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Nonlinear and post-buckling responses of FGM plates with oblique elliptical

cutouts using plate assembly technique
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Abstract. The aim of this study is to obtain the nonlinear and post-buckling responses of relatively thick functionally graded
plates with oblique elliptical cutouts using a new semi-analytical approach. To model the oblique elliptical hole in a FGM plate,
six plate-elements are used and the connection between these elements is provided by the well-known Penalty method.
Therefore, the semi-analytical technique used in this paper is known as the plate assembly technique. In order to take into
account for functionality of the material in a perforated plate, the volume fraction of the material constituents follows a simple
power law distribution. Since the FGM perforated plates are relatively thick in this research, the structural model is assumed to
be the first order shear deformation theory and Von-Karman’s assumptions are used to incorporate geometric nonlinearity. The
equilibrium equations for FGM plates containing elliptical holes are obtained by the principle of minimum of total potential
energy. The obtained nonlinear equilibrium equations are solved numerically using the quadratic extrapolation technique.
Various sets of boundary conditions for FGM plates and different cutout sizes and orientations are assumed here and their effects

on nonlinear response of plates under compressive loads are examined.
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1. Introduction

In the past few years, functionally graded materials
(FGMs) which were introduced by a group of material
scientists in Japan in 1984 (Koizumi 1997), have received
considerable attention as shielding materials for airplanes,
space shuttles and other engineering applications. FGMs are
microscopically inhomogeneous composites and their
mechanical properties vary smoothly from a surface to
another. FGMs are classically a mixture of ceramic and
metal, although they could be combination of other
materials as well, e.g., a mixture of different metals. The
mixture of ceramic and metal displays some remarkable
mechanical properties such as high fracture toughness and
high degree of temperature resistance by maintaining the
desired structural integrity.

Cutouts are often found in plate structures due to weight
optimization, ventilation, access for hardware, electric lines
and fuel lines to pass through and in case of fuselage
windows and doors. However, the plate’s stability may get
compromised due to presence of hole and the membrane
stresses may rearrange in the plates. Therefore, studying the
buckling of perforated plate is required. Some of the works
in this field are presented below.

Javaheri and Eslami (2002) studied buckling of
functionally graded plates under in-plane compressive load,
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Ghannadpour, Ovesy and Nassirnia (2012) investigated
buckling behavior of functionally graded plates (FGPs) by
using finite strip method and buckling of FGPs under
mechanical loading has been analyzed by Sherafat, Ovesy
and Ghannadpour (2013) with implement of higher-order
functionally graded strip. Moreover, Britt (1994)
investigated shear and compression buckling of anisotropic
panels with elliptical holes. Ghannadpour et al. (2006)
studied buckling behavior of composite plates with circular
and elliptical cutouts and the effect of elliptical cutout on
the buckling load of orthotropic plate has been investigated
by Choudhary and Jana (2018). In addition to above studies,
many other works has been done on buckling behavior of
perforated plates, for instance, Baba and Baltaci (2007),
Kumar and Sonmez (2008), Kumar ef al. (2010), Cheng and
Li (2012), Rajanna ef al. (2016), Taheri-Behrooz and Omidi
(2018) and Heidari-Rarani and Kharratzadeh (2019).
Alternatively, plates may sustain additional loads even
after buckling happens and hence the post-buckling
behavior of such plates has received many attentions. In
such studies, the bifurcation load given by linear buckling
analysis may not represent the carrying capability of a plate
accurately. Many works have been done in this field of
study, Ghannadpour and Alinia (2006) analyzed large
deflection of FGPs under pressure loads, Yang and Shen
(2003) studied nonlinear behavior of FGPs under transverse
and in-plane loads and Ovesy and Ghannadpour (2007)
used finite strip method to analyze FGPs under pressure
loads. Also, more on this topic, Ma and Wang (2003), Yang
et al. (2006), Wu et al. (2007), Alinia and Ghannadpour
(2009), Lee et al. (2010), Ovesy et al. (2015), Kar and
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Panda (2016), Ma et al. (2018) and Ghannadpour and Kiani
(2018). On the case of post-buckling behavior of perforated
plates many investigations has been done, for example
Nemeth (1990) worked experimentally on buckling and
post-buckling behavior of plates with circular cutouts under
compression, Vandenbrink and Kamat (1987) studied the
response of plates with circular holes, Mohammadi et al.
(2006) worked on effective widths of perforated cross-ply
laminate under compression, Jain and Kumar (2004)
investigated the post-buckling response of composite plate
with circular/elliptical holes which are located at center of
it. Kong et al. (2001) calculated post-buckling strength of
composite laminate with hole and also Kumar and Singh
(2010) done the same study on plates under in-plane shear
with different shapes of cutout.

