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1. Introduction 

 

Sandwich cylindrical shell structure has been used 

widely in various micro-thermo-mechanical systems due to 

their unique features including couple thermal and 

mechanical properties and to optimum conditions for 

dynamic behavior, strength and stability. Many studies have 

been performed to deduce the vibration of such three-layer 

cylindrical shells with soft cores. Loy et al. (1997) studied 

the analysis of cylindrical shells using an improved version 

of the generalized differential quadrature (GDQ) method. 

Akbari Alashti and Khorsand (2012) presented 3D elastic 

analysis for functionally graded (FG) cylindrical shells 

bonded with piezoelectric layers subjected to dynamic and 

thermal loadings. Yang et al. (2014) investigated the 

vibration and damping characteristics of free–free 

composite sandwich cylindrical shell with pyramidal truss-

like cores using the Rayleigh–Ritz model and finite element 

method. Zeighampour and Beni (2014) discussed the 

cylindrical thin-shell model based on modified strain 

gradient theory. They used the thin shell theory based on 

modified strain gradient theory. 
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In the present decades, thermo-mechanical stress 

analysis for thick-walled cylinder has been investigated. 

Beni et al. (2015) presented the size-dependent equations of 

motion for FG cylindrical shell using shear deformation 

model and rotation inertia. Bahadori and Najafizadeh 

(2015) discussed the dynamic behavior of FG cylindrical 

shell surrounded by two-parameter elastic foundation based 

on the first-order shear deformation shell theory (FSDT) by 

using the general differential quadrature (GDQ) method. 

They concluded that their analysis may be extended to 

study the influence of boundary conditions on shell 

vibrations by the higher-order shear deformation shell 

theory (HSDT). Dey and Ramachandra (2016) presented the 

non-linear dynamic response of laminated composite 

circular cylindrical shell under periodic radial point loading 

and static axial partial loading. They considered the von 

Kármán type of non-linearity and used Donnell’s shell 

theory based on FSDT. Razavi et al. (2016) presented the 

electromechanical vibration of cylindrical nanoshell made 

of FG piezoelectric material (FGPM) using the consistent 

couple stress theory and the cylindrical shell model. Shen et 

al. (2018) studied the small and large amplitude vibration 

behaviors of graphene-reinforced composite (GRC) 

laminated cylindrical panels supported by an elastic 

foundation under thermal environmental conditions. 

Due to excellent mechanical, electrical and thermal 
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Abstract.  In the present study, vibration analysis of double bonded micro sandwich cylindrical shells with saturated porous 

core and carbon/boron nitride nanotubes (CNT/BNNT) reinforced composite face sheets under multi-physical loadings based on 

Cooper-Naghdi theory is investigated. The material properties of the micro structure are assumed to be temperature dependent, 

and each of the micro-tubes is placed on the Pasternak elastic foundations, and mechanical, moisture, thermal, electrical, and 

magnetic forces are effective on the structural behavior. The distributions of porous materials in three distributions such as non-

linear non-symmetric, nonlinear-symmetric, and uniform are considered. The relationship including electro-magneto-hydro-

thermo-mechanical loadings based on modified couple stress theory is obtained and moreover the governing equations of 

motion using the energy method and the Hamilton’s principle are derived. Also, Navier’s type solution is also used to solve the 

governing equations of motion. The effects of various parameters such as material length scale parameter, temperature change, 

various distributions of nanotube, volume fraction of nanotubes, porosity and Skempton coefficients, and geometric parameters 

on the natural frequency of double bonded micro sandwich cylindrical shells are investigated. Increasing the porosity and the 

Skempton coefficients of the core in micro sandwich cylindrical shell lead to increase the natural frequency of the structure. 

Cylindrical shells and porous materials in the industry of filters and separators, heat exchangers and coolers are widely used and 

are generally accepted today. 
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properties of carbon nanotubes (CNTs), such as high 

strength, high stiffness and high aspect ratio with low 

density, carbon nanotube-reinforced FG composites 

composed of these advanced materials have found wide 

applications as structural members in modern industries 

such as mechanical and aerospace engineering. 

Mohammadimehr et al. (2011) used the nonlocal elasticity 

theory to develop the elastic buckling of double-walled 

carbon nanotubes (DWCNTs) embedded in an elastic 

medium under axial compression. Arani et al. (2011) 

presented the stress analysis of a long piezoelectric 

polymeric hollow cylinder reinforced with CNT under 

combined magneto-thermo-electro-mechanical loading is 

investigated. Murmu et al. (2012) studied the effect of a 

longitudinal magnetic field on the transverse vibration of a 

magnetically sensitive DWCNT. Ghorbanpour Arani et al. 

(2012a) discussed the electro-thermal transverse vibration 

behavior of DWCNTs embedded in a surrounded elastic 

medium using nonlocal piezo-elasticity cylindrical shell 

theory. Arani et al. (2012b) presented the nonlinear 

vibrations analysis for multi-walled carbon nanotubes 

embedded in an elastic medium. Arani et al. (2015) 

discussed the static stresses analysis of CNT reinforced 

composite cylinder. Non-axisymmetric thermo-mechanical 

loadings are applied in presence of uniform longitudinal 

magnetic field and radial electric field. 

Lei et al. (2015) investigated the free vibration of CNT 

reinforced FG rotating cylindrical panels. They used the 

element-free kernel particle (kp)-Ritz method to perform 

this analysis. Duc et al. (2015a) investigated mechanical 

and thermal stability of eccentrically stiffened functionally 

graded conical shell panels resting on elastic foundations 

and in thermal environment. Kheibari and Beni (2016) 

presented the free vibration of piezoelectric nanotubes 

based on Love’s cylindrical thin-shell model by using 

couple stress theory. Pourasghar and Chen (2016) used the 

3D elasticity theory to investigate the free vibration 

response of a CNT reinforced cylindrical panel resting in 

two-parameter elastic foundation in thermal environments. 

Song et al. (2016) presented the vibration characteristics of 

CNT reinforced FG composite closed cylindrical shells. 

They considered the thermal effect and used Reddy’s high-

order shear deformation theory. Mohammadimehr and 

Mehrabi (2017) presented the free vibration and stability 

analyses of double-bonded micro composite sandwich 

cylindrical shells reinforced by CNTs conveying fluid flow 

under magneto-thermo-mechanical loadings using modified 

couple stress theory based on Reddy’s cylindrical double-

shell theory. Duc et al. (2017) presented static response and 

free vibration of functionally graded carbon nanotube-

reinforced composite rectangular plates resting on Winkler-

Pasternak elastic foundations. Van Do et al. (2017) 

considered analysis of bi-directional functionally graded 

plates by FEM and a new third-order shear deformation 

plate theory. Sobhy and Zenkour (2018) investigated the 

effect of the magnetic field on the thermomechanical 

buckling and vibration of viscoelastic sandwich nanobeam 

of a homogeneous core integrated with two FG CNT 

reinforced face sheets and imposed in a humid environment. 

Mehar et al. (2017) investigated nonlinear thermoelastic 

frequency analysis of functionally graded carbon 

nanotubes-reinforced single/doubly curved shallow shell 

panels by finite element method. Some studies are 

illustrated about nonlinear static, buckling, vibration and 

dynamic responses on micro/nano structures (Duc 2014, 

Duc et al. 2016, Vuong and Duc 2018, Duc et al. 2015b, 

2016, Minh and Duc 2019, Khoa et al. 2019, Nguyen et al. 

2019). 

Recently, many efforts have been made to develop 

various classes of porous structures. Poro material 

structures, such as beams, plates, and shells are widely used 

in structural design problems. In most problems of porous 

structures, the material properties vary through the 

thickness with a specific function (Barati et al. 2016, 2017, 

Barati and Zenkour 2018, Zenkour 2015, 2018, Yuan and 

Kardomateas 2018, Frostig et al. 2018). Jabbari et al. 

(2013) presented the buckling analysis of radially solid 

circular plate made of porous material bounded with the 

layers of piezoelectric actuators. Wang and Wu (2017) 

presented the free vibration analysis of a FG porous 

cylindrical shell subject to different sets of immovable 

boundary conditions. Also, some researchers worked about 

size dependent and surface effects on micro/nano structures 

(Liu et al. 2017a, b, 2019, Yu et al. 2019a, b). 

Piezomagnetic and piezoelectric materials, 

nanotechnology and micro scale analysis for smart 

structures were investigated in the introduction. According 

to reviewed literature, a combination of these topics for 

smart double bonded sandwich cylindrical shell under 

multi-physical fields including mechanical, moisture, 

thermal, electrical, and magnetic loadings as well as three 

distributions of porous materials such as non-linear non-

symmetric, nonlinear-symmetric, and uniform based on 

Cooper-Naghdi theory is a lack of study. Therefore, the 

novelty of this research is the free vibration analysis of 

double bonded micro sandwich cylindrical shells with 

saturated porous core and CNT/BNNT reinforced 

composite face sheets under various physical parameters 

including hydro-thermo-mechanical loadings based on 

Cooper-Naghdi theory. The distribution of porous materials 

in three distributions such as non-linear-non-symmetric 

porosity, nonlinear-symmetric of porosity, and uniform are 

taken into account. The relationships including electro-

magneto-hydro-thermo-mechanical loadings together 

modified couple stress theory are obtained. Moreover, by 

the energy method and the Hamilton’s principle, the 

governing equations of motion are derived. And then the 

Navier’s analytical solution method is used to solve these 

equations. The results of the present research can be used 

for micro sandwich cylindrical shell with porous core in 

filtering liquids. Moreover, the porous materials as 

advanced engineering materials in aerospace, civil 

constructions and automotive industry especially as a core 

of sandwich structures due to their excellent multi 

functionality offered by low specific weight, efficient 

capacity of energy dissipation, reduced thermal and 

electrical conductivity, and enhanced recyclability. Design 

more smart structures under multi-physical fields 

includinghydro-thermo-mechanical loadings is one of the 

other applications of this study results. 
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2. Geometry and simulation 

 

Fig. 1 illustrates a schematic view of double bonded 

micro sandwich cylindrical shell with saturated porous core 

and reinforced carbon nanotube piezoelectric composite 

face sheets. Length, thickness and inner radius of the micro 

sandwich cylindrical shell are 𝐿, ℎ and 𝑅, respectively. 

ℎ𝑐, ℎ𝑏 and ℎ𝑡 are the thicknesses of core, down and upper 

face sheets, respectively. The micro sandwich cylindrical 

shell with temperature dependent material properties is 

embedded by Pasternak foundation with 𝐾𝑊𝑖
 and 𝐾𝐺𝑖, 𝑖 =

1,2,3. The micro sandwich cylindrical shell is subjected to 

applied voltage 𝜓0 and magnetic field 𝜙0. 

According to variation of porous distribution types 

along thickness, the following relations can be written as 

follows for core (Jabbari et al. 2013): 

For porous nonlinear-nonsymmetric distribution 

 

{

𝐺(𝑧)

𝐸(𝑧)

𝜌(𝑧)
} = {

𝐺0
𝐸0
𝜌0

} [1 − 𝑒1 cos(
𝜋

2ℎ
(𝑧 +

ℎ

2
))], (1a) 

 

The initial shear modulus, Poisson’s ratio and density 

are 𝐺0 = 24 GPa, 𝜈0 = 0.3 and 𝜌0 = 2700 kg/m
3. 

