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1. Introduction 

 

Nowadays, the sandwich structures are very interesting 

in the engineering systems due to their light weight and the 

elevated flexural stiffness. For meeting of these properties, 

the sandwich structures consist of two thin face sheets and 

thicker core and they tolerate mechanical loads by existing 

two reinforced face sheet as the carbon nanotube (CNT) 

reinforced polymeric. The polymeric reinforced sandwich 

nanocomposite structures may be employed in the new 

advanced applications as: energy harvester (Akavci 2016, 

Zeng et al. 2017), sensor and actuator (Kolahchi et al. 2017, 

Noh et al. 2017), electronic (Park et al. 2016, Zhang et al. 

2017, Zonghong et al. 2017), monitoring (Nath and Kapuria 

2012), microwave absorber (Yang et al. 2013, Khurram et 

al. 2015), reflector (Choi et al. 2012), energy absorption 

(Wu et al. 2017), porous sandwich radio frequency antenna 

(Tummala et al. 2017), and dielectric radar domes 

(Alankaya 2017). 

There are two types of structure controls: active and 

passive controls. In the passive control, the control is done 

based on structure properties but in active control, the 
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external controller controls the structure behavior. Different 

application of active control can be exampled in various 

aspects such as: seismic protection (Bitaraf et al. 2010, 

Gudarzi and Zamanian 2013), improving boring bar 

performance (Klein and Nachtigal 2013), collecting 

pantograph (Collina et al. 2005), smart shape memory alloy 

composite flapper (Khana et al. 2018), plasma metamaterial 

(Uriri et al. 2018), ion transform in micro fluid (Park and 

Yossifon 2018), broadband plasmon induced transparency 

(Zhang et al. 2018a), cooling fan noise (Kent and 

Sommerfeldt 2004), noise and vibration (Kim and Yoon 

2018, Yang et al. 2018a). 

 The free vibration of sandwich beam with piezoelectric 

layers considering transverse flexibility using finite element 

method was carried out by Beheshti-Aval and Lezgy-

Nazargah (2012). Arani et al. (2011) presented dynamic 

stability of the double-walled carbon nanotube under axial 

loading embedded in an elastic medium by the energy 

method. Vibration control of functionally graded sandwich 

plate integrated with the patches of active constrained layer 

damping (ACLD) treatment was done by Kumar and Ray 

(2016). They concluded that the ACLD patches 

considerably progress the damping characteristics of the FG 

sandwich plates for restraining their vibrations. Also, the 

active damped vibration for sandwich beam was 

investigated by Ghosh et al. (2015). The embedding 

piezoelectric sensors were used in the sandwich structures 
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by Konka et al. (2012) and Masmoudi et al. (2015). 

High-order free vibration of three-layered symmetric 

sandwich beam using dynamic stiffness method was 

investigated by Damanpack and Khalili (2012). 

Mohammadimehr et al. (2015b) considered surface stress 

effect on the nonlocal biaxial buckling and bending analysis 

of polymeric piezoelectric nanoplate reinforced by CNT 

using eshelby-mori-tanaka approach. Free vibration analysis 

of soft-core sandwich panels with general boundary 

conditions was performed by Wang and Liang (2017). 

Study on low frequency energy harvesting system in 

laminated aluminum beam structures with delamination was 

done by Rao et al. (2018). Effect of agglomeration on the 

natural frequencies of functionally graded carbon nanotube-

reinforced laminated composite doubly-curved shells was 

established by Tornabene et al. (2016). They illustrated that 

reinforcing phase significantly affects the dynamic 

characterization. In another work, they (2018a) proposed 

higher-order equivalent single layer theory for functionally 

graded free-form and doubly-curved sandwich shells. 

Design and analysis of piezoelectric smart beam for active 

vibration control using proportional integral derivative 

controller (PID) and pole placement technique were carried 

out by Chhabra et al. (2012). They employed Euler-

Bernoulli beam theory, finite element method (FEM) and 

the state space techniques. They illustrated that the 

sufficient vibration control can be attained by the proposed 

method. Simulation of active vibration control of a 

cantilever beam using linear quadratic regulator (LQR), 

linear quadratic Gaussian (LQG) and H-∞ optimal 

controllers was presented by Khot and Khan (2015). They 

proved that H-∞ controller has the excellent close loop 

dynamic performance than LQR and LQG controller. A 

feedback vibration control system for vibration of 

magnetostrictive plate subjected to follower force using 

sinusoidal shear deformation theory was presented by 

Ghorbanpour Arani and Khoddami Maraghi (2015). They 

showed that magneto-mechanical coupling in 

magnetostrictive plate (MSP) act such as electro-hydraulic 

actuator, wireless linear Motors and sensors in control 

vibration behaviors of systems. The low-stiffness and high-

stiffness actuator for two different vibration modes: out-of-

plane and in-plane bending and extensional modes were 

made by Toledo et al. (2017). They found that the low-

stiffness actuator is more suitable for the modal in-plane 

application. Some researchers worked about size dependent 

effect (Houari et al. 2016), carbon nanotubes reinforced 

composite (Lakshmipathi and Vasudevan 2019, 

Mohammadimehr et al. 2018a) and multi-physical fields 

such as magneto-electro-elastic fileds (Mohammadimehr et 

al. 2016c, 2018b, Arefi and Zenkour 2018 and 

Mohammadimehr and Shahedi 2016). 

Experimental study of local and modal approaches to 

active vibration control of elastic systems was studied by 

Belyaev et al. (2017). Frequency methods of the automatic 

control theory were used to design stable control systems. 

They demonstrated that the local control systems have 

appropriate performance at the first and the second 

resonance frequency. Adaptive fuzzy sliding mode 

controller to diminishing of the rotating carbon nanotube 

reinforced composite beam vibration was modeled by 

Rahmani (2018). Sapra et al. (2018) developed active 

vibration control of a beam instrumented with 

MWCNT/epoxy nanocomposite sensor and PZT-5H 

actuator. Modeling of hybrid vibration control for 

multilayer structures using solid-shell finite elements was 

presented by Kpeky et al. (2018). They found that nonlinear 

active control laws reduce the amplitudes of vibrations with 

significant frequency dependence. 

Rojas and Carcaterra (2018) presented an approach to 

optimal semi-active control (Krotov’s method) of vibration 

energy harvesting based on MEMS. Particular emphasis to 

piezoelectric, electromagnetic and capacitive circuits was 

done for novel MEMS-based device control of vibration 

energy harvesting. Performance of a graphite wafer-

reinforced viscoelastic composite layer for active-passive 

damping of plate vibration was investigated by Kumar et al. 

(2018). Their results indicated significantly improved 

active-passive damping in the overall plate for the 

inclusions of graphite-wafers. Zhang et al. (2018b) 

investigated generalized-disturbance rejection control with 

proportional-integral (GDR-PI) for vibrational suppression 

of piezoelectric laminated flexible structures based on the 

refined state space model. Their excited piezoelectric 

laminated flexible smart beam simulations showed that 

better vibrational suppression performance is obtained by 

the GDR-PI control. Dynamic control of aluminum beams 

integrated with nanocomposite piezoelectric layers 

considering CNT agglomeration effects subjected to blast 

load using hyperbolic viscopiezo-elasticity theory was 

analyzed by Sharif Zarei et al. (2018). They concluded that 

reinforcing of the facesheets with 5% CNTs leads to 59% 

reduction in the dynamic deflection. Analytical model for 

flexural damping responses of carbon fiber reinforced 

plastics (CFRP) cantilever beams in the low-frequency 

vibration was performed by Yang et al. (2018b). They found 

that there are large errors in the prediction second-order 

natural frequency of CFRP beam based on specific damping 

capacity (SDC) as the cross-section deformation and 

longitudinal strain of the beam have not been considered. 

An integrated approach for active vibration control of 

composite shallow shells using constant gain velocity 

feedback (CGVF) and LQR based on based on efficient 

zigzag theory was employed by Rahman et al. (2018). They 

concluded that in comparison to CGVF controller, a better 

control in smaller time is obtained by LQR controller for 

the similar boundary conditions. Free vibration analysis of 

functionally graded conical, cylindrical shell and annular 

plate structures with a four-parameter power-law 

distribution was presented by Tornabene (2009). 

