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1. Introduction 

 

Doubly-curved nanocomposite shells are considered the 

most common structural elements used in modern 

industries. A few typical examples of shell constructions 

contain automobile bodies, pressure vessels, silos, ship 

hulls, wings, aviation vehicle fuses, rockets, branching and 

intersecting pipelines, submarine hulls, etc. For this reason, 

it is important to develop the right models for shell 

constructions. So far, several studies have been done on the 

examination of the shells. The free vibration frequencies are 

considered as the most important item to study the 

properties of doubly-curved shells. 

Many problems related with the modeling and behavior 

in free vibration of doubly-curved shells have been found in 

the literature (Chandrashekhara 1989, Qatu and Leissa 

1991, Bhimaraddi 1991, Liew and Lim 1996, 1997, Tan 

1998, Singh 1999, Hause and Librescu 2007, Monterrubio 

2009, Tornabene 2011a, Qatu and Asadi 2012, Mochida et 

al. 2012, Tornabene et al. 2013, Ghavanloo and Fazelzadeh 

2013, Jiang et al. 2013, Arefi 2018, Rezaiee et al. 2018, 

Nasihatgozar et al. 2017). Chandrashekhara (1989) has 

discussed the free vibration characteristics of laminated 

composite shells using an isoparametric doubly-curved 

quadrilateral shear flexible element and first-order shear 
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deformation shell theory. Qatu and Leissa (1991) have 

discussed the free vibrations of cantilevered doubly-curved 

laminated composite shallow shells. Bhimaraddi (1991) 

have investigated the free vibration of doubly-curved 

shallow shells on rectangular planform using 3-D elasticity 

theory. Liew and Lim (1996, 1997) have investigated the 

free vibration of thin and thick doubly-curved shallow 

shells of rectangular and elliptic planforms. Tan (1998) 

predicted the natural frequencies of shells of revolution with 

arbitrary shape and general material properties subjected to 

different boundary conditions. Singh (1999) has presented 

the free vibration of doubly-curved sandwich shells made of 

thin outer layers and a relatively thick core. Hause and 

Librescu (2007) have discussed the modeling and free 

vibration of doubly-curved anisotropic sandwich panels. 

The free vibration frequencies of doubly-curved shells and 

panels using the Rayleigh–Ritz method and 2-D GDQ have 

been presented in Monterrubio (2009) and Tornabene 

(2011b). Qatu and Asadi (2012) used thin shell theory to 

study the vibrations of doubly curved shallow shells. The 

2D and 3D free vibration analyses of anisotropic doubly 

curved shallow shells with general elastic restraints using 

the superposition-Galerkin and radial basis function 

methods have been investigated in Refs. (Mochida et al. 

2012, Tornabene et al. 2013, Ghavanloo and Fazelzadeh 

2013, Jiang et al. 2013). 

Graphene has attracted a considerable attention of 

scientists and engineers to use in many applications because 

of its extraordinary thermal, mechanical, electrical and 

chemical properties. Extensive works have been 
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implemented to examine the properties and responses of 

graphene nanoplates (see, e.g., Refs. (Ni et al. 2010, 

Mahdavi et al. 2012, Karami et al. 2018a, Voloshina and 

Dedkov 2014, Hosseini and Zhang 2018, Sobhy and 

Zenkour 2018, Zenkour and Sobhy 2018, Karami et al. 

2019)). Recently, graphene platelets (nanosheets) have been 

utilized as a reinforcement to the polymer materials. The 

experimental investigations reveal that by adding small 

amount of graphene platelets to the polymer matrix, high 

performance graphene nanocomposites are developed. 

Moreover, the material properties are noticeable improved 

(70\% in the tensile strength (Fang et al. 2009), 57.2\% in 

Young’s modulus (Fang et al. 2009), 150\% in tensile 

strength (Zhao et al. 2010), 1000\% in Young’s modulus 

(Zhao et al. 2010), 300\% in the flexural bending (Yavari et 

al. 2010), 66\% in the flexural strength (Pathak et al. 2016), 

72\% in Young’s modulus (Pathak et al. 2016), 25\% in the 

shear strength (Pathak et al. 2016) and buckling load 

increased 52\% (Rafiee et al. 2009)). Motivated by this 

regard, number of theoretical works have been introduced 

in the open literature to investigate the behaviors of the 

graphene platelets-reinforced nanocomposites such as 

buckling and postbuckling of FG graphene/epoxy 

composite plates (Shen et al. 2017) and beams (Yang et al. 

2017a) resting on Pasternak foundation, dynamic instability, 

buckling and free vibration of FGGPRC nanobeams (Wu et 

al. 2017b), bending of FGGPRC circular and annular plates 

(Yang et al. 2017b), free and forced vibrations and dynamic 

deflection of FGGPRC plates (Song et al. 2017), thermal 

buckling of FGGPRC plates (Wu et al. 2017a), nonlinear 

buckling of FGGPRC shells (Sahmani and Aghdam 2017) 

and dynamic and instability analyses of FGGPRC sandwich 

curved nanobeams (Sobhy and Abazid 2019). In addition, 

Karami et al. (2018b) illustrated the size-dependent static, 

stability and dynamic response of functionally graded 

carbon nanotube reinforced composite plates resting on 

elastic foundations. 

Plates resting on elastic foundations are important in 

structural engineering and have wide engineering 

applications. Such models can be found in several types of 

industrial applications such as raft foundations, swimming 

pools, storage tanks and in most civil engineering 

constructions. A simple and commonly employed one is 

Winkler model where it is assumed that the foundation soil 

consists of linear elastic springs and each spring is 

independent of the others. However, because of the 

discontinuity of the soil, this model does not have enough 

accuracy. To overcome this problem, more complicated and 

realistic foundation models have been developed such as 

Pasternak’s model (Pasternak 1954) and Vlasov model 

(Vlasov and Leontev 1966). Several papers have been 

published in the literature studying the effects of the elastic 

foundations on the behaviour of various structures (see, e.g., 

Zenkour et al. 2010a, b, Shahsavari et al. 2018a, b, c, 

Abazid et al. 2018, Sobhy and Zenkour 2019a, Sobhy 

2019). 

Recently, there exist some literatures on the free 

vibration of functionally graded doubly-curved composite 

shells, and their numerical results are very useful for the 

practical applications (Pradyumna and Bandyopadhyay 

2008, Matsunaga 2008, Chorfi and Houmat 2010, Fadaee et 

al. 2016, Pouresmaeeli and Fazelzadeh 2016, Li et al. 

2017). Several of foundation models have been developed 

to study the vibration behavior of doubly-curved composite 

shells. Most of these researches have dealt with the static 

and dynamic analyses of FGM doubly curved panels resting 

on elastic foundation (Tornabene 2011b, Kiani et al. 2012, 

Duc 2013, Bich et al. 2014, Duc et al. 2017, Najafi et al. 

2017). However, no papers have been introduced in the 

literature to investigate the vibrational analysis of 

functionally graded graphene platelet-reinforced doubly-

curved shallow shells on elastic foundations. Moreover, a 

refined four-variable shear deformation shell theory is 

proposed here to analyze the present problem. 

This article is devoted to illustrate the free vibration of 

FGGPRC doubly-curved shallow shells with different 

boundary conditions resting on an elastic substrate. The 

doubly-curved shell is composed of multi nanocomposite 

sheets. Each sheet is made of isotropic epoxy matrix 

reinforced with randomly oriented graphene platelets that 

are uniformly distributed through the sheet. The volume 

fraction of the graphene may be the same in all layers or 

functionally graded along the thickness direction according 

to a layerwise distribution law. Four types of FGGPRC 

doubly-curved shallow shells are considered. In accordance 

with a four-variable shear deformation shell theory, the 

equations of motion are obtained and then solved 

analytically under various boundary conditions. The 

obtained results are compared well with the published ones. 

