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Abstract.

The main objective of this paper is to study the axial buckling and post-buckling of geometrically imperfect single-layer

graphene sheets (GSs) under in-plane loading in the theoretical framework of the nonlocal strain gradient theory. To begin with, a
graphene sheet is modeled by a two-dimensional plate subjected to simply supported ends, and supposed to have a small initial
curvature. Then according to the Hamilton’s principle, the nonlinear governing equations are derived with the aid of the classical
plate theory and the von-karman nonlinearity theory. Subsequently, for providing a more accurate physical assessment with respect
to the influence of respective parameters on the mechanical performances, the approximate analytical solutions are acquired via
using a two-step perturbation method. Finally, the authors perform a detailed parametric study based on the solutions, including
geometric imperfection, nonlocal parameters, strain gradient parameters and wave mode numbers, and then reaching a significant
conclusion that both the size-dependent effect and a geometrical imperfection can’t be ignored in analyzing GSs.
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1. Introduction

In this decade, various allotropes of carbon, ranging
from fullerenes (0OD), to carbon nanotubes (1D), and to
graphene (2D), have captured tremendous attentions within
the related research communities due to their lots of special
and superior properties (Hussein and Kim 2018, Singh and
Patel 2018, Wang et al. 2018, Christy et al. 2018, Hosseini
et al. 2017). Among those emerging carbon-based solid
materials, graphene, a two-dimensional and only one single
atomic layer of carbon, can offer not only the potential
applications in each industry but also more importantly the
next generation graphene-based devices for nanoelectro-
mechanical systems (NEMS) and energy storage (Yan and
Lai 2018, Zhang et al. 2018, Wu et al. 2018, Kiani 2017,
Sadeghirad et al. 2015, Soleimani et al. 2019, Tahouneh et
al. 2018, Hosseini and Zhang 2018, Kumar and Srivastava
2016). Since graphene being isolated by Novoselov et al.
(2004), the extraordinary performances of the material were
reported that the elastic modulus, ntrinsic tensile strength,
thermal conductivity and surface-to-mass ratio are 1 TPa,
130 GPa, 4840-5300 W/(mK) and 2600 m?/g, the results of
which are significantly higher than those of composites
(Yang et al. 2018a). Consequently, the study of monolayer
graphene sheet and its derivative has been elevated from a
fringe topic to a central analytic concern in recent years

The discovery of mechanical behaviors of graphene
sheets was, isand will be a hot topic for researchers. Pradhan
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and Murmu (2009) investigated the small scale effect on the
critical buckling of single layer graphene sheets in the
theoretical framework of the nonlocal elasticity theory.
Afterwards, the study of shear buckling of single layer
graphene sheets was performed by Shahsavari et al. (2017),
who utilized different non-classical theories, such as
sinusoidal shear deformation theory, polynomial shear
deformation theory, exponential shear deformation theory
and hyperbolic shear deformation theory, to reveal the
difference between the size-dependent shear buckling loads
predicted by various nonlocal strain gradient theories. Yang
et al. (2016) and Shen et al. (2017) respectively analyzed
the buckling and post-buckling of functionally graded
multilayer graphene sheets not subjected to electric
potential and subjected to electric potential. Except these
static analyses of nanostructures made of graphene sheets,
Ebrahimi and Barati (2018a) for the first time undertook the
analysis of damping vibration of graphene sheets featuring
uniform hygro-thermal distribution, the results of which
state that the hygro-thermal loading not only increases the
stiffness of plate but also arguments the natural frequencies
aligned with the critical damping coefficient. With the aid
of contionuum mechanical theories, researchers provided
analytical solutions of linear and nonlinear vibration for the
discoveries of bilayer graphene thin films (Yang et al.
2018b, Ebrahimi and Barati 2018b, Zhan et al. 2018), and
for the exploration of multiple graphene sheets embedded in
an elastic medium (Wu and Chen 2018, Cong and Duc
2018, Guo et al. 2018). Also, Allahyari and Kiani (2018)
developed a conventional analytical approach to study
vibration of an annular graphene sheet, the purpose of
which is to further examine the defective size-dependent
effect on the response of annular graphene sheets. Differing
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from the aforementioned studies, Korobeynikov et al.
(2018) attempted to acquire the accurate adjustment of the
geometric and material parameters of beam elements, and
then using them to model interactions between carbon
atoms of single-layer graphene sheets.