Many studies, involving thermal stress, vibration,
buckling, static and dynamic analyses of such structures
have been carried out to date, for instance Pardhan and
Chakraverty (2015) done static analysis of FGPs with
various boundary supports, Kandasamya et al. (2016)
numerically studied free vibration and thermal buckling
behavior of moderately thick functionally graded structures
under thermal loadings and Chen et al. (2014) used
Chebyshev—Lagrangian method to study flexural and in-
plane vibration analysis of elastically restrained thin
rectangular plate. Large amplitude flexural vibration of
perforated laminate has been worked on by Reddy (1982),
stability of laminate with cutouts by Srivatsa et al. (1992)
and stability of panels with various cutout geometries by
Bailey and Wood (1996). Noor and Kim (1996) studied
buckling and post-buckling of panels which are under
combined edge shear and thermal loadings and Kumar and
Singh (2010) investigated the effect of boundary conditions
on buckling and post-buckling behavior of laminate with
different geometry of cutouts. Recently, other works has
been done in the field of post-buckling and nonlinear
behavior of perforated plates, for instance, Ghannadpour
and Mehrparvar (2018) developed a new method to
investigate the post-buckling behavior of composite plates
which contain circular/ elliptical cutouts. In the mentioned
method, which was called energy effect removal technique,
the total potential energy of the perforated plate is obtained
by subtracting the potential energy of cutout from the
potential energy of a perfect plate. Also, in another study,
they investigated the nonlinear behavior of functionally
graded plates containing rectangular cutouts (Mehrparvar
and Ghannadpour 2018). In their analysis, the perforated
plates were modeled by assembling eight elements and the
connections between them were provided by the Penalty
method. This technique was called plate assembly technique
in their paper.

In the current paper, nonlinear and post-buckling
behaviors of perforated functionally graded plates has been
investigated under in-plane compressive loads. This study
has been conducted on FGM plates containing oblique
elliptical cutout. The analysis method is based on the plate
assembly technique, in which six plate-elements with both
straight and curved boundaries are used for modeling the
elliptic hole. To enforce the connectivity conditions
between the plate-elements, the well-known Penalty method

is used in this research. The structural formulation is based
on the first order shear deformation theory (FSDT) and
Von-Karman’s assumptions. The mechanical properties of
FG plates, except the Poisson’s ratio, are assumed to vary
continuously through the thickness of the plate, and obey a
simple power law distribution in terms of the volume
fractions of constituents. The fundamental equations of
perforated FG plates are obtained by applying the principle
of minimum of total potential energy. Since the geometric
nonlinearity considerations are included in the analysis, the
final system of governing equations has a nonlinear form.
To solve this nonlinear set of equations, the iterative
quadratic extrapolation technique is employed. Finally, the
effects of cutout sizes and locations for FG plates with
various sets of boundary conditions under uniaxial in-plane
compressive loads are extensively determined and
discussed. To investigate the accuracy of the present work,
some results have been obtained by finite element analyses
using ABAQUS program wherever possible.

2. Theory and formulation

A typical square plate of dimensions [ x ! and total
thickness h which contains oblique elliptic cutout shape is
shown in Fig. 1. The shape parameters a and b are called
the double semi-major and double semi-minor axes,
respectively. The functionally graded plate is subjected to
in-plane compressive load N, in the x-direction on
vertical edges x = +1/2.

Given the fact that the FG plates in this study are
relatively thick, the first order shear deformation theory is
used. Describing the boundary conditions specifically is a
necessity with the aim of approximating the displacement
functions of the problem. Three different sets of boundary
conditions are chosen here which are represented in Fig. 2.
As shown in this figure, for all sets of boundary conditions,
uniform movement in x-direction is allowed at edges 1 and
2 but edges 3 and 4 can move freely in y-direction for all
sets of boundary conditions.

e )
N, N,
e — o

Fig. 1 A typical square plate with elliptical cutout
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Fig. 2 Three different sets of boundary conditions

Though, as it is observed, there are some symbols and
numbers in Fig. 2 to illustrate the boundary condition of
each edge and edge number, respectively. For more
information on these symptoms, refer to the studied done by
Mehrparvar and Ghannadpour (2018), Ghannadpour and
Shakeri (2018). The details of edges conditions for SSSS,
CSCS and CCCS sets are expressed in Table 1. The edges
number B =1,23,4 that will be used later in the
estimation of displacement fields is also presented in this
table.