In addition, influences of the different parameters such as 

the power law index, shallowness ratios, aspect ratio, side-

to-thickness ratio, foundation stiffness, weight fraction of 

graphene, boundary conditions and shell types on the 

vibration of the FGGPRC doubly-curved shallow shells. 

 

 

2. Functionally graded doubly-curved multi 
nanocomposite layers 
 

Consider a doubly-curved shell composed of multi 

nanocomposite homogeneous layers which have the same 

length 𝑎, width 𝑏 and total thickness ℎ. Each layer is 

made of mixture of two components, polymer matrix and 

graphene platelets. The graphene platelets are uniformly 

dispersed through each layer while its volume fraction 

changes from layer to other. The curvilinear coordinates 

(𝜉1 , 𝜉2, 𝜉3) are employed to describe the deformations of 

the doubly-curved shell (see, Fig. 1). The mid-plane of the 

panel is defined by 𝜉3 = 0 and the external surfaces are 

defined by 𝜉3 = ± ℎ/2. The radii of principal curvature of 

the mid-plane of the shell are given by 𝑅1 and 𝑅2. Several 

kinds of doubly-curved shells may be considered, namely, 

circular cylindrical shell (𝑅2 = ∞), spherical shell (𝑅1 =
𝑅2), hyperbolic paraboloidal shell (𝑅1 = −𝑅2) and other 

kinds may be developed for different constant values of the 

curvatures 𝑅1 and 𝑅2. 

According to a new law for the distribution of graphene 

platelets through the thickness of the panel, there are four 

patterns as shown in Fig. 1. The first is 𝑈-GPLs. In this 

type, the graphene platelet distribution is the same in each 
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layer. For the second type 𝑉-FG, the weight fraction of the 

graphene platelet increases from the bottom layer to the top 

one. However, 𝑋-FG represents the third type, in which the 

top and bottom layers are graphene platelet-rich. Whereas, 

in the fourth type (𝑂-FG), the middle layers are graphene 

platelet-rich. The volume fractions of the graphene 𝑉𝐺
(𝑖)

 

and polymer matrix 𝑉𝑚
(𝑖)

 in 𝑖th layer are related as follows 

 

𝑉𝐺
(𝑖)
+ 𝑉𝑚

(𝑖)
= 1, (1) 

 

where the volume fraction of the graphene for the above 

four patterns is given by 

 

𝑉𝐺
(𝑖)
= 𝑉𝑚𝑖𝑛 + (𝑉𝐺

∗ − 𝑉𝑚𝑖𝑛)Γ
(𝑖), (2) 

 

in which 𝑉𝑚𝑖𝑛 represents the minimum graphene volume 

fraction which will be given later, and Γ(𝑖) can be given as 

(Sobhy 2018) 

 

Γ(𝑖) =

{
 
 
 
 
 

 
 
 
 
 

1,                      for 𝑈-GPLs;

(
𝑖 − 1

𝑁 − 1
)
𝑘

,   ∀𝑁 ∈ ℕ, 𝑁 > 1,  for 𝑉-FG; 

(
|2𝑖 − 𝑁 − 1| − 1

𝑁 − 2
)

𝑘

, ∀𝑁 ∈ ℕeven, 𝑁 > 2,

for  𝑋-FG; 

(
|2𝑖 − 𝑁 − 1| + 1 − 𝑁

2 − 𝑁
)

𝑘

, ∀𝑁 ∈ ℕeven, 𝑁 > 2,

 for 𝑂-FG,

 (3) 

 

where 𝑁  is the number of layers, 𝑘  is the power law 

index. Note that, if 𝑘 = 0, one obtains the type of 𝑈-GPLs. 

However, 𝑉𝐺
∗ is expressed as (Song et al. 2017, Feng et al. 

2017) 

𝑉𝐺
∗ =

𝜌𝑚𝑊𝐺

𝜌𝑚𝑊𝐺 + 𝜌𝐺(1 −𝑊𝐺)
, (4) 

 

in which 𝑊𝐺 is the weight fraction of the graphene; 𝜌𝐺 

and 𝜌𝑚  are the densities of graphene and matrix, 

respectively. 

To determine the effective Young’s modulus of the 

present panels, the modified Halpin-Tsai model (Halpin and 

Kardos 1976) and Voigt model (De Villoria and Miravete 

2007) are employed as 

 

𝐸(𝑖) =
3

8

1 + 2𝐴𝐺𝜂1𝑉𝐺
(𝑖)

1 − 𝜂1𝑉𝐺
(𝑖)

 𝐸𝑚 +
5

8

1 + 2𝐵𝐺𝜂2𝑉𝐺
(𝑖)

1 − 𝜂2𝑉𝐺
(𝑖)

𝐸𝑚, (5) 

 

where 𝐴𝐺 = 𝑎𝐺/ℎ𝐺  and 𝐵𝐺 = 𝑏𝐺/ℎ𝐺 , in which 𝑎𝐺 , 𝑏𝐺 

and ℎ𝐺 are the length, width and thickness of the graphene 

platelets. The coefficients 𝜂1 and 𝜂2 are given as (Song et 

al. 2017, Feng et al. 2017) 

 

𝜂1 =

𝐸𝐺

𝐸𝑚
− 1

𝐸𝐺

𝐸𝑚
+ 2𝐴𝐺

,          𝜂2 =

𝐸𝐺

𝐸𝑚
− 1

𝐸𝐺

𝐸𝑚
+ 2𝐵𝐺

, (6) 

 

in which 𝐸𝐺 and 𝐸𝑚 are Young’s moduli of the graphene 

 

(a) 
 

  
 

  

(b) 

Fig. 1 (a) Geometrical dimensions and coordinates of 

a doubly-curved shell; and (b) various types of 

FGGPRC shells resting on elastic foundations 

 

 

platelets and polymer matrix, respectively. Similarly, the 

mass density 𝜌(𝑖) and Poisson’s ratio 𝜈(𝑖) for 𝑖th layer are 

given by 
 

𝜌(𝑖) = 𝑉𝐺
(𝑖)𝜌𝐺 + (1 − 𝑉𝐺

(𝑖))𝜌𝑚, 

𝜈(𝑖) = 𝑉𝐺
(𝑖)
𝜈𝐺 + (1 − 𝑉𝐺

(𝑖)
)𝜈𝑚, 

(7) 

 

where 𝜈𝐺  and 𝜈𝑚  are Poisson’s ratios of platelets and 

matrix, respectively. 

 

 

3. Basic equations 
 

Based on the two-unknown shear deformation theory 

(TSDT) that was developed by Shimpi (2002), the proposed 

theory is established. The TSDT has been extended by 

many researchers to contain four unknowns and different 

shape functions (see, e.g., Benachour et al. 2011, Bourada 

et al. 2012, Thai and Vo 2013, Karami et al. 2018c, Sobhy 

and Zenkour 2019b). The displacement field, according to a 

novel four-variable shear deformation shell theory, is given 

as follows 

 

𝑢(𝜉1, 𝜉2, 𝜉3, 𝑡) = (1 +
𝜉3
𝑅1
)𝒰(𝜉1, 𝜉2, 𝑡) − 𝜉3

∂𝒲𝑏

𝜚1 ∂𝜉1

−
𝐻(𝜉3)(∂𝒲𝑠)

𝜚1 ∂𝜉1
, 

(8) 

197



 

Mohammed Sobhy and Ashraf M. Zenkour 

𝑣(𝜉1, 𝜉2, 𝜉3, 𝑡) = (1 +
𝜉3
𝑅2
)𝒱(𝜉1, 𝜉2, 𝑡) − 𝜉3

∂𝒲𝑏

𝜚2 ∂𝜉2

−
𝐻(𝜉3)(∂𝒲𝑠)

𝜚2 ∂𝜉2
, 

𝑤(𝜉1, 𝜉2, 𝜉3, 𝑡) = 𝒲𝑏(𝜉1, 𝜉2, 𝑡) +𝒲𝑠(𝜉1, 𝜉2, 𝑡), 

(8) 

