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1. Introduction 

 

There are numerous steel structures in infrastructures. 

Steel structures subjected to cyclic loading are vulnerable to 

fatigue damage. To prolong the service life and avoid 

fatigue failure of the damaged steel structures, rehabilitation 

is preferred to the replacement or reconstruction of the 

damaged structures (Wu et al. 2012, Hmidan et al. 2015). 

As the externally bonded carbon fiber reinforced polymer 

(CFRP) technique has been widely used in repairing and 

strengthening concrete structures in past several decades, 

this technique has proven to be a promising alternative to 

the traditional strengthening technique (Wei et al. 2018, 

Bansal et al. 2016, Zhang et al. 2018, Shen et al. 2019). In 

recent years, this technique has received much attention in 

strengthening steel structures (Sallam et al. 2010, Serror et 

al. 2017, Wang and Wu 2018a, Setvati and Mustaffa 2018, 

Mechab et al. 2016, Yu et al. 2019, Hosseini et al. 2019, 

Ghafoori et al. 2015, 2018). To evaluate the effectiveness of 

this technique on improving the fatigue behavior, many 

experimental studies have been conducted on the fatigue 

behavior of CFRP-strengthened steel plates (Abd-Elhady 

and Sallam 2017, Hosseini et al. 2017, Yu et al. 2013, Wang 

et al. 2016a, Liu et al. 2009a) and steel beams (Jiao et al. 
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2012, Ghafoori et al. 2012, Colombi and Fava 2015, Yu and 

Wu 2018, Ye et al. 2018). Effects of some factors on the 

strengthening effectiveness were investigated, such as the 

initial damage degree, CFRP configuration and system, 

CFRP thickness and Young’s modulus, the ratio of adhesive 

thickness to CFRP thickness, initial crack type, single-

/double-sided repair, prestress level, and so on. The results 

indicate that the externally bonded CFRP laminates can 

significantly decrease the crack growth rate and extend the 

fatigue life of steel members. Moreover, this technique is 

more effective than the traditional welding method in 

improving the fatigue behavior of steel structures (Wu et al. 

2012, Jiao et al. 2012). 

For a cracked steel member, an important parameter 

determining the crack growth is the stress intensity factor, 

which characterizes the magnitude of the singular stress 

field near the crack tip. Once the values of the stress 

intensity factor are known, the crack growth behavior can 

be predicted based on the crack growth laws of linear elastic 

fracture mechanics (Lee and Lee 2004, Albrecht et al. 2008, 

Liu et al. 2009b, Mall and Conley 2009, Hu et al. 2016, 

Wang et al. 2016a). Therefore, calculations on the stress 

intensity factor of CFRP-strengthened steel members are 

essential for the fatigue strengthening of cracked steel 

members. Due to the complexity in the exactly theoretical 

derivations of the stress intensity factor, currently, the 

values of the stress intensity factor for CFRP-strengthened 

cracked steel members are mainly calculated by numerical 

methods. Many finite element (FE) and boundary element 

(BE) models have been developed to investigate the stress 
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intensity factors (Sun et al. 1996, Naboulsi and Mall 1996, 

Lam et al. 2010, Zheng 2007, Wang et al. 2014, Liu et al. 

2009c, Yu et al. 2014a). By using numerical methods, the 

effects of various parameters on the stress intensity factor 

has been investigated (Zheng 2007, Wang et al. 2014, Liu et 

al. 2009c, Yu et al. 2014a, Colombi et al. 2003, El-Emam et 

al. 2017). 

Nevertheless, numerical methods are sometimes time-

consuming and inconvenient for predicting the fatigue crack 

growth because the stress intensity factors at different crack 

lengths usually need to be calculated (Colombi and Fava 

2015, Lee and Lee 2004, Zheng 2007, Wang et al. 2014, 

Wang and Wu 2018b). If the theoretical solutions of the 

stress intensity factors can be derived, the crack growth 

behavior can be efficiently predicted. For members with 

simple crack configurations and loading, the stress intensity 

factor solutions have been presented in several handbooks 

(Sih 1973, China Aviation Academy 1981). However, the 

studies on the solutions for CFRP-strengthened cracked 

members are rather limited to date. The solutions of the 

stress intensity factor for the cracked plates strengthened 

with CFRP laminates have been proposed in several studies 

(Zheng 2007, Rose and Wang 2002, Wu et al. 2013, Yu et 

al. 2014b, Shen and Hou 2011, Wang et al. 2018). For 

CFRP-strengthened cracked steel beams, two types of the 

initial crack were commonly used in experimental studies. 