Modeling and active vibration control analysis of lattice 

grid beam with piezoelectric fiber composite using a novel 

fractional order PDμ algorithm were carried out by Xie et 

al. (2018). They demonstrated that the fractional order PDμ 

control can decrease the vibration amplitude of the beam 

faster than the integer order PD algorithm. Mevada and 

Prajapati (2018) studied active vibration control of smart 

beam under parametric variations. Reddy’s third-order shear 

deformation active-passive control of functionally graded 

sandwich plate and shell structures was performed by Moita 
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et al. (2018). They found that placing of the piezoelectric 

sensor and actuator layers on the top and bottom of the 

sandwich structure created an active damping control better 

than as they are embedded. Ma et al. (2018) investigated 

active vibration control of an axially moving cantilever 

structure using PZT actuator. They used proportional plus 

derivative (PD) or fuzzy algorithm to create a closed-loop 

feedback system. They illustrated that velocity and tip mass 

considerably have an effect on vibration characteristics. 

Active control of thermal buckling and vibration for a 

sandwich composite laminated plate with piezoelectric fiber 

reinforced composite actuator face sheets was developed by 

Li et al. (2018). They displayed that active thermal buckling 

control and the vibration control improve the stability of the 

structure. Mechanical buckling analysis of functionally 

graded power-based and carbon nanotubes-reinforced 

composite plates and composite plates were carried out by 

Zghal et al. (2018) and Raju et al. (2015). In another work, 

Frikha et al. (2018) analyzed dynamic analysis of 

functionally graded carbon nanotubes-reinforced plate and 

shell structures using a double directors finite shell 

elements. The modified first order shear deformation 

theory-based four nodes finite shell element for thermal 

buckling analysis of functionally graded plates and 

cylindrical shells was proposed by Trabelsi et al. (2019). 

Their proposed theory consists on assuming a parabolic 

distribution of the transverse shear strains across the shell 

thickness. The generalized differential quadrature (GDQ) 

method to study the dynamic behavior of functionally 

graded materials (FGMs) and laminated doubly curved 

shells and panels based on generalization of the Reissner–

Mindlin theory is developed by Tornabene et al. (2018b). 

Guo et al. (2018) presented the active and passive vibration 

control of double-layer hourglass lattice truss structures. 

The velocity feedback control method was used as 

controllers on vibration suppressing of the sandwich 

structure. Karagiannis and Radisavljevic-Gajic (2018) 

studied sliding mode boundary control of an Euler-

Bernoulli beam subject to disturbances. They found that the 

controller dampen the vibrations exponentially at an 

arbitrary rate. Low frequency dynamics of a smart system 

and its state feedback based active control were modeled by 

Kant and Parameswaran (2018). They designed state 

feedback controller based on pole placement technique to 

actively suppress the vibrations. Active vibration control of 

piezoelectric smart beams with radial basis function 

generated finite difference collocation method for both 

open-circuit and closed-circuit electrical boundary 

conditions was employed by Chuaqui et al. (2018). They 

concluded that increasing of the piezoelectric layer 

thickness for the constant gains applied to the control 

system has not a significant effect in minimizing or 

eliminating the vibration. 

Botta and Toccaceli (2018) analyzed active control of 

torsional vibrations of piezoelectric plates. Active dynamic 

control of laminated FG-CNT reinforced composite plates 

integrated with piezoelectric layers was investigated by 

Nguyen-Quang et al. (2018). Their research revealed that 

velocity feedback control algorithm based on a closed loop 

for controlling displacement or oscillation time or even both 

can be employed adequately for the vibration of the plates. 

An enhanced method to control the residual vibrations of a 

single-link flexible glass fabric reinforced epoxy-glass 

composite manipulator was obtained by Yavuz (2019). They 

demonstrated that the residual vibration amplitudes of the 

flexible composite manipulator are concealed with the 

proposed method up to 99% for all velocity inputs. He et al. 

(2018) employed piezoelectric self-sensing actuator for 

active vibration control of motorized spindle based on 

adaptive signal separation. They illustrated that the 

displacement signal and the vibration of the motorized 

spindle can be reduced efficiently through a linear quadratic 

Gaussian algorithm. Qin et al. (2019) presented structural 

behavior of the stiffened double-skin profiled composite 

walls under compression. 

The vibration active control of the porous sandwich 

nanocomposite microbeam was not investigated in the 

researches. The sinusoidal shear deformation and modified 

couple stress theories are extended for porous sandwich 

microactuator-microsensor with three-phase carbon 

nanotubes/fiber/polymer piezoelectric polymeric 

nanocomposite face sheets. Surface stress effects are 

considered. The Navier’s type solution is developed for the 

vibration active control of the porous sandwich 

nanocomposite microbeam. Effects of the porosity and 

elastic foundation on the vibration active control are 

inspected. 
 

 

2. The structure motion formulation 
 

Schematic of the porous sandwich nanocomposite 

piezoelectric polymeric microbeam is shown in Fig. 1. The 

micro structure is embedded in the elastic foundation 

including Winkler spring (𝑘𝑊) and shear layer (𝑘𝑔). There 

is a microsensor and a microactuator on the top and bottom 

of the micro sandwich beam for its vibration control, 

respectively. The micro sandwich beam includes the porous 

core and thee phase reinforced nanocomposite face sheets 

(CNT/fiber/resin with polymeric matrix). The three phase 

material estimation can be defined as (Gibson 1994, Reddy 

2004, Kim et al. 2009, Bhardwaj et al. 2013, Arani et al. 

2016) 
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where 𝜈12, 𝐺12 , 𝐸11  and 𝐸22  denote Poisson’s ratio, 

shear modulus, longitudinal and transversely elastic modulli 

of the nanocomposite face sheet, respectively. F and M 

indeces denote fiber and matrix of the nanocomposite, 

respectively. RE and NT are used for resin epoxy and 
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Fig. 1 A schematic view of the porous sandwich 

nanocomposite piezoelectric polymeric microbeam 
 

 

nanotubes, respectively. 𝐸 ,𝜌 , 𝑤 , 𝑉 ,𝑑 , 𝑙  and 𝑡  denote 

elastic modulus, density, mass fraction, volume fraction, 

diameter, length and thickness, respectively. 𝜉1 = 2 and 

𝜉2 = 1 are supposed. 

The volume fractions of top and bottom face sheets are 

considered as 
 

𝑉𝑁𝑇
𝑡 = 2(

𝑧 + ℎ𝑐/2

ℎ𝑡
)𝑉𝑁𝑇 

𝑉𝑁𝑇
𝑏 = 2(

𝑧 − ℎ𝑐/2

ℎ𝑡
)𝑉𝑁𝑇 

(2) 

 

Sinusoidal shear deformation beam theory (SSDBT) for 

displacement field of the porous sandwich nanocomposite 

can be expressed as follows 
 

𝑢(𝑥, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) + 𝑧𝛼 +
ℎ

𝜋
𝑠𝑖𝑛(𝜋𝑧/ℎ) (𝛼 +

𝜕𝑤

𝜕𝑥
) 

𝑤(𝑥, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡) 
(3) 

 

where 𝑢and 𝑤 are displacement along x and z directions. 

α denotes the rotation about x direction. 