Although many scholars have achieved considerable
achievements for structural analysis of perfect components
made of graphene sheets through employing those
reasonable continuum mechanical theories, the literature on
the topic of geometrically imperfect graphene sheets is not
enough. However, the phenomenon that the graphene is not
a perfect flat sheet exposed to any nonzero temperature has
been not only indeed observed at the experimental analyses,
but also successfully simulated by means of molecular
simulations (Meyer et al. 2007, Fasolino et al. 2007, Bao et
al. 2009). To date, there is a few researches relevant to the
mechanical response of nonflat graphene sheets in the open
literature. For instance, Wang et al. (2017) adopted the first-
principle density functional theory to cast light on the
thermal and optical properties of actual imperfect graphene,
where the physical properties of graphene phonon were
determined via the density functional perturbation theory,
and then the results showed that the perfect graphene can be
shifted into the imperfect graphene with the peaks of
phonon density improving from 40 and 45.5 THz to 40.5
and 46 THz. Similarly, the team led by Yengejeh et al.
(2017) used the density functional theory combined with the
finite element method to elevate the vicinity of the
influence of defects, whose the crucial findings presented
that the fundamental frequency of imperfect graphene
sheets continues to decline in that occuring microsopic
imperfections to the formulation of nanomaterials. The
study for the vibration of the microsystem consisted of
three-layered geometrically imperfect sheardeformable
sheets was undertaken by Ghayesh et al. (2017), who
concluded that both the stiffness-hardening effect and the
stiffness-softening effect are present at the same time for
relatively larger initial imperfections, but the stiffness-
softening effect is reduced for relatively smaller initial
imperfections. For the effect of different porosity
distributions on functionally graded graphene sheets, Barati
and Zenkour (2018a) explored that the influence of
uniform, symmetric and asymmetric porosity distributions
on the response of vibration frequencies. Additionally,
Ghavanloo (2017) firstly tackled the problem, the stability
of geometrically imperfect circular graphene sheets with a
radial load, the major contribution of which was to show the
axisymmetric deformation of geometrically imperfect
circular graphene sheets subjected to a uniform load. More
works can be found in references (Barati and Zenkour
2017a, b, 2018b, c, d, 2019, Mirjavadi et al. 2018a)

Owing to the size of graphene sheets being on the
nanometer scale, the size-dependent effect on the
mechanical behaviors of nanostructures has been becoming
more noteworthy (Ghayesh 2018b, 2018c, 20193, b, c, d, e,
f, g, Ghayesh and Farokhi 2015, Ghayesh et al. 2013b,
2015, 2016). It is not uncommon to utilize experimental
methods, molecular dynamic simulations as well as
continuum mechanical theories to perform the study of the
size-dependent effect on nanostructures. Nevertheless,

theoretical analyses based on various continuum mechanical
theories are growing in importance, because of consuming
much time encountered in each molecular dynamic
simulations and unsatisfying the specific laboratory
requirements, such as environment and boundary conditions
etc, in each experimental test. At present, since the nonlocal
strain gradient theory as a higher-order non-classical theory
being proposed by Lim et al. (2015), the theory
simultaneously accounting for both the effect of stiffness-
hardening and the effect of stiffness-softening has been
widely applied into the nanostructural analyses (Lu et al.
2017a, b, Li et al. 2018, Faleh et al. 2018, Ghayesh 2018a,
Barretta and Sciarra 2018, Karami et al. 2018, Apuzzo et al.
2018, Zhu and Li 2017, Shahsavari et al. 2018, Shafiei and
She 2018, Xu et al. 2017, Malikan et al. 2018, Malikan and
Nguyen 2018, Zenkour and Abouelregal 2015, Belkorissat
et al. 2015, Ebrahimi et al. 2016, Ebrahimi and Barati 2016,
2017, Barati 2017, Mirjavadi et al. 2018b, 2019).
Nevertheless, the above-mentioned studies all ignore the
defect of nanostructures, resulting in some inevitable errors
in the prediction of mechanical behaviors of nanostructures.
To the authors’ knowledge, up to now, only two studies
involving the influence of geometrical imperfection on the
mechanical response of nanostructures have been carried
out in the theoretical framework of the nonlocal strain
gradient theory. One is the research conducted by Liu et al.
(2018), who explored nonlinear vibration of geometrically
imperfect nanobeams made of functionally graded
materials, the other is the research conducted by
Nematollahi and Mohammadi (2019), who investigated
nonlinear vibration of geometrically imperfect sandwich
nanoplates. Thus, it is worth performing such research to
analyze the effects of the nonlocal parameters and the
material characteristic parameters on axial buckling and
post-buckling of geometrically imperfect nanoplates.

