIg. CSA 

A23.3 (2014) proposed 0.35 EcIg for RC beams and 0.7 EcIg 

for RC columns.  

One of the most significant issues with the application 

of plain concrete is its brittle failure due to compression 

loads and cracking due to the tension loads. In order to 

address these concerns, researchers proposed to use steel 

fibers (SF) into the concrete matrix design. They indicated 

that this approach may enhance the mechanical features of 

plain concrete such as compression strength and the 

corresponding strain (Abbass et al. 2018; Campione and 

Mangiavillano 2008, Zarrin and Khoshnoud 2016, Jang and 

Yun 2018). Also it was reported that application of SF 

increased the ductility and tensile strength of plain concrete 

(Moradi et al. 2016, Chalioris and Panagiotopoulos 2018, 

Gribniak et al. 2012; Zarrin and Khoshnoud 2016, Xu et al. 

2017, Bae et al. 2017, Lee et al. 2017). Some researchers 

investigated the behavior of RC beams, columns and shear 

wall with SF (Campion and Mangivillano 2008, Ashour et 

al. 2000, Germano et al. 2013 and Gao et al. 2018, Qissab 

and Salman 2018). Campion and Mangivillano (2008), 

investigated the effects of SF on nonlinear behavior of RC 

beams and indicated a higher effective flexural rigidity of 

RC beams with SF compared to RC beams. Ashour et al. 
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(2000) performed experimental tests on the beams to 

investigate the effect of SF, longitudinal bars percentage, 

and concrete compressive strength on the flexural 

performance of RC beams with SF. The results indicated 

that by increasing in SF volume percentage and longitudinal 

bar, the effective flexural rigidity increased. To predict the 

behavior of RC elements with SF, an accurate analytical 

procedure is needed with the consideration of all of the 

parameters that significantly affect their nonlinear behavior, 

such as the axial load. High axial load result in more 

stiffness. In structural frames, especially in exterior 

columns, the variation of the axial load due to the lateral 

force should be considered. This will result in an additional 

compression axial load in one side of the frame and 

tensional axial load in the other side of the frame. 

Experimental tests indicated that the columns under varying 

axial load showed totally different values for strength, 

ductility and stiffness in comparison to those under constant 

axial load (Abrams 1987, Ousalem et al. 2002, Sezen 

2002).  

In this paper, SF effects on the RC beams and columns’ 

effective flexural rigidity is investigated through moment-

curvature analysis considering the varying axial load. Also, 

to compute the RC (normal-strength concrete) beams and 

columns’ effective flexural rigidity with SF, proper 

equations are then proposed. 

 

 

2. Proposed models for effective flexural rigidity 
 

ACI-318 (2014) and CSA A23.3 (2014) recommended 

different αeff (the reduction factor which is the ratio of 

effective rigidity to the rigidity based on the gross concrete 

features (Ie/Ig)) for RC members, as summarized in Table 1. 

Paulay and Priestly (1992) proposed αeff for both columns 

and beams. They also suggested an average values, as 

presented in Table 1. According to this table, the effective 

flexural rigidity depends on the axial load value. It also 

shows that by increasing the axial load value the effective 

flexural rigidity is increased.  

The results of a research study conducted by Avşar et al. 

(2014) indicated that the concrete compression strength as 

well as the longitudinal bars percentage may vary the 

effective flexural rigidity of RC elements in addition to the 

axial load value. Accordingly, Eqs. (1) and (2) were 

proposed to calculate αeff of RC columns and beams. 

 

For RC columns 
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For RC beams 

'
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Table 1 αeff values recommended by Paulay and Priestly, 

ACI-318 and CSA A23.3 

 

Paulay 

and 

Priestly 

Paulay and 

Priestly 

(average) 

ACI-318 

(2014) 

CSA A23.3 

(2014) 

Rectangular 

beams 
0.3-0.5 0.4 

0.35 (FSF)* 

0.5 (BF)* 0.35 

Columns, 

P>0.5 fcAg 
0.7-0.9 0.8 

0.7 (FSF) 

1 (BF) 
0.7 

Columns, 

P=0.2 fcAg 
0.5-0.7 0.6 

0.7 (FSF) 

1 (BF) 
0.7 

Columns, 

P= -0.05 

fcAg 

0.3-0.5 0.4 
0.7 (FSF) 

1 (BF) 
0.7 

*FSF and BF stand for free sway frames and braced frames; P is 

axial load; fc is concrete compressive strength; Ag is gross area of 

cross-section 
 

 

where f’c is concrete peak stress in compression, N is axial 

load value, ρs is longitudinal bars percentage, ρst and ρ’ are 

tension and compression bar percentage and Ag is the cross-

section gross area. 