In Table 1, the phrases Free, Straight and Held mean
that the edges are free to move, they can move straightly
and they are held against any movement, respectively.

The perforated FG plate in this study is modeled by six
plate-elements which are connected together, as shown in
Fig. 3. As it can be observed, the isoperimetric mapping
method can be used for elements 1, 2, 5 and 6, which are
quadrilaterals with straight sides, and the same method can
be used for the elements 3 and 4, which are quadrilaterals
with curve sides. Here, the first step is to derive methods for
quadrilateral domains with curved sides. The approach most
commonly used is to create a transformation from the
domain on which the solution is needed, which is called
physical domain, to the square, which is called

computational domain. This technique which is capable of
creating an appropriate transformation between the physical
and computational domains is called transfinite
interpolation technique (Kopriva 2009).

This transformation is created by the linear interpolation
between the four curves that represent the physical
boundary in two steps. At first, mapping from the unit
square to the physical domain is developed, and then
incorporate the related transformation to the reference
square. The transfinite mapping between the unit square and
the physical domain can be written as function below
(Kopriva 2009)

X&) = -r,m + En@m + 1 —mMry(€)
+1T5(8)
- (1 -9 -DrO +r30} (1)
-1 - M) +75(1)}

The final mapping function is obtained when the affine
transformation, i.e., £ = &1 and = "T“ , are applied

from the unit to the reference square (Kopriva 2009).

Fig. 3 Plate assembly and implementation of penalty
method
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Fig. 4 Isoperimetric mapping method
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Table 1 Details of edges conditions for SSSS, CSCS and CCCS

Edge boundary condition

Displacement fields SSSS CSCs CCCs
1 2 3 4 1 2 3 4 1 2 3 4
u Straight Straight Straight
v Had Free Held Free Held Free
w Held
O Free Held
oy Held Free Held Free Held Free

N| =

XEn =z[A =T + A+ OLMm + A —mTi(é)
+ gl +mT5(8)]
- Z[(l = O{1 -mr(=1)

+ 1 +n(-1)}
—A+H{A-mhM+ A +miMH

2

Finally, the transfinite mapping represented in Fig. 4, is
constructed by taking the four curves and the location in
computational space as input and returns it to the
corresponding location in physical space, as presented by
Eq. (2). Under mappings, all functions and equations are
transformed, basically by result of the chain rule (Eg. (3)).

Jr ot af Jat 617
ax 6{ ax 67} ax 3
Jt 0t OE Jt 677 @

ay 0 ay an ay

The transformation of the derivatives can be written in
matrix-vector form

Jat it
ox| _0¢m) |og
{ﬁl S a(x,y)|or @
a}’) an

In the above equations, parameter 7 is a typical
displacement component of the plate. As mentioned before,
in the present study, the perforated functionally graded plate
is modeled by assembly of six plate-elements and this can
be shown in the formulation by the superscript i associated
with the i" element, as shown in Fig. 3. Each element has
its own corresponding local coordinate system x®,y®
and by approximating the displacement fields with
appropriate boundary conditions, it behaves as a separate
plate with governing equations provided later. For the edges
shared between adjoining elements, as the displacements
are unknown, free boundary conditions are firstly assumed
in the Ritz approximation with the purpose to recover the
actual kinematics by enforcing the continuity of
displacements using Penalty technique (Ghannadpour and
Karimi (2018). The displacement continuity conditions

along the edge I, can be written as

T(m)(x(m) )) _ T(n)(x(n)

mn 'ymn mn’

)
where t® € {u((,l),vél),Wé”,(p,(f),qoﬁl)} is the displacement

component correspond to the mid-plane of the i™® element

and  (x0%,y™) and  (x0,y0) are the  local
coordinates describing the shared edge, T, between Q0™
and QM respectively.

Because in this research the plate assembly technique is
used, therefore, for the modeling of the whole plate
containing the cut-out, after establishing the connection
conditions of the plate-elements, the total potential energy
of all the elements TT®must be combined together. The
total potential energy of the whole plate IT can be simply
obtained by summation of the total potential energy of
plate-elements TI®and penalty terms associated with the
appropriate constraints.

6
) =ZH°’) +P
i=1

(n)

mn

(6)

Qim)

L

Fig. 5 Geometry configuration of shared edge between
n™ and m™ elements
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The penalty terms presented in Eq. (6) with respect to
Fig. 5, can be written as

p= Zp(mn) Z mnf (m) (Tl),yr(n?)

o (x ggl,y,;ng)) dr,

=mn

a, ﬁ (7)

and w,,, is a diagonal matrix of penalty coefficients
(Ghannadpour et al. 2019).