For porous-monotonous distribution 

 

{

𝐺(𝑧)

𝐸(𝑧)

𝜌(𝑧)
} = {

𝐺0
𝐸0
𝜌0

} [1 − 𝑒1 cos (
𝜋𝑧

ℎ
)]. (1b) 

 

For porous-nonlinear-symmetric distribution 

 

 

{

𝐺(𝑧)

𝐸(𝑧)

𝜌(𝑧)
} = {

𝐺0
𝐸0
𝜌0

} (1 − 𝑒1). (1c) 

 

The extended mixture approach is used for effective 

material properties of upper and lower face sheets as 

follows (Arani et al. 2016, Mohammadimehr et al. 2018a, 

b, c) 

 

𝐸11 = 𝜂1𝑉𝑁𝑇𝐸11
𝑁𝑇 + 𝑉𝑚𝐸𝑚, 

𝜂2
𝐸22

=
𝑉𝑁𝑇
𝐸22
𝑁𝑇 +

𝑉𝑚
𝐸𝑚
,     

𝜂3
𝐺12

=
𝑉𝑁𝑇
𝐺12
𝑁𝑇 +

𝑉𝑚
𝐺𝑚
, 

(2) 

 

where 𝜂𝑖 (𝑖 = 1,2,3)  are efficiency coefficients of 

nanotubes (NTs) including CNT and BNNT. These 

coefficients are listed in Table 1. 𝐸11, 𝐸22 and 𝐺12are the 

Young’s modulii and the shear modulus of the NT, and 

𝑉𝑁𝑇and 𝑉𝑚  are the volume fraction of the NT and the 

matrix, respectively. The material properties of SWCNTs 

and SWBNNTs for different temperatures are listed in 

Tables 2 and 3, respectively. Various distributions of NT are 

defined as 

 

 

 

Table 1 Efficiency coefficients of NTs (Arani et al. 2016) 

𝑉𝑁𝑇
∗  𝜂1 𝜂2 𝜂3 

0.11 0.149 0.934 0.934 

0.14 0.150 0.941 0.941 

0.17 0.149 1.381 1.381 
 

 

 

Fig. 1 A schematic view of double bonded micro-sandwich plate CNT/BNNT reinforced composite facesheets 
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𝑉𝑁𝑇(𝑧) =

{
 
 
 

 
 
 

𝑉𝑁𝑇
∗ (𝑈𝐷 − 𝑁𝑇),

(1 +
2𝑧

ℎ
)𝑉𝑁𝑇

∗ (𝐹𝐺 − 𝑉 − 𝑁𝑇),

2 (1 −
|2𝑧|

ℎ
)𝑉𝑁𝑇

∗ (𝐹𝐺 − 𝑂 − 𝑁𝑇),

2
|2𝑧|

ℎ
𝑉𝑁𝑇
∗ (𝐹𝐺 − 𝑋 − 𝑁𝑇),

 (3) 

 

where 
 

𝑉𝑁𝑇
∗ =

𝑤𝑁𝑇

𝑤𝑁𝑇 + (
𝜌𝑁𝑇

𝜌𝑚
) (1 − 𝑤𝑁𝑇)

 
(4) 

 

where 𝑤𝑆𝑊𝐶𝑁𝑇  is the mass fraction of the nanotubes. 

𝜌𝑁𝑇 and 𝜌𝑚  are densities of NTs and the matrix, 

respectively. The properties of matrix materials for face 

sheet layers (BiTiO3-CoFe2O4) is considered in Table 4. 

Density, Poisson’s ratio, thermal and hydro properties of 

face sheets are written as 

 

 

 

 

 

 
𝜌 = 𝜌𝑁𝑇𝑉𝑁𝑇 + 𝜌𝑚𝑉𝑚,

𝜈12 = 𝜈12
𝑁𝑇𝑉𝑁𝑇 + 𝜈𝑚𝑉𝑚,

𝛼11 = 𝛼11
𝑁𝑇𝑉𝑁𝑇 + 𝛼𝑚𝑉𝑚,

𝛼22 = (1 + 𝜈12
𝑁𝑇)𝛼22

𝑁𝑇𝑉𝑁𝑇 + (1 + 𝜈𝑚)𝛼𝑚𝑉𝑚 − 𝜈12𝛼11,

𝛽11 = 𝛽11
𝑁𝑇𝑉𝑁𝑇 + 𝛽𝑚𝑉𝑚,

𝛽22 = (1 + 𝜈12
𝑁𝑇)𝛽

22
𝑁𝑇𝑉𝑁𝑇 + (1 + 𝜈𝑚)𝛽𝑚𝑉𝑚 − 𝜈12𝛽11.

 (5) 

 

The face sheets are reinforced by NTs. The volume 

fraction of NTs, 𝑉𝑁𝑇 for the top and the bottom of face 

sheets are as 

 

𝑉𝑁𝑇 = 2(
𝑡1 − 𝑧

𝑡1 − 𝑡0
)𝑉
∗

𝑁𝑇 ,

𝑉𝑁𝑇 = 2(
𝑧 − 𝑡2
𝑡3 − 𝑡2

)𝑉
∗

𝑁𝑇 .
 (6) 

 

Using Tables 3 and 4, the equal properties for face 

sheets can be obtained as follows (Zenkour 2015) 

Table 2 The temperature dependent material properties for (10, 10) SWCNT (R = 0.68 nm, L = 9.26 nm, 

h = 0.067 nm, 𝜌 = 1400 𝐾𝑔 𝑚3⁄ , 𝜈12 = 0.175) (Farajpour et al. 2016) 

Temperature (K) 𝐸11
𝐶𝑁𝑇(𝑇𝑃𝑎) 𝐸22

𝐶𝑁𝑇(𝑇𝑃𝑎) 𝐺12
𝐶𝑁𝑇(𝑇𝑃𝑎) 𝛼11

𝐶𝑁𝑇(1/𝐺𝑃𝑎. 𝐾) 𝛼22
𝐶𝑁𝑇(1/𝐺𝑃𝑎. 𝐾) 

300 5.6466 7.08 1.9445 3.4584 5.1682 

500 5.5308 6.9348 1.9643 4.5361 5.0189 

700 5.4744 6.8641 1.9644 4.6677 4.8943 
 

Table 3 The mechanical and electrical properties for CNT and BNNT as reinforced in face sheets 

(Ghorbanpour Arani et al. 2012, Mohammadimehr et al. 2016a, b) 

All constants The values of parameters 

𝐸𝑙𝑎𝑠𝑡𝑖𝑐𝑐𝑜𝑛𝑠tan𝑡𝑠 
(𝐶𝑁𝑇) 

𝐶11 = 5.8249 𝑇𝑃𝑎,     𝐶12 = 1.01937𝑇𝑃𝑎,     𝐶22 = 7.3037𝑇𝑃𝑎
𝐶44 = 𝐶55 = 𝐶66 = 1.9445𝑇𝑃𝑎,     𝜐 = 0.175,      𝑉𝐶𝑁𝑇 = 0.17

 

𝐸𝑙𝑎𝑠𝑡𝑖𝑐𝑐𝑜𝑛𝑠tan𝑡𝑠 
(𝐵𝑁𝑁𝑇𝑠) 

𝐶11 = 𝐶22 = 𝐶33 = 2.035 𝑇𝑃𝑎,     𝐶12 = 𝐶13 = 𝐶23 = 0.692𝑇𝑃𝑎,
𝐶44 = 𝐶55 = 𝐶66 = 0.672𝑇𝑃𝑎,       𝜐 = 0.34,       𝑉𝑁𝑇 = 0.17

 

𝑃𝑖𝑒𝑧𝑜𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑐𝑜𝑛𝑠tan𝑡𝑠 
(𝐵𝑁𝑁𝑇) 

𝑒31 = 0.95𝐶𝑚
2,          𝑒32 = −0.45𝐶𝑚

2, 
𝑒24 = −0.273𝐶𝑚

2,    𝑒15 = −0.009𝐶/𝑚
2 

𝐷𝑖𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑐𝑜𝑛𝑠tan𝑡𝑠 K11 = K22 = K33 = 1.7708 × 10
−10 

 

Table 4 The properties of matrix materials for face sheet layers (𝐵𝑖𝑇𝑖𝑂3 − 𝐶𝑜𝐹𝑒2𝑂4) 

All constants The values of parameters 

𝐸𝑙𝑎𝑠𝑡𝑖𝑐𝑐𝑜𝑛𝑠tan𝑡𝑠 
𝐶11 = 𝐶22 = 226𝑀𝑃𝑎,     𝐶12 = 125𝑀𝑃𝑎,     𝐶13 = 124𝑀𝑃𝑎,
𝐶33 = 216𝑀𝑃𝑎,     𝐶44 = 𝐶55 = 44.2𝑀𝑃𝑎,     𝐶66 = 50.5𝑀𝑃𝑎,

 

𝑃𝑖𝑒𝑧𝑜𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 
𝑒31 = 𝑒32 = −2.2𝐶𝑚

2,     𝑒15 = 𝑒24 = 5.8𝐶𝑚
2,     𝑒33 = 9.3𝐶𝑚

2, 
𝑞31 = 𝑞32 = 290.1𝐻/m,    𝑞15 = 𝑞24 = 275𝐻/m,     𝑞33 = 349.9𝐻/m, 

𝐷𝑖𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 K11 = K22 = 5.64 × 10
−9, K33 = 6.35 × 10

−9, 

𝑀𝑎𝑔𝑛𝑒𝑡𝑜𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 𝑔11 = 𝑔22 = 5.367 × 10
−12𝑉/𝑚.𝑂𝑒, 𝑔33 = 2737.5 × 10

−12𝑉/𝑚.𝑂𝑒, 

𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐𝑐𝑜𝑛𝑠tan𝑡𝑠 𝜇11 = 𝜇22 = −297 × 10
−6𝑁/𝐴2,      𝜇33 = 53.5 × 10−6𝑁/𝐴2, 

𝑂𝑡ℎ𝑒𝑟𝑐𝑜𝑛𝑠tan𝑡𝑠 
𝜌 = 5550𝑘𝑔/𝑚3,     𝛼 = 4.74e − 5    1/𝐾,      𝜈 = 0.25,     h = 2𝜇m,

l = 17.6𝜇m,      L = 20h,      K𝑊 = 600GN/m3 ,      KG = 1000N/m
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𝑐11 =
𝑐11
𝑆𝑊𝑁𝑇𝑐11

𝑚

𝑉𝑆𝑊𝑁𝑇𝑐11
𝑚 + (1 − 𝑉𝑆𝑊𝑁𝑇)𝑐66

𝑚 , 

𝑐12 = 𝑐11 [
𝑉𝑆𝑊𝑁𝑇𝑐12

𝑆𝑊𝑁𝑇

𝑐11
𝑆𝑊𝑁𝑇 + (1 − 𝑉𝑆𝑊𝑁𝑇)

𝑐12
𝑚

𝑐11
𝑚] , 

𝑐22 = 𝑉𝑆𝑊𝑁𝑇𝑐22
𝑆𝑊𝑁𝑇 + (1 − 𝑉𝑆𝑊𝑁𝑇)𝑐22

𝑚 , 

𝑐66 =
𝑐66
𝑆𝑊𝑁𝑇𝑐66

𝑚

𝑉𝑆𝑊𝑁𝑇𝑐66
𝑆𝑊𝑁𝑇 + (1 − 𝑉𝑆𝑊𝑁𝑇)𝑐66

𝑚 , 

(7a) 

 

𝑒24 = 𝑉𝑆𝑊𝑁𝑇𝑒24
𝑆𝑊𝑁𝑇 + (1 − 𝑉𝑆𝑊𝑁𝑇)𝑒24

𝑚 ,

𝑒32 = 𝑉𝑆𝑊𝑁𝑇𝑒32
𝑆𝑊𝑁𝑇 + (1 − 𝑉𝑆𝑊𝑁𝑇)𝑒32

𝑚 ,

𝑒31 = 𝑞11 (
(1 − 𝑉𝑆𝑊𝑁𝑇)𝑒31

𝑆𝑊𝑁𝑇

𝑞11
𝑆𝑊𝑁𝑇 +

𝑉𝑆𝑊𝑁𝑇𝑒31
𝑚

𝑞11
𝑚 ) ,

𝑒15 =
𝑒15
𝑚𝑒15

𝑆𝑊𝑁𝑇

𝑉𝑆𝑊𝑁𝑇𝑒15
𝑚 + (1 − 𝑉𝑆𝑊𝑁𝑇)𝑒15

𝑆𝑊𝑁𝑇 ,

 (7b) 

 

𝐾11 = (1 − 𝑉𝑆𝑊𝑁𝑇)𝐾11
𝑚 + 𝑉𝑆𝑊𝑁𝑇𝐾11

𝑆𝑊𝑁𝑇,

𝐾22 = (1 − 𝑉𝑆𝑊𝑁𝑇)𝐾22
𝑚 + 𝑉𝑆𝑊𝑁𝑇𝐾22

𝑆𝑊𝑁𝑇 ,

𝐾33 = (1 − 𝑉𝑆𝑊𝑁𝑇)𝐾33
𝑚 + 𝑉𝑆𝑊𝑁𝑇𝐾33

𝑆𝑊𝑁𝑇 .

 (7c) 

 

Stiffness, piezoelectric and magnetic coefficients for 

face sheets can be stated in Appendix A. Displacement 

fields of the micro sandwich moderately cylindrical shell 

based on Cooper-Naghdi theory are given by 
 

𝑈𝑥(𝑥, 𝜃, 𝑧, 𝑡) = 𝑢(𝑥, 𝜃, 𝑡) + 𝑧𝛽𝑥(𝑥, 𝜃, 𝑡),
𝑈𝜃(𝑥, 𝜃, 𝑧, 𝑡) = 𝑣(𝑥, 𝜃, 𝑡) + 𝑧𝛽𝜃(𝑥, 𝜃, 𝑡)

𝑈𝑧(𝑥, 𝜃, 𝑧, 𝑡) = 𝑤(𝑥, 𝜃, 𝑡),
 (8) 

 

where 𝑢(𝑥, 𝜃, 𝑡) , 𝑣(𝑥, 𝜃, 𝑡) , 𝑤(𝑥, 𝜃, 𝑡) , 𝛽𝑥(𝑥, 𝜃, 𝑡)  and 

𝛽𝜃(𝑥, 𝜃, 𝑡) are middle surface displacements and rotations 

in the longitudes, peripheral and thickness direction of the 

micro sandwich moderately cylindrical shell. 