Effective flexural rigidity for RC beams and columns 

can be determined from moment-curvature analysis using 

Eq. (3) (Avşar et al. 2014, Chen et al. 2017). 

y

c e

y

M
E I


  (3) 

where My is yield moment and φy is yield curvature which 

obtained from moment-curvature curve at which tensile 

reinforcement attains the yield strain or the concrete 

extreme compression fiber attains a strain of 0.002, 

whichever occurs first (Avşar et al. 2014).  

Aforementioned, the axial load especially in exterior 

columns is not constant during seismic load, which should 

be taken into account while estimating the flexural rigidities 

of these elements. Also the impacts of using SF in RC 

beams and columns is not considered in the above-

mentioned equations. Therefore, to modify the relations for 

the estimation of the effective flexural rigidity, the 

influences of SF and varying axial load should be 

considered. 

 

 

3. Compression and tension stress-strain model for 
SFRC 

 
3.1 Behavior of SFRC in compression 

 

Campione and Mangiavillano (2008) proposed a model 

for stress-strain relationship of unconfined SFRC in 

compression, as presented in Eqs. (4)-(6) 

cf cf = f' +6.913F  (4) 

0f 0ε = ε +0.00192.F  (5) 
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f

f

L
F = v

D
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(6) 

where f’c and ɛ0 are, respectively, concrete compressive 

stress and the corresponding strain, fcf and ɛ0f are, 

respectively, steel fiber concrete compressive stress and the 

corresponding strain. According to these equations, the 

characteristics of SFRC mostly depends on the fiber factor, 

F. As it can be seen in Eq. (6), the SF aspect ratio affects 

the fiber factor where Df and Lf are the diameter and length 

of SF, vf is SF volume percentage, and β is the factor relates 

to SF shape assumed as 1 for deformed and 0.5 for straight 

fibers. According to Campione and Mangiavillano (2008), a 

model was proposed to calculate SFRC stress-strain curve, 

as presented below 
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 (7) 

in which A= Ec /E0, E0 is the compressive stress secant 

modulus described as E0 = fcf / ɛ0f and Ec is the modulus of 

elasticity of concrete. Moreover, parameter D was defined 

as follows 

0.3136 0.175D F   (8) 

 

3.2 Confinement effect in SFRC 
 
In this paper, for the confined region of RC and SFRC 

section, proposed relations by Mander et al. (1998) and 

Wang and Restrepo (2001) were followed with some 

modifications. The confined concrete stress-strain 

relationship can be defined as below 

cc
c r

f xr
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 (9) 
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where α1 is the compressive stress incensement factor when 

the concrete subjected to a tri-axial stress with equal 

confining stresses in two perpendicular side; α2 is the 

concrete compressive stress reduction factor confined with 

unequal lateral confining pressures, in two perpendicular 

side. fcc and ɛcc are, respectively, peak compressive stress of 

confined concrete and the corresponding strain, Esec is 

secant modulus of confined concrete, Fl and fl are maximum 

and minimum lateral confinement pressure. The confined 

concrete ultimate strain was considered according to Eq. 

(14) which was developed by priestly et al. (1996). 

0

yh sm

cu

cc

1.4f ρ
ε = 2 +

f


  (14) 

where ρ is the volume ratio of stirrups and ɛsm is steel 

material ultimate strain of stirrup. Putting the SFRC peak 

stress fcf and the corresponding strain ɛ0f into Eqs. (10), (13) 

and (14), stress-strain relationship for confined SFRC can 

be calculated. Fig. 1 illustrates the effect of SF and stirrups 

on the confined SFRC stress-strain curve. As illustrated in 

this figure, increasing the steel fiber volume percentage 

enhances the initial stiffness, the peak confined concrete 

stress and the corresponding strain. Moreover, it was shown 

that for a higher SF volume percentage, the slope of the 

descending branch roughly approaches zero. 