One type was the double-edged cracks, which were cut in 

the tension flange of the steel beam in order to generate 

initial flange cracks (Wu et al. 2012, Ye at al. 2018). The 

other type of the initial crack went through the tension 

flange and part of the web in order to generate the initial 

web crack (Jiao et al. 2012, Ghafoori et al. 2012, Colombi 

and Fava 2015, Yu and Wu 2018). For CFRP-strengthened 

cracked steel beams with a web crack, the equations of the 

stress intensity factor have also been reported in the 

literature (Hmidan et al. 2015, Ghafoori and Motavalli 

2011). However, to the best knowledge of the authors, the 

stress intensity factor solutions for double-edged cracked 

steel beams strengthened with CFRP plates are still scarce. 

As an extension of the previous studies conducted by 

authors (Wu et al. 2012, Wang and Wu 2018b), this paper 

carried out the theoretical and numerical studies on the 

stress intensity factors of double-edged cracked steel beams 

strengthened with CFRP plates. Theoretical expressions of 

the stress intensity factors were proposed through simply 

theoretical derivations. The FE simulations were used to 

 

 

conduct the parametrical investigations and then calibrate 

the additional correction factor φ. The proposed expressions 

are expected to predict the fatigue crack growth of CFRP-

strengthened double-edged cracked steel beams based on 

the crack growth laws of linear elastic fracture mechanics. 

 

 

2. Geometry of the specimens 
 

In this study, the standard hot-rolled H-shape steel beam 

in accordance with Chinese code (GB 50017 2003) was 

selected to generate the specimens. Fig. 1 shows the 

geometrical schematic of the specimens. The sectional 

height and width of the beam are h and 2b, respectively. The 

thicknesses of the flange and web are t1 and t2, respectively. 

Two through-thickness edged cracks were created in two 

sides of the tension flange. The length of each edged crack 

is a. A previous study (Wang and Wu 2018b) conducted by 

the authors showed that the fatigue crack growth life of the 

CFRP-strengthened double-edged cracked steel beam could 

be approximately predicted by assuming that the double-

edged cracks propagated symmetrically. Therefore, an ideal 

double-edged crack in the tension flange of the beam was 

chosen in this study. The specimens were strengthened with 

unidirectional pultruded CFRP plates. The CFRP plates 

were bonded on the soffit of the tension flange. The CFRP 

bond length is lf, and the bond width is the same as the 

width of the steel beam, i.e., 2b. The uniform adhesive layer 

was assumed, and the thickness is ta. The specimens were 

simply supported, and the clear span is ln. The steel beams 

are loaded under four-point bending, and the distance 

between the two loaded points is ld. The applied load at 

each load point is P/2. 
 

 

3. Analytical study on the stress intensity factor 
 

3.1 Background 
 

According to the linear elastic fracture mechanics, the 

stress intensity factor at the crack tip of a central crack in an 

infinite plate can be expressed by 
 

𝐾 = 𝜎0√𝜋𝑎 (1) 
 

where K is the stress intensity factor in the fracture mode I; 

σ0 is the remote-field tension stress applied on the steel 

 

 

 

Fig. 1 The geometric schematic of the specimen 
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plate; and a is one-half of the central crack length. 

For some finite cracked members with simple crack 

configurations and loadings, the stress intensity factors can 

be calculated according to the stress intensity factor 

handbooks (China Aviation Academy 1981). The unified 

expression for the stress intensity factor is given by 

 

𝐾 = 𝑓𝜎0√𝜋𝑎 (2) 

 

where f is the correction factor to the solution of a central 

crack in an infinite plate under tension and a denotes the 

crack size. The values of the stress intensity factor for the 

finite cracked members can be derived by multiplying the 

values of the stress intensity factor for the infinite center-

cracked plate by the correction factor f. Therefore, the stress 

intensity factor solution of the infinite center-cracked plate 

can serve as the fundamental part of the stress intensity 

factor solution of the other cracked members. Based on this 

concept, the stress intensity factor solution for the infinite 

center-cracked steel plate strengthened with CFRP plates 

may serve as the fundamental part of that for the CFRP-

strengthened cracked steel members. Hence, the stress 

intensity factor solution of the infinite center-cracked steel 

 

 

 

Fig. 2 The schematic of an infinite center-cracked steel 

plate strengthened with CFRP plates 

 

 

plate strengthened with CFRP plates is presented first. Fig. 

2 shows the schematic of an infinite center-cracked steel 

plate strengthened with CFRP plates. 