Strain-displacement relations for each of face sheet and 

core can be expressed as 
 

휀𝑥𝑥 =
∂𝑈𝑥
∂𝑥

=
∂𝑢

∂𝑥
+ 𝑧

∂𝛽𝑥
∂𝑥

,

휀𝜃𝜃 =
𝑈𝑧
𝑅
+
1

𝑅

∂𝑈𝜃
∂𝜃

=
1

𝑅
(𝑤 +

∂𝑣

∂𝜃
+ 𝑧

∂𝛽𝜃
∂𝜃
) ,

휀𝑧𝜃 =
1

2
(
1

𝑅

∂𝑈𝑧
∂𝜃

+
∂𝑈𝜃
∂𝑧

−
𝑣

𝑅
) =

1

2
(
1

𝑅

∂𝑤

∂𝜃
+ 𝛽𝜃 −

𝑣

𝑅
) ,

휀𝑥𝑧 =
1

2
(
∂𝑈𝑧
∂𝑥

+
∂𝑈𝑥
∂𝑧
) =

1

2
(
∂𝑤

∂𝑥
+ 𝛽𝑥) ,

휀𝜃𝑥 =
1

2
(
1

𝑅

∂𝑈𝑥
∂𝜃

+
∂𝑈𝜃
∂𝑥

) .

 

       =
1

2
[
1

𝑅
(
∂𝑢

∂𝜃
+ 𝑧

∂𝛽𝑥
∂𝜃
) +

∂𝑣

∂𝑥
+ 𝑧

∂𝛽𝜃
∂𝑥
] 

(9) 

 

Hamilton’s principle can be stated as follows 
 

∫ (𝛿𝑇 − 𝛿𝑈 − 𝛿𝑊)d𝑡 = 0
𝑡

0

, (10) 

 

where 𝛿𝑈,𝛿𝑊 and𝛿𝑇are the variations of strain energy, 

work done by external force and kinetic energy, 

respectively. The variation of strain energy for three layers 

of the micro sandwich moderately cylindrical shell based on 

modified couple stress theory can be written as follows 

𝛿𝑈 = ∫ (𝜎𝑖𝑗𝛿휀𝑖𝑗 +𝑚𝑖𝑗𝛿𝜒𝑖𝑗 − 𝐷𝑖𝛿𝐸𝑖 − 𝐵𝑖𝛿𝐻𝑖)

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

d𝑉 

          + ∫ (𝜎𝑖𝑗𝛿휀𝑖𝑗 +𝑚𝑖𝑗𝛿𝜒𝑖𝑗)

−
ℎ𝑐
2

−
ℎ𝑐
2

d𝑉 

          + ∫ (𝜎𝑖𝑗𝛿휀𝑖𝑗 +𝑚𝑖𝑗𝛿𝜒𝑖𝑗 − 𝐷𝑖𝛿𝐸𝑖 − 𝐵𝑖𝛿𝐻𝑖)

ℎ𝑐
2
+ℎ𝑡

ℎ𝑐
2

d𝑉, 

(11) 

 

where the stress tensor 𝜎𝑖𝑗, symmetric stress tensor 𝑚𝑖𝑗 

and symmetric rotation gradient tensor are defined in 

Appendix B. 

Electrical and magnetic potential functions can be 

expressed as (Farajpour et al. 2016) 
 

𝜓(𝑥, 𝜃, 𝑧, 𝑡) =
2𝑧
~

ℎ𝑝
𝜓0 − 𝜓(𝑥, 𝜃, 𝑡)cos (

𝜋𝑧
~

ℎ𝑝
) ,

𝜑(𝑥, 𝜃, 𝑧, 𝑡) =
2𝑧
~

ℎ𝑝
𝜑0 − 𝜑(𝑥, 𝜃, 𝑡)cos (

𝜋𝑧
~

ℎ𝑝
) ,

𝑧
~
= 𝑧 −

ℎ𝑐
2
−
ℎ𝑡
2
.

 (12) 

 

Electric field 𝐸𝑖 , magnetic field 𝐻𝑖 , piezo-magnetic 

strain tensor 𝐵𝑖 and dielectric displacement tensor 𝐷𝑖 are 

defined in Appendix C. 

The resultants forces and moments, some other 

parameters related to material length scale parameter, 

electric and magnetic fields are defined in Appendix D. 

The variation of kinetic energy is given by 
 

∫𝛿𝑇

Ω

= ∫ 𝛿𝑇 +

ℎ𝑐
2
+ℎ𝑡

−
ℎ𝑐
2
−ℎ𝑏

∫ 𝛿𝑇 +

ℎ𝑐
2
+ℎ𝑡

−
ℎ𝑐
2
−ℎ𝑏

∫ 𝛿𝑇

ℎ𝑐
2
+ℎ𝑡

ℎ𝑐
2

,

𝛿𝑇 = ∫𝜌(𝑧) [

∂𝑈𝑥
∂𝑡

𝛿 (
∂𝑈𝑥
∂𝑡
)

+
∂𝑈𝜃
∂𝑡

𝛿 (
∂𝑈𝜃
∂𝑡
) +

∂𝑈𝑧
∂𝑡

𝛿 (
∂𝑈𝑧
∂𝑡
)

]

Ω

d𝑉,

𝛿𝑇 =

 

∫𝜌(𝑧)

[
 
 
 
 
 (
∂𝑢

∂𝑡
+ 𝑧

∂𝛽𝑥
∂𝑡
) 𝛿 (

∂𝑢

∂𝑡
+ 𝑧

∂𝛽𝑥
∂𝑡
)

+(
∂𝑣

∂𝑡
+ 𝑧

∂𝛽𝜃
∂𝑡
) 𝛿 (

∂𝑣

∂𝑡
+ 𝑧

∂𝛽𝜃
∂𝑡
)

+
∂𝑤

∂𝑡
𝛿 (
∂𝑤

∂𝑡
) ]

 
 
 
 
 

Ω

d𝑥d𝜃d𝑧, 

(13) 

 

Variation of kinetic energy must be extended for three 

layers of the micro sandwich cylindrical shell. Variation of 

work done by foundation forces for double bonded micro 

sandwich cylindrical shells can be written as follows 

(Mohammadimehr et al. 2016a, Mohammadimehr and 

Shahedi 2016) 
 

𝛿𝑊 = ∫𝐹elastic𝛿𝑤d𝐴

𝐴

, (14) 
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𝐹1
elastic = 𝐾𝑊1𝑤1 − 𝐾𝑊2(𝑤2 − 𝑤1) 

                  −𝐾𝐺1∇
2𝑤1 + 𝐾𝐺2∇

2(𝑤2 −𝑤1), 

𝐹2
elastic = 𝐾𝑊2(𝑤2 − 𝑤1) − 𝐾𝐺2∇

2(𝑤2 −𝑤1) 

                  +𝐾𝑊3𝑤2 − 𝐾𝐺3∇
2𝑤2. 

(14) 

 

Employing Eqs. (12)-(14), the governing equations 

based on displacement are derived in Appendix E. Also, the 

coefficients of Eqs. (E-1) to (E-14) are addressed in 

Appendix F. 
 

 

3. Solving method 
 

Navier’s solution is employed for simply supported 

boundary conditions of the micro sandwich cylindrical shell 

as follows 
 

{
{𝑢𝑖 , 𝛽𝑥𝑖 , 𝛽𝑡𝑖}

𝑣𝑖
{𝑤𝑖 , 𝜑𝑖 , 𝜓𝑖}

} (𝑥, 𝜃, 𝑡) = 

∑∑

{
 
 

 
 {𝑈𝑚𝑛𝑖 , 𝛽𝑥𝑚𝑛𝑖 , 𝛽𝑡𝑚𝑛𝑖}cos (

𝑚𝜋𝑥

𝐿
) cos(𝑛𝜃)

𝑉𝑚𝑛𝑖sin (
𝑚𝜋𝑥

𝐿
) sin(𝑛𝜃)

{𝑊𝑚𝑛𝑖 , 𝜑𝑚𝑛𝑖 , 𝜓𝑚𝑛𝑖}sin (
𝑚𝜋𝑥

𝐿
) cos(𝑛𝜃)}

 
 

 
 

e𝑗𝜔𝑚𝑛𝑡
∞

𝑛=1

∞

𝑚=1

 

(15

) 

 

where 𝑖 = 1, 2, 𝑚 and 𝑛 are half axial and peripheral 

wave numbers, respectively. In the matrix form 

(Mohammadimehr and Rahmati 2013) 
 

{[𝐾] − [𝑀]𝜔𝑚𝑛
2 }{𝑈} = 0, (16) 

 

where [𝐾], [𝑀] and {𝑈} are stiffness matrix, mass matrix 

and displacement vector, respectively. 
 

 

4. Numerical result and discussion 
 

In order to ensure the obtained results from the free 
 

 

Table 5 The dimensionless natural frequencies of 

piezoelectric cylindrical nanoshells 

n 
Present 

work 

Ke et al. 

(2015) 

Error 

(%) 

Loy et al. 

(1997) 

Error 

(%) 

1 0.0158 0.0168 1.37 0.0161 1.4 

2 0.00936 0.00938 0.2 0.00938 0.2 

3 0.02209 0.02210 0.08 0.02210 0.06 

4 0.04206 0.04209 0.09 0.04209 0.08 
 

 

 

Table 6 The dimensionless natural frequencies of porous 

cylindrical nanoshells with uniform distribution 

n Present work Wang and Wu (2017) Error (%) 

1 0.0168 0.0161 4.3 

2 0.0096 0.0094 2.12 

3 0.0222 0.0221 0.45 

4 0.0423 0.0421 0.47 

5 0.0683 0.0680 0.44 
 

 

 

vibration analysis of Cooper-Naghdi micro 

sandwichcylindrical shells with saturated porous core and 

reinforced carbon nanotube piezoelectric composite face 

sheets, theresults are compared with other researches (Loy 

et al. 1997, Wang and Wu 2017, Ke et al. 2015) in Tables 5-

6 that the dimensionless natural frequencies of micro 

composite sandwich cylindrical shells ( 𝜔 =

𝜔𝑅√𝜌(1 − 𝜈12
2 )/𝐸11 ). The dimensionless natural 

frequencies of piezoelectric andporous cylindrical 

nanoshells are reported in Tables 5 and 6, respectively. The 

obtained results have a good agreement with the literature. 

The influence of various factors such as the SWNT 

volume fraction, length to thickness ratio, temperature 

change, porosity distribution, small scale coefficient, 

theface sheet thickness to the core thickness ratio, 

foundation constants on the natural frequency of double- 
 

 

 

Fig. 2 The dimensionless natural frequencies of double-bonded micro sandwich cylindrical shell versus radius to 

thickness ratio for various spring constants 
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bonded micro sandwich cylindrical shells with saturated 

porous core andCNT/BNNT reinforced composite face 

sheets under hydro-thermo-mechanical loadings based on 

Cooper-Naghdi theory are studied. 

Fig. 2 depicts the dimensionless natural frequencies of 

double-bonded micro sandwich cylindrical shell with 

saturated porous core and carbon nanotube reinforced 

piezoelectric composite face sheets for radius to thickness 

ratio (𝑅/𝑡). As the figure shows, with increasing the radius 

to thickness ratio of double-bonded micro sandwich 

cylindrical shell, the dimensionless natural frequency 

increases. Also, it can be seen that by increasing the spring 

constants between two micro shells, the dimensionless 

natural frequencies enhances. It is due to increasing the 

stiffness of micro structure. 

The effect of temperature and moisture changes on the 

 

 

 

 

natural frequencies of the double-bonded micro sandwich 

cylindrical shell is shown in Figs. 3(a) and (b), respectively. 

It can be seen that as the temperature rises, the natural 

frequency and the stiffness of the micro sandwich 

cylindrical shell decreases; while this note is vice versa for 

moisture changes. 

Fig. 4 illustrates the dimensionless natural frequencies 

of double-bonded micro sandwich cylindrical shell versus 

radius to thickness ratio for various thicknesses offacesheets 

and cores. It can be seen that with increasing thickness of 

face sheets, the dimensionless natural frequency increases 

due to enhancing the stiffness of doublebonded micro 

sandwich shells. 

Fig. 5 shows the effect of volume fraction of SWCNTs 

on the dimensionless natural frequency. It is expected that 

with adding SWCNTs to double-bonded micro sandwich 
 

  

(a) (b) 

Fig. 3 The naturhpgal frequencies of double-bonded micro sandwich cylindrical shell versus radius to thickness 

ratio for various (a) temperature change; (b) moisture change 

 

Fig. 4 The dimensionless natural frequencies of double-bonded micro sandwich cylindrical shells versus radius to 

thickness ratio for various thicknesses of facesheets and cores 
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Fig. 5 Influence of SWCNT volume fraction on the dimensionless natural frequencies of double-bhpgonded 

micro sandwich cylindrical shells 

 

Fig. 6 Influence of porosity coefficient on the dimensionless natural frequencies of double-bonded micro 

sandwich cylindrical shells 

 

Fig. 7 Influence of porosity coefficient on the dimensionless natural frequencies of double-bonded micro 

sandwich cylindrical shells 
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cylindrical shells, the stiffness of the structure increases, 

which leads to enhance the dimensionless natural frequency. 