 

 

 

 

(a) Influence of steel fiber 

 

(b) Influence of stirrups volume ratio 

Fig. 1 Confined SFRC stress-strain curve 
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3.3 Behavior of SFRC in tension 
 
To calculate the stress-strain relationship in tension for 

SFRC, in this study, the models previously developed by 

Campione and Mangiavillano (2008) and Lok and Xiao 

(1998) are used. The stress-strain relationship includes three 

linear branches. This curve was considered as an initial 

ascending branch up to the peak tension stress, which is 

proposed by Lok and Xiao (1998) fctf (the corresponding 

strain is ɛctf), the second branch descends to the residual 

strength fr and it is assumed to be constant from the point of 

the coordinate ɛctu to the strain of 0.02 (Lok and Xiao 1998) 

in the third branch. 

-
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0.2 'r cf f F  (19) 

where Es is the stirrups elasticity modulus, ρt is reinforcing 

steel ratio in the transverse direction , fm is the concrete 

tension stress (MacGregor et al. 1960), ɳ is the fiber 

orientation (which is taken as 0.5) and τd is the bond stress 

(=4.15 (choi et al. 2007)), respectively. Ectf is the modulus 

of elasticity in tension.  

As demonstrated in Fig. 2, an increase in the volume 

percentage of steel fiber improves SFRC characteristics in 

tension (note that the curve is plotted up to the strain of 

0.002). 

 

 

 

 

Fig. 2 Assumed stress–strain curve for SFRC in tension 
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Fig. 3 Fiber analysis of a SFRC section 

 
 
4. Nonlinear analysis of RC beams and columns with 
SF 

 
4.1 Moment-curvature relationship for SFRC section 
 

In this section, procedures for the calculation of 

moment-curvature relationship in RC beam/column sections 

with SF, following a fiber method, will be addressed. As 

shown in Fig. 3, for a given section, moment-curvature 

analysis is calculated based on the principles of strain 

compatibility and equilibrium and material constitutive 

relations for steel and concrete. 
The required steps for the estimation of the moment-

curvature relationship are briefly described below: 

1- Assumption of a value for the strain at the top layer of 

the compression zone 

2- Assumption of a value for the neutral axis 

3- Calculate the compression and tension forces caused 

by the concrete and steel bars following the developed 

stress-strain models for SFRC and steel. 

4- Control the force equilibrium in the section, following 

Eq. (20). If the value of Cc + Fsi + Ftf is close to the 

value of the axial load, the depth of the neutral axis is 

correctly assumed, otherwise the new value should be 

assumed for the neutral axis. 

- 0c si tfC F F N    (20) 

5- Calculate the flexural moment, as presented in the 

following equation 

' ( ) ( )f c s s i si i tf s s iM f x b t x F d f x b t x      (21) 

where xi and di are respectively the distances of the concrete 

strips and steel bars to the neutral axis. 

6- Calculate the corresponding curvature, following Eq. 

(22) 

- 0c si tfC F F N    (22) 

7- Assume a new strain at the peak of the compression zone. 

The analysis is stopped when any fracture occurs (e.g., 

fracture in compression zone, buckling of longitudinal 

bars (Berry and Eberhard 2005), etc.). 

8- Calculate the effective flexural rigidity using Eq. (3) 
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when the tension bars yield. 

Fig. 4 demonstrates that increasing in steel fiber volume 

percentage results in an increasing in the stiffness of the 

section. 

In order to perform a nonlinear analysis, moment-

rotation relationship would be required. Herein the 

curvature-rotation relationship is determined based on the 

plastic hinge formation (Bae and Bayrak 2008). To 

determine the rotational characteristics of a cantilever 

member corresponding to the generated shear force, V, 

according to the assumed curvature distribution as shown in 

Fig. 5, calculation of the rotation at the end of the member 

is given bellow 

for
2

i eff

i s y

L
     (23) 

 - fori y i y p s yL         (24) 

0.022eff s b s yL L f d f f    (25) 

where Lp is the plastic hinge length. Pauley and Priestley 

(1992) proposed Eq. (26) to calculate Lp for RC members. 

Because there is no conventional relationships to estimate 

the length of the plastic hinge for SFRC beams and 

columns, the length of the plastic hinge, Lp, recommended 

by Pauley and Priestly (1992) is used as follows 
 
 

 

Fig. 4 Effect of SFRC on moment-curvature diagram 

 
 

 

Fig. 5 Plastic hinge analysis 
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 (27) 

where fsu is the peak strength of the steel and db is the 

diameter of the longitudinal bar, respectively, and L is the 

length between maximum and the point of contra-flexure. 
 