 

where 𝒰$ and 𝒱 denote the longitudinal and latitudinal 

displacements of the middle plane, 𝒲𝑏and 𝒲𝑠 stand for 

the bending and shear deflections (Shimpi 2002), 𝜚𝑗 (𝑗 =

1,2) are the tangents to the 𝜉𝑗-axes, and the shape function 

𝐻(𝜉3) is expressed as (Sobhy 2016) 

 

𝐻(𝜉3) =
4𝜉3

3

3ℎ2
. (9) 

 

The non-zero strain-displacement relations, corres-

ponding to the present four-variable shell theory, are 

obtained as (Reddy and Liu 1976) 

 

𝜀11 = 𝜖11
0 + 𝜉3𝜖11

𝑏 + 𝐻𝜖11
𝑠 ,

𝜀22 = 𝜖22
0 + 𝜉3𝜖22

𝑏 +𝐻𝜖22
𝑠 ,

𝜀12 = 𝜖12
0 + 𝜉3𝜖12

𝑏 + 𝐻𝜖12
𝑠 ,

𝜀23 = 𝐻𝜖23
𝑠 , 𝜀13 = 𝐻𝜖13

𝑠 ,

 (10) 

 

where 
 

𝜖11
0 =

∂𝒰

∂𝑥1
+
𝒲𝑏 +𝒲𝑠

𝑅1
,     𝜖22

0 =
∂𝒱

∂𝑥2
+
𝒲𝑏 +𝒲𝑠

𝑅2
, 

𝜖12
0 =

∂𝒱

∂𝑥1
+
∂𝒰

∂𝑥2
,                𝜖11

𝑏 = −
∂2𝒲𝑏

∂𝑥1
2 , 

𝜖22
𝑏 = −

∂2𝒲𝑏

∂𝑥2
2 ,                    𝜖12

𝑏 = −2
∂2𝒲𝑏

∂𝑥1 ∂𝑥2
, 

𝜖11
𝑠 = −

∂2𝒲𝑠

∂𝑥1
2 ,                     𝜖22

𝑠 = −
∂2𝒲𝑠

∂𝑥2
2 , 

𝜖12
𝑠 = −2

∂2𝒲𝑠

∂𝑥1 ∂𝑥2
,              𝜖23

𝑠 =
∂𝒲𝑠

∂𝑥2
, 

𝜖13
𝑠 =

∂𝒲𝑠

∂𝑥1
,                           𝐻 = 1 −

d𝐻

d𝜉3
, 

d𝑥𝑗 = 𝜚𝑗d𝜉𝑗 ,                          𝑗 = 1,2. 

(11) 

 

Each layer of the FGGPRC doubly-curved shallow shell 

is isotropic, therefore, the linear stress-strain relations for 

the 𝑖th layer are expressed by 

 

𝜎1
(𝑖) = 𝐶11

(𝑖)𝜀11 + 𝐶12
(𝑖)𝜀22,

𝜎2
(𝑖) = 𝐶12

(𝑖)𝜀11 + 𝐶22
(𝑖)𝜀22,

𝜎4
(𝑖) = 𝐺23

(𝑖)𝜀23, 𝜎5
(𝑖) = 𝐺13

(𝑖)𝜀13,

𝜎6
(𝑖)
= 𝐺12

(𝑖)
𝜀12,

 (12) 

 

where 
 

𝐶11
(𝑖) = 𝐶22

(𝑖) =
𝐸(𝑖)

1 − (𝜈(𝑖))2
,     𝐶12

(𝑖) =
𝜈(𝑖)𝐸(𝑖)

1 − (𝜈(𝑖))2
, 

𝐺12
(𝑖) = 𝐺13

(𝑖) = 𝐺23
(𝑖) =

𝐸(𝑖)

2(1 + 𝜈(𝑖))
. 

(13) 

 

 

4. Equations of motion 
 
The governing equations of motion can be derived by 

utilizing Hamilton’s principle that expressed as 
 

∫ 𝛿(Π𝑠 + Π𝑘 − Π𝑓)d𝑡
𝑡

0

= 0, (14) 

 

where Π𝑠 stands for the strain energy and Π𝑘 represents 

the kinetic energy, while, Π𝑓 denotes the work done by the 

elastic foundations, which can be expressed as 
 

Π𝑠 =
1

2
 ∑∫(

𝜎1
(𝑖)𝜀11 + 𝜎2

(𝑖)𝜀22 + 𝜎4
(𝑖)𝜀23

+𝜎5
(𝑖)𝜀13 + 𝜎6

(𝑖)𝜀12
) d𝑉

𝑉

𝑁

𝑖=1

, (15) 

 

Π𝑘 =
1

2
 ∑∫𝜌(𝑖)(𝑢̇2 + 𝑣̇2 + 𝑤̇2)d𝑉

𝑉

,

𝑁

𝑖=1

 (16) 

 

Π𝑓 = −
1

2
∫{𝐾1 𝑤

2 − 𝐾2  [(
∂𝑤

∂𝑥1
)
2

+ (
∂𝑤

∂𝑥2
)
2

]}  d𝐴

𝐴

, (17) 

 

where 𝐾1 and 𝐾2 are the elastic foundation stiffnesses. By 

substituting Eq. (10) into Eq. (15), one can obtain the 

variation of the strain energy 𝛿Π𝑠 as 
 

𝛿Π𝑠 = ∫ (𝑁1 𝜖11
0 +𝑀1𝜖11

𝑏 + 𝑀̅1𝜖11
𝑠 +𝑁2𝜖22

0

𝐴

 

                  +𝑀2𝜖22
𝑏 + 𝑀̅2𝜖22

𝑠 +𝑁6𝜖12
0 +𝑀6𝜖12

𝑏  
                  +𝑀̅6𝜖12

𝑠 + 𝑆4𝜖23
𝑠 + 𝑆5𝜖13

𝑠 )d𝑉, 

(18) 

 

where 𝑁𝑗 (𝑗 = 1,2,6) are the stress resultants; 𝑀𝑗 and 𝑀̅𝑗 

are the moment and additional moment resultants; 𝑄𝑗 (𝑗 =

4,5) are the resultants of transverse shear stresses, which 

are given as 
 

{𝑁𝑗 , 𝑀𝑗 , 𝑀̅𝑗} =∑∫ 𝜎𝑗
(𝑖){1, 𝜉3, 𝐻(𝜉3)}d𝜉3

ℎ𝑖+1

ℎ𝑖

𝑁

𝑖=1

, 

𝑄𝑟 =∑∫ 𝜎𝑟
(𝑖)𝐻̅(𝜉3)d𝜉3

ℎ𝑖+1

ℎ𝑖

𝑁

𝑖=1

, 

𝑗 = 1,2,6,      𝑟 = 4,5,       ℎ1 = −
ℎ

2
,      ℎ𝑁+1 =

ℎ

2
, 

 

(19) 

 

where 𝜉3 = ℎ𝑖  and 𝜉3 = ℎ𝑖+1  are, respectively, the 

coordinates of the lower and upper surfaces of the $i$th 

composite layer. The coordinates ℎ𝑘 can be calculated by 
 

ℎ𝑘 = −(
𝑁

2
− 𝑘 + 1)

ℎ

𝑁
,      𝑘 = 1,2,3, … , 𝑁 + 1. (20) 

 

By inserting Eqs. (16)-(18) into Eq. (14) with the aid of 

Eq. (8) and integrating by parts, the coefficients of 𝛿𝒰,
𝛿𝒱, 𝛿𝒲𝑏 and 𝛿𝒲𝑠 can be obtained as follows 
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∂𝑁1
∂𝑥1

+
∂𝑁6
∂𝑥2

= 𝐽1̅1 𝒰̈ − 𝐽1̅2
∂𝒲̈𝑏

∂𝑥1
− 𝐽1̅3

∂𝒲̈𝑠

∂𝑥1
, 

 
∂𝑁6
∂𝑥1

+
∂𝑁2
∂𝑥2

= 𝐽1̅1
′  𝒱̈ − 𝐽1̅2

′
∂𝒲̈𝑏

∂𝑥2
− 𝐽1̅3

′
∂𝒲̈𝑠

∂𝑥2
, 

 