In the Fig. 6, by increasing the porosity coefficient and 

radius to thickness ratio, the natural frequency of double 

bonded micro sandwich cylindrical shells increases and 

thisincrease is more in the higher porosity coefficient. As 

the porosity increases, the free space volume of double 

bonded micro sandwich cylindrical shells enhances, and the 

weight of the structure decreases, as well as its stiffness. 

But the effect of the structure’s stiffness is higher, so 

dimensionless natural frequency of double bonded micro 

sandwich cylindrical shells increases with increasing 

porosity. 

 

 

5. Conclusions 
 

In this research, based on Cooper-Naghdi theory, free 

vibration analysis of double bonded micro sandwich 

cylindrical shells with saturated porous core and carbon/ 

boron nitride nanotubes (CNT/BNNT) reinforced composite 

face sheets subjected to hydro-thermo-mechanical loadings 

is presented. The material properties of the structure are 

assumed to be temperature dependent, and each of the 

micro-tubes is placed on the Pasternak elastic foundations, 

and mechanical, moisture, thermal, electrical, and magnetic 

forces are effective on the structural behavior. The 

distribution of porous materials in three distributions such 

as non-linear non-symmetric porosity, nonlinear-symmetric 

of porosity, and uniform porosity are considered. The 

relationship including electro-magneto-hydro-thermo-

mechanical loadings based on modified couple stress theory 

is obtained. Also by using the energy method and the 

Hamilton’s principle, the governing equations of motion are 

derived. In this article, the effects of various parameters 

such as material length scale parameter, temperature 

change, distributions of nanotube, volume fraction of 

nanotubes, porosity and Skempton coefficients, and 

geometric parameters on the natural frequency are 

investigated. Also, in order to ensure the obtained results 

from the free vibration analysis of Cooper-Naghdi micro 

sandwich cylindrical shells with saturated porous core and 

reinforced carbon nanotube piezoelectric composite face 

sheets, the results are compared with other researches that 

have a good agreement with the literature results. It can be 

seen that with increasing of radius to the thickness ratio of 

double-bonded micro sandwich cylindrical shell, the 

dimensionless natural frequency of the system increases. 

Also, it can be seen that by increasing the spring constants 

between two micro shells, the dimensionless natural 

frequencies enhances. It is due to increasing the stiffness of 

micro structure. It can be seen that as the temperature rises, 

the natural frequency and the stiffness of the micro 

sandwich cylindrical shell decreases; while this note is vice 

versa for moisture changes. Moreover, with increasing 

thickness of face sheets, the dimensionless natural 

frequency increases due to enhancing the stiffness of double 

bonded micro sandwich shells. 

Also, the natural frequency of double bonded micro 

sandwich cylindrical shells increases by increasing the 

porosity and Skempton coefficients and radius to thickness 

ratio, and this increase is more in the higher porosity 

coefficient. As the porosity increases, the free space volume 

of double bonded micro sandwich cylindrical shells 

enhances, and the weight of the structure decreases, as well 

as its stiffness. But the effect of the structure’s stiffness is 

higher, so dimensionless natural frequency of double 

bonded micro sandwich cylindrical shells increases with 

increasing porosity. 
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Appendix A 
 

Stiffness, piezoelectric and magnetic coefficients for face sheets 

can be stated as the following form 

 

𝑄11(𝑧) =
𝐸11(𝑧)

1 − 𝜐12(𝑧)𝜐21(𝑧)
, 

 
𝑒24 = 𝑉𝑆𝑊𝑁𝑇𝑒24

𝑆𝑊𝑁𝑇 + (1 − 𝑉𝑆𝑊𝑁𝑇)𝑒24
𝑚 , 

 

𝑄22(𝑧) =
𝐸22(𝑧)

1 − 𝜐12(𝑧)𝜐21(𝑧)
, 

 
𝑒32 = 𝑉𝑆𝑊𝑁𝑇𝑒32

𝑆𝑊𝑁𝑇 + (1 − 𝑉𝑆𝑊𝑁𝑇)𝑒32
𝑚 , 

 

𝑄12(𝑧) =
𝜐21(𝑧)𝐸11(𝑧)

1 − 𝜐12(𝑧)𝜐21(𝑧)
, 

 

𝑒31 = 𝑞11 (
(1 − 𝑉𝑆𝑊𝑁𝑇)𝑒31

𝑆𝑊𝑁𝑇

𝑞11
𝑆𝑊𝑁𝑇 +

𝑉𝑆𝑊𝑁𝑇𝑒31
𝑚

𝑞11
𝑚 ) , 

 

𝑄44(𝑧) =
𝐸22(𝑧)

2(1 + 𝜐23(𝑧))
, 

 

𝑒15 =
𝑒15
𝑚𝑒15

𝑆𝑊𝑁𝑇

𝑉𝑆𝑊𝑁𝑇𝑒15
𝑚 + (1 − 𝑉𝑆𝑊𝑁𝑇)𝑒15

𝑆𝑊𝑁𝑇 , 

 
𝑄55(𝑧) = 𝑄66(𝑧) = 𝐺12(𝑧), 

 
𝜂11 = (1 − 𝑉𝑆𝑊𝑁𝑇)𝜂11

𝑚 + 𝑉𝑆𝑊𝑁𝑇𝜂11
𝑆𝑊𝑁𝑇 , 

 
𝜂22 = (1 − 𝑉𝑆𝑊𝑁𝑇)𝜂22

𝑚 + 𝑉𝑆𝑊𝑁𝑇𝜂22
𝑆𝑊𝑁𝑇 , 

 
𝜂33 = (1 − 𝑉𝑆𝑊𝑁𝑇)𝜂33

𝑚 + 𝑉𝑆𝑊𝑁𝑇𝜂33
𝑆𝑊𝑁𝑇 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Appendix B 

 

The stress tensor𝜎𝑖𝑗, symmetric stress tensor 𝑚𝑖𝑗 and symmetric 

rotation gradient tensor are defined as follows 

 

{
 
 

 
 
𝜎𝑥𝑥
𝜎𝜃𝜃
𝜎𝑧𝜃
𝜎𝑧𝑥
𝜎𝑥𝜃}

 
 

 
 

=

[
 
 
 
 
𝑄11 𝑄12 0 0 0
𝑄12 𝑄22 0 0 0
0 0 𝑘𝑠𝑄44 0 0
0 0 0 𝑘𝑠𝑄55 0
0 0 0 0 𝑄66]

 
 
 
 

{
 
 

 
 
휀𝑥𝑥 − 𝛼11Δ𝑇
휀𝜃𝜃 − 𝛼22Δ𝑇
𝛾𝑧𝜃
𝛾𝑧𝑥
𝛾𝑥𝜃 }

 
 

 
 

 

 

−

[
 
 
 
 
0 0 𝑒31
0 0 𝑒32
0 𝑒24 0
𝑒15 0 0
0 0 0 ]

 
 
 
 

{

𝐸𝑥
𝐸𝜃
𝐸𝑧

} −

[
 
 
 
 
0 0 𝑞31
0 0 𝑞32
0 𝑞24 0
𝑞15 0 0
0 0 0 ]

 
 
 
 

{

𝐻𝑥
𝐻𝜃
𝐻𝑧

} , 

 

𝑚𝑖𝑗 = 2𝑙
2𝜇𝜒𝑖𝑗 ,     𝜃𝑖 =

1

2
curl(𝑢),     𝜒𝑖𝑗 =

1

2
(𝜃𝑖,𝑗 + 𝜃j,i), 

 

𝜒𝑥𝑥 =
1

2
(
1

𝑅

∂2𝑤

∂𝑥 ∂𝜃
−
1

𝑅

∂𝑣

∂𝑥
−
∂𝛽𝜃
∂𝑥
) , 

 

𝜒𝜃𝜃 =
1

2𝑅
(
∂𝑣

∂𝑥
−
1

𝑅

∂𝑢

∂𝜃
−
∂2𝑤

∂𝑥 ∂𝜃
+
∂𝛽𝑥
∂𝜃

+ 𝑧
∂𝛽𝜃
∂𝑥
) , 

 

𝜒𝑧𝑧 =
1

2
(
1

𝑅2
∂𝑢

∂𝜃
−
1

𝑅

∂𝛽𝑥
∂𝜃

+
∂𝛽𝜃
∂𝑥
) , 

 

𝜒𝜃𝑥 = 𝜒𝑥𝜃 =
1

4
(
1

𝑅2
(
∂2𝑤

∂𝜃2
−
∂𝑣

∂𝜃
) −

∂2𝑤

∂𝑥2
−
1

𝑅

∂𝛽𝜃
∂𝜃

+
∂𝛽𝑥
∂𝑥
) , 

 

𝜒𝑧𝑧 =
1

2
(
1

𝑅2
∂𝑢

∂𝜃
−
1

𝑅

∂𝛽𝑥
∂𝜃

+
∂𝛽𝜃
∂𝑥
) , 

 

𝜒𝜃𝑥 = 𝜒𝑥𝜃 =
1

4
(
1

𝑅2
(
∂2𝑤

∂𝜃2
−
∂𝑣

∂𝜃
) −

∂2𝑤

∂𝑥2
−
1

𝑅

∂𝛽𝜃
∂𝜃

+
∂𝛽𝑥
∂𝑥
) , 

 

𝜒𝑧𝜃 = 𝜒𝜃𝑧 =
1

4𝑅

(

 

∂2𝑣

∂𝑥 ∂𝜃
−
1

𝑅

∂2𝑢

∂𝜃2
+
∂𝑤

∂𝑥

+𝑧
∂2𝛽𝜃
∂𝑥 ∂𝜃

−
𝑧

𝑅

∂2𝛽𝑥
∂𝜃2

− 𝛽𝑥)

 , 

 

𝜒𝑧𝑥 = 𝜒𝑥𝑧 =
1

4

(

 

𝑣

𝑅2
−
1

𝑅

∂2𝑢

∂𝜃 ∂𝑥
+
∂2𝑣

∂𝑥2

−
1

𝑅2
∂𝑤

∂𝜃
+ 𝑧

∂2𝛽𝜃
∂𝑥2

−
𝑧

𝑅

∂2𝛽𝑥
∂𝜃 ∂𝑥

−
𝛽𝜃
𝑅 )

 . 
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Appendix C 
 

Based on Eq. (12), electric field 𝐸𝑖, magnetic field 𝐻𝑖 is obtained 

and also, piezo-magnetic strain tensor 𝐵𝑖  and dielectric 

displacement tensor 𝐷𝑖are considered as follow 

 

{

𝐸𝑥
𝐸𝜃
𝐸𝑧

} = −{

𝜑,𝑥
𝜑,𝜃
𝑅
𝜑,𝑧

} =

{
 
 
 

 
 
 ∂𝜑

∂𝑥
cos (

𝜋𝑧
~

ℎ𝑝
)

1

𝑅

∂𝜑

∂𝜃
cos (

𝜋𝑧
~

ℎ𝑝
)

−
2𝜑0
ℎ𝑝

−
𝜋

ℎ𝑝
𝜑(𝑥, 𝜃, 𝑡)sin (

𝜋𝑧
~

ℎ𝑝
)
}
 
 
 

 
 
 

, 

 

{

𝐻𝑥
𝐻𝜃
𝐻𝑧

} = −

{
 

 
𝜓,𝑥
𝜓,𝜃
𝑅
𝜓,𝑧}
 

 
=

{
 
 
 

 
 
 ∂𝜓

∂𝑥
cos (

𝜋𝑧
~

ℎ𝑝
)

1

𝑅

∂𝜓

∂𝜃
cos (

𝜋𝑧
~

ℎ𝑝
)

−
2𝜓0
ℎ𝑝

−
𝜋

ℎ𝑝
𝜓(𝑥, 𝜃, 𝑡)sin (

𝜋𝑧
~

ℎ𝑝
)
}
 
 
 

 
 
 

, 

 

{

𝐷𝑥
𝐷𝜃
𝐷𝑧

} =

[
 
 
 
 
0 0 𝑒31
0 0 𝑒32
0 𝑒24 0
𝑒15 0 0
0 0 0 ]

 
 
 
 
𝑇

{
 
 

 
 
휀𝑥𝑥
휀𝜃𝜃
𝛾𝑧𝜃
𝛾𝑧𝑥
𝛾𝑥𝜃}

 
 

 
 

+ [

𝑘11 0 0
0 𝑘22 0
0 0 𝑘33

] {

𝐸𝑥
𝐸𝜃
𝐸𝑧

} 

          + [

𝑔11 0 0
0 𝑔22 0
0 0 𝑔33

] {

𝐻𝑥
𝐻𝜃
𝐻𝑧

} , 

 

{

𝐵𝑥
𝐵𝜃
𝐵𝑧

} =

[
 
 
 
 
0 0 𝑞31
0 0 𝑞32
0 𝑞24 0
𝑞15 0 0
0 0 0 ]

 
 
 
 
𝑇

{
 
 

 
 
휀𝑥𝑥
휀𝜃𝜃
𝛾𝑧𝜃
𝛾𝑧𝑥
𝛾𝑥𝜃}

 
 

 
 

+ [

𝑔11 0 0
0 𝑔22 0
0 0 𝑔33

] {

𝐸𝑥
𝐸𝜃
𝐸𝑧

} 

          + [

𝜇11 0 0
0 𝜇22 0
0 0 𝜇33

] {

𝐻𝑥
𝐻𝜃
𝐻𝑧

}.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Appendix D 
 

The resultants forces and moments, some other parameters related 

to material length scale parameter, electric and magnetic fields 

are defined as the following form (Mohammadimehr et al. 