 

4.2 Varying axial load 
 

Axial load is one of the most significant parameters that 

affect the nonlinear behavior of RC columns. Fig. 6 shows 

the exterior columns’ axial load variation of a frame caused 

by the applied lateral load. It shows that by increasing the 

lateral load, the tensile and compression axial loads will be 

respectively subtracted from and added to the gravity load 

in two opposite sides of the frame. Accordingly, when the 

compression axial load decreases, the location of the neutral 

axis is transferred toward the top compressive layer of the 

section. Therefore, the reduction in the effective area of the 

cracked section is obtained, which will result in the 

reduction of the effective flexural rigidity. Furthermore, 

when the compression axial load increases, the location of 

the neutral axis is transferred toward the bottom tensile 

layer of the section and causes an increase in the RC 

columns’ effective flexural rigidity (Fig. 6(b)). According to 

the above discussion, the total axial load in each step can be 

written as 

f

g c g

M
N = N + KV = N + K

L
 (28) 

where Ng is gravity load, Vc is shear force during each steps 

due to the lateral load, Mf is the flexural moment and K is 

the column’s varying axial load coefficient, respectively.  

According to Eq. (28), the value of K.Mf/L is added to the 

gravity load in which K is positive for the columns under 

compression load and negative for the columns under 

tensile load resulting from the lateral load. 
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load on the applied 

axial load on column 

(b)Effect of varying 

axial load on the 

nonlinear behavior of 

RC/SFRC column 

Fig. 6 Varying axial load effects 

 

 

0

2

4

6

8

10

12

0 0.00005 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035

M
o
m

en
t 

(N
.m

m
)

x
 1

0
7

Curvature (Rad/mm)

Vf=0%

Vf=0.5%

Vf=1%

Vf=1.5%

φe φp 

Lp 

Assumed plastic curvature 

Elastic curvature 

θp 

 

 

 

 

 

 

  

 

 

 

 

L 

V 

 

 

 

 
 

 

Displacement  

Vy 

Vs 

∆s ∆y ∆u 

Actual curve 

Idealized curve 

Displacement 

Lateral force 

Tensile force Compression              

force 

 

 

 

 

 

 

Lateral load 

Curvature 

 

K<0 

K=0 

K>0 

 

 

 

 

Curvatur

e 

457



 

Habib Akbarzadeh Bengar, Mohammad Asadi Kiadehi, Javad Shayanfar and Maryam Nazari 

According to the above discussion, the positive varying 

axial load coefficient results in a higher effective flexural 

rigidity and the negative varying axial load coefficient 

results in a lower effective flexural rigidity than that of 

columns with constant axial loads.  In this paper, the effect 

of varying axial loads is considered as per the analytical 

model presented by Shayanfar and Akbarzadeh (2016, 

2017). 
 
 

5. Verification of the proposed model with 
experimental results 
 

As discussed above, the analytical model is proposed to 

investigate the nonlinear behavior of RC beams and 

columns with SF. Herein, the results of the proposed 

analytical model is compared to the results of the 

experimental tests conducted by previous researchers, as 

mentioned in the following section. In this paper, the frames 

are modelled in SAP 2000 (2008) program and the lumped 

plasticity model with plastic hinges at both ends of a 

member is used for the purpose of nonlinear analysis. 

Whereas shear deformation in these types of elements is 

negligible, therefore it’s not considered but P_Delta effect 

is considered in the modelled frame.  

 