In order to obtain the analytical solution from the
nonlinear governing equations, we in this paper introduce a
two-step perturbation method that was put forward by Shen
and Zhang (1988) in the analysis of post-buckling of
isotropic plates. Compared with the traditional perturbation
method, this method can provide a perfect physical
assessment with respect to the influence of respective
parameters on the analytical solutions, since it is
unnecessary to derive the forms of each-order solution that
is capable of acquiring step by step (Shen 2013). To date,
the method has been extensively applied into the nonlinear
analyses of structures. She and his colleagues employed the
two-step perturbation method in conjunction with a general
higher order refined beam model to study thermal post-
buckling of functionally graded tubes (She et al. 20173, b),
nonlinear bending of functionally graded shells (She et al.
2019) and curved tubes with even porosity distribution (She
et al. 2019) and thermal buckling of functionally graded
beams considering the physical neutral surface (She et al.
2017d), in which the displacement and angle of the
components were set as perturbation parameters, and then
acquiring the approximate analytical solutions that include
the maximum dimensionless flexural deflection to the
second power. Even if the researchers also conducted the
same approach to obtain the approximate analytical
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solutions in these papers (Sahmani et al. 2015, 2016,
Sahmani and Aghdam 2017a, b, Shen 2007, Shen et al.
2018), the displacement and the airy stress function were set
as perturbation parameters in the course of acquiring a
series of perturbation equations, the solutions of which
include the maximum dimensionless flexural deflection to
the forth power. Differing from the precious works, the
authors in this work derive the post-buckling of analytical
solutions, containing the maximum dimensionless flexural
deflection to the sixth power, and then making a
comparison with that to the forth power.

As outlined in the preceding part, there is no researcher
to investigate axial buckling and post-buckling of
geometrically imperfect nanoplates or single-layer graphene
sheets in the theoretical framework of the nonlocal strain
gradient theory. Thus, the present study is motivated by this
reason. The authors in this paper are first to present a new
nonlinear size-dependent geometrically imperfect plate
model via using the nonlocal strain gradient theory. Then,
by employing the Hamilton’s principle, the nonlinear
governing equations of nanoplates are derived on the basis
of the classical-plate theory. Subsequently, the approximate
analytical ~ solutions that includes the maximum
dimensionless flexural deflection to the sixth power for the
first time are obtained through using a two-step perturbation
method. Finally, a detailed parametric study is carried out
based on the analytical solutions, including geometric
imperfection, nonlocal parameters, strain  gradient
parameters and wave mode numbers.

2. Preliminaries

Fig. 1 illustrates a schematic model of single-layer
graphene sheet (GS) with thickness h, width b and length a
under uniform uniaxial in-plane compression. The origin of
coordinate system (X, Y, Z) is set at the corn of nanoplate,
and X, Y and Z axes are respectively along the directions of
length, width and thickness.

Based on the classical plate theory, the displacement
field (ux, uy, u;) of a single-layer graphene sheet can be
expressed as (Farokhi and Ghayesh 2015)

ow(x,y)
Uy =u(x,y) —z————
u, =v(x,y) — ziawg; ) @

u, =w(x,y) +w'(x,y)

where u(x,y), v(x,y), w(x,y) and w*(x,y) respectively stand
for the displacement components of the middle surface of

GSs and the initial geometric imperfection in the out-of-
plane direction. Subsequently, in accordance with von
karman geometrical nonlinear theory, the respective strain
components are written as
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To cast light on the opposite small scale effects on the
mechanical characteristics of GSs, the authors in the present
work introduce the nonlocal strain gradient elasticity theory
proposed by Lim et al. (2015) which is capable of
interpreting the nonlocal effect and the microstructure
effect, simultaneously, in the course of analysis. Therefore,
the total nonlocal strain gradient stress tensor is given in the
following form.