    
∂2𝑀1
∂𝑥1

2 + 2
∂2𝑀6

∂𝑥1 ∂𝑥2
+
∂2𝑀2

∂𝑥2
2 −

𝑁1
𝑅1
−
𝑁2
𝑅2

 

    −𝐾1(𝒲𝑏 +𝒲𝑠) + 𝐾2∇
2(𝒲𝑏 +𝒲𝑠) 

= 𝐽2̅1(𝒲̈𝑏 + 𝒲̈𝑠) + 𝐽1̅2
∂ 𝒰̈

∂𝑥1
+ 𝐽1̅2

′
∂ 𝒱̈

∂𝑥2
 

    −𝐽2̅2∇
2𝒲̈𝑏 − 𝐽2̅3∇

2𝒲̈𝑠, 
 

    
∂2𝑀̅1
∂𝑥1

2 + 2
∂2𝑀̅6

∂𝑥1 ∂𝑥2
+
∂2𝑀̅2

∂𝑥2
2 +

∂𝑆4
∂𝑥2

+
∂𝑆5
∂𝑥1

 

    −
𝑁1
𝑅1
−
𝑁2
𝑅2
− 𝐾1(𝒲𝑏 +𝒲𝑠) + 𝐾2∇

2(𝒲𝑏 +𝒲𝑠) 

= 𝐽2̅1(𝒲̈𝑏 + 𝒲̈𝑠) + 𝐽1̅3
∂ 𝒰̈

∂𝑥1
+ 𝐽1̅3

′
∂ 𝒱̈

∂𝑥2
 

    −𝐽2̅3∇
2𝒲̈𝑏 − 𝐽3̅3∇

2𝒲̈𝑠, 

(21) 

 

where 𝐽𝑗̅𝑘 are the inertias that can be expressed as 

 

𝐽11 = 𝐽1 +
2𝐽2
𝑅1
,          𝐽11

′
= 𝐽1 +

2𝐽2
𝑅2
, 

𝐽12 = 𝐽2 +
𝐽3
𝑅1
,          𝐽12

′
= 𝐽2 +

𝐽3
𝑅2
, 

𝐽13 = 𝐽4 +
𝐽5
𝑅1
,          𝐽13

′
= 𝐽4 +

𝐽5
𝑅2
, 

𝐽21 = 𝐽1,                    𝐽22 = 𝐽3, 

𝐽23 = 𝐽5,                    𝐽33 = 𝐽6, 

(22) 

 

where 

 
{𝐽1, 𝐽2, 𝐽3, 𝐽4, 𝐽5, 𝐽6}

=∑∫ 𝜌(𝑖){1, 𝜉3, 𝜉3
2, 𝐻(𝜉3), 𝜉3𝐻(𝜉3), 𝐻

2(𝜉3)}d𝜉3

ℎ𝑖+1

ℎ𝑖

𝑁

𝑖=1

. 
(23) 

 

Inserting Eq. (10) into Eq. (12) and substituting the 

resulting equation into Eq. (19) give 

 

𝑁1 = 𝐴11𝜖11
0 + 𝐴12𝜖11

𝑏 + 𝐴13𝜖11
𝑠  

          +𝐵11𝜖22
0 + 𝐵12𝜖22

𝑏 + 𝐵13𝜖22
𝑠 , 

 
𝑁2 = 𝐵11𝜖11

0 + 𝐵12𝜖11
𝑏 + 𝐵13𝜖11

𝑠  
          +𝐴11𝜖22

0 + 𝐴12𝜖22
𝑏 + 𝐴13𝜖22

𝑠 , 
 
𝑁6 = 𝐷11𝜖12

0 + 𝐷12𝜖12
𝑏 + 𝐷13𝜖12

𝑠 , 
 
𝑀1 = 𝐴12𝜖11

0 + 𝐴22𝜖11
𝑏 + 𝐴23𝜖11

𝑠  
          +𝐵12𝜖22

0 + 𝐵22𝜖22
𝑏 + 𝐵23𝜖22

𝑠 , 
 
𝑀2 = 𝐵12𝜖11

0 + 𝐵22𝜖11
𝑏 + 𝐵23𝜖11

𝑠  
          +𝐴12𝜖22

0 + 𝐴22𝜖22
𝑏 + 𝐴23𝜖22

𝑠 , 
 

(24) 

𝑀6 = 𝐷12𝜖12
0 + 𝐷22𝜖12

𝑏 + 𝐷23𝜖12
𝑠 , 

 

𝑀1 = 𝐴13𝜖11
0 + 𝐴23𝜖11

𝑏 + 𝐴33𝜖11
𝑠  

          +𝐵13𝜖22
0 + 𝐵23𝜖22

𝑏 + 𝐵33𝜖22
𝑠 , 

 

𝑀2 = 𝐵13𝜖11
0 + 𝐵23𝜖11

𝑏 + 𝐵33𝜖11
𝑠  

          +𝐴13𝜖22
0 + 𝐴23𝜖22

𝑏 + 𝐴33𝜖22
𝑠 , 

 

𝑀6 = 𝐷13𝜖12
0 + 𝐷23𝜖12

𝑏 + 𝐷33𝜖12
𝑠 , 

 
𝑄4 = 𝐴44𝜖23

𝑠 ,          𝑄5 = 𝐴55𝜖13
𝑠 , 

 

where 
 

{𝐴11, 𝐴12, 𝐴13, 𝐴22, 𝐴23, 𝐴33} =∑∫ 𝐶11
(𝑖)Ξd𝜉3

ℎ𝑖+1

ℎ𝑖

𝑁

𝑖=1

, 

{𝐵11, 𝐵12, 𝐵13, 𝐵22, 𝐵23, 𝐵33} =∑∫ 𝐶12
(𝑖)Ξd𝜉3

ℎ𝑖+1

ℎ𝑖

𝑁

𝑖=1

, 

{𝐷11, 𝐷12, 𝐷13, 𝐷22, 𝐷23, 𝐷33} =∑∫ 𝐺12
(𝑖)Ξd𝜉3

ℎ𝑖+1

ℎ𝑖

𝑁

𝑖=1

, 

{𝐴44, 𝐴55} =∑∫ 𝐻
2
(𝜉3){𝐺23

(𝑖), 𝐺13
(𝑖)}d𝜉3

ℎ𝑖+1

ℎ𝑖

𝑁

𝑖=1

, 

Ξ = {1, 𝜉3, 𝐻(𝜉3), 𝜉3
2, 𝜉3𝐻(𝜉3), 𝐻

2(𝜉3)}. 

(25) 

 

 

5. Analytical solutions 
 

In this section, the motion governing equations are 

analytically solved to obtain the eigenfrequency of the 

FGGPRC doubly-curved shallow shells resting on elastic 

foundations. The boundary conditions in 𝑥1 direction are 

given as: 

Simply-supported/Simply-supported (SS): 

 

𝒱 = 𝒲𝑏 = 𝒲𝑠 =
∂𝒲𝑏

∂𝑥2
=
∂𝒲𝑠

∂𝑥2
 

= 𝑁1 = 𝑀1 = 𝑀1 = 0,     at     𝑥1 = 0, 𝑎, 

(26) 

 

Clamped/Simply-supported (CS): 

 

𝒰 = 𝒱 = 𝒲𝑏 = 𝒲𝑠 

=
∂𝒲𝑏

∂𝑥1
=
∂𝒲𝑏

∂𝑥2
=
∂𝒲𝑠

∂𝑥1
=
∂𝒲𝑠

∂𝑥2
= 0,   at   𝑥1 = 0, 

 
𝒱 = 𝒲𝑏 = 𝒲𝑠 

=
∂𝒲𝑏

∂𝑥2
=
∂𝒲𝑠

∂𝑥2
= 𝑁1 = 𝑀1 = 𝑀1,   at   𝑥1 = 𝑎, 

(27) 

 

Clamped/Clamped (CC): 

 

𝒰 = 𝒱 = 𝒲𝑏 = 𝒲𝑠 

=
∂𝒲𝑏

∂𝑥1
=
∂𝒲𝑏

∂𝑥2
=
∂𝒲𝑠

∂𝑥1
=
∂𝒲𝑠

∂𝑥2
= 0,   at   𝑥1 = 0, 𝑎. 