The strains (𝜀𝑖𝑗), the stresses (𝜎𝑖𝑗) and the electrical 

displacements (𝐷𝑖) can be stated as follows 

 

𝜀𝑥𝑥 =
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𝜕2𝑤
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, 
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2𝜕𝑧
+
1

2
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𝑄11
𝑐 = (𝑄11

𝑐 − 𝛼1
2𝑀),  

𝑀 =
(3𝐺(𝑧) − 𝐸(𝑧))2𝐺(𝑧) + 3𝐺(𝑧)(𝐸(𝑧) − 2𝐺(𝑧))

3(1 − 𝛼𝐵)(3𝐺(𝑧) − 𝐸(𝑧))
𝐵, 

𝑄11
𝑖 =

𝐸12
𝑖

(1 − 𝜈12
𝑖 𝜈21

𝑖 )
,   𝑄55

𝑖 = 𝐺12
𝑖 , 

𝑌 = 𝑏, 𝑡, 𝑐, 𝑠, 𝑎, 𝑋 = 𝑠, 𝑎,  

(4) 

 

where 𝑄𝑖𝑗
𝑘 , 𝑒𝑖𝑗

𝑘  and 𝜉𝑖𝑖
𝑘  denote elastic, piezoelectric and 

dielectric constants. 𝛼1 , 𝑀 , 𝐵  and 𝜑  denote Biot 

modulus, Biot, skempton coefficients and electrical 

potential function. The porous material types of sandwich 

core can be assumed as follows 

Type A: 
 

𝐸(𝑧) = 𝐸 [1 − 𝑒0 𝑐𝑜𝑠 ((
𝜋

2ℎ𝑐
) (𝑧 +

ℎ𝑐
2
))] 

𝐺(𝑧) = 𝐺 [1 − 𝑒0 𝑐𝑜𝑠 ((
𝜋

2ℎ𝑐
) (𝑧 +

ℎ𝑐
2
))] 

𝜌(𝑧) = 𝜌 [1 − 𝑒𝑚 𝑐𝑜𝑠 ((
𝜋

2ℎ𝑐
) (𝑧 +

ℎ𝑐
2
))] 

(5a) 

 

Type B: 
 

𝐸(𝑧) = 𝐸 [1 − 𝑒0 𝑐𝑜𝑠 (
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)] 
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)] 

𝜌(𝑧) = 𝜌 [1 − 𝑒𝑚 𝑐𝑜𝑠 (
𝜋𝑧

ℎ𝑐
)] 

(5b) 

 

Type C: 
 

𝐸(𝑧) = 𝐸 [1 − [1 − (
2

𝜋
(1 − 𝑒𝑚) −

2

𝜋
+ 1)

2
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2
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2
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2
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𝜌(𝑧) = 𝜌√1 − [1 − (
2

𝜋
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2

𝜋
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2
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(5c) 

 

The porosity coefficients can be stated as 𝑒0 = 1 −
𝐸1/𝐸  or 𝑒0 = 1 − 𝐺1/𝐺  (0 ≤ 𝑒0 ≤ 1) and or 𝑒𝑚 = 1 −
𝜌1/𝜌  (0 ≤ 𝑒𝑚 ≤ 1 ). 𝐸 , 𝐸1 , 𝐺 , 𝐺1 , 𝜌  and 𝜌1 denote 

minimum and maximum elastic moduli, shear moduli and 

densities of porous sandwich core. 

The higher-order stresses (𝑚𝑖𝑗) and rotations (𝜒𝑖𝑗) of the 

microstructure based on modified couple stress and Eq. (3) 

can be obtained as follows (Mohammadimehr et al. 2016a) 
 

𝑚𝑖𝑗 = 2𝐺𝑙2
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𝜒𝑦𝑧 =
1

4
(
𝜕2𝑓(𝑧)

𝜕𝑧2
𝜕𝑤

𝜕𝑥
+
𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼) 

(6) 

 

where 𝑙2 is the length scale parameter. 

Hamilton principle in the variation form can be 

expressed as follows 
 

∫ (𝛿𝑈 − 𝛿𝐾 + 𝛿𝑉)𝑑𝑡
𝑡2

𝑡1

= 0 (7) 

 

where 𝛿𝐾, 𝛿𝑈 and 𝛿𝑉are kinetic energy, internal energy 

and external work variations, these variations with 

considering the surface stress effect can be derived as 

(Damanpack and Khalili 2012, Mohammadimehr et al. 
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2015a, 2017) 

 

𝛿𝐾 = ∫ 𝜌 (
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+
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𝜕𝑤

𝜕𝑡

𝜕𝛿𝑤

𝜕𝑡
)

𝐴

𝑑𝐴 

= ∫

(

 
 
 
 
 
 
 
 
 

[−𝑓(𝑧)
𝜕3𝑤

𝜕𝑥𝜕𝑡2
−
𝜕2𝑢

𝜕𝑡2
− (𝑓(𝑧) + 𝑧)

𝜕2𝛼

𝜕𝑡2
] 𝛿𝑢

+

[
 
 
 −𝑓(𝑧)(𝑓(𝑧) + 𝑧)

𝜕3𝑤

𝜕𝑥𝜕𝑡2

−(𝑓(𝑧) + 𝑧)
𝜕2𝑢

𝜕𝑡2
− (𝑓(𝑧) + 𝑧)2

𝜕2𝛼

𝜕𝑡2 ]
 
 
 

𝛿𝛼

+

[
 
 
 𝑓2(𝑧)

𝜕4𝑤

𝜕𝑥2𝜕𝑡2
+ 𝑓(𝑧)

𝜕3𝑢

𝜕𝑡2𝜕𝑥

+𝑓(𝑧)(𝑓(𝑧) + 𝑧)
𝜕3𝛼

𝜕𝑥𝜕𝑡2
−
𝜕2𝑤

𝜕𝑡2 ]
 
 
 

𝛿𝑤

)

 
 
 
 
 
 
 
 
 

𝑉

𝜌𝑑𝑧𝑑𝐴

+∫ 𝜌𝑠

(

 
 
 
 
 
[−(𝑏 + ℎ)

𝜕2𝑢

𝜕𝑡2
] 𝛿𝑢

+ [− 𝑠𝑖𝑛 (
2𝑏

ℎ
)
𝜕2𝛼

2𝜕𝑡2
− (

𝑏ℎ2

2
+
ℎ3

6
)
𝜕2𝛼

𝜕𝑡2
] 𝛿𝛼

+ [−(𝑏 + ℎ)
𝜕2𝑤

𝜕𝑡2
+ 𝑠𝑖𝑛 (

2𝑏

ℎ
)
𝜕3𝑤

𝜕𝑥𝜕𝑡2
] 𝛿𝑤

)

 
 
 
 
 

𝐴

𝑑𝐴 

𝜌 = 𝜌𝑐 + 𝜌𝑡 + 𝜌𝑏 + 𝜌𝑎 + 𝜌𝑠  

(8) 

 

𝛿𝑈 = ∫

(

 
 
 
 
 

∑ 𝜎𝑥𝑥
𝑘 𝛿𝜀𝑥𝑥

𝑘=𝑎,𝑏,𝑐,𝑡,𝑠

+ 2𝜎𝑥𝑧
𝑘 𝛿𝜀𝑥𝑧

+2𝑚𝑥𝑦𝛿𝜒𝑥𝑦 + 2𝑚𝑦𝑧𝛿𝜒𝑦𝑧

+ ∑ 𝐷𝑧
𝑘
𝜕𝛿𝜑𝑘

𝜕𝑧
+ 𝐷𝑥

𝑘
𝜕𝛿𝜑𝑘

𝜕𝑥
𝑘=𝑠,𝑎 )

 
 
 
 
 

𝑉

𝑑𝑉 

+∫(𝜎𝑥
𝑠𝛿𝜀𝑥 + 𝜎𝑦

𝑠𝛿𝜀𝑦 + 𝜎𝑥𝑧
𝑠 𝛿𝜀𝑥𝑧 + 𝜎𝑦𝑧

𝑠 𝛿𝜀𝑦𝑧)
𝐴

𝑑𝐴 

𝛿𝑈 =  

∫

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

∑

[−
𝜕

𝜕𝑥
(𝜎𝑥𝑥

𝑘 )] 𝛿𝑢 +

[
 
 
 
 −

𝜕

𝜕𝑥
([𝑓(𝑧) + 𝑧]𝜎𝑥𝑥

𝑘 )

+𝜎𝑥𝑧
𝑘 (

𝜕𝑓(𝑧)

𝜕𝑧
+ 1)

]
 
 
 
 

𝛿𝛼

+
𝜕2

𝜕𝑥2
([
𝜕𝑓(𝑧)

𝜕𝑧
− 1]

𝑚𝑥𝑦

2
)𝛿𝑤                                 

+
𝜕

𝜕𝑥
(
𝑚𝑥𝑦
𝑘

2
[
𝜕𝑓(𝑧)

𝜕𝑧
+ 1]) 𝛿𝛼

+
𝜕

𝜕𝑥
(
𝑚𝑦𝑧

2

𝜕2𝑓(𝑧)

𝜕𝑧2
) 𝛿𝑤 +

𝜕2𝑓(𝑧)

𝜕𝑧2
𝑚𝑦𝑧

2
𝛿𝛼

+ [
𝜕2

𝜕𝑥2
(𝑓(𝑧)𝜎𝑥𝑥

𝑘 ) −
𝜕

𝜕𝑥
((
𝜕𝑓(𝑧)