(1—-pu?v¥)o =C:e—-12VC:Ve 3)

in which w is the nonlocal parameter that is used to capture
the significance of nonlocal stress field and | is strain
gradient length scale parameter that is used to capture the
significance of strain gradient stress field. Besides, C and ¢
stand for the fourth-order elasticity tensor and the local
strain tensor, separately. Hence, the nonlocal strain gradient
constitutive relation of nanoplates can be arrived at
employing Egs. (1) and (2).

Jxx
(1 —p2v?)4{0yy
Oy
A+2B A 0N\ (Exx “)
= (1_12V2)< A /’{‘l‘Zﬁ 0) Syy
0 0 B/ \Exy

Herein, 2 and g in Eq. (4) are Lame’s constants, the
results of which are equal to Ev/(1-v?) and E/[2(1+V)] where
E and v represent the Young’s modulus and the poison’s
ratio.

A &

Fig. 1 Schematic view of a graphene sheet under in-plane loading
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In the remainder of this section, via using Hamilton’s

principle (Farokhi and Ghayesh 2017, Farokhi et al. 2013,
2016, Farokhi and Ghayesh 2018a, b, Kazemirad et al.
2012, Ghayesh 2013, Ghayesh and Moradian 2011,
Ghayesh et al. 2010, 2011, 2012, 2013a), and then
performing the variation of u, v and w, the governing
equations of two-dimensional nanoplates can be obtained as

ON,, N ON,,
0x dy
0Ny, ON,,

Y _p
0x * 0x

02M,., N 0*M,,
d0x? dxdy
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dx? et
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Further, the Airy stress function f(x,y) is assumed to be

9*f O*f *f
Nxx—h— N h m,

ayz Mw=hga Ny =h

(6)

Then, through using Egs. (2) and (6), the geometrical
compatibility equation with respect to middle surface strain
components of a geometrically imperfect plates can be
obtained as

0 0
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With the aid of Egs. (4) and (6), the following non-
classical nonlinear governing equations are derived as
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In addition, the boundary conditions ought to satisfy the
following relations when a two-dimensional plate is
subjected to immovable simply supported ends.

w=0 M,=0, ny=0; at x=0,
b
1
and J-Nxxdy+th=0 (10)
0
w=0, Ny, =0; at y=0,b
11
and ff —dxdy =0 (11)

Meanwhile, the average end shortening of nanoplate
along X axis is induced as
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3. Analytical solution procedure

To acquire the corresponding analytical solutions as
clearly and compactly as possible, the following
dimensionless parameters are introduced
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Substitution of the above coefficients into Egs. (8) and
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(9) yields the dimensionless governing equations
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Furthermore, the dimensionless boundary conditions are
rewritten as

02w 0%F
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Meanwhile, the dimensionless average end shortening of
nanoplate along X axis can be expressed as
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In the forthcoming part, we utilize the two-step
perturbation method to solve the above-derived non-
classical governing equations. The two-step perturbation
method was proposed via Shen (2013) to study nonlinear
mechanical characteristics of structures as well as
nanostructures, the advantage of which is capable of
providing more accurate analytical solutions compared with
those conventional perturbation methods. Differing from
the previous researches relevant to this approach, the
authors in such work present a new nonlocal strain gradient
solution for dimensionless load-deflection curves, the result
of which includes the maximum dimensionless deflection to

the sixth power. Now, the dimensionless displacement and
dimensionless airy stress function can be expanded as

WX, Y) = Z e"W,(X,Y); F(X,Y)
= 17)

= Z e"E, (X,Y);

n=1

where ¢ is only the small perturbation parameter that has no
physical meaning in step-by-step procedure. And, we
suppose that the initial dimensionless displacement of
geometrically imperfect plate is similar to that of perfect
plate.
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in which # represents the imperfection parameter that is

—Ail/Agll). We substitute Eq. (17) into Egs. (13) and
(14), and then to collect the same order ¢ so that a series of
perturbation equations are listed as
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In the present case, asymptotic solutions of
dimensionless displacement and dimensionless airy stress
function which satisfy simply supported boundary
conditions are set as

w = eAgll) sin(mX) sin(nY)
[ Ag? sin(mX) sin(3nY)
+Ag31) sin(3mX) sin(nY)

Y2 X2

_ (0) (0)

F—_Boo 2 boo 2 (25)
[ B<2>Y

b(z)Xz]
00 2 2

+B((2)) cos(2mX) |+0(€ )
| +B§§) cos(2nY) J

+¢3

] +0(£%)