2016b) 

{𝑁𝑥𝑥, 𝑁𝜃𝜃 , 𝑁𝑥𝜃} = ∫ {𝜎𝑥𝑥, 𝜎𝜃𝜃 , 𝜎𝑥𝜃}d𝑧

ℎ𝑡+
ℎ𝑐
2

−ℎ𝑏−
ℎ𝑐
2

, 

 

{𝑀𝑥𝑥, 𝑀𝜃𝜃 , 𝑀𝑥𝜃} = ∫ {𝜎𝑥𝑥, 𝜎𝜃𝜃 , 𝜎𝑥𝜃}𝑧d𝑧

ℎ𝑡+
ℎ𝑐
2

−ℎ𝑏−
ℎ𝑐
2

, 

 

{𝑄𝑥 , 𝑄𝜃} = ∫ {𝜎𝑥𝑧, 𝜎𝜃𝑧}d𝑧

ℎ𝑡+
ℎ𝑐
2

−ℎ𝑏−
ℎ𝑐
2

, 

 
{𝑇𝑥𝑥 , 𝑇𝜃𝜃 , 𝑇𝑧𝑧 , 𝑇𝑧𝜃 , 𝑇𝑧𝑥 , 𝑇𝜃𝑥} 

= ∫ {𝑚𝑥𝑥, 𝑚𝜃𝜃 , 𝑚𝑧𝑧, 𝑚𝑧𝜃 , 𝑚𝑧𝑥, 𝑚𝜃𝑥}

ℎ𝑡+
ℎ𝑐
2

−ℎ𝑏−
ℎ𝑐
2

𝑧d𝑧, 

 

{

𝑃𝑥
𝑃𝜃
𝑃𝑧

} = ∫

{
 
 
 

 
 
 𝐷𝑥cos (

𝜋𝑧
~

ℎ𝑝
)

𝐷𝜃
𝑅
cos (

𝜋𝑧
~

ℎ𝑝
)

𝐷𝑥 (
𝜋

ℎ𝑝
) cos (

𝜋𝑧
~

ℎ𝑝
)
}
 
 
 

 
 
 

ℎ𝑡+
ℎ𝑐
2

−ℎ𝑏−
ℎ𝑐
2

d𝑧, 

 

{

𝑂𝑥
𝑂𝜃
𝑂𝑧

} = ∫

{
 
 
 

 
 
 𝐵𝑥cos (

𝜋𝑧
~

ℎ𝑝
)

𝐵𝜃
𝑅
cos (

𝜋𝑧
~

ℎ𝑝
)

𝐵𝑥 (
𝜋

ℎ𝑝
) cos (

𝜋𝑧
~

ℎ𝑝
)
}
 
 
 

 
 
 

d𝑧,

ℎ𝑡+
ℎ𝑐
2

−ℎ𝑏−
ℎ𝑐
2

 

 
{𝑌𝑥𝑥 , 𝑌𝜃𝜃 , 𝑌𝑧𝑧 , 𝑌𝑧𝜃 , 𝑌𝑧𝑥 , 𝑌𝜃𝑥} 

= ∫ {𝑚𝑥𝑥, 𝑚𝜃𝜃 , 𝑚𝑧𝑧, 𝑚𝑧𝜃 , 𝑚𝑧𝑥 , 𝑚𝜃𝑥}

ℎ𝑡+
ℎ𝑐
2

−ℎ𝑏−
ℎ𝑐
2

d𝑧.  
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Appendix E 
 

Using Eqs. (12)-(14) and Hamilton’s principle, the governing 

equations based on displacement are derived in Appendix E. 

 

𝛿𝑢1 :  − (𝐷1,0 + 𝐴20)
∂2𝑢1
∂𝑥2

+
𝐷5,0𝑙

2

4𝑅2
∂4𝑢1
∂𝑥2 ∂𝜃2

−
𝐷5,0𝑙

2

𝑅4
∂2𝑢1
∂𝜃2

 

           −
1

𝑅2
(𝐷5,0 + 𝐶20)

∂2𝑢1
∂𝜃2

+
𝐷5,0𝑙

2

4𝑅4
∂4𝑢1
∂𝜃4

 

           −
𝐷5,0𝑙

2

4𝑅

∂4𝑣1
∂𝑥3 ∂𝜃

+
1

𝑅
(
𝐷5,0𝑙

2

4𝑅2
)
∂2𝑣1
∂𝑥 ∂𝜃

 

           −
1

𝑅
(𝐷3,0 + 𝐷5,0 + 𝐵20 + 𝐶20)

∂2𝑣1
∂𝑥 ∂𝜃

 

           −
𝐷5,0𝑙

2

4𝑅3
∂4𝑣1
∂𝑥 ∂𝜃3

−
𝐷3,0 + 𝐵20

𝑅

∂𝑤1
∂𝑥

−
𝐷5,0𝑙

2

2𝑅3
∂3𝑤1
∂𝑥 ∂𝜃2

 

           −
1

𝑅
(
𝐷5,0𝑙

2

4𝑅
−
𝐷5,1𝑙

2

2𝑅2
)
∂2𝛽𝜃1
∂𝑥 ∂𝜃

 

           −
𝐷3,1 + 𝐷5,1 + 𝐵21 + 𝐶21

𝑅

∂2𝛽𝜃1
∂𝑥 ∂𝜃

+
5𝐷5,0𝑙

2

4𝑅3
∂2𝛽𝑥1
∂𝜃2

 

           −
1

𝑅2
(𝐶21 + 𝐷5,1)

∂2𝛽𝑥1
∂𝜃2

− (𝐷1,1 + 𝐴21)
∂2𝛽𝑥1
∂𝑥2

 

           −
𝐷5,1𝑙

2

4𝑅3
∂4𝛽𝜃1
∂𝑥 ∂𝜃3

+
𝐷5,1𝑙

2

4𝑅4
∂4𝛽𝑥1
∂𝜃4

−
𝐷5,1𝑙

2

4𝑅

∂4𝛽𝜃1
∂𝑥3 ∂𝜃

 

           +
𝐷5,1𝑙

2

4𝑅2
∂4𝛽𝑥1
∂𝑥2 ∂𝜃2

+
∂

∂𝑥
(𝛼11Δ𝑇 + 𝛽11Δ𝐻)𝐷1,0 

           +
∂

∂𝑥
(𝛼22Δ𝑇 + 𝛽22Δ𝐻)𝐷3,0 −

∂𝑁1,𝜑0
∂𝑥

−
∂𝑁1,𝜓0
∂𝑥

 

           −𝑁1,𝜑
∂𝜑1
∂𝑥

− 𝑁1,𝜓
∂𝜓1
∂𝑥

+ 𝐼(1)
∂2𝛽𝑥1
∂𝑡2

+ 𝐼(0)
∂2𝑢1
∂𝑡2

= 0, 

(E-1) 

 

 

𝛿𝑣1 :  
𝐷5,0𝑙

2

4

∂4𝑣1
∂𝑥4

−
𝐷5,0𝑙

2

2𝑅2
∂2𝑣1
∂𝑥2

− (𝐷5,0 − 𝐶20)
∂2𝑣1
∂𝑥2

 

           −
𝐷5,0𝑙

2

4𝑅4
∂2𝑣1
∂𝜃2

−
1

𝑅2
(𝐷2,0 + 𝐴20)

∂2𝑣1
∂𝜃2

+
𝐷5,0𝑙

2

4𝑅2
∂4𝑣1

∂𝑥2 ∂𝜃2
 

           +
1

𝑅2
(
𝐷5,0𝑙

2

4𝑅2
+ 𝐷4,0𝑘𝑠)𝑣1 −

𝐷5,0𝑙
2

4𝑅

∂4𝑢1
∂𝑥3 ∂𝜃

 

           −
𝐷5,0𝑙

2

4𝑅3
∂4𝑢1
∂𝑥 ∂𝜃3

+
1

𝑅
(
𝐷5,0𝑙

2

4𝑅2
− 𝐷3,0 − 𝐷5,0)

∂2𝑢1
∂𝑥 ∂𝜃

 

           +
3𝐷5,0𝑙

2

4𝑅2
∂3𝑤1
∂𝑥2 ∂𝜃

+
𝐷5,0𝑙

2

4𝑅4
∂3𝑤1
∂𝜃3

 

           −
1

𝑅2
(𝐷2,0 +

𝐷5,0𝑙
2

4𝑅2
+ 𝐷4,0𝑘𝑠)

∂𝑤1
∂𝜃

 

           −
1

𝑅
(
𝐷5,0𝑙

2

2𝑅
+ 𝐷5,1 + 𝐷3,1 +

𝐷5,1𝑙
2

4𝑅2
)
∂2𝛽𝑥1
∂𝑥 ∂𝜃

 

           −
1

𝑅2
(
𝐷5,0𝑙

2

4𝑅
+ 𝐷2,1)

∂2𝛽𝜃1
∂𝜃2

 

           − (
3𝐷5,0𝑙

2

4𝑅
+ 𝐷5,1 +

𝐷5,1𝑙
2

4𝑅2
)
∂2𝛽𝜃1
∂𝑥2

+
𝐷5,1𝑙

2

4𝑅2
∂4𝛽𝜃1
∂𝑥2 ∂𝜃2

 

           −
𝐷5,1𝑙

2

4𝑅3
∂4𝛽𝑥1
∂𝑥 ∂𝜃3

+
𝐷5,1𝑙

2

4

∂4𝛽𝜃1
∂𝑥4

 

           −
1

𝑅
(
𝐷5,0𝑙

2

4𝑅2
+ 𝐷4,0𝑘𝑠)𝛽𝜃1 −

𝐷5,1𝑙
2

4𝑅

∂4𝛽𝑥1
∂𝑥3 ∂𝜃

 

           −
1

𝑅
(
∂𝑁2,𝜑0
∂𝜃

+
∂𝑁2,𝜓0
∂𝜃

) −
1

𝑅
(𝑁2,𝜑

∂𝜑1
∂𝜃

+ 𝑁2,𝜓
∂𝜓1
∂𝜃

) 

           −
1

𝑅
(−𝑁4,𝜑

∂𝜑1
∂𝜃

− 𝑁4,𝜓
∂𝜓1
∂𝜃

) 

           0 + 𝐼(1)
∂2𝛽𝜃1
∂𝑡2

+ 𝐼(0)
∂2𝑣1
∂𝑡2

= 0, 

(E-2) 

 

𝛿𝑤1 :  
𝐷5,0𝑙

2

4

∂4𝑤1
∂𝑥4

− 𝐷5,0 (
𝑙2

4𝑅2
+ 𝑘𝑠)

∂2𝑤1
∂𝑥2

+
𝐷5,0𝑙

2

2𝑅2
∂4𝑤1
∂𝑥2 ∂𝜃2

 

           +
𝐷5,0𝑙

2

4𝑅4
∂4𝑤1
∂𝜃4

−
1

𝑅2
(
𝐷5,0𝑙

2

4𝑅2
+ 𝐷4,0𝑘𝑠)

∂2𝑤1
∂𝜃2

+
𝐷2,0
𝑅2

𝑤1 

           +
𝐷3,0
𝑅

∂𝑢1
∂𝑥

+
𝐷5,0𝑙

2

2𝑅3
∂3𝑢1
∂𝑥 ∂𝜃2

−
3𝐷5,0𝑙

2

4𝑅2
∂3𝑣1
∂𝑥2 ∂𝜃

 

           +
1

𝑅2
(𝐷2,0 +

𝐷5,0𝑙
2

4𝑅2
+ 𝐷4,0𝑘𝑠)

∂𝑣1
∂𝜃

−
𝐷5,0𝑙

2

4𝑅4
∂3𝑣1
∂𝜃3

 