5.1 The columns tested by Germano et al. (2013) 
 
Germano et al. (2013), conducted experimental tests to 

investigate the behavior of RC and SFRC columns under 

constant axial load and cyclic lateral load. In this test, 

height of each column was 1800 mm and the height of 

lateral loading was 1565 mm. Dimension of the cross 

section was 300× 300 mm. The concrete compression 

strength of RC and SFRC were 51.9 and 42.1 MPa, 

respectively. SFRC specimens contains 1 percent SF 

content. Specimen P07 contains plain concrete and P15 

contains SFRC. Stirrups with 6 mm diameter were used for 

P07 and P15. Specimen P07 has 80 mm stirrups spacing 

and P15 has 100 mm stirrups spacing. Constant axial load 

of 190 KN was applied. Fig. 7 shows the geometry of the 

column and loading. The envelope curves of the specimens 

is given in Fig. 8. The results of the proposed analytical 

model and experimental tests are compared. The results 

indicate that the nonlinear behavior of RC and SFRC 

columns can be predicted by the proposed analytical model 

very well. Also they show that the members’ initial 

stiffness, which depends on flexural rigidity of each 

member, can be accurately predicted with the proposed 

analytical procedure. Moreover, the strength and ultimate 

displacement predicted by the analytical model had good 

agreements with the results of the experimental tests. 

 

5.2 The beams tested by Ashour et al. (2000) 
 
Ashour et al. (2000), conducted experimental tests to 

investigated the effect SF on the RC beams capacity. The 

beams were constructed with the overall length of 3080 

mm. All beams were nominally 200 mm wide and 250 mm 

deep. The concrete compression strength with normal,  

 

Fig. 7 Geometry and loading of the tested RC column of 

Germano et al. (2013) 

 

 

 

Fig. 8 Result of the analytical model and the experimental 

RC and SFRC columns of Germano et al. (2013) 

 

 

medium and high strength of specimens were 49, 79 and 

102 MPa, respectively. Also the fiber percentage of 0.5 and 

1 is used. Fig. 9(a) shows the experimental beams and the 

applied load. The monotonic 4-piont load is applied at the 

upper face of the beams. The load-displacement curves 

derived from the experimental tests and the analytical 

model are plotted in Fig. 9(b). For example, specimen B-

0.5-N3 represents the characteristics of the beam with 0.5 
percent SF content and normal concrete with three 18 mm 

longitudinal bars. According to this figure, the initial 

stiffness of the load-displacement curve for the beams can 

be accurately predicted using the proposed analytical 

model. Also, this model can precisely predict the strength 

and the ultimate displacement of the beams. 
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(a) Experimental beams detail 

 

 

 

 

 

 
(b) Result of the analytical model and the experimental 

beams 

Fig. 9 Beams tested by Ashour et al. (2000) 

 
 
5.3. The beams tested by Monfardini et al. (2015) 
 
Monfardini et al. (2015), conducted experimental tests 

on SFRC beams to determine the SF effect on the plastic 

behavior of the beams at the onset of the compressed bars 

buckling. All beams were nominally 460 mm wide and 460 

mm deep. The concrete compression strength was 36 MPa. 

Two beams with SF volume percentage of 0.6 and 1.2 were 

tested. The four point monotonic load was applied at the top 

of the beams. Fig. 10(a) shows the experimental beam and 

the applied load. The result of the experimental test and 

proposed analytical model is given in Fig. 10(b). 

Comparing the results of the proposed analytical model and 

experimental test shows that the initial stiffness, moment 

and ultimate curvature of the moment-curvature curve of  
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(a) Experimental beams detail 

 

 

(b) Result of the analytical model and the tested beams 

Fig. 10 Beams tested by Monfardini et al. (2015) 

 

 

the beams can be predicted with proposed analytical 

accurately. 

 
5.4 The frame tested by Vacchio and Emara (1992)  
 
Vacchio and Emara (1992), investigated the flexural 

capacity of RC frame. The 2-story frame was built with a 

center-to-center span of 3500 mm, height of story was 2000 

mm and an overall height of 4600 mm. Dimensions of the 

beams and columns were 300 mm wide and 400 mm deep. 

The concrete compression strength of RC was 30 MPa. 

Also, the constant axial load of 700 KN was applied at the 

top of each column of the second story. The monotonic 

lateral load was applied at the top of the second story. Fig. 

11(a) shows the experimental frame setup and the applied 

load. The load-displacement curves derived from the 

experimental tests and the analytical model are plotted in 

Fig. 11(b). According to this figure, the initial stiffness of  

 

(a) Experimental frame details 

  
(b) Result of the analytical model and the experimental 

frame 

Fig. 11 Tested frame of Vecchio and Emara (1992) 

 

 

the load-displacement curve of the frame can be accurately 

predicted with the analytical model. In this frame, the effect 

of the varying axial load is also considered, which again 

confirms the accuracy of the proposed model. 