(28) 
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Table 1 The functions Γ𝑛(𝑥1) and Υ𝑟(𝑥2) 

B.C. Γ𝑛(𝑥1) Υ𝑟(𝑥2) 

SSSS sin(𝛼𝑥1) sin(𝛽𝑥2) 

CSSS sin(𝛼𝑥1) [1 − cos(𝛼𝑥1)] sin(𝛽𝑥2) 

CSCS sin(𝛼𝑥1) [1 − cos(𝛼𝑥1)] sin(𝛽𝑥2) [1 − cos(𝛽𝑥2)] 

CCCS sin2(𝛼𝑥1) sin(𝛽𝑥2) [1 − cos(𝛽𝑥2)] 

CCCC sin2(𝛼𝑥1) sin2(𝛽𝑥2) 
 

 

 

Similarly, the boundary conditions in 𝑥2 direction can 

be given. 

Reddy and Liu (1976) presented the solution of the 

motion equations for laminated shells employing Navier’s 

type method. However, Navier’s method is only appropriate 

for the simply-supported shells. Therefore, the displace-

ments are represented by the trigonometric functions 

(Sobhy 2013, 2014a, b, Thai et al. 2014, Meziane et al. 

2014) to satisfy the different boundary conditions as 

 

𝒰 =∑∑𝒰̃𝑛𝑟 exp(𝐼𝜔𝑛𝑟  𝑡)
dΓ𝑛(𝑥1)

d𝑥1
 Υ𝑟  (𝑥2)

∞

𝑟=1

∞

𝑛=1

, 

𝒱 =∑∑𝒱̃𝑛𝑟 exp(𝐼𝜔𝑛𝑟𝑡) Γ𝑛(𝑥1)
dΥ𝑟(𝑥2)

d𝑥2

∞

𝑟=1

∞

𝑛=1

, 

𝒲𝑏 =∑∑𝒲̃𝑛𝑟
𝑏 exp(𝐼𝜔𝑛𝑟𝑡) Γ𝑛(𝑥1)Υ𝑟(𝑥2)

∞

𝑟=1

∞

𝑛=1

, 

𝒲𝑠 =∑∑𝒲̃𝑛𝑟
𝑠 exp(𝐼𝜔𝑛𝑟𝑡) Γ𝑛(𝑥1)Υ𝑟(𝑥2),

∞

𝑟=1

∞

𝑛=1

 

(29) 

 

where 𝐼 = √−1, 𝜔 = 𝜔𝑛𝑟 is the eigenfrequency, (𝑛, 𝑟) are 

the mode numbers, (𝒰̃, 𝒱̃,𝒲𝑛𝑟
𝑏 ,𝒲𝑛𝑟

𝑠 )  are unknown 

functions that will be determined, and the functions Γ𝑛(𝑥1) 
and Υ𝑟(𝑥2) are shown in Table 1 noting that 𝛼 = 𝑛𝜋/𝑎 

and 𝛽 = 𝑟𝜋/𝑏. 

By incorporating Eq. (29) into Eq. (21) with the aid of 

Eqs. (11) and (24), one can obtain the equations of motion 

of the FGGPRC doubly-curved shallow shells in terms of 

the parameters (𝒰̃, 𝒱̃,𝒲𝑛𝑟
𝑏 ,𝒲𝑛𝑟

𝑠 ) as 

 

[
 
 
 
Φ11 Φ12 Φ13 Φ14

Φ22 Φ23 Φ24

Φ33 Φ34

symm. Φ44]
 
 
 

− 𝜔2

[
 
 
 
Ψ11 Ψ12 Ψ13 Ψ14

Ψ22 Ψ23 Ψ24
Ψ33 Ψ34

symm. Ψ44]
 
 
 

{
 
 

 
 𝒰̃𝑛𝑟
𝒱̃𝑛𝑟
𝒲̃𝑛𝑟

𝑏

𝒲̃𝑛𝑟
𝑠
}
 
 

 
 

= 0, 

(30) 

 

where the elements Φ𝑖𝑗 and Ψ𝑖𝑗 are given as 

Φ11 = 𝐴11𝜍13 + 𝐷11𝜍12, 
Φ12 = (𝐵11 + 𝐷11)𝜍12, 

Φ13 = (
𝐴11
𝑅1

+
𝐵11
𝑅2
) 𝜍11 − (𝐵12 + 2𝐷12)𝜍12 − 𝐴12𝜍13, 

Φ14 = (
𝐴11
𝑅1

+
𝐵11
𝑅2
) 𝜍11 − (𝐵13 + 2𝐷13)𝜍12 − 𝐴13𝜍13, 

Φ21 = (𝐵11 + 𝐷11)𝜍23, 
Φ22 = 𝐴11𝜍22 + 𝐷11𝜍23, 

Φ23 = (
𝐵11
𝑅1

+
𝐴11
𝑅2
) 𝜍21 − (𝐵12 + 2𝐷12)𝜍23 − 𝐴12𝜍22, 

Φ24 = (
𝐵11
𝑅1

+
𝐴11
𝑅2
) 𝜍21 − (𝐵13 + 2𝐷13)𝜍23 − 𝐴13𝜍22, 

Φ31 = −(
𝐴11
𝑅1

+
𝐵11
𝑅2
) 𝜍34 + (𝐵12 + 2𝐷12)𝜍35 + 𝐴12𝜍36 

Φ32 = −(
𝐵11
𝑅1

+
𝐴11
𝑅2
) 𝜍32 + (𝐵12 + 2𝐷12)𝜍35 + 𝐴12𝜍33, 

Φ33 = 2
𝐴12𝜍34 + 𝐵12𝜍32

𝑅1
+ 2

𝐵12𝜍34 + 𝐴12𝜍32
𝑅2

 

             −(𝐾1 +
𝐴11
𝑅1
2 + 2

𝐵11
𝑅1𝑅2

+
𝐴11
𝑅2
2 ) 𝜍31 

             −2(𝐵22 + 2𝐷22)𝜍35 − 𝐴22𝜍36 − 𝐴22𝜍33 
             +𝐾2(𝜍32 + 𝜍34), 

Φ34 =
(𝐴12 + 𝐴13)𝜍34 + (𝐵12 + 𝐵13)𝜍32

𝑅1
 

             +
(𝐵12 + 𝐵13)𝜍34 + (𝐴12 + 𝐴13)𝜍32

𝑅2
 

             −(𝐾1 +
𝐴11
𝑅1
2 + 2

𝐵11
𝑅1𝑅2

+
𝐴11
𝑅2
2 ) 𝜍31 

             −2(𝐵23 + 2𝐷23)𝜍35 − 𝐴23𝜍36 − 𝐴23𝜍33 
             +𝐾2(𝜍32 + 𝜍34), 

Φ41 = −(
𝐴11
𝑅1

+
𝐵11
𝑅2
) 𝜍34 + (𝐵13 + 2𝐷13)𝜍35 + 𝐴13𝜍36, 

Φ42 = −(
𝐵11
𝑅1

+
𝐴11
𝑅2
) 𝜍32 + (𝐵13 + 2𝐷13)𝜍35 + 𝐴13𝜍33, 

Φ43 = Φ34, 

Φ44 = 2
𝐴13𝜍34 + 𝐵13𝜍32

𝑅1
+ 2

𝐵13𝜍34 + 𝐴13𝜍32
𝑅2

 