Under remote-field tension stress, the stress intensity 

factor at the half-crack length of a can be evaluated by the 

following equation (Rose and Wang 2002, Zheng 2007) 

 

𝐾 = 𝛼1 ⋅ 𝛼2 ⋅ 𝜎0√𝜋𝑎 (3) 
 

where 
 

𝛼1 =
1

1 + 𝑆
 (4) 

 

𝛼2 = √
𝑐

𝑎 + 𝑐
 (5) 

 

where S is the stiffness ratio between the CFRP plate and 

steel plate and c is a coefficient. The coefficients S and c are 

expressed by 
 

𝑆 =
𝐸𝑓𝑡𝑓

𝐸𝑠𝑡𝑠
 (6) 

 

𝑐 =
1 + 𝑆

𝑆

1 − 𝜐𝑠
2

𝜋𝜆
 (7) 

 

where Ef and tf are the Young’s modulus and thickness of 

the CFRP plate bonded on each side, respectively; Es and ts 

are the Young’s modulus and half-thickness of the steel 

plate, respectively; and νs is the Poisson’s ratio of steel. It is 

noted that the effect of the adhesive layer on the stiffness 

ratio is not considered in Eq. (6) due to the rather low 

stiffness of the adhesive compared with the steel and CFRP 

plates. The coefficient λ can be expressed by 

 

𝜆 = √
𝐺𝑎

𝑡𝑎
(
1 − 𝜐𝑓

2

𝐸𝑓𝑡𝑓
+

1 − 𝜐𝑠
2

𝐸𝑠𝑡𝑠
) (8) 

 

where Ga and ta are the shear modulus and thickness of the 

adhesive, respectively, and νf is the Poisson’s ratio of the 

CFRP plate. 
 

 

 

 

(b) Simplified tension flange model 

 

 

(a) CFRP-strengthened double-edged cracked steel plate 

 

(c) Half-model of the CFRP-strengthened double-edged 

cracked steel plate 

Fig. 3 The schematics of the CFRP-strengthened steel plate and the simplified tension flange 
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By comparing Eq. (1) with Eq. (3), it can be found that 

two correction factors, i.e., α1 and α2, are considered in the 

stress intensity factor solution of the CFRP-strengthened 

infinite cracked steel plates. The values of both factors are 

less than one, demonstrating that CFRP strengthening can 

reduce the stress intensity factor of the cracked steel plate. 

The strengthening mechanism of CFRP laminates, which 

includes a reduction in the stress and constraint effects on 

the crack opening (Wang et al. 2014), can be reflected by 

the two factors. The first factor α1 represents the reduction 

effect of the remote-field tension stress, which mainly 

depends on the stiffness ratio S. A larger stiffness ratio S can 

result in smaller values of the stress intensity factor. The 

second factor α2 indicates the constraint effect on the crack, 

which mainly depends on the crack length, the stiffness 

ratio S, the shear modulus and the adhesive thickness. It can 

be seen that the stress intensity factor can be reduced by 

increasing the stiffness ratio and the shear modulus and/or 

reducing the adhesive thickness. 

For the double-edged cracked steel plate strengthened 

with CFRP plates, as shown in Fig. 3(a), the stress intensity 

factor solution has been developed in a previous study 

conducted by the authors (Wang et al. 2018). The proposed 

expression is given as follows 

 

𝐾 = 𝛽 ⋅ 𝛼1 ⋅ 𝛼2 ⋅ 𝑓 ⋅ 𝜎0√𝜋𝑎 (9) 

 

where β and f are the correction factors to the solution of the 

infinite center-cracked steel plate strengthened with CFRP 

plates, which are expressed by 

 

𝛽 = 1 + [0.187 + 0.13
𝑎

𝑏
− 1.04 (

𝑎

𝑏
)

2

] 𝑆0.12 (10) 

 

𝑓 = [1 − 0.025 (
𝑎

𝑏
)

2

+ 0.06 (
𝑎

𝑏
)

4

] √𝑠𝑒𝑐
𝜋𝑎

2𝑏
 (11) 

 

where a is the crack length at each side of the double-edged 

cracked steel plate and b is half the width of the steel plate. 

It needs to be noted that Eq. (10) is available only for the 

condition of S > 0. 

 

3.2 Stress intensity factor for double-edged 
cracked steel beam strengthened with 
CFRP plates 

 

For an H-shape steel beam subjected to four-point 

bending loading, the tension flange at the pure-bending 

segment is similar to a steel plate under tension if the 

variations in the tension stress through the thickness of the 

tension flange are ignored. When CFRP plates are bonded 

on the soffit of the tension flange, the tension flange is 

strengthened with single-sided CFRP. However, the out-of-

plane bending of the tension flange caused by the single-

sided CFRP plates can be significantly reduced compared 

with the steel plate bonded with single-sided CFRP plates, 

because the web can produce a constraint effect. Therefore, 

the tension flange of the CFRP-strengthened steel beam 

could be simplified to the CFRP-strengthened steel plate, as 

shown in Fig. 3(b). This simplified tension flange model is 

approximately equivalent to the half-model of the cracked 

steel plate strengthened with double-sided CFRP plates, as 

shown in Fig. 3(c). The difference between the two models 

is the boundary (constraint) conditions. As a consequence, 

the proposed solution of the stress intensity factor for the 

double-edged cracked steel plate strengthened with CFRP 

plates can be expected to evaluate the stress intensity factor 

for the double-edged cracked steel beam strengthened with 

CFRP plates through simple corrections. 