+¢2

Via submitting Eq. (25) into Eq. (15), one has
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Similarly, through submitting Eq. (25) into Eq. (16), the
average end shortening of plate can be given as
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In order to determine the relations among the parameters
of Eqgs. (26) and (27), we perform some mathematical
operations for the above-obtained perturbation equations.
The substitution of Eq. (25) into Eq. (20) yields
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From Eg. (30), we can derive the following relations.
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Obviously, Agll) is considered as the second

perturbation parameter and related to the maximum
dimensionless deflection when X = w/2m, Y = w/2n.
Consequently, the analytical solution of the maximum
dimensionless deflection Wy, can be written as, using the
first equation of Eq. (25).
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in which
a, = m? + vn?¢&?;
as = m? + 9n?¢&?;
ag = 9vn?é? + m?;
a;; = 9m? + n?é?;
a, = 1+ g?(m? + n?¢?);
ag =1+ 1?(m? + n%g?);
ag = m? + n?é?;
a;, = 1+ @2(9m? + n2¢?);
a; = 1+ [?(m? + 9n?&?);
a; =1+ g2(m? + 9n2é?);
ajo =1+ 12(9m? + n%&?);
a, = 9m? + vn?é?;

The substitution of Eq. (25) into the second equation of
Eq. (15) yields
— (%, + s2b(§§) + ~)+ 1752(380 +&2B{P + )
2
—82(1 +2n)—[A(1)] - nzfz[Ai‘? (35)

—€ gnzf [Ag?’l)] +...=0

When ¢ is close to zero, the relationship between Bég)
and b(()g) in Eq. (35) should be satisfied as

—bSy + vE?B{Y = 0 (36)
Then, using Egs. (28) and (36), we have

© _ (m? +n?§%)?[1 + I2(m? + n?¢?)]

0 = T F e + o2 EBIL + (2 2] )

By employing the principle of superposition for Egs.
(28), (31) and (35), Eq. (26) can be changed into another
form.

dq = %(Bég) +&2BP+...)
(m? + nzfz)z[l +2(m? + nzfz)]
(1 +mI[1+ g2(m? +n2é?)] (38)

1 1 2
= a4z +omeenygr | T g (L 2m)(m* + 3nte[ay

€ —n4§4[9(A 3%+ (43)%]+...

Finally, via submitting Egs. (32) and (34) into Eq. (38),
the expression of A4 can be expressed as

0 2
Ay = ko (M:Tm) +k, (M;Tm) )
+k, (WTm) ke (WT’") o

in which
e = (m? +n2E%)?2[1 + 12(m? + n2E?)] _
07 482(1 + n)(m? + vn2E2)[1 + @2(m? + n2£?)]’
o = 3(1 4+ 2n)(m* + 3n*EY) (1 - 2)
2T 16§2(m? + vn?é?)
m* ala2
(1 + 2p)%2(m* + 3n*&h) a3a2a5a1(1 +n) ]
I = [12(1 —v®)]?(1 +1n)? { —c16a7a8ag }
“= 512&2(m? + vn2¢2) |, nnima; n*n*a a3 |
l ay0azaf;a, (1 + U)J
_a12a6a4a9
2
2 2
kg = 32k,&%2(m? 4+ vn?é?) [12(1 — v?)]?

[12(1 — v?)]?(1 + 21)
(m* + 3n%é%)
(1 +2n)(m* + 3n*&Y)
64&2(m? 4+ vn2é2)

n*[12(1 - v))P
32&2(m? + vn2é2)

(1+2m(1 + n)zr
9 m*a a2
256|azazaZa, (1 +n)
—aga,aga’
[ (1+2m) A +m? |
1 n*&*a a3
256|ajpa,a?,a,(1 +1)
—01206405

Similarly, by employing the principle of superposition
for the average end shortening of plate, Eq. (27) can be
changed into another form.
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A= (= v + S 2 n 4 ome?) a0
(m? + 9vn?¢&?) [ (3)]2 (9m? + vn2¢?) [A(3) , (40)
32%’2 13 325—2 31

Ulteriorly, by submitting Egs. (32), (34) and (39) into
Eqg. (40), the expression of A, can be expressed as

2
A = (1—v)A, + g, (2
y z(h)6 (41)

W\ w,
+4 (Tm) + g6 (Tm)
in which
3

g2 = 8_52(1 —v?)(1 + 2n)(m? + vn?¢&?);

2k, (m* +vn?§%)?