             −(𝐾1 +
𝐴11
𝑅1
2 + 2

𝐵11
𝑅1𝑅2

+
𝐴11
𝑅2
2 ) 𝜍31 

             −2(𝐵33 + 2𝐷33)𝜍35 − 𝐴33𝜍36 − 𝐴33𝜍33 
             +𝐴44𝜍32 + 𝐴55𝜍34 + 𝐾2(𝜍32 + 𝜍34), 

(31) 

 

Ψ11 = −𝐽11𝜍11,             Ψ12 = 0, 

Ψ13 = 𝐽12𝜍11,                Ψ14 = 𝐽13𝜍11, 

Ψ21 = 0,                         Ψ22 = −𝐽11
′
𝜍21, 

Ψ23 = 𝐽12
′
𝜍21,                Ψ14 = 𝐽13

′
𝜍21, 

Ψ31 = −𝐽12𝜍34,             Ψ32 = −𝐽12
′
𝜍32, 

Ψ33 = −𝐽21𝜍31 + 𝐽22(𝜍32 + 𝜍34), 

Ψ34 = −𝐽21𝜍31 + 𝐽23(𝜍32 + 𝜍34), 

Ψ41 = −𝐽13𝜍34,             Ψ42 = −𝐽13
′
𝜍32, 

Ψ43 = −𝐽21𝜍31 + 𝐽23(𝜍32 + 𝜍34), 

Ψ44 = −𝐽21𝜍31 + 𝐽33(𝜍32 + 𝜍34), 

(32) 

 

in which 
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(𝜍11, 𝜍12) = ∫ ∫ (Υ𝑟(𝑥2),
d
2Υ𝑟(𝑥2)

d𝑥2
2 )

𝑎

0

(
dΓ𝑛(𝑥1)

d𝑥1
)

2𝑏

0

 

                       × Υ𝑟(𝑥2)d𝑥1d𝑥2, 
(𝜍13, 𝜍36)

=∫ ∫ (
d
3Γ𝑛(𝑥1)

d𝑥1
3

dΓ𝑛(𝑥1)

d𝑥1
,
d
4Γ𝑛(𝑥1)

d𝑥1
4 Γ𝑛(𝑥1))

𝑎

0

𝑏

0

 

    × Υ𝑟
2(𝑥2)d𝑥1d𝑥2, 

(𝜍21, 𝜍22) = ∫ ∫ (
dΥ𝑟(𝑥2)

d𝑥2
,
d
3Υ𝑟(𝑥2)

d𝑥2
3 )

𝑎

0

Γ𝑛
2(𝑥1)

𝑏

0

 

                       ×
dΥ𝑟(𝑥2)

d𝑥2
d𝑥1d𝑥2, 

𝜍23 = ∫ ∫ Γ𝑛(𝑥1)
d
2Γ𝑛(𝑥1)

d𝑥1
2 (

dΥ𝑟(𝑥2)

d𝑥2
)

2

d𝑥1d𝑥2

𝑎

0

𝑏

0

, 

(𝜍31, 𝜍32, 𝜍33) = ∫ ∫ (Υ𝑟(𝑥2),
d
2Υ𝑟(𝑥2)

d𝑥2
2 ,

d
4Υ𝑟(𝑥2)

d𝑥2
4 )

𝑎

0

𝑏

0

 

                            × Γ𝑛
2(𝑥1)Υ𝑟(𝑥2)d𝑥1d𝑥2, 

(33) 

 

 

 

 

 

 

 

(𝜍34, 𝜍35) = ∫ ∫ (Υ𝑟
2(𝑥2), Υ𝑟(𝑥2)

d
2Υ𝑟(𝑥2)

d𝑥2
2 )

𝑎

0

𝑏

0

 

                      × Γ𝑛(𝑥1)
d
2Γ𝑛(𝑥1)

d𝑥1
2 d𝑥1d𝑥2. 

(33) 

 

In order to calculate the natural frequencies of the 

FGGPRC doubly-curved shallow shells, the eigenvalue 

problem (30) should be solved. 
 

 

6. Numerical results 
 

In this section, some numerical results for the free 

vibration analysis of the different types of FGGPRC 

doubly-curved shells with several boundary conditions are 

discussed. The following data is used in the present 

numerical calculations: 𝑉𝑚𝑖𝑛 =
𝑉𝐺
∗

5
, 𝑁 = 10, 𝑎𝐺 = 2.5 𝜇m,

𝑏𝐺 = 1.5 𝜇m, ℎ𝐺 = 1.5 nm. The material properties of the 

graphene platelets and epoxy matrix are given as (Song et 

al. 2017): 𝐸𝐺 = 1.01 TPa, 𝜌𝐺 = 1060 kg/m
3, 𝜈𝐺 =

0.186, 𝐸𝑚 = 3 GPa, 𝜌𝑚 = 1200 kg/m
3, 𝜈𝑚 = 0.34. 

 

 

 

 

 

 

Table 2 Comparison of nondimensional frequency 𝜔𝑎2√𝜌ℎ/𝐷 of different types of SSSS homogeneous 

shallow shells (𝑎/ℎ = 20,    𝑎 = 𝑏,    𝜈 = 0.3,    𝐾1 = 𝐾2 = 0) 

𝑎/𝑅1 Source 
Spherical shell 

(𝑅1/𝑅2 = 1) 
Cylindrical shell 

(𝑅1/𝑅2 = 0) 
Hyperbolic paraboloidal shell 

(𝑅1/𝑅2 = −1) 

0.5 

Qatu and Asadi (2012) 38.01 25.48 19.25 

Ghavanloo and Fazelzadeh (2013) 37.9698 25.3508 18.7628 

Present 37.9391 25.3562 19.0836 

0.2 

Qatu and Asadi (2012) 23.70 20.78 19.66 

Ghavanloo and Fazelzadeh (2013) 23.6867 20.7543 19.5783 

Present 23.5547 20.6148 19.4834 
 

Table 3 Comparison of nondimensional frequency 𝜔ℎ√𝜌𝑐/𝐸𝑐 of different types of SSSS FG 

shallow shells (𝑎/ℎ = 10, 𝑎 = 𝑏, 𝐾1 = 𝐾2 = 0) 

𝑎/𝑅1 𝑅1/𝑅2 𝑘 
Matsunaga 

(2008) 

Chorfi and Houmat 

(2010) 

Pouresmaeeli and 

Fazelzadeh (2016) 
mPresent 

0.5 1 

0 0.0751 0.0762 0.0746 0.0753 

0.5 0.0657 0.0664 0.0646 0.0653 

1 0.0601 0.0607 0.0588 0.0594 

10 0.0464 0.0471 0.0455 0.0459 

0.5 0 

0 0.0622 0.0629 0.0616 0.0622 

0.5 0.0535 0.0540 0.0527 0.0532 

1 0.0485 0.0490 0.0477 0.0482 

10 0.0390 0.0395 0.0384 0.0387 

0 0 

0 0.0578 0.0577 0.0577 0.0577 

0.5 0.0492 0.0490 0.0490 0.0490 

1 0.0443 0.0442 0.0442 0.0442 

10 0.0364 0.0366 0.0366 0.0363 
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In the following, the used nondimensionalized 

parameters are presented as 
 

𝜔∗ = 10ℎ𝜔√
𝜌𝑚
𝐸𝑚

, 𝐾1 =
𝐾1𝑎

4

𝐷𝑚
, 

𝐾2 =
𝐾2𝑎

2

𝐷𝑚
,                    𝐷𝑚 =

𝐸𝑚ℎ3

12[1 − (𝜈𝑚)
2]
. 

(34) 

 

As a validation example, the present frequencies are 

compared with those of Qatu and Asadi (2012) and 

Ghavanloo and Fazelzadeh (2013) in Table 2. Additional 

validation example is reported in Table 3 to compare the 

present frequencies with those given in Refs. (Matsunaga 

 

 

 

 

2008, Chorfi and Houmat 2010, Pouresmaeeli and 

Fazelzadeh 2016). Table 2 shows that the present 

frequencies are in close agreement with whose in Qatu and 

Asadi (2012) and Ghavanloo and Fazelzadeh (2013) for 

different spherical, cylindrical, and hyperbolic paraboloidal 

shells. The frequencies increase as the shallowness ratio 

𝑎/𝑅1 increases for the spherical and cylindrical shells and 

as 𝑎/𝑅1 decreases for the hyperbolic paraboloidal shell. 