In Eq. (9), the correction factor α1 indicates the stress 

reduction effect of the CFRP-strengthened steel plate under 

tension. For the CFRP-strengthened steel beam, the Eq. (4) 

is not applicable and thus needs to be changed. The normal 

stress of the tension flange at the pure-bending segment for 

the CFRP-strengthened beam can be calculated based on the 

transformed section method. The CFRP plate is replaced by 

the equivalent steel plate based on the same stiffness and 

centroid, as shown in Fig. 4. The cross-sectional area of the 

equivalent steel plate is given by 

 

𝐴𝑓𝑠 =
𝐸𝑓

𝐸𝑠
⋅ 𝐴𝑓 (12) 

 

where Afs is the cross-sectional area of the equivalent steel 

plate; Af is the cross-sectional area of the CFRP plate; and Ef 

and Es are the Young’s modulus of the CFRP plate and steel 

plate, respectively. If neglecting the adhesive layer, which 

has a rather low stiffness compared with the steel plate and 

CFRP plate, the distance between the centroid of the 

transformed section and the soffit of the tension flange is 

derived by 
 

𝑦𝑐 =
𝐴𝑠𝑦𝑠 − 𝐴𝑓𝑠𝑦𝑓𝑠

𝐴𝑠 + 𝐴𝑓𝑠
 (13) 

 

where yc is the distance between the centroid of the 

transformed section and the soffit of the tension flange; ys is 

the distance between the centroid of the unstrengthened 

beam section and the soffit of the tension flange, i.e., ys = 

h/2; and yfs is the distance between the centroid of the 

equivalent steel plate section and the soffit of the tension 

flange, i.e., yfs = ta + tf/2. The moment of inertia of the 

transformed section can be expressed by 

 

𝐼𝑐 = 𝐼𝑠 + 𝐴𝑠 ⋅ (𝑦𝑠 − 𝑦𝑐)2 + 𝐼𝑓𝑠 + 𝐴𝑓𝑠 ⋅ (𝑦𝑐 + 𝑦𝑓𝑠)2 (14) 

 

where Ic is the moment of inertia of the transformed beam 

 

 

 

Fig. 4 The schematic of the transformed section method 
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section; Is is the moment of inertia of the unstrengthened 

beam section; and Ifs is the moment of inertia of the 

equivalent steel plate section. The normal stress in the mid-

thickness of the tension flange at the mid-span of the 

transformed beam section can be derived as 

 

𝜎𝑠 =
𝑀0

𝐼𝑐
⋅ (𝑦𝑐 −

𝑡1

2
) (15) 

 

where σs is the normal stress in the mid-thickness of the 

tension flange at the mid-span of the transformed beam 

section; M0 is the bending moment at the mid-span of the 

transformed beam section; and t1 is the thickness of the 

tension flange. 

The relationship between the normal stresses of the 

beam before and after strengthening can be formulated by 

 

𝜎𝑠 = 𝜎0 ⋅
𝐼𝑠/(𝑦𝑠 − 𝑡1/2)

𝐼𝑐/(𝑦𝑐 − 𝑡1/2)
 (16) 

 

where σ0 is the normal stress in the mid-thickness of the 

tension flange at the mid-span of the unstrengthened steel 

beam, which can be calculated by the following equation 

 

 

 
Table 1 The geometric details of the specimens (unit: mm) 

Specimen 2b h t1 t2 ln lf ld 

HM194×150 150 194 9 6 1400 1000 600 

HN350×175 175 350 11 7 2800 1500 500 

HM300×200 200 294 12 8 2400 1200 500 

HM350×250 250 340 14 9 2800 1500 500 

HW300×300* 300 300 15 10 3200 1500 600 

HN450×200* 200 450 14 9 3600 1500 600 
 

*For further verification 

 

 

 

𝜎0 =
𝑀0

𝐼𝑠
⋅

ℎ − 𝑡1

2
 (17) 

 

Therefore, the correction factor α1 available for the 

double-edged cracked steel beam strengthened with CFRP 

plates can be written by 

 

𝛼1 =
𝜎𝑠

𝜎0
=

𝐼𝑠/(𝑦𝑠 − 𝑡1/2)

𝐼𝑐/(𝑦𝑐 − 𝑡1/2)
 (18) 

 

In the above analysis, the tension flange of the steel 

beam is simplified to the steel plate based on the 

simplifications. To offset the effects of the simplifications, 

an additional correction factor φ is introduced in the 

expression. As a result, the expression of the stress intensity 

factor for the double-edged cracked steel beam strengthened 

with CFRP plates can be given by 

 

𝐾 = 𝜑 ⋅ 𝛽 ⋅ 𝛼1 ⋅ 𝛼2 ⋅ 𝑓 ⋅ 𝜎0√𝜋𝑎 (19) 

 

where β, α1, α2, f and σ0 are expressed by Eqs. (10), (18), 

(5), (11) and (17), respectively. However, the expression of 

the additional correction factor φ is still unknown in Eq. 