From here on, for the calculation of the potential energy
of the plate-elements, it is necessary to define the
displacements of the plates. The displacement fields for
each plate-element, which are based on the first-order shear
deformation plate theory (Reddy 2004) and Von-Karman
assumptions, can be expressed in the form of

uD(x,y,2) = ul (x,y) + 20 (x,)

p® (x,v,2) = 1;OL)(X V) + Z(p(l)(X. ) ®
w®(x,y,2) = wl® (x,y)
where ul” v ,w P and (p(l) are unknown

functions to be approxmated Parameters u(l) vél) and

w® are displacements of mid-surface and (p(L) and <p(‘)

denote the rotations of a transverse normal about axes
parallel to the n and ¢ axes, respectively. Meanwhile, the
Rayleigh-Ritz technique is wused in this study to
approximate the displacement fields which have to satisfy
only the aforementioned essential boundary conditions. The
approximation of displacement fields is performed by
Legendre polynomials B,(x) (Ghannadpour and Shakeri
2018).

Therefore, the displacement fields of the mid-surface
can be approximated by following relations.

tO(x®,y0) = BO(x®, y )
N, N

@ 2y® .
O p x Y i i M
E E Srn P 1( 0) > (_W(i)> +fT(‘)(x(l),y(‘))6CT i=1,..6
e

n=1m=1

)

where the parameters L and W, are length and width
of each element, respectively and N; is the number of
terms in series expansion which is taken same for all
displacement fields. The coefficients (an(;f and 62(0 are
the Ritz unknown coefficients of the problem for each
element and the latter is for satisfying the straight
conditions for in-plane displacement u which means that
the edge is allowed to move Iongitudinally but is kept

straight. Therefore, the boundary function f; )(x y) isalso
selected to guarantee the satisfaction of the straight
boundary conditions at the loaded edges of the plates as
mentioned in Fig. 2 (Mehrparvar and Ghannadpour 2018).

The function [BS&"), called boundary condition function here,
also chosen to ensure the fulfillment of the essential
boundary conditions mentioned in Table 1, which can be
defined as

I(t)

| | ‘ 25 ®
BO (x®,y®) = H <1+( Sl L(z)> 1_[ (1

prts i 0

zy(l)
+ (-1)Ft
M/e(L)

Where the exponents Mﬁ) can take value 0 for free
condition and value 1 according to the conditions of held or

straight ~ for  each  displacement  field @€
(0,00, w10, 0, 7).
According to  von-Karman  nonlinear  strain—

displacement relations, the strains can be expressed as
follow

[ ')1
|0y +

HONS ay
S a )
(L) Wo

(px ax

o)
g 0D 4 1y, (11)
e
20 _ 904 = @ 4 0

=8

£® =

being

6u((,i)
ox
(z) = avéi)
ay
Ou(()i) Ovéi)
dy * 0x

aw(’)
ox

. (i)

gr(lll)= 1 ow,
2\ oy

OWOL) Bwél)
dx dy
®

(12)

0@y
dx
a(pf,i)
dy
dp? do,
dy dx

1/)(") =
®




232 S.A.M. Ghannadpour and M. Mehrparvar

where ¢, ¢ p® and £ are linear, nonlinear,

curvature and shear strains vectors, respectively, and keep
in  mind, calculating these equations are done by
considering Eq. (4). Stress-strain relationship for each plate
at any point can be written as below, if the plates assumed
to be in conditions of plane stress.

®

®

Txx 612 616 Exx
c® = 03%2 = QW = Q12 Qx2 0y 53(/132
chl; Qis Q26 Qes s}(g
o [(p(i)JraWél) (13)
o® = 0.e® = Qua 945] Y 6y.
Qus  Oss]| @ awél)|
x dox |

where Q;;(i,j = 1,2,6) are transformed reduced stiffness

coefficients and Q, is transformed shear stiffness matrix.
Stiffness matrices for each plate can be calculated as
h

2
(Evy By Bsyy) = thij (1,7 2%)dz,
2
i,j =126 (14)
2 ..
ElSi]. = thij dz, i,j=45
~z
In which, E; E, E; and E;; are respectively
extensional stiffness matrix, extensional-bending stiffness
matrix, bending stiffness matrix and transverse shear

stiffness matrix, where in the case of simple power law
variations, they can be calculated as