           −
𝐷5,0𝑙

2

4𝑅2
∂3𝛽𝑥1
∂𝑥 ∂𝜃2

−
𝐷5,0𝑙

2

4

∂3𝛽𝑥1
∂𝑥3

 

           + (
𝐷5,0𝑙

2

4𝑅2
− 𝐷5,0𝑘𝑠 +

𝐷3,1
𝑅
)
∂𝛽𝑥1
∂𝑥

−
𝐷5,0𝑙

2

4𝑅3
∂3𝛽𝜃1
∂𝜃3

 

           −
1

𝑅
(
𝐷5,0𝑙

2

4𝑅2
+ 𝐷4,0𝑘𝑠 −

𝐷2,1
𝑅
)
∂𝛽𝜃1
∂𝜃

 

           −
1

2𝑅
(
𝐷5,0𝑙

2

2
+
𝐷5,1𝑙

2

𝑅
)
∂3𝛽𝜃1
∂𝑥2 ∂𝜃

 

           −
1

𝑅
(𝛼11Δ𝑇 + 𝛽11Δ𝐻)𝐷3,0 −

1

𝑅2
(𝛼22Δ𝑇 + 𝛽22Δ𝐻)𝐷2,0) 

           +
1

𝑅
(𝑁2,𝜑0 +𝑁2,𝜑𝜑1 + 𝑁2,𝜓0 + 𝑁2,𝜓𝜓1) +

1

𝑅
𝑁4,𝜑

∂2𝜑1
∂𝜃2

 

           +
1

𝑅
𝑁4,𝜓

∂2𝜓1
∂𝜃2

+𝑁5,𝜑
∂2𝜑1
∂𝑥2

+𝑁5,𝜓
∂2𝜓1
∂𝑥2

+ 𝐼(0)
∂2𝑤1
∂𝑡2

 

           −𝑞(𝑥, 𝜃) + 𝐾𝑊1𝑤1 − 𝐾𝑊2(𝑤2 − 𝑤1) 

           −𝐾𝐺1∇
2𝑤1 + 𝐾𝐺2∇

2(𝑤2 −𝑤1) = 0, 

(E-3) 

 

 

𝛿𝛽𝑥1 :  −
𝐷5,0𝑙

2

4

∂2𝛽𝑥1
∂𝑥2

− (𝐷1,2 + 𝐴22)
∂2𝛽𝑥1
∂𝑥2

+
𝐷5,2𝑙

2

4𝑅2
∂4𝛽𝑥1
∂𝑥2 ∂𝜃2

 

             +
𝐷5,2𝑙

2

4𝑅4
∂4𝛽𝑥1
∂𝜃4

−
1

𝑅2
(𝐷5,0𝑙

2 −
𝐷5,1𝑙

2

2𝑅
)
∂2𝛽𝑥1
∂𝜃2

 

             −
1

𝑅2
(𝐷5,2 + 𝐶22)

∂2𝛽𝑥1
∂𝜃2

+
𝐷5,0𝑙

2

4𝑅2
𝛽𝑥1 

             +(𝐷5,0𝑘𝑠 + 𝐶20)𝛽𝑥1 +
1

𝑅
(
3𝐷5,0𝑙

2

4
−
𝐷5,1𝑙

2

2𝑅
)
∂2𝛽𝜃1
∂𝑥 ∂𝜃

 

             −
1

𝑅
(𝐷3,2 + 𝐷5,2 + 𝐶22 + 𝐵22)

∂2𝛽𝜃1
∂𝑥 ∂𝜃

−
𝐷5,2𝑙

2

4𝑅3
∂4𝛽𝜃1
∂𝑥 ∂𝜃3

 

             −
𝐷5,2𝑙

2

4𝑅

∂4𝛽𝜃1
∂𝑥3 ∂𝜃

+
5𝐷5,0𝑙

2

4𝑅3
∂2𝑢1
∂𝜃2

 

             −
1

𝑅2
(𝐷5,1 + 𝐶21)

∂2𝑢1
∂𝜃2

−
1

𝑅
(
𝐷5,0𝑙

2

2𝑅
+
𝐷5,1𝑙

2

4𝑅2
)
∂2𝑣1
∂𝑥 ∂𝜃

 

             −
1

𝑅
(+𝐷3,1 + 𝐷5,1 + 𝐶21 + 𝐵21)

∂2𝑣1
∂𝑥 ∂𝜃

 

             +
𝐷5,0𝑙

2

4

∂3𝑤1
∂𝑥3

+
𝐷5,0𝑙

2

4𝑅2
∂3𝑤1
∂𝑥 ∂𝜃2

−
𝐷5,0𝑙

2

4𝑅2
∂𝑤1
∂𝑥

 

             +(𝐷5,0𝑘𝑠 −
𝐷3,1
𝑅

+ 𝐶20 −
1

𝑅
𝐵21)

∂𝑤1
∂𝑥

−
𝐷5,1𝑙

2

4𝑅3
∂4𝑣1
∂𝑥 ∂𝜃3

 

          −(𝐷1,1 + 𝐴21)
∂2𝑢1
∂𝑥2

+
𝐷5,1𝑙

2

4𝑅4
∂4𝑢1
∂𝜃4

+
𝐷5,1𝑙

2

4𝑅2
∂4𝑢1
∂𝑥2 ∂𝜃2

 

          −
𝐷5,1𝑙

2

4𝑅

∂4𝑣1
∂𝑥3 ∂𝜃

−
∂𝑀1,𝜑0
∂𝑥

−
∂𝑀1,𝜓0
∂𝑥

 

          −𝑀1,𝜑
∂𝜑1
∂𝑥

−𝑀1,𝜓
∂𝜓1
∂𝑥

− 𝑁5,𝜑
∂𝜑1
∂𝑥

− 𝑁5,𝜓
∂𝜓1
∂𝑥

 

          +𝐼(2)
∂2𝛽𝑥1
∂𝑡2

+ 𝐼(1)
∂2𝑢1
∂𝑡2

= 0, 

(E-4) 
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𝛿𝛽𝜃1 :  
𝐷5,2𝑙

2

4

∂4𝛽𝜃1
∂𝑥4

− (𝐷5,0𝑙
2 +

𝐷5,2𝑙
2

2𝑅2
+
𝐷5,1𝑙

2

2𝑅
)
∂2𝛽𝜃1
∂𝑥2

 

           −𝑀1,𝜑
∂𝜑1
∂𝑥

− (𝐷5,2 + 𝐶22)
∂2𝛽𝜃1
∂𝑥2

+
𝐷5,2𝑙

2

4𝑅2
∂4𝛽𝜃1
∂𝑥2 ∂𝜃2

 

           +
𝐷5,1𝑙

2

4

∂4𝑣1
∂𝑥4

−
𝐷5,0𝑙

2

4𝑅2
∂2𝛽𝜃1
∂𝜃2

−
1

𝑅2
(𝐷2,2 + 𝐴22)

∂2𝛽𝜃1
∂𝜃2

 

           +
1

𝑅
(
3𝐷5,0𝑙

2

4
−
𝐷5,1𝑙

2

2𝑅
)
∂2𝛽𝑥1
∂𝑥 ∂𝜃

 

           −
𝐷3,2 + 𝐷5,2 + 𝐵22 + 𝐶22

𝑅

∂2𝛽𝑥1
∂𝑥 ∂𝜃

−
𝐷5,1𝑙

2

4𝑅3
∂4𝑢1
∂𝑥 ∂𝜃3

 

           −
𝐷5,2𝑙

2

4𝑅3
∂4𝛽𝑥1
∂𝑥 ∂𝜃3

−
𝐷5,2𝑙

2

4𝑅

∂4𝛽𝑥1
∂𝑥3 ∂𝜃

 

           − (
𝐷5,0𝑙

2

4𝑅2
−
𝐷5,1𝑙

2

2𝑅3
)
∂2𝑢1
∂𝑥 ∂𝜃

 

           −
𝐷3,1 + 𝐷5,1 + 𝐵21 + 𝐶21

𝑅

∂2𝑢1
∂𝑥 ∂𝜃

−
𝐷5,0𝑙

2

4𝑅3
𝑣1 

           − (
3𝐷5,0𝑙

2

4𝑅
+
𝐷5,1𝑙

2

4𝑅2
)
∂2𝑣1
∂𝑥2

− (𝐷5,1 + 𝐶21)
∂2𝑣1
∂𝑥2

 

           −
1

𝑅2
(
𝐷5,0𝑙

2

4𝑅
)
∂2𝑣1
∂𝜃2

−
1

𝑅2
(𝐷2,1 + 𝐴21)

∂2𝑣1
∂𝜃2

 

           +
𝐷5,1𝑙

2

4𝑅2
∂4𝑣1

∂𝑥2 ∂𝜃2
−
1

𝑅
(𝐶20 + 𝑘𝑠𝐷4,0)𝑣1 

           +
1

𝑅
(
𝐷5,0𝑙

2

4
+
𝐷5,1𝑙

2

2𝑅
)
∂3𝑤1
∂𝑥2 ∂𝜃

+
𝐷5,0𝑙

2

4𝑅3
∂3𝑤1
∂𝜃3

 

           +
1

𝑅
(
𝐷5,0𝑙

2

4𝑅2
)
∂𝑤1
∂𝜃

−
𝐷5,1𝑙

2

4𝑅

∂4𝑢1
∂𝑥3 ∂𝜃

 

           +
1

𝑅
(𝑘𝑠𝐷4,0 −

𝐷2,1
𝑅

+ 𝐶20 −
𝐴2,1
𝑅
)
∂𝑤1
∂𝜃

+
𝐷5,0𝑙

2

4𝑅2
𝛽𝜃1  

           +(𝑘𝑠𝐷4,0 + 𝐶20)𝛽𝜃1 −
1

𝑅
(
∂𝑀2,𝜑0

∂𝜃
+
∂𝑀2,𝜓0

∂𝜃
) 

           −
1

𝑅
𝑀2,𝜑

∂𝜑1
∂𝜃

−
1

𝑅
𝑀2,𝜓

∂𝜓1
∂𝜃

− 𝑁4,𝜑
∂𝜑1
∂𝜃

− 𝑁4,𝜓
∂𝜓1
∂𝜃

 

           +𝐼(1)
∂2𝑣1
∂𝑡2

+ 𝐼(2)
∂2𝛽𝜃1
∂𝑡2

= 0, 

(E-5) 

 

 

 

𝛿𝜑1:  𝑁5,𝜑 (
∂2𝑤1
∂𝑥2

+
∂𝛽𝑥1
∂𝑥

) + 𝑁1,𝐷
∂2𝜑1
∂𝑥2

+𝑁1,𝐵
∂2𝜓1
∂𝑥2

 

          +𝑁4,𝜑 (
1

𝑅

∂2𝑤1
∂𝜃2

+
∂𝛽𝜃1
∂𝜃

−
1

𝑅

∂𝑣1
∂𝜃
) + 𝑁2,𝐵

∂2𝜑1
∂𝜃2

 

          +𝑁2,𝐷
∂2𝜓1
∂𝜃2

+ 𝑁1,𝜑
∂𝑢1
∂𝑥

+ 𝑀1,𝜑
∂𝛽𝑥1
∂𝑥

 

          +
1

𝑅
𝑁2,𝜑 (𝑤1 +

∂𝑣1
∂𝜃
) +𝑀2,𝜑

∂𝛽𝜃1
∂𝜃

 

          −𝑁3,𝐷1𝜑0 − 𝑁3,𝐷𝜑1 −𝑁3,𝐵1𝜑0 −𝑁3,𝐵𝜑1 = 0, 
(E-6) 

 

 

 

𝛿𝜓1:  𝑁5,𝜓 (
∂2𝑤1
∂𝑥2

+
∂𝛽𝑥1
∂𝑥

) + 𝑁1,𝐵
∂2𝜑1
∂𝑥2

+𝑁1,𝐵1
∂2𝜓1
∂𝑥2

 

          +𝑁4,𝜓 (
1

𝑅

∂2𝑤1
∂𝜃2

+
∂𝛽𝜃1
∂𝜃

−
1

𝑅

∂𝑣1
∂𝜃
) + 𝑁2,𝐷

∂2𝜑1
∂𝜃2

 

          +𝑁2,𝐵1
∂2𝜓1
∂𝜃2

+𝑁1,𝜓
∂𝑢1
∂𝑥

+𝑀1,𝜓
∂𝛽𝑥1
∂𝑥

 

          +
1

𝑅
𝑁2,𝜓 (𝑤1 +

∂𝑣1
∂𝜃
) +𝑀2,𝜓

∂𝛽𝜃1
∂𝜃

 

          −𝑁3,𝐵1𝜑0 − 𝑁3,𝐵𝜑1 − 𝑁3,𝐷2𝜓0 −𝑁3,𝐵2𝜓1 = 0, 
(E-7) 

 