Figs. 8-11 show approximately accurate prediction of 

the behavior of the RC and SFRC members and frames 

using the analytical procedure in terms of stiffness, strength 

(or moment) and the ultimate displacement (or curvature). 

Using the proposed analytical model, the flexural 

rigidity reduction factor, αeff, of various SFRC sections with 

different variables is also investigated and presented in the 

following section. 

 
 

6. Parametric study and proposed equation for αeff 
 

To investigate the SF effects on the effective flexural 

rigidity of reinforced normal-strength concrete (which are 

the structural concrete and the strain corresponds to the 

peak stress is about 0.002 and the post peak of stress-strain 

curve shows ductile behavior) beams and columns, a 

parametric study is conducted with different variables such 

as concrete compressive strength, constant axial load ratio, 

varying axial load coefficient, longitudinal bars percentage,  
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Table 2 Parameter range for various SFRC column section 

Parameters 
Range 

Min Max 

ν=N/Agf’c 0 0.5 

f’c (MPa) 20 50 

ρt 0.01 0.04 

K -4 4 

vf (%) 0 1.5 

ρt is longitudinal bars percentage 

 

Table 3 Parameter range for various SFRC beams section 

Parameters 
Range 

Min Max 

ρst 0.005 0.02 

f’c (MPa) 20 50 

ρ’/ ρst 0 1 

vf (%) 0 1.5 

ρst is tension bars percentage; ρ’ is compression bars percentage 

 

etc., as listed in Tables 2 and 3. A total of 3398 rectangular 

RC/SFRC columns and 1155 rectangular RC/SFRC beam 

sections are analyzed and the effective flexural rigidity is 

calculated according to Eq. (3). The effects of these 

variables on the effective flexural rigidity are evaluated by 
calculating the dimensionless reduction factor αeff. In the 

following section, the effects of each parameter is 

discussed. 
 
6.1 Effect of longitudinal bars percentage 
 
Fig. 12(a) shows the effect of longitudinal bars 

percentage (ρt) on the effective flexural rigidity of columns. 

Concrete compressive strength of 20 MPa, section 

dimensions of 450×450 mm and the axial load ratio of 

0.123 assumed to be constant. The results indicate that by 

increasing in ρt, αeff increased and vice versa. According to 

the obtained results, αeff increased 6.5, 11.2, 20.2 and 24.2 

percent with steel fiber volume percentage of 0.5, 0.75, 1.25 

and 1.5 percent in comparison with RC columns without 

SF. Comparing the αeff proposed by ACI318 and CSA A23.3 

with the obtained results show that the αeff of the RC 

column with 3% longitudinal bars and the column with 

1.5% SF volume percentage and 2.2% longitudinal bars had 

good agreement with the value which is proposed by 

ACI318 and CSA A23.3. 

As shown in Figs. 13(a) and 13(c), increasing both 

tension and compression bars percentage in RC/SFRS 

beams results in an increase in αeff. Accordingly, concrete 

compressive strength of 30 MPa, section dimensions of 

300×300 mm assumed to be constant. Comparing αeff 

proposed by ACI318 and CSA A23.3 with the results 

obtained from the proposed model indicates that this factor 

for the RC beam with 0.85% tension bars and the beam with 

1.5% SF volume percentage and 0.6% tension bars is close 

to the estimated values by ACI318 and CSA A23.3. 

 

 

 

6.2 Effect of varying axial load coefficient 
 

Fig. 12(b) shows the effect of varying axial load 

coefficient (K) on αeff. The calculated results show that by 

increasing the K, αeff increased and vice versa. According to 

the calculated results, αeff increased by 4.7, 10.4 and 16.4 

percent with steel fiber volume percentage of 0.5, 1 and 1.5 

percent in comparison with the RC columns without SF. 

Concrete compressive strength of 25 MPa, section 

dimensions of 450×450 mm, axial load ratio of 0.098, and 

longitudinal bars percentage of 3.18% are assumed to be 

constant. It can be seen that in the given section, αeff of the 

RC column with the varying axial load coefficient of 4 and 

the RC column with 1.5% SF volume percentage and the 

varying axial load coefficient of -2.5 is nearly similar to the 

values recommended by ACI318 and CSA A23.3. 

 

6.3 Effect of the axial load ratio 
 
Fig. 12(c) shows the effect of axial load ratio (ν) on αeff. 

The results show that by increasing the ν, αeff increased. 