1 v 0
Ecmh v 1 0 1
E, =(E -
1 ( h+n+1> 1-v (1—v2)
0 0 —
2
1 v 0
1 1 v 1 0 ( 1 )
— 2
EZ_(E""h (n+2+2(n+1)))0 0 LZU|\1-v?
2
g [Eat® Eh3(1 1 (15)
3=\ "1z Them n+3 n+2
1 v 0
+ 1 ) v 1 0 ( 1 )
dn+ D/ )|, o LZP|\1-0?
2

Eis (E ht ncf}i)’z (2(11+ u))

where E., = E.—E,, and n is called volume fraction
index which indicates the material variation profile through
the thickness direction, and is non-negative real value and 1
is identity matrix. With the above definitions, the total
potential energy of each plate-element can be divided into

three parts, the first part, U(l), is strain energy associated
with the in-plane stresses, the second part, Us(l), is shear

strain energy and the last part, Vp(i), is potential energy of
the external forces.

now = Ur(r? + Us(i) + VF(i) (16)

In which, the strain energy and the shear strain energy
can be calculated as

o lf £ 5O gy®
v @
L n
- Ef fzhgo')T 0eDdzd0®
o J_L
1 NOLPRROJROLPIO
= o 2 E1€ +€l Ezlp
Ql
1 .
5P E3¢<L>> do®

+f ( o7 Ee®
(l)

+eO'E ©) an®

(17a)

1
+ f 7 0" g, eDda®
o@®

. 1 N .
00 =2 [ OOy
2 0}

h
1 2 T — (i .
i ® ® ®
ZkSJ;a)J:EgS Qses"dzd0 17y
2
1 T
= Eksf ‘ esm E
o®

where k is shear correction factor and assumed to be 5/6
in this study. According to transformation technique
mentioned before, the integrals in these equations should be
transformed as well. For instance, the transformation of an
integral of a typical function f(x,y) in two-dimensional
domain Q is performed as follows

£Pda®

jfmwm
! y (18)
jjﬂﬂf@y@mﬂ;€§|fm

Calculating the values of potential energy of external
forces depends on how the in-plane compressive load is
applied to the perforated functionally graded plate. In
accordance with Figs. 1 and 2, the potential energy of
external forces for each plate-element can be calculated as

( W() <O o
i ! l x=-1P/2 E=135
y® = o ¢ (19)
L—We N, 677 i =246
R P e Y
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It is again emphasized that in this paper the plate is only
subjected to in-plane compressive load N,. As it can be
observed, in Eq. (17(a)) the strain energy,U,(,?, is divided
into three parts which are quadratic, cubic and quartic
functions of the unknowns, respectively. By using Egs. (7),
(17) and (19), the total potential energy equation can be
finally obtained as

6
=" (U + U + ) + (20)

i=1
The only point that needs to be raised here is how to
calculate the integrations in the total potential energy
equation. Since integrating analytically is very timely and
almost impossible, so in the current study, the domain is
discretized by a set of nodes and therefore the transformed
continuous integrals should be replaced by summations
where they can be calculated over all nodes. To do that, for
elements number 1, 2, 5 and 6, Legendre-Gauss-Lobatto
nodes are considered here and their coordinates are obtained

by solving the following

{Pr’n—1(fi) =0
Pii(nj)=0

where the parameters m and n denote the number of
nodes in ¢ and 7 directions, respectively and ¢; and n;
are non-dimensional coordinates of i™™ and j™node in the
& and n directions. In order to achieve better accuracy and
also to avoid excessive number of nodes to reduce
computational costs, an appropriate weight coefficient
should be considered for each node. Calculation of the
weight coefficients for nodes is performed by taking idea
from Gauss- Lobatto rules. Therefore, the typical continuous
integral in Eq. (18) can be rewritten as

ey

f fx,y) dQ
y 20X, 1)
= FXEm,YEM) dé dn
_fl _fl 0, m) (22)
n m g€
= ZZ wiwjg(fi,ﬂj)
j=1i=1

where i and j refer to the i node along &-direction and
j™ node along 7-direction and the coefficients @; and w;
are weight coefficients of nodes along ¢ and n-directions,
respectively and they can be computed by

2

T = = DI GOT? (232)
- 2 (23b)
“ T nm = DPas )]

It should be noted that in the case of elements 3 and 4,
the integrals are taken by applying the double exponential
technique, known as Tanh-sinh quadrature, due to the
presence of singularities at both ends of the integrals. Tanh-

sinh quadrature is less efficient than Gaussian quadrature
for smooth integrands, however unlike the Gaussian
quadrature, it has the ability to apply onto integrands that
have singularities or infinite derivatives at one or both
endpoints of the integration interval. These integrals for
elements 3 and 4 can be calculated as shown in Eq. (24).