Once again, it is appeared from Table 3 that the present 

frequencies are in close agreement with whose in Refs. 

(Matsunaga 2008, Chorfi and Houmat 2010, Pouresmaeeli 

and Fazelzadeh 2016) for both FG spherical (𝑅1/𝑅2 = 1) 
and cylindrical (𝑅1/𝑅2 = 0) shells and also for the FG flat 

Table 4 Natural frequency ω∗ of U -GPLs composite doubly-curved shallow shells for various mode numbers (𝑛, 𝑟) and side-

to-thickness ratio 𝑎/ℎ (
𝑎

𝑅1
= 0.5,

𝑅1

𝑅2
= 1, 𝑎 = 𝑏, 𝑘 = 1, 𝐾1 = 100, 𝐾2 = 10, 𝑊𝐺 = 30%) 

Mode 

(𝑛, 𝑟) 

𝑎/ℎ 

5 10 15 20 25 30 35 40 

(1,1) 23.6860 11.2988 5.63505 3.66417 2.69434 2.12536 1.75351 1.49215 

(1,2) 48.2750 14.9123 7.33369 4.50570 3.14694 2.38408 1.90788 1.58692 

(2,2) 69.1838 22.1500 10.7515 6.41019 4.32184 3.16049 2.44723 1.97624 

(1,3) 81.5927 26.7769 13.0382 7.72886 5.15982 3.72922 2.85194 2.27473 

(2,3) 98.5106 33.4025 16.4153 9.71832 6.44657 4.61665 3.49303 2.75434 

(3,3) 123.400 43.6890 21.8524 12.9992 8.60784 6.13100 4.60320 3.59660 

(3,4) 153.516 56.7882 29.0542 17.4586 11.6000 8.25848 6.18289 4.80936 

(1,5) 157.482 58.5554 30.0463 18.0816 12.0221 8.56084 6.40876 4.98369 

(2,5) 168.975 63.7207 32.9716 19.9299 13.2797 9.46431 7.08530 5.50695 

(5,5) 237.420 95.4514 51.6310 32.0568 21.6983 15.6022 11.7337 9.13537 
 

Table 5 Fundamental frequency 𝜔∗ of various types of SSSS FG graphene platelet-reinforced composite doubly-curved 

shallow shells on elastic foundations (a/h = 10, a = b, k = 1, WG = 30%, n = r = 1) 

Type 
𝑎

𝑅1
 

𝑅1
𝑅2

 
𝐾1 = 100 𝐾2 = 10 

𝐾2 = 0 𝐾2 = 50 𝐾2 = 100 𝐾2 = 200 𝐾1 = 0 𝐾1 = 10 𝐾1 = 100 𝐾1 = 1000 

U -GPLs 

0.5 1 7.71524 7.77546 7.83521 7.95336 7.72121 7.72182 7.72732 7.78217 

0.5 -1 5.75954 5.83752 5.91446 6.06539 5.76728 5.76808 5.77522 5.84618 

0.5 0 6.37263 6.44558 6.51771 6.65962 6.37987 6.38061 6.38729 6.45369 

0 0 5.90531 5.98543 6.06450 6.21961 5.91326 5.91408 5.92142 5.99433 

X-FG 

0.5 1 6.47207 6.54268 6.61253 6.75006 6.47907 6.47979 6.48625 6.55053 

0.5 -1 5.11535 5.20162 5.28646 5.45213 5.12393 5.12481 5.13272 5.21118 

0.5 0 5.54764 5.63006 5.71128 5.87035 5.55583 5.55667 5.56422 5.63921 

0 0 5.24712 5.33587 5.42318 5.59370 5.25594 5.25685 5.26499 5.34571 

V -FG 

0.5 1 5.55757 5.63807 5.71744 5.87294 5.56556 5.56638 5.57376 5.64701 

0.5 -1 4.04935 4.15758 4.26304 4.46644 4.06016 4.06127 4.07123 4.16951 

0.5 0 4.50655 4.60651 4.70434 4.89411 4.51652 4.51754 4.52672 4.61756 

0 0 4.15086 4.26200 4.37032 4.57928 4.16196 4.16310 4.17333 4.27426 

O-FG 

0.5 1 5.24758 5.33426 5.41955 5.58622 5.25620 5.25709 5.26503 5.34387 

0.5 -1 3.50484 3.62970 3.75038 3.98071 3.51736 3.51864 3.53017 3.64340 

0.5 0 4.05120 4.16319 4.27225 4.48238 4.06239 4.06353 4.07384 4.17554 

0 0 3.59206 3.72020 3.84407 4.08055 3.60491 3.60623 3.61805 3.73427 
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Table 6 Fundamental frequency 𝜔∗ of various types of FG graphene platelet-reinforced composite 

doubly-curved shallow shells for different boundary conditions (a/h = 10, a = b, k = 1, 

𝐾1 = 𝐾2 = 0, WG = 30%, n = r = 1) 

Type 
𝑎

𝑅1
 

𝑅1
𝑅2

 SSSS CSSS CSCS CCCS CCCC 

U -GPLs 

0.5 1 7.70912 9.98563 11.92867 12.25818 12.73471 

0.5 -1 5.75158 8.92519 11.12808 11.56343 11.94573 

0.5 0 6.36520 8.98980 10.96775 11.38849 11.53227 

0 0 5.89713 8.30459 10.36406 10.49397 10.65275 

X-FG 

0.5 1 6.46487 8.43458 10.09313 10.30859 10.62826 

0.5 -1 5.10653 7.69183 9.52797 9.81078 10.04963 

0.5 0 5.53922 7.75219 9.42475 9.69790 9.76979 

0 0 5.23804 7.28833 9.01448 9.08033 9.15849 

V -FG 

0.5 1 5.54935 7.15097 8.51543 8.79037 9.18957 

0.5 -1 4.03822 6.37585 7.93471 8.28412 8.57690 

0.5 0 4.49630 6.38006 7.76157 8.10644 8.22085 

0 0 4.13943 5.83939 7.29672 7.39648 7.51871 

O-FG 

0.5 1 5.23872 6.63842 7.82902 8.10642 8.50957 

0.5 -1 3.49194 5.68604 7.09605 7.46211 7.77567 

0.5 0 4.03968 5.72946 6.94139 7.30304 7.41026 

0 0 3.57882 5.07267 6.36235 6.46127 6.58380 
 

  
 

 

Fig. 2 Effects of power law index 𝑘 on the frequency 𝜔∗ of various types of SSSS shallow shells (a) 𝑋-FG; 

(b) 𝑉-FG; and (c) 𝑂-FG (𝑎/𝑅1 = 0.5, 𝑅1/𝑅2 = 1, 𝑎 = 𝑏, 𝐾1 = 100, 𝐾2 = 50,𝑊𝐺 = 30%, 𝑛 = 𝑟 = 1) 
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Fig. 4 Effects of shallowness ratio 𝑎/𝑅1 on the frequency 

𝜔∗ of an SSSS shallow shell (𝑘 = 1,   𝑅1/𝑅2 = 1,

𝑎/ℎ = 10, 𝐾1 = 100, 𝐾2 = 50,   𝑊𝐺 = 30%, 
𝑛 = 𝑟 = 1) 

 

 

plate (𝑅1/𝑅2 = 0 and 𝑎/𝑅1 = 0). For all structures the 

frequencies decrease as the graded exponent 𝑘 increases. 

The frequencies of the FG flat plate are the smallest ones 

while those for the FG spherical shell are the largest ones. 