According to the obtained results, αeff increased by 4.4, 8.8 

and 13.3 percent with steel fiber volume percentage of 0.5, 

1, and 1.5 percent in comparison with the RC columns 

without SF. According to the obtained results of the 

parametric study, in higher axial load level My depended on 

the nonlinearity of the concrete (concrete strain reaches 

0.002). As it is shown in Fig. 12(c), concrete compressive 

strength of 25 MPa, section dimensions of 450×450 mm, 

and longitudinal bars percentage of 3.18% are assumed to 

be constant. According to the given section, αeff of the RC 

column with the axial load ratio of 0.3 and the RC column 

with 1.5% SF volume percentage and the axial load ratio of 

0.1 is approximately similar to the values recommended by 

ACI318 and CSA A23.3. 

 
6.4 Effect of concrete compressive strength 
 
Increasing the concrete compressive strength results in a 

reduction in αeff for RC/SFRC columns and beams (Figs. 

12(d) and 13(b)). The calculated results show that by 

increasing the concrete compressive strength, the ratio of 

yield moment to the yield curvature increased, on the other 

hand, by taking into account the relationship among 

concrete compressive strength and its modulus of elasticity 

(Ec=wc1.50.043√𝑓𝑐 , wc is the concrete weight), according 

to Eq. (1), a reduction in αeff is obtained. As it is shown in 

Figs. 12(d) and 13(b), higher concrete compressive strength 

the effect of the steel fiber decreased. According to the 

calculated results, αeff increased by 2.1, 6.8 and 12 percent 

with the steel fiber volume percentage of 0.5, 1, and 1.5 in 

comparison with the RC columns without SF (according to 

Fig. 12(d)). According to Figure 12d, section dimensions of 

450×450 mm, longitudinal bars percentage of 3.18%, and 

axial load of 1500 KN are assumed to be constant. 

According to the given section, αeff of the RC column with 

the concrete compressive strength of 25 MPa and the RC 

column with 1.5% SF volume percentage and concrete 

compressive strength of 43 Mpa have good agreement with 

such values recommended by ACI318 and CSA A23.3.  
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(a) effect of longitudinal bars percentage 

 
(b) effect of varying axial load coefficient 

 
(c) effect of axial load ratio 

 
(d) effect of concrete compression strength 

Fig. 12 Effective of various factor on αeff of column 

sections with different steel fiber volume percentage 

 
(a) effect of tension bars percentage 

 
(b) effect of concrete compressive strength 

 
(c) effect of compression to tension bars ratio 

Fig. 13 Effective of various factor on αeff of beams 

sections with different steel fiber volume percentage 

 
 
 

This conclusion can be obtained from Fig. 13(b) for RC 

beams with SF. Moreover, it can be seen that in higher 

concrete compressive strength, the effect of SF decreased. 
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6.5 Effect of steel fiber percentage 
 
According to the results shown in Figs. 12 and 13, 

increasing the fiber percentage increase the αeff. According 

to Fig. 12© in higher axial load ratio, the effect of steel 

fiber on αeff increased. Moreover, it is noted that by 

increasing the concrete compressive strength, the effect of 

steel fibers decreased and in lower concrete compressive 

strength had more effect on αeff (Figs. 12(d) and 13(b)). 

According to the above results, increasing in axial load 

ratio, ν, longitudinal bars percentage, ρt, varying axial load 

coefficient, K and SF volume percentage increased αeff. 

Moreover, increasing the concrete compression strength f’c, 

decreased αeff. To identify the RC columns section with steel 

fiber, a limiting ν based on ρt is defined (Avşar et al. 2014). 

Accordingly, Eqs. (29) and (30) are proposed to calculate 

αeff for RC columns with SF through a linear regression 

analysis. 

1 2 3 4 5 6 , 0.3 1.91eff c t t

g c

N
C C f C K C C C F

A f
              (29) 

' ' ' ' ' '

1 2 3 4 5 6 , 0.3 1.91eff c t tC C f C K C C C F             (30) 

where C1 to C6 are 0.105, 0.001, 0.017, 12.753, 0.537 and 

0.116, and C’1 to C’6 are 0.196, -0.002, 0.015, 12.412, 0.62 

and 0.068, respectively. The correlation coefficient is 

calculated as 0.961 which shows high accuracy. 