f fCny) do
1

= f [ s v [0l asan
=ffg(f,n) dé diy

2
~ [ [ ge@n@)e'e) @ asa

—ta —sa h(m)
= Zzplpjh(fu TI;)

j=1i=

being

& = tanh( smh(sl)) §i==Sa+ (@ -1t (252)

n; = tanh( sinh(t;)) . t; = —to + G —1)¢,  (25b)
Ecosh(si) 2s,
pi = 2, £; = —— (25¢)
" cosh? ( smh(sl)) m-—1
%COSh(ti) 2t,
pj = Oy Oy = n_1

cosh? G sinh(tl-))

where the coefficients p; and p; are weight coefficients
of the nodes in ¢ and n-directions. The value of s, and
t, are taken experimentally and in this paper, they are
chosen to be equal to 2m/3. The elements number 1, 2, 5
and 6 are discretized by 13 nodes along each direction and
elements 3 and 4 by 25 x 25 nodes.

The solution of the nonlinear problem is sought through
the application of the principle of minimum potential
energy. Also, to obtain the solution of the nonlinear
algebraic equations, the well-known quadratic extrapolation
technique is used. The details of the steps for solving the
nonlinear equations using quadratic extrapolation technique
have been described in the study done by Mehrparvar and
Ghannadpour (2018).

3. Numerical results and discussion
The formulation presented in this research has been

precisely implemented in the Fortran 77 programming
software package. Parallel programming technique has been
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used in this computer program to reduce the execution time
on multicore processors. This program is executed on a
computer with TYAN FT48-B8812 mainboard, 4 AMD
CPU by 2.20 GHz frequency (4x16 cores) and 128.00 GB
RAM. Using this program, the post-buckling and nonlinear
results for some FGPs are obtained and presented in this

section. The FGPs considered here consist of aluminum (Al)

and zirconia (ZrO.) components with material properties
taken from research done by Mehrparvar and Ghannadpour
(2018). The calculated results for moderately thick
perforated FGPs using the developed computer program in
this research have been compared by those obtained by
ABAQUS commercial software, in which, a FGP is meshed
with 2500 S4R shell elements. As represented in Table 1,
three different boundary conditions are considered in this
study in which the plates are subjected to in-plane
compressive load N, normal to the vertical edges x =
+1/2.

In addition to verifying the nonlinear results with
ABAQUS software, the results for buckling behavior of
some simply-supported isotropic plates with circular cutout
are compared with those presented by Ritche and Rhodes
(1975) and those obtained by ABAQUS in Table 2. The
non-dimensional values for buckling coefficient in this table
have been computed based on the ratio of buckling load of
the perforated plate to that of the perfect plate.

To do convergence studies for obtaining the sufficient
number of terms (N,) in the displacement fields, the square
FGPs with linear variations of material properties along the
thickness, i.e. n=1 are assumed having horizontal
elliptical cutout with a = 0.5/ and b = 0.31. These FGPs
are also considered to have CSCS boundary conditions as
shown in Fig. 2. The post-buckling behavior of these plates
for different number of terms is depicted in Fig. 6 as non-
dimensional form of load-deflection. Non-dimensional load
P is defined as N,I?/E,h3where E,,refers to Young's
modulus of the metal component and non-dimensional
deflection W is w/h. As shown in this figure, if there are
6 X 6 terms in each displacement field and for each plate-
element, the results will converge and will fit on the finite
element results.

Fig. 7 shows the effect of volume fraction index, which
displayed n (see Eqg. (15)), on post-buckling and nonlinear
behavior of square plate with elliptical cutout, in which the
cutout sizes are a = 0.2] and b = 0.51.