𝛿𝑢2 :  − (𝐷1,0 + 𝐴20)
∂2𝑢2
∂𝑥2

+
𝐷5,0𝑙

2

4𝑅2
∂4𝑢2
∂𝑥2 ∂𝜃2

−
𝐷5,0𝑙

2

𝑅4
∂2𝑢2
∂𝜃2

 

            −
1

𝑅2
(𝐷5,0 + 𝐶20)

∂2𝑢2
∂𝜃2

+
𝐷5,0𝑙

2

4𝑅4
∂4𝑢2
∂𝜃4

−
𝐷5,0𝑙

2

4𝑅

∂4𝑣2
∂𝑥3 ∂𝜃

 

            +
𝐷5,0𝑙

2

4𝑅3
∂2𝑣2
∂𝑥 ∂𝜃

−
𝐷3,0 + 𝐷5,0 + 𝐵20 + 𝐶20

𝑅

∂2𝑣2
∂𝑥 ∂𝜃

 

            −
𝐷5,0𝑙

2

4𝑅3
∂4𝑣2
∂𝑥 ∂𝜃3

−
𝐷3,0 + 𝐵20

𝑅

∂𝑤2
∂𝑥

−
𝐷5,0𝑙

2

2𝑅3
∂3𝑤2
∂𝑥 ∂𝜃2

 

            −
1

𝑅
(
𝐷5,0𝑙

2

4𝑅
−
𝐷5,1𝑙

2

2𝑅2
)
∂2𝛽𝜃2
∂𝑥 ∂𝜃

 

            −
𝐷3,1 + 𝐷5,1 + 𝐵21 + 𝐶21

𝑅

∂2𝛽𝜃2
∂𝑥 ∂𝜃

+
5𝐷5,0𝑙

2

4𝑅3
∂2𝛽𝑥2
∂𝜃2

 

            −
1

𝑅2
(𝐶21 + 𝐷5,1)

∂2𝛽𝑥2
∂𝜃2

− (𝐷1,1 + 𝐴21)
∂2𝛽𝑥2
∂𝑥2

 

            −
𝐷5,1𝑙

2

4𝑅3
∂4𝛽𝜃2
∂𝑥 ∂𝜃3

+
𝐷5,1𝑙

2

4𝑅4
∂4𝛽𝑥2
∂𝜃4

−
𝐷5,1𝑙

2

4𝑅

∂4𝛽𝜃2
∂𝑥3 ∂𝜃

 

            +
𝐷5,1𝑙

2

4𝑅2
∂4𝛽𝑥2
∂𝑥2 ∂𝜃2

+
∂

∂𝑥
(𝛼11Δ𝑇 + 𝛽11Δ𝐻)𝐷1,0 

            +
∂

∂𝑥
(𝛼22Δ𝑇 + 𝛽22Δ𝐻)𝐷3,0 −

∂𝑁1,𝜑0
∂𝑥

−
∂𝑁1,𝜓0
∂𝑥

 

            −𝑁1,𝜑
∂𝜑2
∂𝑥

− 𝑁1,𝜓
∂𝜓2
∂𝑥

+ 𝐼(1)
∂2𝛽𝑥2
∂𝑡2

+ 𝐼(0)
∂2𝑢2
∂𝑡2

= 0, 

(E-8) 

 

 

 

𝛿𝑣2 :  
𝐷5,0𝑙

2

4

∂4𝑣2
∂𝑥4

−
𝐷5,0𝑙

2

2𝑅2
∂2𝑣2
∂𝑥2

− (𝐷5,0 − 𝐶20)
∂2𝑣2
∂𝑥2

 

           −
𝐷5,0𝑙

2

4𝑅4
∂2𝑣2
∂𝜃2

−
1

𝑅2
(𝐷2,0 + 𝐴20)

∂2𝑣2
∂𝜃2

+
𝐷5,0𝑙

2

4𝑅2
∂4𝑣2

∂𝑥2 ∂𝜃2
 

           +
1

𝑅2
(
𝐷5,0𝑙

2

4𝑅2
+ 𝐷4,0𝑘𝑠)𝑣2 −

𝐷5,0𝑙
2

4𝑅

∂4𝑢2
∂𝑥3 ∂𝜃

 

           −
𝐷5,0𝑙

2

4𝑅3
∂4𝑢2
∂𝑥 ∂𝜃3

+
1

𝑅
(
𝐷5,0𝑙

2

4𝑅2
− 𝐷3,0 − 𝐷5,0)

∂2𝑢2
∂𝑥 ∂𝜃

 

           +
3𝐷5,0𝑙

2

4𝑅2
∂3𝑤2
∂𝑥2 ∂𝜃

+
𝐷5,0𝑙

2

4𝑅4
∂3𝑤2
∂𝜃3

 

           −
1

𝑅2
(𝐷2,0 +

𝐷5,0𝑙
2

4𝑅2
+ 𝐷4,0𝑘𝑠)

∂𝑤2
∂𝜃

 

           −
1

𝑅2
(
𝐷5,0𝑙

2

4𝑅
+ 𝐷2,1)

∂2𝛽𝜃2
∂𝜃2

 

           −
1

𝑅
(
𝐷5,0𝑙

2

2𝑅
+ 𝐷5,1 + 𝐷3,1 +

𝐷5,1𝑙
2

4𝑅2
)
∂2𝛽𝑥2
∂𝑥 ∂𝜃

 

           − (
3𝐷5,0𝑙

2

4𝑅
+ 𝐷5,1 +

𝐷5,1𝑙
2

4𝑅2
)
∂2𝛽𝜃2
∂𝑥2

+
𝐷5,1𝑙

2

4𝑅2
∂4𝛽𝜃2
∂𝑥2 ∂𝜃2

 

           −
𝐷5,1𝑙

2

4𝑅3
∂4𝛽𝑥2
∂𝑥 ∂𝜃3

+
𝐷5,1𝑙

2

4

∂4𝛽𝜃2
∂𝑥4

 

           −
1

𝑅
(
𝐷5,0𝑙

2

4𝑅2
+ 𝐷4,0𝑘𝑠)𝛽𝜃2 −

𝐷5,1𝑙
2

4𝑅

∂4𝛽𝑥2
∂𝑥3 ∂𝜃

 

           −
1

𝑅
(
∂𝑁2,𝜑0
∂𝜃

+
∂𝑁2,𝜓0
∂𝜃

) −
1

𝑅
(𝑁2,𝜑

∂𝜑2
∂𝜃

+ 𝑁2,𝜓
∂𝜓2
∂𝜃

) 

           −
1

𝑅
(−𝑁4,𝜑

∂𝜑2
∂𝜃

− 𝑁4,𝜓
∂𝜓2
∂𝜃

) 

           +𝐼(1)
∂2𝛽𝜃2
∂𝑡2

+ 𝐼(0)
∂2𝑣2
∂𝑡2

= 0, 

(E-9) 
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𝛿𝑤2 :  
𝐷5,0𝑙

2

4

∂4𝑤2
∂𝑥4

− 𝐷5,0 (
𝑙2

4𝑅2
+ 𝑘𝑠)

∂2𝑤2
∂𝑥2

+
𝐷5,0𝑙

2

2𝑅2
∂4𝑤2
∂𝑥2 ∂𝜃2

 

           +
𝐷5,0𝑙

2

4𝑅4
∂4𝑤2
∂𝜃4

−
1

𝑅2
(
𝐷5,0𝑙

2

4𝑅2
+ 𝐷4,0𝑘𝑠)

∂2𝑤2
∂𝜃2

+
𝐷2,0
𝑅2

𝑤2 

           +
𝐷3,0
𝑅

∂𝑢2
∂𝑥

+
𝐷5,0𝑙

2

2𝑅3
∂3𝑢2
∂𝑥 ∂𝜃2

−
3𝐷5,0𝑙

2

4𝑅2
∂3𝑣2
∂𝑥2 ∂𝜃

 

           +
1

𝑅2
(𝐷2,0 +

𝐷5,0𝑙
2

4𝑅2
+ 𝐷4,0𝑘𝑠)

∂𝑣2
∂𝜃

 

           −
𝐷5,0𝑙

2

4𝑅4
∂3𝑣2
∂𝜃3

−
𝐷5,0𝑙

2

4𝑅2
∂3𝛽𝑥2
∂𝑥 ∂𝜃2

−
𝐷5,0𝑙

2

4

∂3𝛽𝑥2
∂𝑥3

 

           + (
𝐷5,0𝑙

2

4𝑅2
− 𝐷5,0𝑘𝑠 +

𝐷3,1
𝑅
)
∂𝛽𝑥2
∂𝑥

 

           −
𝐷5,0𝑙

2

4𝑅3
∂3𝛽𝜃2
∂𝜃3

−
1

2𝑅
(
𝐷5,0𝑙

2

2
+
𝐷5,1𝑙

2

𝑅
)
∂3𝛽𝜃2
∂𝑥2 ∂𝜃

 

           −
1

𝑅
(
𝐷5,0𝑙

2

4𝑅2
+ 𝐷4,0𝑘𝑠 −

𝐷2,1
𝑅
)
∂𝛽𝜃2
∂𝜃

 

           −
1

𝑅
(𝛼11Δ𝑇 + 𝛽11Δ𝐻)𝐷3,0 −

1

𝑅2
(𝛼22Δ𝑇 + 𝛽22Δ𝐻)𝐷2,0 

           −
1

𝑅
(−𝑁2,𝜑0 − 𝑁2,𝜑𝜑2 −𝑁2,𝜓0 − 𝑁2,𝜓𝜓2) 

           +
1

𝑅
𝑁4,𝜑

∂2𝜑2
∂𝜃2

+
1

𝑅
𝑁4,𝜓

∂2𝜓2
∂𝜃2

+𝑁5,𝜑
∂2𝜑2
∂𝑥2

+ 𝑁5,𝜓
∂2𝜓2
∂𝑥2

 

           +𝐼(0)
∂2𝑤2
∂𝑡2

− 𝑞(𝑥, 𝜃) + 𝐾𝑤2(𝑤2 −𝑤1) 

           −𝐾𝐺2∇
2(𝑤2 − 𝑤1) + 𝐾𝑤3𝑤2 − 𝐾𝐺3∇

2𝑤2 = 0, 
(E-10) 

 

 

 

 

𝛿𝛽𝑥2 :  −
𝐷5,0𝑙

2

4

∂2𝛽𝑥2
∂𝑥2

− (𝐷1,2 + 𝐴22)
∂2𝛽𝑥2
∂𝑥2

+
𝐷5,2𝑙

2

4𝑅2
∂4𝛽𝑥2
∂𝑥2 ∂𝜃2

 

           +
𝐷5,2𝑙

2

4𝑅4
∂4𝛽𝑥2
∂𝜃4

−
1

𝑅2
(𝐷5,0𝑙

2 −
𝐷5,1𝑙

2

2𝑅
)
∂2𝛽𝑥2
∂𝜃2

 

           −
1

𝑅2
(𝐷5,2 + 𝐶22)

∂2𝛽𝑥2
∂𝜃2

+
𝐷5,0𝑙

2

4𝑅2
𝛽𝑥2  

           +(𝐷5,0𝑘𝑠 + 𝐶20)𝛽𝑥2 +
1

𝑅
(
3𝐷5,0𝑙

2

4
−
𝐷5,1𝑙

2

2𝑅
)
∂2𝛽𝜃2
∂𝑥 ∂𝜃

 

           +
5𝐷5,0𝑙

2

4𝑅3
∂2𝑢2
∂𝜃2

−
𝐷3,2 + 𝐷5,2 + 𝐶22 + 𝐵22

𝑅

∂2𝛽𝜃2
∂𝑥 ∂𝜃

 

            −
𝐷5,2𝑙

2

4𝑅3
∂4𝛽𝜃2
∂𝑥 ∂𝜃3

−
𝐷5,2𝑙

2

4𝑅

∂4𝛽𝜃2
∂𝑥3 ∂𝜃

−
𝐷5,1 + 𝐶21

𝑅2
∂2𝑢2
∂𝜃2

 

           +
𝐷5,0𝑙

2

4

∂3𝑤2
∂𝑥3

+
𝐷5,0𝑙

2

4𝑅2
∂3𝑤2
∂𝑥 ∂𝜃2

 

           −
1

𝑅
(
𝐷5,0𝑙

2

2𝑅
+
𝐷5,1𝑙

2

4𝑅2
)
∂2𝑣2
∂𝑥 ∂𝜃

 

           −
𝐷3,1 + 𝐷5,1 + 𝐶21 + 𝐵21

𝑅

∂2𝑣2
∂𝑥 ∂𝜃

− (𝐷1,1 + 𝐴21)
∂2𝑢2
∂𝑥2

 

           −
𝐷5,0𝑙

2

4𝑅2
∂𝑤2
∂𝑥

−
𝐷5,1𝑙

2

4𝑅3
∂4𝑣2
∂𝑥 ∂𝜃3

 

           + (𝐷5,0𝑘𝑠 −
𝐷3,1
𝑅

+ 𝐶20 −
1

𝑅
𝐵21)