9+ = (m* + 3n%éY)

k,(m? + vn?&?)?
(m* + 3n*é*)
(m? + 9vn%&?)

3282
mtaaid+n?a+2p |
[16[aza,aia (1 + 1) — agayagad]

(9m? + vn?&?)
L 2\13
[12(1 — v?)] T
gntayal(1+n)*( + 2n) ]
16[a,0a,a%,a, (1 + 1) — aj,asa,a3)

g6 =12(1—v?)

+[12(1 — v))]?

—+

T T T T
Eq. (42) for perfect nanoplates
Eq. (39) for perfect nanoplates
1.2 — — —Eq. (42) for imperfect nanoplates
— — — Eq. (39) for imperfect nanoplates

0785 | 079 0795
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w /h
m

Fig. 2 Comparison of dimensionless post-buckling load—
deflection curves of perfect and imperfect GSs using
different approximated analytical solutions

Although the authors in this section for the first time
present the approximated analytical solutions of iq and Ax
that include the maximum dimensionless flexural deflection
to the sixth power, as shown in Figs. 2 and 3, there is no
significant difference between the solutions to the sixth
power and the solutions to the forth power in predicting the
responses of a single-layer graphene. Thus, in the
forthcoming section, unless noted otherwise, the Egs. (42)
and (43) are used to investigate the axial buckling and post-
buckling of a single-layer graphene.

b=t () 4 (B2) e (B2) 4 @
b= -1, 40, (50 4 () 4 @)

Before performing the analysis of the influence of
various parameters on the axial buckling and post-buckling
of single layer graphene sheets, we should undertake
several validation researches to conform the accuracy of the
present analytical solutions. For this purpose, as indicated in
Table. 1, we present the comparison of dimensionless
critical buckling loads of perfect rectangular graphene
sheets subjected to uniform in-plane compression loading,
where the dimensionless critical buckling load is defined
asP = Pa?/D. Meanwhile, the postbuckling load-deflection
curve for a perfect isotropic thin plate subjected to uniaxial
compression is compared in Fig. 4 with the solution of Shen
(2013). It is found from the table and the figure that there is

Eq. (43) for perfect nanoplates 2

[ —— —Eq.(43) forir
Eq. (41) for i

Fig. 3 Comparison of dimensionless post-buckling load-
shortening curves of perfect and imperfect GSs using
different approximated analytical solutions

Table 1 Comparison of dimensionless buckling loads of rectangular graphene sheets subjected to

uniform in-plane compressive loading

E?gr)nz)z) Present Sgams::inzizgrl]g) Difference P(rzagg%n Difference I\/FI> S?%TJ&?Z%%%) Difference
0 9.8696 9.867 0.0264%  9.8671  0.0253% 9.8791 0.0963%
05 9.40547 9.4029 0.0273%  9.4031  0.0252% 9.4156 0.1077%
1 8.98302 8.9803 0.0303%  8.9807  0.0258% 8.9947 0.1300%
15 8.59697 8.5939 0.0357%  8.5947  0.0264% 8.6073 0.1202%
2 8.24261 8.2393 0.0402%  8.2405  0.0256% 8.2537 0.1345%
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isotropic thin plate: (m,n)=(1,1), &=1, v=0.326

16 [ o Theoretical (Shen 2013)

PP
a

0 0.5 1 1.5
W /h
n

Fig. 4 Comparison of postbuckling load—deflection curves
for a perfect isotropic plate

(mm)=(1,1), &=1, £=0.8nm, /=1nm

w /h

Fig. 5 Comparison of dimensionless post-buckling load—
deflection curves of perfect and imperfect GSs

(m,n)=(1,1), &=1, £=0.8nm, /=1nm -

—4,=0

———4,=0.05
1 ——— 4 =01
4,=0.15

0

Fig. 6 Comparison of dimensionless post-buckling load-
shortening curves of perfect and imperfect GSs

an absolutely reasonable agreement between the results
obtained by the current solution and the ones predicted by
Hashemi and Samaei (2011), Pradhan (2009), Pradhan and
Murmu (2009) and Shen (2013), which can ensure the
validity and the reliability of the present analysis.