Table 2 Non-dimensional buckling values for some
perforated isotropic plate with circular cutout

( l=1m,h=0001mE =7.06%X101*N/m? ,v=
0.3)

Ritche and
d/l present Rhodes ABAQUS
(1975)
0.2 0.90 0.92 0.89
0.4 0.79 0.76 0.77
0.6 0.73 0.64 0.72

o FEM .
25 L T Ne =3
---- No=4
((((((((( N,=5
— N;=6
> 15
1
0.5
0
0 5 20

Fig. 6 Convergence study for FGP (n = 1) containing
elliptical cutout, a = 0.5l and b = 0.3, with CSCS
boundary conditions

Fig. 7 Effect of volume fraction index on nonlinear
behavior of FGP containing elliptical cutout, a = 0.2]
and b = 0.5[, with SSSS boundary conditions

All edges of the plates are assumed to be simply-
supported. The maximum deflections of the considered
plates for n =0,0.5,1,3,0 have been shown in this
figure. As shown in Figs. 6 and 7, for FG plates with n = 0,
there are two completely different behaviors. In the results
of Fig. 6, some edges of the plate were clamped and
therefore, in its behavior, the bifurcation state is observed.
Therefore, it has buckling, while for simply-supported FG
plates, buckling behavior is not observed and the plates
bend as they are loaded.

The proposed formulation in this study is capable of
modeling circular holes. To illustrate this capability, non-
linear behaviors of square FG plates can be found in Figs. 8
to 10, with circular holes of different sizes. As it can be
seen, the results have been presented for some selected
values of 0.1 ,0.2 ,0.3 ,0.4 and 0.5 for ratio of cutout
diameter to plate length. The non-dimensional form of load-
deflection behavior for SSSS FG plates have been displayed
in Fig. 8 and similar results have been presented for CSCS
ceramic plates in Fig. 9. The non-dimensional form of the
results for variations of load versus in-plane displacement
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(6% = u/h) for CSCS ceramic plates is also depicted in Fig.

10.
25

P

Fig. 8 Effects of circular cutout size on maximum
deflection of FGP with SSSS boundary conditions and
n=0&1

2.5
2
=15
—_d/l=01
A S—
.- d/1=03
o5 [ ---

Fig. 9 Effects of circular cutout size on nonlinear behavior
of ceramic plate with CSCS boundary conditions

0 0.2 0.4 0.6 0.8 1
8

Fig. 10 Effects of circular cutout size on post-buckling

stiffness of ceramic plate with CSCS boundary conditions

As it is seen, by increasing the cutout size, the buckling
load decreases slightly. However, in ratios 0.4 and 0.5, this
amount again increases. As expected and according to the
results presented in these figures, the post-buckling
behavior is completely affected by the boundary conditions,

and when the out-of-plane boundary conditions are changed
from SSSS to CSCS, the nonlinear behavior is completely
changed. It could be observed in Fig. 10 that by increasing
the cutout size in ceramic plates, the post-buckling stiffness
of the plates significantly decreases.

One of the important features of the method introduced
in this study is the possibility of modeling of elliptical holes
with different sizes. Also, in the case of elliptical shaped
cutout, the position of the elliptical hole with respect to the
load direction is also an important parameter that plays an
effective role in the design of perforated structures. In Figs.
11 and 12, the post-buckling responses of ceramic plates
with SSSS boundary conditions for plate containing vertical
and horizontal elliptical cutout have been presented. Various
sizes of elliptical cutout are studied as well as perfect plate.
As it can be observed, in the case of horizontal cutouts the
buckling load of the plates is lower than the perfect plate
and this value increases by increasing the cutout size.
Similar behavior could be observed for post-buckling
response. However, in the case of vertical cutout, the
buckling load of the plates are significantly greater than the
perfect plate although by increasing the cutout size the
buckling load decreases. By observing the Fig. 11, it’s
worth mentioning that the post-buckling stiffnesses of the
plates in these two states are very close to each other,
although the amount of buckling load and the pre-buckling
stiffnesses are quite different.

2.5
2 (D
No cutout
12
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15 l ——-X=02
......... X=03
2 o X =04
1 1/2 O
/.
a /"
0.5 1 i
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0 PR
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Fig. 11 Effects of elliptical cutout size on maximum
deflection of ceramic plates with SSSS boundary
conditions
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o

Fig. 12 Effects of elliptical cutout size on pre- and post-
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buckling of ceramic plates with SSSS boundary
conditions.

Similar to the results of perforated plates with SSSS
boundary conditions, the results correspond to the FG plates
(n = 1) containing horizontal and vertical cutouts for both
CSCS and CCCS boundary conditions have been depicted
in Figs. 13 to 16. As it can be seen the same outcome is
obtained for vertical cutouts though, in the case of
horizontal cutouts, very similar results are obtained for
buckling loads and post-buckling responses that are mostly
independent of the size of ellipse, and this can be due to the
application of clamped boundary conditions that have had
very little effects on the presence of the hole.