𝜕𝑧
+ 1)𝜎𝑥𝑧

𝑘 )] 𝛿𝑤

𝑘=𝑎,𝑏,𝑐,𝑡,𝑠

+ ∑ −
𝜋𝐷𝑧

𝑘 𝑠𝑖𝑛 (
𝜋𝑧

ℎ𝑘
) 𝛿𝜙𝑘

ℎ𝑘
−
𝜕

𝜕𝑥
(𝐷𝑥

𝑘 𝑐𝑜𝑠 (
𝜋𝑧

ℎ𝑘
)) 𝛿𝜙𝑘

𝑘=𝑠,𝑎 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑉

𝑑𝑉 

𝜐𝜏𝑠ℎ
2

6(1 − 𝜐)
(
𝜕4𝑤

𝜕𝑥4
)𝛿𝑤 

−𝑝3
𝜕2𝛼

𝜕𝑥2
𝛿𝛼 − 𝑝2

𝜕3𝑤

𝜕𝑥3
𝛿𝛼 + 𝑝2

𝜕3𝛼

𝜕𝑥3
𝛿𝑤 

−𝜏𝑠(𝑏 + ℎ + 𝑝4) (
𝜕2𝑤

𝜕𝑥2
)𝛿𝑤 

(9) 

+𝐸𝑠 (
𝑏ℎ2

2
+
ℎ3

6
+ 𝑝1)(

𝜕4𝑤

𝜕𝑥4
)𝛿𝑤 

+𝜏𝑠(𝑏 + ℎ + 𝑝4) (
𝜕𝑤

𝜕𝑥
) 𝛿𝛼 − 𝜏𝑠(𝑏 + ℎ + 𝑝4) (

𝜕𝛼

𝜕𝑥
) 𝛿𝑤 

𝑝1 = 𝐸𝑠 (
ℎ

2
−
ℎ

2𝜋
) sin (

𝜋𝑏

ℎ
) 

𝑝2 =
−2ℎ

𝜋
𝐸𝑠 − 𝐸𝑠 (

ℎ

2
−
ℎ

2𝜋
) sin (

𝜋𝑏

ℎ
) 

𝑝3 =
−2ℎ

𝜋
𝐸𝑠 − 𝐸𝑠 (

ℎ

2
−
ℎ

2𝜋
) sin (

𝜋𝑏

ℎ
) 

          −2𝐸𝑠(𝑏ℎ
2/2 + ℎ3/6)  

𝑝4 = sin (
𝜋𝑏

ℎ
) + cos (

𝜋𝑏

ℎ
) 

(9) 

 

𝛿𝑉 = ∫(𝑘𝑤𝑤 − 𝑘𝑔𝛻
2𝑤 + 𝑓)

𝐴

𝛿𝑤𝑑𝐴 (10) 

 

The electrical functions for microsensor (indexed by s) 

and microactuator (indexed by a) can be expressed as 
 

𝜑𝑎(𝑥, 𝑧, 𝑡) =
2𝑧

ℎ𝑎
𝑉(𝑥, 𝑡) + (𝑧2 − (

ℎ𝑎
2
)
2

)𝜑0
𝑎(𝑥, 𝑡) 

𝜑𝑠(𝑥, 𝑧, 𝑡) = (𝑧2 − (
ℎ𝑠
2
)
2

)𝜑0
𝑠(𝑥, 𝑡) 

(11) 

 

By substituting Eqs. (8), (9) and (10) into Eq. (7), the 

motion equations of the porous sandwich nanocomposite 

microbeam can be obtained as 
 

𝛿𝑢: 

−
𝜕

𝜕𝑥
(𝜎𝑥𝑥

𝑘 ) + 𝑓(𝑧)𝜌
𝜕3𝑤

𝜕𝑥𝜕𝑡2
+ 𝜌

𝜕2𝑢

𝜕𝑡2
 

+𝜌𝑠(𝑏 + ℎ)
𝜕2𝑢

𝜕𝑡2
+ 𝜌𝑎1

𝜕2𝛼

𝜕𝑡2
= 0 

 

𝛿𝛼𝑘: 

−
𝜕

𝜕𝑥
(𝑎1𝜎𝑥𝑥

𝑘 ) + 𝜎𝑥𝑧
𝑘 (

𝜕𝑓(𝑧)

𝜕𝑧
+ 1) 

−
𝜕

𝜕𝑥
(
𝑚𝑥𝑦

2
(
𝜕𝑓(𝑧)

𝜕𝑧
+ 1))𝛿𝛼 +

𝜕2𝑓(𝑧)

𝜕𝑧2
𝑚𝑦𝑧

2
 

+𝑏1𝜌
𝜕3𝑤

𝜕𝑥𝜕𝑡2
++𝑎1𝜌

𝜕2𝑢

𝜕𝑡2
+ 𝑎1

2𝜌
𝜕2𝛼

𝜕𝑡2
 

+[−
1

2
𝑠𝑖𝑛 (

2𝑏

ℎ
) − (

𝑏ℎ2

2
+
ℎ3

6
)]
𝜕2𝛼

𝜕𝑡2
 

−𝑝3
𝜕2𝛼

𝜕𝑥2
− 𝑝2

𝜕3𝑤

𝜕𝑥3
+ 𝜏𝑠(𝑏 + ℎ + 𝑝4) (

𝜕𝑤

𝜕𝑥
) = 0 

 

𝛿𝑤: 

𝜕2

𝜕𝑥2
(𝑓(𝑧)𝜎𝑥𝑥

𝑘 ) −
𝜕

𝜕𝑥
((
𝜕𝑓(𝑧)

𝜕𝑧
+ 1)𝜎𝑥𝑧

𝑘 ) 

+
𝜕2

𝜕𝑥2
([
𝜕𝑓(𝑧)

𝜕𝑧
− 1]

𝑚𝑥𝑦

2
) +

𝜕

𝜕𝑥
(
𝑚𝑦𝑧

2

𝜕2𝑓(𝑧)

𝜕𝑧2
) 

−𝑓2(𝑧)𝜌
𝜕4𝑤

𝜕𝑥2𝜕𝑡2
− 𝑓(𝑧)𝜌

𝜕3𝑢

𝜕𝑡2𝜕𝑥
 

−𝑏1𝜌
𝜕3𝛼

𝜕𝑥𝜕𝑡2
+ 𝜌

𝜕2𝑤

𝜕𝑡2
+ 𝑘𝑤𝑤 − 𝑘𝑔𝛻

2𝑤 

+
𝜐𝜏𝑠ℎ

2

6(1 − 𝜐)
(
𝜕4𝑤

𝜕𝑥4
) ± 𝜏𝑠(𝑏 + ℎ + 𝑝4) (

𝜕2𝑤

𝜕𝑥2
) 

(12) 
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+𝐸𝑠 (
𝑏ℎ2

2
+
ℎ3

6
+ 𝑝1)(

𝜕4𝑤

𝜕𝑥4
) 

+𝑝2
𝜕3𝛼

𝜕𝑥3
− 𝜏𝑠(𝑏 + ℎ + 𝑝4) (

𝜕𝛼

𝜕𝑥
) = 𝑓 

𝛿𝜙𝑎 −
𝜋𝐷𝑧

𝑎 𝑠𝑖𝑛 (
𝜋𝑧

ℎ𝑎
)

ℎ𝑎
−
𝜕

𝜕𝑥
(𝐷𝑥

𝑎 𝑐𝑜𝑠 (
𝜋𝑧

ℎ𝑎
)) = 0 

𝛿𝜙𝑠 −
𝜋𝐷𝑧

𝑠 𝑠𝑖𝑛 (
𝜋𝑧

ℎ𝑠
)

ℎ𝑠
−
𝜕

𝜕𝑥
(𝐷𝑥

𝑠 𝑐𝑜𝑠(𝜋𝑧/ℎ𝑠)) = 0 

(12) 

 

By substituting Eqs. (1)-(6) into Eq. (12), the simplified 

motion equations can be derived as 

  

𝛿𝑢: 