Next, the main aim of the rest of section is to provide a
parametric investigation to reveal the effects of nonlocal
parameters, strain gradient parameters, geometrical
imperfection as well as mode numbers on axial-buckling
and post-buckling of geometrically imperfect single-layer
graphene sheets. The physical material properties are listed
here: v = 0.25, E = 1.06 Tpa, h = 0.34 nm, a = 10 nm.

Furthermore, the value range of the nonlocal parameter u
and the stain gradient parameter | is set at 0 to 2 nm,
because the exact value of the nonlocal parameter u can’t be
predicted accurately (Wang 2005) and what both the
theoretical study and the experimental study conducted by
Ma et al. (2008) and Mcfarland and Colton (2005) are
indicating is that there exists a significant size-dependent
relation between the value of the strain gradient parameter |
and the thickness of structural components.

Fig. 5 shows the comparison of dimensionless post-
buckling load-deflection curves of perfect and imperfect
GSs, where Jy is the maximum dimensionless initial
geometric imperfection that is denoted asA,, = w;,,/h, and a
imperfect plate is degenerated into a perfect plate at A, = 0.
It is interesting to note from this figure that unlike for the
imperfect GSs, there exists no deflection in the pre-buckling
domain of the perfect GSs. Besides, the difference between
the imperfect GSs and the perfect GSs enhances, first, but
then reduces with the dimensionless deflection becoming
bigger and bigger. Meanwhile, Fig. 6 shows the comparison
of dimensionless post-buckling load-shortening curves of
perfect and imperfect GSs. It is found form the figure that
the imperfect GSs under axial compressions produce
dimensionless  post-buckling  load-shortening  curves
appearing smooth and monotonous, compared with those of
the perfect GSs. Besides, the increment of the dimension-
less initial geometric imperfection tends to reduce the
effective stiffness of components. Consequently, in view of
foregoing analyses, the initial geometric imperfection plays
a significant role in predicting the response of structural
components subjected to loading conditions.

Fig. 7 presents the effect of nonlocal parameters on the
dimensionless post-buckling load—deflection curves of
perfect and imperfect GSs and Fig. 8 presents the effect of
nonlocal parameters on the dimensionless post-buckling
load-shortening curves of perfect and imperfect GSs. As
shown in the figures, for the perfect GSs and the imperfect
GSs, the increase of the nonlocal parameter results in a
decrease in the value of the critical buckling load and the
critical end-shortening. In other words, the nonlocal
parameter is capable of reducing the effective stiffness of
nanostructures. Furthermore, the rise of the nonlocal
parameter decreases the slope of post-buckling part of load-

25

(m,n)=(1,1), {&=1, /=0nm

.5 . 1 1_.5
Fig. 7 Effect of nonlocal parameters on the dimensionless
post-buckling load—deflection curves of perfect and
imperfect GSs
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Fig. 8 Effect of nonlocal parameters on the dimensionless
post-buckling load—shortening curves of perfectand

imperfect GSs
3
7}.“*& 1=0nm
7}.“:0. 1=0.5nm
251 4,=0,/=1nm
/‘.“:0_ I=1.5nm
2 —— 7/'.“*0 1, I=0nm
—— 72“:0 1, 1=0.5nm

— — —A =0.1,/=Inm

s (mm)=(1,1), &=1, x=0nm

0 0.5 1 1.5
wm/h
Fig. 9 Effect of strain gradient parameters on the
dimensionless post-buckling load—deflection
curves of perfect and imperfect GSs
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Fig. 10 Effect of strain gradient parameters on the
dimensionless post-buckling load—shortening
curves of perfect and imperfect GSs

shortening curve, regardless of which type of graphene
sheets.

Fig. 9 presents the effect of strain gradient parameters
on the dimensionless post-buckling load—deflection curves
of perfect and imperfect GSs and Fig. 10 presents the effect
of the strain gradient parameter on the dimensionless post-
buckling load-shortening curves of perfect and imperfect
GSs. As shown in the figures, for the perfect GSs and the
imperfect GSs, the increase of the strain gradient parameter
leads to an increase in the value of the critical buckling load

920

(m,n)=(1,1), &=1

-
S M —

°l IH ]
. m ‘ ‘ ‘
0.5 1

1.5 2 25
Scale parameter (nm)
Fig. 11 Error of the classical model in prediction of
critical buckling load of perfect GSs

and the critical end-shortening. That is, the stain gradient
parameter can improve the effective stiffness of
nanostructures. Moreover, the rise of the stain gradient
parameter makes the slope of post-buckling part of load-
shortening curve bigger, regardless of which type of
graphene sheets.