(19). To formulate this additional correction factor φ, the 

main influencing factors and the variation trends of the 

additional correction factor φ should be investigated first. 

 

 

4. Finite element modeling 
 
The FE analysis was conducted to investigate the stress 

intensity factor for the double-edged cracked steel beams 

strengthened with CFRP plates. The FE results were used to 

investigate the influencing factors of the stress intensity 

factor and the additional correction factor φ. The expression 

of the additional correction factor φ was finally formulated 

and calibrated based on the FE results. The method for 

 

 

Table 2 The analysis variables of the specimens 

Specimen 
Crack length 

a (mm) 

CFRP plate Adhesive 

Thickness 

(mm) 

Young’ modulus 

(GPa) 

Thickness 

(mm) 

Shear modulus 

(MPa) 

HM194×150 
5, 10, 15, 20, 25, 30, 35, 

40, 5, 50, 55, 60, 65, 70 

1.0, 1.4, 

2.0, 2.8 

165, 210, 

320, 450 

0.5, 1.0, 

1.5, 2.0 

500, 1000, 

1500, 2000 

HN350×175 
5, 10, 15, 20, 25, 30, 35, 40, 

45, 50, 55, 60, 65, 70, 75, 80 

1.0, 1.4, 

2.0, 2.8 

165, 210, 

320, 450 

0.5, 1.0, 

1.5, 2.0 

500, 1000, 

1500, 2000 

HM300×200 
5, 10, 15, 20, 25, 30, 35, 40, 45, 

50, 55, 60, 65, 70, 75, 80, 85, 90 
1.0, 2.0 

165, 320, 

450 

0.5, 1.0, 

1.5, 2.0 

500, 1000, 

1500, 2000 

HM350×250 

5, 10, 15, 20, 25, 30, 35, 40, 45, 

50, 55, 60, 65, 70, 75, 80, 85, 

90, 95, 100, 105, 110, 115 

1.0, 2.0 
165, 320, 

450 

0.5, 1.0, 

1.5, 2.0 

500, 1000, 

1500, 2000 

HW300×300* 
5, 10, 20, 30, 40, 50, 60, 70, 

80, 90, 100, 110, 120, 130 
1.0, 2.0 

165, 320, 

450 
1.0 1000 

HN450×200* 
5, 10, 15, 20, 25, 30, 35, 40, 45, 

50, 55, 60, 65, 70, 75, 80, 85, 90 
1.0, 2.0 

165, 320, 

450 
1.0 1000 

 

*For further vegrification 
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calibrating the correction factor based on the FE analysis 

has been widely used in previous studies on the stress 

intensity factor (Hmidan et al. 2015, Albrecht et al. 2008, 

Zheng 2007, Yu et al. 2014b, Wang et al. 2018, Dunn et al. 

1997). 

 

4.1 The geometry and material parameters of 
the specimens 

 

A total of four standard hot rolled H-shape steel beams 

were selected for the numerical parametric study. The 

detailed geometrical parameters are listed in Table 1. 

Different crack lengths were set for each specimen to 

simulate the different damage degrees before strengthening. 

The through-thickness crack lengths changed at an interval 

of 5 mm for each specimen, as listed in Table 2. The effects 

of the CFRP thickness and Young’s modulus, the adhesive 

thickness and the adhesive shear modulus on the stress 

intensity factors were analyzed. The variable values of these 

parameters cover a wide range, as summarized in Table 2. 

The existing studies showed that the CFRP bond length had 

no effects on the stress intensity factor when the bond 

length was longer than the effective bond length (Yu et al. 

2014a). Thus, the CFRP bond length was not considered as 

an investigation parameter in the FE modeling because an 

effective bond length was usually ensured in the practical 

applications. The different combinations of CFRP thickness 

and Young’s modulus can provide the different CFRP 

stiffnesses. The Young’s modulus and the Poisson’s ratio of 

the steel are 206 GPa and 0.3, respectively, which remained 

unchanged in the parametric investigations for all of the 

specimens. The material properties of the CFRP plate and 

the adhesive are listed as follows: the thickness and Young’s 

modulus of the CFRP plate are 2.0 mm and 450 GPa, 

respectively; the Poisson’s ratio of the CFRP plate is 0.28; 

the thickness and shear modulus of the adhesive are 1.0 mm 

and 1000 MPa, respectively; and the Poisson’s ratio of the 

adhesive is 0.35. When one parameter was changed, the 

values of other parameters remained unchanged during the 

parametric investigations. 