−𝐴11
𝜕2𝑢

𝜕𝑥2
− 𝑂11

𝑠 𝜙0,𝑥
𝑠 − 𝑂11

𝑎 𝜙,𝑥
𝑎 − 𝑂44

𝑎 𝑉,𝑥 − 𝐶11
𝜕3𝑤

𝜕𝑥3
 

−𝐵11
𝜕2𝛼

𝜕𝑥2
+ 𝐼2

𝜕3𝑤

𝜕𝑥𝜕𝑡2
+ 𝐼0

𝜕2𝑢

𝜕𝑡2
+ 𝐼1

𝜕2𝛼

𝜕𝑡2
 

+𝜌𝑠(𝑏 + ℎ)
𝜕2𝑢

𝜕𝑡2
= 0 

 
𝛿𝛼: 

−𝐴22
𝜕2𝑢

𝜕𝑥2
− 𝑂22

𝑠 𝜙0,𝑥
𝑠 − 𝑂22

𝑎 𝜙0,𝑥
𝑎 − 𝑂55

𝑠 𝑉,𝑥 

−𝐶22
𝜕3𝑤

𝜕𝑥3
− 𝐵22

𝜕2𝛼

𝜕𝑥2
+ 𝐴33𝛼 + 𝐴33

𝜕𝑤

𝜕𝑥
+ 𝐼4

𝜕3𝑤

𝜕𝑥𝜕𝑡2
 

+𝐺33
𝜕𝑤

𝜕𝑥
+ 𝐺33𝛼 + 𝐼1

𝜕2𝑢

𝜕𝑡2
+ 𝐼3

𝜕2𝛼

𝜕𝑡2
− 𝐺22

𝜕3𝑤

𝜕𝑥3
 

−𝐺11
𝜕2𝛼

𝜕𝑥2
+ [−

1

2
𝑠𝑖𝑛 (

2𝑏

ℎ
) − (

𝑏ℎ2

2
+
ℎ3

6
)]
𝜕2𝛼

𝜕𝑡2
 

−𝑝3
𝜕2𝛼

𝜕𝑥2
− 𝑝2

𝜕3𝑤

𝜕𝑥3
+ 𝜏𝑠(𝑏 + ℎ + 𝑝4) (

𝜕𝑤

𝜕𝑥
) = 0 

 
𝛿𝑤: 

𝐶11
𝜕3𝑢

𝜕𝑥3
− 𝑂33

𝑠 𝜙0,𝑥𝑥
𝑠 − 𝑂33

𝑎 𝜙0,𝑥𝑥
𝑎 − 𝑂66

𝑎 𝑉,𝑥𝑥 

+𝐴44
𝜕4𝑤

𝜕𝑥4
+ 𝐶22

𝜕3𝛼

𝜕𝑥3
+ 𝐼3

𝜕4𝑤

𝜕𝑥2𝜕𝑡2
+ 𝐼2

𝜕2𝑢

𝜕𝑡2
− 𝐺33

𝜕2𝑤

𝜕𝑥
 

−𝐺33
𝜕𝛼

𝜕𝑥
+ 𝐺44

𝜕4𝑤

𝜕𝑥4
− 𝐺22

𝜕3𝛼

𝜕𝑥3
+ 𝐼4

𝜕2𝛼

𝜕𝑡2
+ 𝐼0

𝜕2𝑤

𝜕𝑡2
 

+𝑘𝑤𝑤 − 𝑘𝑔𝛻
2𝑤 − 𝐴33

𝜕𝛼

𝜕𝑥
− 𝐴33

𝜕2𝑤

𝜕𝑥2
 

+
𝜐𝜏𝑠ℎ

2

6(1 − 𝜐)
(
𝜕4𝑤

𝜕𝑥4
) − 𝜏𝑠(𝑏 + ℎ + 𝑝4) (

𝜕2𝑤

𝜕𝑥2
) 

+𝐸𝑠 (
𝑏ℎ2

2
+
ℎ3

6
+ 𝑝1)(

𝜕4𝑤

𝜕𝑥4
) + 𝑝2

𝜕3𝛼

𝜕𝑥3
 

−𝜏𝑠(𝑏 + ℎ + 𝑝4) (
𝜕𝛼

𝜕𝑥
) = 𝑓 

 
𝛿𝜙𝑎: 

−𝑂11
𝑎
𝜕𝑢

𝜕𝑥
− (𝑂22

𝑎 + 𝑆11
𝑎 )
𝜕𝛼

𝜕𝑥
− (𝑂33

𝑎 + 𝑆11
𝑎 )
𝜕2𝑤

𝜕𝑥2
 

−𝑌33
𝑎 𝑉 − 𝑌11

𝑎𝜙0
𝑎 − 𝑌22

𝑎 𝑉,𝑥𝑥 − 𝑌44
𝑎 𝜙0,𝑥𝑥

𝑎 = 0 

 
𝛿𝜙𝑠: 

−𝑂11
𝑠
𝜕𝑢

𝜕𝑥
− (𝑂22

𝑠 + 𝑆11
𝑠 )
𝜕𝛼

𝜕𝑥
− (𝑂33

𝑠 + 𝑆11
𝑠 )
𝜕2𝑤

𝜕𝑥2
 

−𝑅33
𝑠 𝜙0

𝑠 − 𝑅11
𝑠 𝜙0,𝑥𝑥

𝑠 = 0 

(13) 

The coefficients are presented in Appendix A. 

 

 

3. Solving method and vibration active control of 
the micro structure 

 

Navier’s type solution for the simply supported porous 

sandwich piezoelectric nanocomposite microbeam is 

written as follows 

 

𝑢(𝑥, 𝑡) = ∑ 𝑢𝑚

∞

𝑚=1

(𝑡) 𝑐𝑜𝑠(𝑚𝜋𝑥/𝐿) 

𝛼(𝑥, 𝑡) = ∑ 𝛼𝑚

∞

𝑚=1

(𝑡) 𝑐𝑜𝑠(𝑚𝜋𝑥/𝐿) 

𝑤(𝑥, 𝑡) = ∑ 𝑤𝑚

∞

𝑚=1

(𝑡) 𝑠𝑖𝑛(𝑚𝜋𝑥/𝐿) 

𝜙𝑎(𝑥, 𝑡) = ∑ 𝜙𝑚
𝑎

∞

𝑚=1

(𝑡) 𝑠𝑖𝑛(𝑚𝜋𝑥/𝐿) 

𝜙𝑠(𝑥, 𝑡) = ∑ 𝜙𝑚
𝑠

∞

𝑚=1

(𝑡) 𝑠𝑖𝑛(𝑚𝜋𝑥/𝐿) 

𝑉(𝑥, 𝑡) = ∑ 𝑉𝑚

∞

𝑚=1

(𝑡) 𝑠𝑖𝑛(𝑚𝜋𝑥/𝐿) 

(14) 

 

where m denotes the half axial wave numbers. The vibration 

active control equations in the space state using Eqs. (14) 

into Eqs. (13) can be obtained as 

 

𝑀𝑑̈ + 𝐾𝑑 = 𝐷𝑉(𝑡) + 𝑓𝐹1(𝑡), 𝑑 = [𝑢, 𝛼, 𝑤]
𝑇 , 

𝐾 = [

𝑘11 𝑘12 𝑘13
𝑘21 𝑘22 𝑘23
𝑘31 𝑘32 𝑘33

] , 

𝑀 = 

[
 
 
 
 
𝐼0 + 𝜌𝑠(𝑏 + ℎ) 𝐼1 𝑣𝐼0

𝐼1 𝐼5 + 𝜌𝑠 (
𝑏ℎ2

2
+
ℎ3

6
) 𝑣𝐼4

𝑣𝐼0 𝑣𝐼4 −𝑣2𝐼3 + 𝐼0 + 𝜌𝑠(𝑏 + ℎ)]
 
 
 
 

, 

𝐷 =

[
 
 
 
 
 
 
−𝑂11

𝑎 𝑌33
𝑎 𝑣 + 𝑂11

𝑎 𝑌22
𝑎 𝑣3

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
+ 𝑣𝑂44

𝑎

−𝑂22
𝑎 𝑌33

𝑎 𝑣 + 𝑂22
𝑎 𝑌22

𝑎 𝑣3

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
+ 𝑣𝑂55

𝑠

−𝑂33
𝑎 𝑌33

𝑎 𝑣 + 𝑂33
𝑎 𝑌22

𝑎 𝑣3

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
− 𝑂66

𝑎 𝑣2
]
 
 
 
 
 
 