∂𝑤2
∂𝑥

+
𝐷5,1𝑙

2

4𝑅4
∂4𝑢2
∂𝜃4

 

           +
𝐷5,1𝑙

2

4𝑅2
∂4𝑢2
∂𝑥2 ∂𝜃2

−
𝐷5,1𝑙

2

4𝑅

∂4𝑣2
∂𝑥3 ∂𝜃

−
∂𝑀1,𝜑0
∂𝑥

−
∂𝑀1,𝜓0
∂𝑥

 

           −𝑀1,𝜑
∂𝜑2
∂𝑥

−𝑀1,𝜓
∂𝜓2
∂𝑥

− 𝑁5,𝜑
∂𝜑2
∂𝑥

− 𝑁5,𝜓
∂𝜓2
∂𝑥

 

           +𝐼(2)
∂2𝛽𝑥2
∂𝑡2

+ 𝐼(1)
∂2𝑢2
∂𝑡2

= 0, 

(E-11) 

 

 

 

 

𝛿𝛽𝜃2 :  
𝐷5,2𝑙

2

4

∂4𝛽𝜃2
∂𝑥4

− (𝐷5,0𝑙
2 +

𝐷5,2𝑙
2

2𝑅2
+
𝐷5,1𝑙

2

2𝑅
)
∂2𝛽𝜃2
∂𝑥2

 

            −(𝐷5,2 + 𝐶22)
∂2𝛽𝜃2
∂𝑥2

+
𝐷5,2𝑙

2

4𝑅2
∂4𝛽𝜃2
∂𝑥2 ∂𝜃2

+
𝐷5,1𝑙

2

4

∂4𝑣2
∂𝑥4

 

            −
𝐷5,0𝑙

2

4𝑅2
∂2𝛽𝜃2
∂𝜃2

−
1

𝑅2
(𝐷2,2 + 𝐴22)

∂2𝛽𝜃2
∂𝜃2

 

            +
1

𝑅
(
3𝐷5,0𝑙

2

4
−
𝐷5,1𝑙

2

2𝑅
)
∂2𝛽𝑥2
∂𝑥 ∂𝜃

 

            −
𝐷3,2 + 𝐷5,2 + 𝐵22 + 𝐶22

𝑅

∂2𝛽𝑥2
∂𝑥 ∂𝜃

−
𝐷5,1𝑙

2

4𝑅3
∂4𝑢2
∂𝑥 ∂𝜃3

 

            −
𝐷5,2𝑙

2

4𝑅3
∂4𝛽𝑥2
∂𝑥 ∂𝜃3

−
𝐷5,2𝑙

2

4𝑅

∂4𝛽𝑥2
∂𝑥3 ∂𝜃

 

            −
1

𝑅
(
𝐷5,0𝑙

2

4𝑅
−
𝐷5,1𝑙

2

2𝑅2
)
∂2𝑢2
∂𝑥 ∂𝜃

 

            −
𝐷3,1 + 𝐷5,1 + 𝐵21 + 𝐶21

𝑅

∂2𝑢2
∂𝑥 ∂𝜃

 

            − (
3𝐷5,0𝑙

2

4𝑅
+
𝐷5,1𝑙

2

4𝑅2
)
∂2𝑣2
∂𝑥2

− (𝐷5,1 + 𝐶21)
∂2𝑣2
∂𝑥2

 

            −
𝐷5,0𝑙

2

4𝑅3
∂2𝑣2
∂𝜃2

−
𝐷2,1 + 𝐴21

𝑅2
∂2𝑣2
∂𝜃2

−
1

𝑅
(𝐶20 + 𝑘𝑠𝐷4,0)𝑣2 

            −
𝐷5,0𝑙

2

4𝑅3
𝑣2 +

1

𝑅
(
𝐷5,0𝑙

2

4
+
𝐷5,1𝑙

2

2𝑅
)
∂3𝑤2
∂𝑥2 ∂𝜃

+
𝐷5,0𝑙

2

4𝑅3
∂3𝑤2
∂𝜃3

 

            +
𝐷5,0𝑙

2

4𝑅3
∂𝑤2
∂𝜃

+
1

𝑅
(𝑘𝑠𝐷4,0 −

𝐷2,1
𝑅

+ 𝐶20 −
𝐴2,1
𝑅
)
∂𝑤2
∂𝜃

 

            +
𝐷5,1𝑙

2

4𝑅2
∂4𝑣2

∂𝑥2 ∂𝜃2
−
𝐷5,1𝑙

2

4𝑅

∂4𝑢2
∂𝑥3 ∂𝜃

+
𝐷5,0𝑙

2

4𝑅2
𝛽𝜃2  

            +(𝑘𝑠𝐷4,0 + 𝐶20)𝛽𝜃2 −
1

𝑅
(
∂𝑀2,𝜑0

∂𝜃
+
∂𝑀2,𝜓0

∂𝜃
) 

            −
1

𝑅
𝑀2,𝜑

∂𝜑2
∂𝜃

−
1

𝑅
𝑀2,𝜓

∂𝜓2
∂𝜃

− 𝑁4,𝜑
∂𝜑2
∂𝜃

− 𝑁4,𝜓
∂𝜓2
∂𝜃

 

            +𝐼(1)
∂2𝑣2
∂𝑡2

+ 𝐼(2)
∂2𝛽𝜃2
∂𝑡2

= 0, 

(E-12) 

 

 

 

𝛿𝜑2:  𝑁5,𝜑 (
∂2𝑤2
∂𝑥2

+
∂𝛽𝑥2
∂𝑥

) + 𝑁1,𝐷
∂2𝜑2
∂𝑥2

+𝑁1,𝐵
∂2𝜓2
∂𝑥2

 

            +𝑁4,𝜑 (
1

𝑅

∂2𝑤2
∂𝜃2

+
∂𝛽𝜃2
∂𝜃

−
1

𝑅

∂𝑣2
∂𝜃
) + 𝑁2,𝐵

∂2𝜑2
∂𝜃2

 

            +𝑁2,𝐷
∂2𝜓2
∂𝜃2

+ 𝑁1,𝜑
∂𝑢2
∂𝑥

+𝑀1,𝜑
∂𝛽𝑥2
∂𝑥

 

            +
1

𝑅
𝑁2,𝜑 (𝑤2 +

∂𝑣2
∂𝜃
) +𝑀2,𝜑

∂𝛽𝜃2
∂𝜃

 

            −𝑁3,𝐷1𝜑0 − 𝑁3,𝐷𝜑2 −𝑁3,𝐵1𝜑0 −𝑁3,𝐵𝜑2 = 0, 
(E-13) 

 

 

 

 

𝛿𝜓2:  𝑁5,𝜓 (
∂2𝑤2
∂𝑥2

+
∂𝛽𝑥2
∂𝑥

) + 𝑁1,𝐵
∂2𝜑2
∂𝑥2

+𝑁1,𝐵1
∂2𝜓2
∂𝑥2

 

          +𝑁4,𝜓 (
1

𝑅

∂2𝑤2
∂𝜃2

+
∂𝛽𝜃2
∂𝜃

−
1

𝑅

∂𝑣2
∂𝜃
) + 𝑁2,𝐷

∂2𝜑2
∂𝜃2

 

          +𝑁2,𝐵1
∂2𝜓2
∂𝜃2

+ 𝑁1,𝜓
∂𝑢2
∂𝑥

+𝑀1,𝜓
∂𝛽𝑥2
∂𝑥

 

          +
1

𝑅
𝑁2,𝜓 (𝑤2 +

∂𝑣2
∂𝜃
) +𝑀2,𝜓

∂𝛽𝜃2
∂𝜃

 

          −𝑁3,𝐵1𝜑0 −𝑁3,𝐵2𝜑2 −𝑁3,𝐷2𝜓0 −𝑁3,𝐵2𝜓2 = 0. 

(E-14) 
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Also, the coefficients of Eqs. (E-1) to (E-14) are addressed as 

follows: 

{𝐷1,𝑖 , 𝐷 1,𝑖

𝛼 , 𝐷
1,𝑖

𝛽
} = ∫ 𝑄11(𝑧)𝑧

𝑖

ℎ𝑐
2
+ℎ𝑡

−
ℎ𝑐
2
−ℎ𝑏

{1, 𝛼11(𝑧)}d𝑧, 

 

{𝐷2,𝑖 , 𝐷 4,𝑖

𝛼 , 𝐷
4,𝑖

𝛽
} = ∫ 𝑄22(𝑧)𝑧

𝑖

ℎ𝑐
2
+ℎ𝑡

−
ℎ𝑐
2
−ℎ𝑏

{1, 𝛼22(𝑧)}d𝑧, 

 

{𝐷3,𝑖 , 𝐷 2,𝑖

𝛼 , 𝐷
2,𝑖

𝛽
𝐷

3,𝑖

𝛼 , 𝐷
3,𝑖

𝛽
} 

= ∫ 𝑄12(𝑧)𝑧
𝑖

ℎ𝑐
2
+ℎ𝑡

−
ℎ𝑐
2
−ℎ𝑏

{1, 𝛼11(𝑧), 𝛼22(𝑧)}d𝑧, 

 

𝐷4,𝑖 = ∫ 𝑄44(𝑧)𝑧
𝑖

ℎ𝑐
2
+ℎ𝑡

−
ℎ𝑐
2
−ℎ𝑏

d𝑧, 

 

𝐷5,𝑖 = ∫ 𝑄55(𝑧)𝑧
𝑖

ℎ𝑐
2
+ℎ𝑡

−
ℎ𝑐
2
−ℎ𝑏

d𝑧, 

 

{𝑁1,𝜑0 , 𝑁2,𝜑0} = ∫
2𝜑0
ℎ𝑝

{𝑒31, 𝑒32}d𝑧, 

 

{𝑁1,𝜓0 , 𝑁2,𝜓0} = ∫
2𝜓0
ℎ𝑝

{𝑞31, 𝑞32}d𝑧. 

 

{𝑁1,𝜑, 𝑁2,𝜑} = ∫
𝜋

ℎ𝑝
sin (

𝜋�̃�

ℎ𝑝
) {𝑒31, 𝑒32}d𝑧, 

 

{𝑁1,𝜓, 𝑁2,𝜓} = ∫
𝜋

ℎ𝑝
sin (

𝜋�̃�

ℎ𝑝
) {𝑞31, 𝑞32}d𝑧, 

 

{𝑁4,𝜑, 𝑁5,𝜑} = ∫cos (
𝜋�̃�

ℎ𝑝
) {𝑒15,

1

𝑅
𝑒24} d𝑧, 

 

{𝑁4,𝜓, 𝑁5,𝜓} = ∫cos (
𝜋�̃�

ℎ𝑝
) {𝑞15,

1

𝑅
𝑞24} d𝑧, 

 

𝑁1,𝐷 = ∫cos
2 (
𝜋�̃�

ℎ𝑝
)𝜂11d𝑧, 

 

𝑁2,𝐵 = ∫
1

𝑅2
cos2 (

𝜋�̃�

ℎ𝑝
)𝜂22d𝑧, 

𝑁3,𝐷 = ∫𝜂33
𝜋2

ℎ𝑝
2 sin

2 (
𝜋�̃�

ℎ𝑝
)d𝑧, 

 

{𝑁1,𝐵, 𝑁2,𝐷} = ∫cos
2 (
𝜋�̃�

ℎ𝑝
) {𝑑11,

1

𝑅2
𝑑22} d𝑧, 

𝑁3,𝐵 = ∫𝑑33
𝜋2

ℎ𝑝
2 sin

2 (
𝜋�̃�

ℎ𝑝
)d𝑧, 

 

{𝑁3,𝐵1 , 𝑁3,𝐷1} = ∫
4

ℎ𝑝
2 sin

2 (
𝜋�̃�

ℎ𝑝
) {𝑑33, 𝜂33} d𝑧, 

 

{𝑁1,𝐵1 , 𝑁2,𝐵1} = ∫cos2 (
𝜋�̃�

ℎ𝑝
) {𝜇11,

1

𝑅2
𝜇22} d𝑧, 

 

𝑁3,𝐵2 = ∫𝜇33
𝜋2

ℎ𝑝
2 sin

2 (
𝜋�̃�

ℎ𝑝
)d𝑧, 

 

𝑁3,𝐷2 = ∫𝜇33
𝜋2

ℎ𝑝
2 sin (

𝜋�̃�

ℎ𝑝
)d𝑧, 

{𝑀1,𝜑, 𝑀2,𝜑} = ∫
𝜋𝑧

ℎ𝑝
sin (

𝜋�̃�

ℎ𝑝
) {𝑒31, 𝑒32}d𝑧, 

 

{𝑀1,𝜓, 𝑀2,𝜓} = ∫
𝜋𝑧

ℎ𝑝
sin (

𝜋�̃�

ℎ𝑝
) {𝑞31, 𝑞32}d𝑧. 
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