 

4.2 Finite element models 
 

Three-dimensional (3D) linear-elastic FE models were 

developed using ANSYS software to obtain the stress 

 

 

intensity factors of the specimens. Only one-quarter of the 

full-scale specimens were modeled due to the material and 

geometric symmetry conditions. Therefore, the symmetrical 

boundary conditions were applied to the nodes belonging to 

the symmetrical planes. The typical FE meshes are shown 

in Fig. 5. In the FE models, the CFRP plate and steel beam 

were meshed using the eight-node 3D solid element 

SOLID45. Mesh refinement was conducted in the vicinity 

of the crack tip. Twelve elements were used around the 

circumferential direction of the FE model, as shown in Fig. 

5. The element length in the vicinity of the crack tip was set 

to 1/20 of the crack length based on the mesh convergence 

analysis. To obtain variations in the stress intensity factor 

through the thickness of the tension flange, the tension 

flange was meshed by six layers of elements. As a result, 

seven values of the stress intensity factor at each crack 

length can be obtained through the flange thickness. 

Assuming no relative slip at the CFRP/adhesive interface 

and the adhesive/steel interface, the adhesive layer was 

modeled using linear spring element COMBIN14. The 

length of the spring is equal to the thickness of the adhesive 

layer. By setting the parameter “KEYOPT(2) = 1, 2, and 3”, 

the spring element can simulate the 1D longitudinal 

behavior in the x, y, and z directions, respectively. To 

simulate the axial and shear deformation of the adhesive 

layer, three spring elements were installed between each 

node pair corresponding to the CFRP/adhesive interface and 

the adhesive/steel interface. The shear and axial spring 

constants can be calculated according to the following 

equations (Sun et al. 1996) 
 

𝐾𝑖 =
𝐺𝑎𝐴𝑎

𝑡𝑎
 (20) 

 

𝐾𝑦 =
2(1 − 𝜈𝑎)𝐺𝑎𝐴𝑎

(1 − 2𝜈𝑎)𝑡𝑎
 (21) 

 

where Ki (i = x, z) and Ky are the shear and axial spring 

constants, respectively, and Aa is the adhesive area 

represented by the responding spring. The nodes of the FE 

models were constrained at the supported-end to represent a 

simply supported boundary condition. A loading of 50 kN 

(P/4) was applied to the loaded point in the model, and the 

linear elastic analyses were carried out. 

The virtual crack closure method (Krueger 2004) was 

 

 

 

Fig. 5 Typical finite element model 
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used to calculate the energy release rate of the crack tip. 

Using this method, the quarter-point singular elements were 

not necessary in the models, and the results were insensitive 

to the FE mesh sizes (Krueger 2004, Wang et al. 2014). The 

energy release rate can be easily obtained by picking out the 

elemental nodal forces at the crack tip and the nodal 

displacements behind the crack tip. All forces and 

displacements were obtained from the linear-elastic FE 

analysis with respect to the global coordinate system. The 

energy release rate can be converted into the stress intensity 

factor as follows 
 

𝐾 = √𝐺𝐼 ⋅ 𝐸𝑠 (22) 

 

where GI is the energy release rate in the fracture mode I. In 

the subsequent analysis, the root mean square value of the 

stress intensity factors through the thickness of the tension 

flange is used as the representative value. 

 

 

5. FE results and discussions 
 

In this section, the effects of the stiffness ratio, adhesive 

thickness and shear modulus on the stress intensity factors 

were investigated based on the FE results. Because similar 

trends were observed for all four specimens in terms of the 

stress intensity factors versus the three parameters, only the 

results for specimen HN350×175 are presented here for 

analysis. 
 

5.1 Effect of the stiffness ratio 
 

Different combinations of CFRP thickness and Young’s 

modulus can result in different values of the CFRP stiffness. 

Therefore, the stiffness ratio S between the CFRP plate and 

tension flange is an important parameter. Fig. 6 plots the 

effect of the stiffness ratio S on the stress intensity factor. In 

the figure, the horizontal axis is the ratio between the crack 

length a and half the width of the tension flange b, i.e., a/b. 

It is obvious that the stress intensity factors increase 

gradually with the increase in the value of the a/b for each 

of the curves. At the same a/b, the stress intensity factors 

are significantly reduced with the increase in the stiffness 

ratio S. When the a/b is 0.23 (the crack length a is 20 mm), 

the value of the stress intensity factor is reduced from 

1068.7 MPa·mm1/2 to 834.6 MPa·mm1/2, i.e., a reduction of 

22.0%, as the stiffness ratio S increases from 0.1 to 0.4. 

When the a/b is 0.57 (the crack length a is 50 mm), the 

CFRP plates with the stiffness ratio S of 0.4 can reduce the 

stress intensity factors by 26.5% compared with the plates 

with the stiffness ratio S of 0.1. It can been concluded that 

an increase in the stiffness ratio S can obviously reduce the 

stress intensity factors. 