, 

𝑓 = [
0
0

𝑓0𝑢(𝑡)
] 

𝑘11 = 𝑣2𝐴11 −
𝑂11
𝑠 𝑂11

𝑠 𝑣2

𝑅33
𝑠 − 𝑅11

𝑠 𝑣2
−

𝑂11
𝑎 𝑂11

𝑎 𝑣2

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
, 

𝑘12 = 𝑣2𝐵11 −
𝑂11
𝑠 (𝑂22

𝑠 + 𝑆11
𝑠 )𝑣2

𝑅33
𝑠 − 𝑅11

𝑠 𝑣2
−
𝑂11
𝑎 (𝑂22

𝑎 + 𝑆11
𝑎 )𝑣2

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
, 

𝑘13 = 𝑣3𝐶11 −
𝑂11
𝑠 (𝑂33

𝑠 + 𝑆11
𝑠 )𝑣3

𝑅33
𝑠 − 𝑅11

𝑠 𝑣2
−
𝑂11
𝑎 (𝑂33

𝑎 + 𝑆11
𝑎 )𝑣3

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
, 

𝑘21 = 𝑣
2𝐴22 −

𝑂22
𝑠 𝑂11

𝑠 𝑣2

𝑅33
𝑠 − 𝑅11

𝑠 𝑣2
−

𝑂22
𝑎 𝑂11

𝑎 𝑣2

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
, 

𝑘22 = 𝑣
2𝐵22 − 𝑣

2(−𝐺11 − 𝑝3) + 𝐺33 + 𝐴33 

(15) 
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            −
𝑂22
𝑠 (𝑂22

𝑠 + 𝑆11
𝑠 )𝑣2

𝑅33
𝑠 − 𝑅11

𝑠 𝑣2
−
𝑂22
𝑎 (𝑂22

𝑎 + 𝑆11
𝑎 )𝑣2

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
, 

𝑘23 = 𝑣3(𝐶22 + 𝐺22 + 𝑝2) 

            −
𝑂22
𝑠 (𝑂33

𝑠 + 𝑆11
𝑠 )𝑣3

𝑅33
𝑠 − 𝑅11

𝑠 𝑣2
−
𝑂22
𝑎 (𝑂33

𝑎 + 𝑆11
𝑎 )𝑣3

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
 

            −𝑣(−𝐴33 − 𝐺33 + 𝜏𝑠(𝑏 + ℎ + 𝑝4)), 

𝑘31 = 𝑣3𝐶11 −
𝑂33
𝑠 𝑂11

𝑠 𝑣3

𝑅33
𝑠 − 𝑅11

𝑠 𝑣2
−

𝑂33
𝑎 𝑂11

𝑎 𝑣3

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
, 

𝑘32 = 𝑣3(𝐶22 + 𝑝2 + 𝐺22) 

            +𝑣(𝐺33 + 𝐴33 + 𝜏𝑠(𝑏 + ℎ + 𝑝4)) 

            −
𝑂33
𝑠 (𝑂22

𝑠 + 𝑆11
𝑠 )𝑣3

𝑅33
𝑠 − 𝑅11

𝑠 𝑣2
−
𝑂33
𝑎 (𝑂22

𝑎 + 𝑆11
𝑎 )𝑣3

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
, 

𝑘33 = 𝑣4 (
𝐴44 + 𝐺44 +

𝜐𝜏𝑠ℎ
2

6(1 − 𝜐)
+

𝐸𝑠(𝑏ℎ
2/2 + ℎ3/6 + 𝑝1)

) 

            −
𝑂33
𝑠 (𝑂33

𝑠 + 𝑆11
𝑠 )𝑣4

𝑅33
𝑠 − 𝑅11

𝑠 𝑣2
−
𝑂33
𝑎 (𝑂33

𝑎 + 𝑆11
𝑎 )𝑣4

𝑌11
𝑎 − 𝑌44

𝑎 𝑣2
 

           +𝑣2(𝐺33 + 𝐴33 + 𝜏𝑠(𝑏 + ℎ + 𝑝4)) 

(15) 

 

𝑃 = [
𝑑
𝑑̇
] , 𝑃̇ = [𝑑̇

𝑑̈
],         𝑑̈ = 𝑀−1[𝐷𝑉 − 𝐾𝑑], 

𝑃̇ = [
𝑑̇

𝑀−1[𝐷𝑉 − 𝐾𝑑]
] 

[𝑑̇
𝑑̈
] = [

03×3 𝐼3×3
−𝑀−1𝐾 03×3

] [
𝑑
𝑑̇
] + [

03×3
𝑀−1𝐷

]𝑉 

𝑃̇ = 𝐴𝑃 + 𝐵𝑉 + 𝐵1𝑓, 𝑋 = 𝐶𝑃 

𝐴 = [
03×3 𝐼3×3

−𝑀−1𝐾 03×3
] , 

𝐵 = [
03×3
𝑀−1𝐷

],         𝐵1 = [
03×3
𝑀−1𝑓

] , 

𝐶 =

[
 
 
 
 
 𝑐𝑜𝑠 (

𝑛𝜋𝑥

𝑙
) 0 0

0 𝑐𝑜𝑠 (
𝑛𝜋𝑥

𝑙
) 0

0 0 𝑠𝑖𝑛 (
𝑛𝜋𝑥

𝑙
)

03×3

]
 
 
 
 
 

 

(16) 

 

The block diagram of the vibration active control is 

illustrated in Fig. 2. 

The linear quadratic regulator (LQR) is the effective and 

widely used linear control tool for determination of specific 

design and performance criteria. Here, LQR according to 

state space is used for controlling of free vibration of the 

sandwich structure. In this method, the actuator voltage 

obtains by optimum LQR solution control. The general 

LQR for can be stated as 
 

𝐽 =
1

2
∫ (𝑃𝑇𝑄𝑃 + 𝐹𝑇𝑅𝐹)𝑑𝑡

∞

0

 (17) 

 

 

 

Fig. 2 The block diagram of vibration active control 

where 𝑄 and 𝑅 are the state weighting matrix and the 

control weighting matrix, respectively. The LQR problem 

search for a concession between minimum energy (control 

input) and best performance, hence 

 

𝐹 = −𝐺𝑃 
𝐺 = 𝑅−1𝐵𝑇𝑃 

(18) 

 

𝐹 = −𝐺𝑃 
𝐺 = 𝑅−1𝐵𝑇𝑃 

(19) 

 

The solution reaches the Riccati equation 

 

−𝑃𝐴 − 𝐴𝑇𝑃 + 𝑃𝐵𝑅−1𝐵𝑇𝑃 − 𝑄 = 0 (20) 

 

The voltage of the actuator can be obtained as 

 

𝑉𝑎𝑐𝑡𝑢𝑎𝑡𝑜𝑟 = 𝐵
−1𝐺𝐶𝑉𝑠𝑒𝑛𝑠𝑜𝑟 (21) 

 

 

4. Numerical results and discussion 
 
For the comparison, the obtained results and other 

literature results for different natural frequencies of simply 

supported microbeam are presented in Table 1. Damanpack 

and Khalili (2012) employed the first order shear 

deformation theory and higher order shear deformation 

theory for face sheets and core of sandwich microbeam. 

They used dynamic stiffness method and exact solution for 

calculating of the natural frequencies. Yang and Qiao (2005) 

considered dynamic effect of core with linear function in 

lateral direction in model B and both for lateral and axial 

direction for model C and without dynamic effect for core 

in model A. as it can be observed in this table, the present 

results based on sinusoidal shear deformation have a good 

agreement with the other results. 

The dimension, elastic foundation and material 

properties of porous sandwich microactuator-microsensor 

with three-phase carbon nanotubes/fiber/polymer 

piezoelectric polymeric nanocomposite face sheets are 

listed as (Mohammadimehr et al. 2015a, Arani et al. 2016). 

 
3

3

sin sin sin

3

3

0

2 13 11

0.04, 8.3 , 0.18, 1750 /

2.72 , 0.33, 1200 /

69 , 0.2, 1200 / , 0.55,

2 , 0.3, 1020 / , 0.5; 0,

, 17.6 , 0.13, 1.10

NTs PVDF PVDF PVDF

re re re

FG FG FG F

c c c

w E GPa kg m

E GPa kg m

E GPa kg m V

E GPa kg m e B

l m e

 

 

 

 

 

= = = =

= = =

= = = =

= = = = =

= = − =

3

68 8,

400 , 0.34 , 50 , 20 , 1350 /

/10

NT NT NT NT NT

a s

e

E GPa t nm l m d nm kg m

h h h

 

−

= = = = =

= =  

(22) 

 

Fig. 3 displays present and Hamed and Rabinovitch 

(2009) results of dynamic deflection to static deflection 

ratio for simply supported beam under uniform step load. 