As discussed previously, increasing the tension bars 

percentage, ρst, compression to tension bars ratio, ρ’/ ρst, and 

SF volume percentage have an increasing effect and the 

concrete compressive strength, f’c has a decreasing effect on 

αeff. Therefore, Eq. (31) is proposed to calculate αeff for RC 

beams with SF. 

1 2 3 4 5

'
'eff c st

st

D D f D D D F


 


      (31) 

where D1 to D5 are 0.268, -0.004, 25.65, 0.008 and 0.107, 

respectively. These coefficients are achieved through a 

linear regression. The correlation coefficient is calculated as 

0.979 which shows high accuracy. 

As an example a typical four story RC/SFRC moment 

resisting frame (containing 1% steel fiber) with three bays 

of 5 m and the height of 3 m is analyzed using nonlinear 

behavior of the sections through the proposed analytical 
model. To verify the proposed equations, this frame were 

analyzed using linear behavior of the sections considering 

the effective flexural rigidity based on Eqs. (29)-(31).  

 

 

Table 4 Section details of the four story SFRC frame 

frame members Floors width depth reinforcement 

4- story 

Beams 1-2 450 450 6φ18top+4φ16bot 

Beams 3-4 400 400 5φ18top+3φ16bot 

Columns 1-2 450 450 16φ18 

columns 3-4 400 400 12φ16 

 

 

 

Fig. 14 Base shear- roof displacement curve of the four 

story frame 

 

 

Moreover, a linear analysis was performed using effective 

flexural rigidity recommended by ACI318. Table 4 

illustrates the cross-section details of this frame. Concrete 

compressive strength is assumed to be 20 MPa and the bars 

yield and ultimate strength are equal to 400 and 600 MPa, 

respectively. Fig. 14 shows the base shear-roof 

displacement curve of the study frame. 
As it is shown in this figure, the frame containing steel 

fibers behaved stiffer than the frame without steel fibers 

which are analyzed through the proposed analytical model. 

It can be seen that stiffness of the RC/SFRC frames which 

are analyzed linearly using the effective flexural rigidity 

(based on the proposed equations) have good agreements 

with the stiffness of the frames analyzed through the 

proposed analytical model. Comparing the results of RC 

frame and the frame using ACI318 recommendations, 

indicated that the calculated stiffness of the RC frame using 

nonlinear analysis and the RC frame using code 

recommendations in linear analysis are not in good 

agreement. Therefore, this curve shows that the analyzed 

frame using ACI318 recommendations is not in the safety 

margin. 
 
 

7. Conclusions 
 

This paper presents an analytical nonlinear analysis to 

predict the nonlinear behavior of RC columns and beams 

with SF. Moreover, an analytical procedure is proposed to 

predict the nonlinear behavior of RC frames with SF. This 

paper also presents the equations to calculate the effective 

flexural rigidity of RC beams and columns with steel fibers. 

The proposed equations have been developed on the basis 

of the parametric analysis of a comprehensive set of RC 

beams and columns with SF. Variables such as steel fiber 

volume percentage, axial load ratio, varying axial load 

coefficient, concrete compressive strength, and longitudinal 

bars percentage are considered. The conclusions from this 

study are summarized below. 
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The proposed analytical model can predict the nonlinear 

behavior of RC and SFRC members very well. Accordingly, 

in addition to the axial load ratio, the amount of 

longitudinal bars and concrete compressive strength, 

varying axial load and steel fiber volume percentage have 

been identified as the most important variables affecting the 

section yield point as well as the effective flexural rigidity 

of the section. High varying axial load coefficient increases 

the effective flexural rigidity. Moreover, increasing in steel 

fiber volume percentage increases the effective flexural 

rigidity. It is obtained that the current codes such as ACI318 

and CSA A23.3 in some cases overestimate the αeff values 

for low longitudinal bars and axial load. The verification of 

the proposed equations indicates that the stiffness of the 

RC/SFRC frames predicted by the proposed analytical 

model were in good agreement with the stiffness of the 

RC/SFRC frames predicted with the linear analysis based 

on  the proposed equations for αeff. Also, comparing the 

results of RC frame and the frame using ACI318 

recommendations, indicated that the calculated stiffness of 

the RC frame using nonlinear analysis and the RC frame 

using code recommendations in linear analysis are not in 

good agreement. 
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