According to the previous results, it was found that the
position of the ellipse relative to the loading direction has
significant effects on the results. Therefore, taking into
account the angles between these two situations may also
result in interesting results. On the other hand, one of the
capabilities of the formulation developed in this study is the
possibility of modeling this geometry. To examine these
conditions, an angle a is defined for the ellipse rotation
which is the angle between y-axis and ellipse’s semi-major
axis.

25 e
—— Horizontal cutout /& -
o P
—— Vertical cutout
? -
b
/2
1.5 f
=
a
0.5

Fig. 13 Effects of elliptical cutout size on maximum
deflection of FGPs with CSCS boundary conditions and
n=

—— Horizontal cutout

—— Vertical cutout

0 0.1 0.2 0.3 0.4 0.5
8
Fig. 14 Effects of elliptical cutout size on post-buckling
stiffness of FGP with CSCS boundary conditions and n =
1
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Fig. 15 Effect of elliptical cutout size on maximum
deflection of FGP with CCCS boundary conditions and
n=
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Fig. 16 Effects of elliptical cutout size on post-buckling of
FGP with CCCS boundary conditions and n =1
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Fig. 17 Post-buckling response of CSCS FG plates
containing oblique elliptical cutouts with a = 0.11 and
b = 0.5!

The post-buckling results for some square FGPs (n = 1)
containing oblique elliptical hole and with CSCS boundary
conditions are presented in Fig. 17. As it can be seen, the
results have been obtained for @ = 0°,7/8,m/4, 3m/8
and m/2 and for an ellipse with dimensions a = 0.1] and
b = 0.51. It is observed that by rotating the ellipse from
vertical to horizontal, the buckling load decreases.
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Fig. 18 Post-buckling response of CSCS FG plates
containing elliptical cutout o = /4 with different aspect
ratios

30

Fig. 19 Effects of different boundary conditions on out-of-
plane deflection of point B located at the bottom of elliptic
cutout in a metal plate

Fig. 18 represents the effects of different aspect ratios of
elliptical cutouts on post-buckling behavior of functionally
graded plates in which the material properties are chosen to
vary linearly with respect to the thickness. In this figure, the
results are for perforated plates in which the angle between
y-axis and cutout’s semi-major axis is chosen to be /4
and a=1/10,1/5, 31/10 and [/2 . Increasing the
ellipse aspect ratio has increased the buckling load.

In addition to previous studies, another investigation can
be made for load-deflection behavior of metal plates
containing the elliptical cutout when the boundary
conditions of the plates are changed. (see Fig. 19). The
cutout size is assumed to be a = 0.1l and b = 0.5(. In
addition to the previously mentioned boundary conditions,
two other sets of boundary conditions are also studied in
this figure. The first set is corresponding to the perforated
plate with all clamped edges (CCCC) and the second one
(CFCF) is for a metal plate with two free unloaded edges
(i.e. edges No. 2 and 4) and two clamped loaded ends (i.e.
edges No. 1 and 3). As expected, the CCCC perforated plate
has higher buckling load with respect to all other conditions
and the plate with two free unloaded edges behaves as a
wide column and therefore it has Euler buckling.

7. Conclusions

A new computational procedure was introduced in the
current study to model the oblique elliptical cutouts. By the
technique introduced, the post-buckling and nonlinear
behaviors of functionally graded plates containing elliptical
hole were examined when they were subjected to in-plane
compressive loads. The governing equations were obtained
based on the FSDT and Von-Karman nonlinearity
assumptions. The displacement fields of the problems were
approximated based on the Ritz method and by Legendre
polynomials. The plates were assembled by six plate-
elements which were connected by applying the penalty
method and thus the total potential energy of the plates was
the summation of potential energy of the elements. To
obtain the nonlinear equilibrium equations the principle of
minimum potential energy was used and to solve these
nonlinear algebraic equations the quadratic extrapolation
technique was employed to calculate the degrees of freedom
in the displacement fields. The results were presented in
non-dimensional graphical forms and for FG plates with
different boundary conditions, cutout size, orientation and
shape. In the results it was seen that the buckling load and
post-buckling response of the FG plates are considerably
affected by the shape of the cutouts and particularly their
orientation. For instance, the FG plate with elliptical cutout
perpendicular to the loading direction has higher buckling
load with respect to the case in which the plate has elliptical
cutout aligned along the loading direction. It is also worth
mentioning that in this paper, for the first time, a new semi-
analytical method was introduced that can model the holes
with curved boundaries and were used in nonlinear and
post-buckling analyzes. Finally, the proposed method, with
the lowest computations, with lowest number of degrees of
freedom and with high accuracy is capable to find nonlinear
responses of FG plates and can be extended to other types
of structures.
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