As it can be from this figure, the present results are matched 

to Hamed and Rabinovitch results. The time derivative 

equation has been solved by “ode45” in Matlab software. 

The time domain equation has been solved by Rung Kutta 

method. 

Fig. 4 shows the displacement response of vibration 

active control and uncontrol of the porous sandwich carbon 
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Fig. 3 Dynamic deflection to static deflection ratio for 

simply supported beam under uniform step load 

 

 

 

Fig. 4 The displacement response of vibration active 

control and uncontrol of the porous sandwich 

piezoelectric polymeric nanocomposite microbeam 

 

 

nanotubes/fiber/polymer piezoelectric polymeric 

nanocomposite microbeam. As it is obvious that using LQR 

controller, the displacement is damped rapidly. 

The frequency response of vibration active control and 

uncontrol of the porous sandwich piezoelectric polymeric 

nanocomposite microbeam is illustrated in Fig. 5. As the 

displacement figure, there is a dramatically cancellation in 

natural frequencies for LQR controller of the porous 

sandwich piezoelectric polymeric nanocomposite 

microbeam. 

Fig. 6 displays the frequency response function of the 

porous sandwich piezoelectric polymeric nanocomposite 

 

 

 

Fig. 5 The frequency response of vibration active control 

and uncontrol for the porous sandwich piezoelectric 

polymeric nanocomposite microbeam 
 

 

 

Fig. 6 The frequency response of the porous sandwich 

piezoelectric polymeric nanocomposite microbeam for 

different the core thickness to total thickness 
 

 

microbeam for different the core thickness to total 

thickness. As it can be seen that with reduction in the core 

thickness to total thickness, the LQR has more reduction for 

FRF. 

Fig. 7 shows the frequency response of the porous 

sandwich piezoelectric polymeric nanocomposite 

microbeam for different length scale to the total thickness 

ratio. As you can see that the higher length scale to the total 

thickness ratio leads to further reduction in the LQR 

controller. 

The effect of Winkler spring and shear layer constants 

(𝑘𝑊, 𝑘𝑔) on the frequency response of the porous sandwich 
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Table 1 The natural frequencies of simply supported microbeam 

Natural 

frequency 

Exact 

(Damanpack and 

Khalili 2012) 

DSM 

(Damanpack and 

Khalili 2012) 

Model (A) 

(Yang and 

Qiao 2005) 

Model (B) 

(Yang and 

Qiao 2005) 

Model (C) 

(Yang and 

Qiao 2005) 

ABAQUS

 (Yang and 

Qiao 2005) 

Present 

work 

ω1 2048.413 2048.413 2280.545 2050.769 2048.193 2198.235 2226.464 

ω2 5189.672 5189.672 5771.106 5189.66 5183.377 4884.674 5520.170 

ω3 8250.199 8250.199 9159.879 8180.546 8224.061 7673.089 8191.997 
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piezoelectric polymeric nanocomposite microbeam is 

depicted in Figs. 8 and 9. In the uncontroll state, existence 

of Winkler foundation shifts the frequency response to 

higher frequencies. Also in the control state, the Winkler 

spring constant lessens the frequency response with shifting 

 

 

 

Fig. 7 The frequency response of the porous sandwich 

piezoelectric polymeric nanocomposite microbeam for 

different length scale to the total thickness ratio 

 

 

 

Fig. 8 The frequency response of the porous sandwich 

piezoelectric polymeric nanocomposite microbeam for 

different Winkler spring constant 

 

 

 

Fig. 9 The frequency response of the porous sandwich 

piezoelectric polymeric nanocomposite microbeam for 

different shear layer constant 
 

 

Fig. 10 Effect of the small scale parameter on the frequency 

response of the porous sandwich piezoelectric 

polymeric nanocomposite microbeam 

 

 

 

Fig. 11 Effect of the CNT weight fraction on the frequency 

response of the porous sandwich piezoelectric 

polymeric nanocomposite microbeam 
 

 

of it. The FRF doesn’t essentially influence by the shear 

layer constant. 

Effect of the small scale to thickness ratio (𝑙2/ℎ) on the 

frequency response of the porous sandwich piezoelectric 

polymeric nanocomposite microbeam is illustrated in Fig. 

10. As shown in Fig. 10, for the smaller small scale to 

thickness ratio, the FRF doesn’t considerably changes but 

for the small scale value near to thickness (𝑙2 = ℎ), the FRF 

significantly reduces under LQR controller. 

The effect of the CNT weight fraction (𝑤𝐶𝑁𝑇) on the 

frequency response of the porous sandwich piezoelectric 

polymeric nanocomposite microbeam is demonstrated in 

Fig. 11. In the uncontrolled state, the increasing the CNT 

weight fraction, decreases the FRF and moves it to higher 

frequency values but it doesn’t affect LQR results. 

Fig. 12 demonstrates effect of the microsensor/ 

micractuator thickness (ℎ𝑠, ℎ𝑎) on the frequency response of 

the porous sandwich piezoelectric polymeric 

nanocomposite microbeam. As it can be seen that the LQR 

FRF reduces and moves to higher frequency value. 

Effects of the residual stress (𝜏𝑠), the Lame (𝐸𝑠) and 

surface density (𝜌𝑠) constants on the frequency response of 
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Fig. 12 Effect of the microsensor and micractuator 

thickness on the frequency response of the porous 

sandwich piezoelectric polymeric nanocomposite 

microbeam 

 

 

 

 

Fig. 13 Effect of the residual surface stress constant on the 

frequency response of the porous sandwich 

piezoelectric polymeric nanocomposite microbeam 

 

 

 

 

Fig. 14 Effect of the Lame constant on the frequency 

response of the porous sandwich piezoelectric 

polymeric nanocomposite microbeam 

 

 

Fig. 15 Effect of the surface density constant on the 

frequency response of the porous sandwich 

piezoelectric polymeric nanocomposite microbeam 

 
 

 

 

 

Fig. 16 Effect of Skempton coefficient on the frequency 

response of the porous sandwich piezoelectric 

polymeric nanocomposite microbeam 
 

 

 

 

 

the porous sandwich piezoelectric polymeric 

nanocomposite microbeam are shown in Figs. 13, 14 and 

15. Among surface stress constant, the residual surface 

stress constant has higher effect on the FRF in uncontrol 

and control statues. The Lame and surface density doesn’t 

have significant effects both on the LQR and uncontrol 

states of the structure. 

Fig. 16 illustrates Skempton coefficient effect on the 

frequency response of the porous sandwich piezoelectric 

polymeric nanocomposite microbeam. Amplitude for both 

of the control and uncontrole states doesn’t considerably 

change by considering Skempton coefficient. 

The porosity effect on the frequency response of the 

porous sandwich piezoelectric polymeric nanocomposite 

microbeam are shown in Figs. 17 and 18 for three porosity 

type of A and B. It is clear that with increasing of the 

porosity coefficient, the FRF slowly moves to higher 

frequency. 
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Fig. 17 Effect of the porosity coefficient (type A) on the 

frequency response of the porous sandwich 

piezoelectric polymeric nanocomposite microbeam 

 

 

 

 

Fig. 18 Effect of the porosity coefficient (type B) on the 

frequency response of the porous sandwich 

piezoelectric polymeric nanocomposite microbeam 

 

 

 

 

Fig. 19 Effect of step uniform load on the frequency 

response of the porous sandwich piezoelectric 

polymeric nanocomposite microbeam 

 

 

The influence of step uniform load on the frequency 

response of the porous sandwich piezoelectric polymeric 

nanocomposite microbeam is shown in Fig. 19. It is seen 

that, in the control states, the higher load deflection is 

dampened slower than smaller loads. 

 

 

5. Conclusions 
 

In this research, the free vibration active control of the 

porous sandwich piezoelectric polymeric nanocomposite 

microbeam was studied. Modified couple stress theory 

based on sinusoidal shear deformation theories were used. 