Table 4 displays the natural frequency 𝜔∗ of 𝑈-GPLs 

composite doubly-curved shallow shells for various mode 

numbers (𝑛, 𝑟) and side-to-thickness ratio 𝑎/ℎ. It is noted 

that the natural frequency increases as the mode numbers 

increases and the ratio 𝑎/ℎ decreases. Table 5 reports the 

fundamental frequencies of FGGPRC doubly-curved 

shallow shells on elastic foundations. Various types of FG 

graphene platelet (𝑈-GPLs, 𝑋-FG, 𝑉-FG and 𝑂-FG) are 

considered in this table. The type 𝑈-GPLs gives the highest 

frequencies while the type 𝑂-FG gives the smallest ones. 

For a fixed value of the Winkler’s parameter 𝐾1 = 100 the 

frequency is rabidly increasing as 𝐾2 increases. While, for 

a fixed value of the Pasternak’s parameter 𝐾1 = 10 the 

frequency is slowly increasing as 𝐾1 increases. It is to be 

noted that the frequencies of all types of hyperbolic 

 

 

 

Fig. 5 Frequency 𝜔∗ of an SSSS shallow shell versus the 

aspect ratio 𝑏/𝑎 for different values of the weight 

fraction of the graphene 𝑊𝐺 (𝑘 = 1, 𝑎/𝑅1 = 0.5, 

𝑅1/𝑅2 = 1 , 𝑎/ℎ = 10, 𝐾1 = 100,  𝐾2 = 50,   𝑛 = 
𝑟 = 1) 

 

 
paraboloidal shells are the smallest comparing with those of 

both FG spherical and cylindrical shells and also for the FG 

flat plate. 

The influence of different boundary conditions is 

presented in Table 6. The fundamental frequencies of 

various types of FGGPRC doubly-curved shallow shells are 

compared in this table. The fully clamped structures have 

the greatest frequencies while the fully simply-supported 

structures have the smallest frequencies. 

Now, Figs. 2-8 are presented to illustrate the 

dimensionless frequency 𝜔∗ for various types of FGGPRC 

doubly-curved shallow shells subjected to different 

boundary conditions. Fig. 2 shows the influence of power 

law index 𝑘 on the dimensionless frequency 𝜔∗  of 

various types of SSSS FG graphene platelet-reinforced 

composite doubly-curved shallow shells. The frequencies 

decrease as both 𝑎/ℎ and 𝑘 increase. It is clear that the 

frequencies are the same when 𝑘 = 0, since in this case 

  

Fig. 3 Frequency 𝜔∗ of various types of (a) SSSS and (b) CCCC shallow shells (𝑘 = 1, 𝑎/𝑅1 = 0.5, 𝑅1/𝑅2 =

1, 𝑎 = 𝑏, 𝐾1 = 100, 𝐾2 = 50,𝑊𝐺 = 30%, 𝑛 = 𝑟 = 1) 
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Fig. 6 Frequency 𝜔∗ of an SSSS shallow shell versus 

𝑎𝐺/ℎ𝐺 for different values of the graphene weight 

fraction 𝑊𝐺 (𝑘 = 1, 𝑎/𝑅1 = 0.5, 𝑅1/𝑅2 = 1, 

𝑎/ℎ = 10,   𝑎 = 𝑏,   𝑏𝐺 = 𝑎𝐺 ,   𝐾1 = 100,   𝐾2 = 50, 
𝑛 = 𝑟 = 1) 

 

 

 

Fig. 7 Frequency 𝜔∗ of an SSSS shallow shell versus 

𝑏𝐺/𝑎𝐺 for different values of 𝑊𝐺  (𝑘 = 1, 𝑎/𝑅1 =
0.5, 𝑅1/𝑅2 = 1, 𝑎/ℎ = 10, 𝑎 = 𝑏, 𝑎𝐺/ℎ𝐺 = 10,

𝐾1 = 100, 𝐾2 = 50, 𝑛 = 𝑟 = 1) 
 

 

there is now difference between all types. Otherwise, the 

𝑋-FG type gives the highest frequencies while the 𝑂-FG 

type gives the smallest ones. 

Fig. 3 shows the variation of the dimensionless 

frequency 𝜔∗  of various types of SSSS and CCCC 

FGGPRC doubly-curved shallow shells versus the side-to-

thickness ratio 𝑎/ℎ. As we discussed before the frequencies 

decrease as 𝑎/ℎ  increases. Also, the fully clamped 

structure gives frequencies more than those of the fully 

simply-supported structure. 

Fig. 4 plots the effect of shallowness ratio 𝑎/𝑅1 and 

aspect ratio 𝑏/𝑎 on the dimensionless frequency 𝜔∗ of an 

SSSS  𝑉 -FGGPRC doubly-curved shallow shell. The 

frequencies increase as 𝑎/𝑅1  increases and 𝑏/𝑎 

decreases. The difference of frequencies may be increase as 

the aspect ratio 𝑏/𝑎 increases. 

 

Fig. 8 Frequency 𝜔∗ of a shallow shell versus the side-

to-thickness ratio 𝑎/ℎ for different boundary 

conditions (𝑘 = 1, 𝑎/𝑅1 = 0.5,   𝑅1/𝑅2 = 1,

𝑏/𝑎 = 1.5, 𝐾1 = 100, 𝐾2 = 50, 𝑊𝐺 = 30%,
𝑛 = 𝑟 = 1) 

 

 

The dimensionless frequency 𝜔∗  of an SSSS 𝑋 -

FGGPRC shallow shell versus the aspect ratio 𝑏/𝑎 for 

different values of the weight fraction of the graphene 𝑊𝐺 

is illustrated in Fig. 5. Once again, the frequencies increase 

as 𝑊𝐺  increases and 𝑏/𝑎  decreases. The difference of 

frequencies may fixed irrespective the value aspect ratio 

𝑏/𝑎. 

Now, the variation of dimensionless frequency 𝜔∗ of 

an SSSS 𝑉 -FGGPRC doubly-curved shallow shell for 

different values of the weight fraction of the graphene 𝑊𝐺 

is plotted in Fig. 6 versus the 𝑎𝐺/ℎ𝐺 ratio and in Fig. 7 

versus the 𝑏𝐺/𝑎𝐺  ratio. As we discussed before, the 

frequency increases with the increase of the weight fraction 

of the graphene 𝑊𝐺. Also, the frequency increases with the 

increase of both 𝑎𝐺/ℎ𝐺 and 𝑏𝐺/𝑎𝐺 ratios.  

Finally, Fig. 8 shows the variation of dimensionless 

frequency 𝜔∗  of an 𝑋-FGGPRC doubly-curved shallow 

shell versus the side-to-thickness ratio 𝑎/ℎ for different 

boundary conditions. The following items are discussed 

before in which the frequency decreases as 𝑎/ℎ increases 

and the fully clamped 𝑋-FG structure gives the highest 

frequencies while the fully simply-supported 𝑋-FG 

structures gives the smallest frequencies. 
 

 

7. Conclusions 
 

A four-variable shear deformation shell theory has been 

presented. The free vibration frequencies of functionally 

graded graphene platelet-reinforced composite doubly-

curved shallow shells with different boundary conditions 

are investigated. The graphene platelets are uniformly 

distributed in each individual layer and resting on elastic 

foundation. Two validating examples are investigated for 

homogeneous and functionally graded structures. The 

influences of the distribution type of volume fraction, shell 

curvatures, elastic foundation stiffness and boundary 

conditions on the vibration of FGGPRC doubly-curved 
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shells are investigated. For all structures, the fully clamped 

ones have the largest frequencies while the fully simply-

supported ones have the smallest frequencies. Also, the 

smallest frequencies occur for the homogeneous structures 

and the frequencies increase with the increase of the power 

law index. In addition, the increase of the elastic foundation 

stiffness and graphene weight fraction enhances the strength 

of the structures and, therefore, leads to an increment in the 

frequencies. It is also noted that a decrement in the 

frequencies occurs as the side-to-thickness ratio and aspect 

ratio increase. While, an increment in the frequencies 

occurs with the increase of the shallowness ratio and mode 

numbers. 
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