 

5.2 Effect of the adhesive thickness 
 

Fig. 7 illustrates the effect of the adhesive thickness on 

the stress intensity factor; the modeled adhesive thickness is 

0.5 mm, 1.0 mm, 1.5 mm, and 2.0 mm. It can be seen that 

the stress intensity factor increases with the increase in the 

adhesive thickness. When the adhesive thickness increases 

from 0.5 mm to 2.0 mm, the stress intensity factors are 

increased from 795.1 MPa·mm1/2 to 875.2 MPa·mm1/2 for 

the a/b of 0.23 (the crack length of 20 mm), i.e., increased 

by 10.1%. The stress intensity factors are increased by 

11.9% for the a/b of 0.57 (the crack length of 50 mm). 

Therefore, a thinner adhesive results in a smaller stress 

intensity factor. However, one factor that should be taken 

into account is that a thinner adhesive would result in a 

lower bond strength and thus cause a risk of CFRP 

debonding failure based on the existing study (Wang et al. 

2016b). 

 

5.3 Effect of the adhesive shear modulus 
 

To assess the influence of the adhesive shear modulus 

on the stress intensity factor, four specimens with different 

shear modulus values were designed. The adhesive shear 

modulus values used in the models are 500 MPa, 1000 

MPa, 1500 MPa, and 2000 MPa. Fig. 8 shows the 

relationships between the stress intensity factors and the 

crack length at different shear modulus values. The results 

show that the stress intensity factors can be reduced by a 

higher adhesive shear modulus. When the a/b is 0.23 (the 

 

 

 

Fig. 6 Effect of the stiffness ratio on the stress intensity 

factor 

 

 

 

Fig. 7 Effect of the adhesive thickness on the stress 

intensity factor 
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Fig. 8 Effect of the adhesive shear modulus on the stress 

intensity factor 

 

 

crack length is 20 mm), the stress intensity factors decrease 

from 873.6 MPa·mm1/2 to 793.6 MPa·mm1/2, i.e., decreased 

by 9.2% when the shear modulus increases from 500 MPa 

to 2000 MPa. When the a/b is 0.57 (the crack length a is 50 

mm), the increase in the shear modulus from 500 MPa to 

2000 MPa can reduce the stress intensity factors by 10.6%. 

Moreover, it should be noted that a high adhesive shear 

modulus could also cause a risk of CFRP debonding failure. 
 

 

6. Development of additional correction factors φ 
 

Based on the FE results, the additional correction factor 

φ can be obtained according to the following equation 
 

𝜑 =
𝐾𝐹𝐸

𝛽 ⋅ 𝛼1 ⋅ 𝛼2 ⋅ 𝑓 ⋅ 𝜎0√𝜋𝑎
 (23) 

 

where KEF denotes the values of the stress intensity factors 

from FE results. 

Based on the aforementioned FE results and Eq. (23), 

the variations in the additional correction factor φ can be 

obtained. Fig. 9 presents the effect of the stiffness ratio S on 

the additional correction factor φ for specimen HN350×175. 

When the values of the a/b are the same, the values of the 

additional correction factor φ gradually increase with the 

increasing stiffness ratio S. Fig. 10 plots the effect of the 

adhesive thickness on the additional correction factor φ for 

specimen HN350×175. It can be seen that the values of the 

additional correction factor φ show a decreasing trend with 

the increasing adhesive thickness when the values of the a/b 

are same. Fig. 11 illustrates the effect of the adhesive shear 

modulus on the additional correction factor φ for specimen 

HN350×175. It can be observed that the values of the 

additional correction factor φ gradually increase with the 

increase in the adhesive shear modulus at the same a/b 

values. Moreover, the variations in the additional correction 

factor φ with the a/b can also be found in Figs. 9-11. It can 

be found that the values of the additional correction factor φ 

gradually increase and then decrease with the increase in 

values of the a/b. This transition takes place when the a/b is 

approximately 0.7. The variation trends of the additional 

 

Fig. 9 Effect of the stiffness ratio on the additional 

correction factor φ 
 

 

 

Fig. 10 Effect of the adhesive thickness on the correction 

factor φ 
 

 

 

Fig. 11 Effect of the adhesive shear modulus on the 

correction factor φ 
 

 

correction factor φ with the a/b, the stiffness ratio, the 

adhesive thickness and shear modulus for other specimens 

are similar to those showed in Figs. 9-11. 

The analysis shows that all four parameters affect the 

values of the additional correction factor φ. Thus, it seems 
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Fig. 12 Analysis of the additional correction factor φ 

 

 

to be difficult to derive an expression including the effects 

of the four parameters. To derive a simple expression of the 

additional correction factor φ that is conveniently used, 

simplified analyses are conducted. From the above FE 

analysis on the stress intensity factors, the stiffness ratio S 

and the a/b have more significant effects on the stress 

intensity factors compared with the adhesive properties. 