Surface stress effect was derived based on sinusoidal shear 

deformation theory. Three porous types were considered for 

sandwich core and CNT/fiber/polymer piezoelectric 

nanocomposite was extracted for face sheets. The porous 

sandwich microbeam was rested on elastic foundation. The 

LQR approach was used for controlling of the vibrational 

behavior. The following results can be obtained as follows: 

 

(1) LQR controller significantly reduces the vibrational 

amplitude of the porous sandwich piezoelectric 

polymeric nanocomposite microbeam. 

(2) The LQR controller effectively reduces FRF with 

raising of the face sheet thickness to total thickness. 

(3) LQR controller reduces considerably the FRF for 

higher length scale to the thickness. 

(4) Winkler spring constant has more effects on the 

LQR than the shear layer constant.  The existence 

of Winkler spring constant shifts the frequency 

response to higher frequencies. The FRF doesn’t 

essentially influence by the shear layer constant. 

(5) For the small scale value equal to the thickness, 

LQR controller reduces meaningfully. 

(6) FRF moves to higher frequency values with 

increasing of the CNT weight fraction. 

(7) The considering microsensor and microactutor with 

the sandwich nanocomposite microbeam has 

positive effect on the FRF both in control and 

uncontrol states. 

(8) The highest effects on the FRF for surface stress 

parameter is related to the residual surface stress 

constant. 

(9) Skempton coefficient shifts control and uncontrol 

FRF to higher frequencies. 

(10) The FRF moves slowly to higher frequency with 

the increasing porosity coefficient. 
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, 

𝐴22
𝑘 = ∫ (𝑓(𝑧) + 𝑧)𝑄11

𝑘 𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝐵22
𝑘 = ∫ (𝑓(𝑧) + 𝑧)2𝑄11

𝑘 𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝐶22
𝑘 = ∫ 𝑓(𝑧)(𝑓(𝑧) + 𝑧)𝑄11

𝑘 𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 

𝐴33
𝑘 = ∫ (

𝜕𝑓(𝑧)

𝜕𝑧
+ 1)

2

𝑄55
𝑘 𝑑𝑧

ℎ𝑘/2

−ℎ𝑘/2

, 𝐴44
𝑘 = ∫ 𝑓2(𝑧)𝑄11

𝑘 𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 

𝐷11
𝑐 = ∫ 𝛼1

2𝑀𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝐸11
𝑐 = ∫ (𝑓(𝑧) + 𝑧)𝛼1

2𝑀𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝐹11
𝑐 = ∫ 𝑓(𝑧)𝛼1

2𝑀𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 

𝐷22
𝑐 = ∫ (𝑓(𝑧) + 𝑧)𝛼1

2𝑀𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝐸22
𝑐 = ∫ (𝑓(𝑧) + 𝑧)2𝛼1

2𝑀𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝐹22
𝑐 = ∫ 𝑓(𝑧)(𝑓(𝑧) + 𝑧)𝛼1

2𝑀𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 

𝐷33
𝑐 = ∫ 𝑓(𝑧)𝛼1

2𝑀𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝑂11
𝑘 = ∫ 𝑒13

𝑘 2𝑧𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝑂22
𝑘 = ∫ 2(𝑓(𝑧) + 𝑧)𝑒13

𝑘 𝑧𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝑂33
𝑘 = ∫ 𝑓(𝑧)𝑒13

𝑘 2𝑧𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 

𝑆11
𝑘 = ∫ 𝜋 𝑐𝑜𝑠(𝜋𝑧/ℎ𝑎) /ℎ𝑎 (

𝜕𝑓(𝑧)

2𝜕𝑧
+
1

2
) 𝑒15

𝑘 𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝑅11
𝑘 =∫ 𝜉11

𝑘 𝑐𝑜𝑠(𝜋𝑧/ℎ𝑘) (𝑧2 − (
ℎ𝑘
2
)
2

)𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

 

, 𝑅33
𝑘 =∫ 2(𝜋/ℎ𝑘)𝑧𝜉33

𝑘 𝑠𝑖𝑛(𝜋𝑧/ℎ𝑘) 𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝑂44
𝑘 = ∫ 𝑒13

𝑘 𝑑𝑧/ℎ𝑎
ℎ𝑘/2

−ℎ𝑘/2

, 𝑂55
𝑘 = ∫ (𝑓(𝑧) + 𝑧)𝑒13

𝑘 𝑑𝑧/ℎ𝑎
ℎ𝑘/2

−ℎ𝑘/2

 

𝐼0
𝑘 = ∫ 𝜌𝑘𝑑𝑧

ℎ𝑘/2

−ℎ𝑘/2

, 𝐼1
𝑘 = ∫ (𝑓(𝑧) + 𝑧)𝜌𝑘𝑑𝑧, 𝐼2

𝑘 = ∫ 𝜌𝑘𝑓(𝑧)𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

,
ℎ𝑘/2

−ℎ𝑘/2

𝐼4
𝑘 = ∫ 𝜌𝑘𝑓(𝑧)(𝑓(𝑧) + 𝑧)𝑑𝑧

ℎ𝑘/2

−ℎ𝑘/2

 

𝐼3
𝑘 = ∫ 𝜌𝑘𝑓2(𝑧)𝑑𝑧

ℎ𝑘/2

−ℎ𝑘/2

, 𝐼5
𝑘 = ∫ 𝜌𝑘(𝑓(𝑧) + 𝑧)2𝑑𝑧

ℎ𝑘/2

−ℎ𝑘/2

, 𝐺11
𝑘 = ∫

1

4
𝐺𝑙2

2 (1 +
𝜕𝑓(𝑧)

𝜕𝑧
)

2

𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 

𝐺22
𝑘 = ∫

1

4
𝐺𝑙2

2 (1 +
𝜕𝑓(𝑧)

𝜕𝑧
)(
𝜕𝑓(𝑧)

𝜕𝑧
− 1)𝑑𝑧

ℎ𝑘/2

−ℎ𝑘/2

, 𝐺33
𝑘 = ∫

1

4
𝐺𝑙2

2 (
𝜕2𝑓(𝑧)

𝜕𝑧2
)

2

𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 

𝐺44
𝑘 = ∫

1

4
𝐺𝑙2

2 (
𝜕𝑓(𝑧)

𝜕𝑧
− 1)

2

𝑑𝑧
ℎ𝑘/2

−ℎ𝑘/2

, 𝑂66
𝑘 = ∫ 𝑓(𝑧)𝑒13

𝑘 𝑑𝑧/ℎ𝑎
ℎ𝑘/2

−ℎ𝑘/2

 

𝑌33
𝑎 = ∫ 2(𝜋/ℎ𝑎)𝑧𝜉33

𝑘 𝑠𝑖𝑛(𝜋𝑧/ℎ𝑎) 𝑑𝑧/ℎ𝑎
ℎ𝑘/2

−ℎ𝑘/2

, 𝑌22
𝑘 = ∫ 2𝑧𝜉11

𝑘 𝑐𝑜𝑠(𝜋𝑧/ℎ𝑘) 𝑑𝑧/ℎ𝑎
ℎ𝑘/2

−ℎ𝑘/2

 

𝐼𝑖 = ∑ 𝐼𝑖
𝑘

𝑘=𝑠,𝑡,𝑐,𝑏,𝑎

, 𝑖 = 1,2,3,4, (𝐴𝑖𝑗 , 𝐶𝑖𝑗 , 𝐷𝑖𝑗 , 𝐸𝑖𝑗 , 𝐹𝑖𝑗 , 𝐺𝑖𝑗) = ∑ (𝐴𝑖𝑗
𝑘 , 𝐶𝑖𝑗

𝑘 , 𝐷𝑖𝑗
𝑘 , 𝐸𝑖𝑗

𝑘 , 𝐹𝑖𝑗
𝑘 , 𝐺𝑖𝑗

𝑘 )

𝑘=𝑠,𝑡,𝑐,𝑏,𝑎

, 𝑖, 𝑗 = 1,2,3 

(𝑅𝑖𝑗 , 𝑂𝑖𝑗 , 𝑆𝑖𝑗) = ∑ (𝑅𝑖𝑗
𝑘 , 𝑂𝑖𝑗

𝑘 , 𝑆𝑖𝑗
𝑘)

𝑘=𝑠,𝑎

, 𝑖, 𝑗 = 1,2,3 
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