Fig. 11 displays the error of the classical model in
prediction of critical buckling load of perfect GSs, where
NT and SGT respectively stand for the nonlocal elasticity
theory and the strain gradient theory, and the formulation of
the error is denoted as

classical buckling load
—nonclassical buckling load
| classical bucklingload

Error(%) =

x100%  (44)

It is indicated from the above figure that the size-
dependent effect becomes more prominent with the results
of the nonlocal parameter and the strain gradient parameter
increasing progressively so that the error of the classical
model continues to ascend in predicting the critical buckling
load of perfect GSs. Thus, the size-dependent effect can’t be
ignored in analysis of nonlinear instability of
nanostructures.

Figs. 12 and 13 respectively show the comparison of
size-dependent dimensionless post-buckling load-deflection

(mm)=(1,1), &1, 2, =0.1

—o— Classical

4=0nm, /=0.5nm
#=0.50m, /=0nm
4#=0.5nm, [=0.5nm |

0 0‘1 0‘2 0‘3 0‘4 0‘5 0‘6 0‘7 0‘8 0‘9 1
w /h
Fig. 12 Comparison of size-dependent dimensionless
post-buckling load—deflection curves of imperfect
GSs in the framework of nonlocal strain gradient
elasticity theory
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Fig. 13 Comparison of size-dependent dimensionless
post-buckling load—shortening curves of
imperfect GSs in the frameworkof nonlocal strain
gradient elasticity theory
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Fig. 14 Dimensionless post-buckling load—deflection
curves of imperfect GSs with the variation of
mode numbers
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Fig. 15 Dimensionless post-buckling load—shortening
curves of imperfect GSs with the variation of
mode numbers

curves of imperfect GSs and the comparison of size-
dependent dimensionless post-buckling load-shortening
curves of imperfect GSs in the theoretical framework of
nonlocal strain gradient elasticity theory. From these curves,
it is obviously observed that the results predicted by the
nonlocal strain gradient theory are lower than those
predicted by the classical theory when x > I; the results
predicted by the nonlocal strain gradient theory tend to

higher than those predicted by the classical theory when x <
I; the results computed by the nonlcoal strain gradient
theory are identical with those computed by the classical
theory when x = |. The reason is that the nonlocal effect that
makes the imperfect GSs exert a stiffness-softening effect is
slightly dominant than the microstructure effect that makes
the imperfect GSs exert a stiffness-enhancement effect at u
> |; But the microstructure effect is larger than the nonlocal
effect at u < |, so that the effective stiffness of the imperfect
GSs can be improved significantly; As for u = I, the double
kinds of the size-dependent effect cancel each other out,
actually.

Figs. 14 and 15 separately present the dimensionless
post-buckling load—deflection curves and load-shortening
curves of imperfect GSs with the variation of mode
numbers. It can be seen that the increase of the wave mode
numbers can remarkably improve the dimensionless post-
buckling load-deflection and the dimensionless post-
buckling load-shortening of imperfect GSs, indicating that
the size-dependent effect is associated with the variation of
wave mode numbers. From the viewpoint of physics, that is
because the interaction among atoms increases in solids,
and thus showing a prominent uptrend for the size-
dependent effect at a higher wave model number.

4. Conclusions

The authors in this paper investigate the nonlinear axial-
buckling and post-buckling of geometrically imperfect
single-layer graphene sheets in the framework of the
nonlocal strain gradient theory. Subsequently, with the aid
of a two-step perturbation method, a new analytical solution
that includes the maximum dimensionless deflection to the
sixth power is the first to derive historically, and then a
detailed parametric study is performed based on the
obtained analytical solution. Finally, several important
conclusions are listed as

e What the results of the study is indicating is that
there is no significant difference between the
solutions to the sixth power and the solutions to the
forth power in predicting the responses of a single-
layer graphene sheet.

e The initial geometric imperfection plays a significant
role in predicting the response of structural
components subjected to loading conditions.

e The mechanical performances of nanostructures
predicted by the nonlocal strain gradient theory may
be smaller than, larger than or equal to those
predicted by the classical elasticity theory,
depending on the nonlocal parameter, the strain
gradient parameter and the ratio of the two scale
parameters.

e The size-dependent effect is associated with the
variation of wave mode numbers.
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