 

 

 

 

Fig. 13 Comparison of the theoretical and numerical results 

 

 

Therefore, the effects of the a/b and the stiffness ratio S 

are considered in the expressions. By analyzing the data, the 

lower bound of the values of the additional correction factor 

φ is approximately 0.95, and the upper bound can be 

approximately expressed by 1.05+0.4S, as shown in Fig. 12. 

For the design, the values of the additional correction factor 

φ can be approximately predicted according to the solid line 
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Fig. 14 Comparison of the theoretical and numerical results 
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Fig. 15 Comparison of the theoretical and numerical results 

for two extra specimens 

 

 

in Fig. 12. When the a/b is not greater than 0.7, the values 

of the additional correction factor φ are calculated by the 

interpolation method. When the a/b is greater than 0.7, the 

values of the additional correction factors φ are simplified 

to be unchanged at the upper bound. As a result, the 

predicted values are larger than the numerical results for 

most cases, which demonstrates that the predicted results 

are conservative. It is noted that because the fatigue issue is 

complicated and the accurate prediction of the fatigue life is 

relative difficult, a conservative expression of the additional 

correction factor φ is used in the study to calculate the stress 

intensity factors. Finally, a practical expression of the 

additional correction factor φ is formulated by a piecewise 

function as follows 

 

𝜑 = {
0.95 + (

0.1 + 0.4𝑆

0.7
) ⋅

𝑎

𝑏
          

𝑎

𝑏
≤ 0.7

1.05 + 0.4𝑆                            
𝑎

𝑏
> 0.7

 (24) 

 

where a is the crack length at each side of the tension 

flange; b is the half-width of the tension flange; and S is the 

stiffness ratio between the CFRP plate and tension flange, 

 

 

i.e., S = Ef tf /Es t1, which is also available for Eq. (7) when 

the stress intensity factors of the double-edged cracked steel 

beam strengthened with CFRP plates are calculated. 

Based on the above analytical and numerical study, the 

theoretical expressions for the stress intensity factors are 

finally proposed. The stress intensity factors of the double-

edged cracked steel beams strengthened with CFRP plates 

can be calculated using Eqs. (5), (10), (11), (17), (18), (19), 

and (24). It can be seen that the proposed expressions are a 

function of the applied stress, the crack length, the ratio 

between the crack length and half the width of the tension 

flange, the stiffness ratio between the CFRP plate and the 

tension flange, the adhesive shear modulus and thickness. 
 

 

7. Verification of the proposed equations 
 

According to the proposed equations, the stress intensity 

factors of the specimens can be calculated. Figs. 13-14 plot 

the comparisons of the theoretical and numerical results for 

the four specimens. It can be seen that the theoretical results 

agree well with the numerical results for all specimens at 

different values of the stiffness ratio S. The mean of the 

ratios between the theoretical and numerical results for all 

specimens is 1.02, and the coefficient of variation (COV) is 

0.05. It can be observed that the theoretical results are larger 

than the numerical results when the fatigue crack is long. 

However, the steel beams have been substantially damaged 

by cracks and are approaching failure in this stage. Thus, 

the overestimations of the stress intensity factors have little 

effect on the crack growth life of the member and can make 

the predicted crack growth lives conservative and make the 

design safe. To further verify the proposed formulas, two 

extra specimens, i.e., HW300×300 and HN450×200, were 

modeled. The detailed parameters of the two specimens are 

listed in Tables 1 and 2, respectively. Figs. 15-16 show the 

comparisons of the theoretical and numerical results for 

both specimens. It can be seen that the theoretical results 

also agree well with the numerical results. The mean of the 

ratios between the theoretical and numerical results for the 

two specimens is 1.01, and the COV is 0.04. The above 

comparisons demonstrate that the proposed equations can 
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Fig. 16 Comparison of the theoretical and numerical results for two extra specimens 
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calculate the stress intensity factors of the double-edged 

cracked steel beams strengthened with CFRP plates with 

reasonable accuracy. 

 

 

8. Conclusions 
 

The theoretical and numerical study was conducted to 

investigate the stress intensity factors for the double-edged 

cracked steel beams strengthened with CFRP plates. The 

expressions of the stress intensity factor were proposed by 

modifying the expressions for CFRP-strengthened double- 

edged cracked steel plates. The expression of the correction 

factor α1 was derived based on the transformed section 

method. The main influencing factors of the additional 

correction factor φ were investigated by the FE analysis. 

Results show that the four parameters, i.e., the a/b, stiffness 

ratio S, adhesive shear modulus and thickness, have effects 

on the values of the additional correction factor φ. The 

simplified expression of the additional correction factor φ 

was formulated based on the parametric investigations. The 

stress intensity factors for the double-edged cracked steel 

beams strengthened with CFRP plates can be calculated 

based on the proposed Eqs. (5), (10), (11), (17), (18), (19) 

and (24). The comparisons of the theoretical and numerical 

results indicate the proposed expressions can predict the 

stress intensity factors with reasonable accuracy. 
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