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1. Introduction 

 

Most of engineering structures are subjected to 

vibrations due to the applied loads and the surrounding 

excitations. Safe and reliable design of these systems 

requires accurate analysis of their dynamical behaviors, 

such as, internal characteristics (natural frequencies) and 

overall behaviors (responses). Beam structure considered as 

a one of the most essential structures used widely in modern 

applications, ranging from large systems (i.e., aerospace, 

civil, marine, mechanical and nuclear structures), to 

microsystems (i.e., actuators, resonators, microphone, 

switches, and RF MEMS) to nanosystems (i.e., atomic force 

microscope, nanoprobes, nanoactuators, nanosensors, and 

nanoswitches). 

Genera l ly,  per fora ted /cu touts  s t ruc tures  are 

manufactured by etching number of identical holes in 

periodically in the structure. In most applications, these 

holes are circular or square holes and arranged in one or 

more rows. Perforation, in many large structures, is a 

necessary design feature due to technological reasons, such 

as, in the heat exchangers and nuclear power plants 

applications (Jeong and Amabili 2006), in ships and 
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offshore structures, (Kim et al. 2015). In micro/nano-

structures, perforation is often necessary for sacrificial-layer 

removal, representing a technological constraint for the 

designer, De Pasquale et al. (2010). The perforated beam 

and plates of MEMS are used to reduce the gas forces of 

oscillating structures, the squeeze film damping, and 

increase the switching speed, Rebeiz (2003). Further 

analysis reveals that perforated structure improves the 

switching time of the switch and also affects the 

capacitance of the switch, Bendali et al. (2006). 

There is great difference between behavior and 

performance of perforated structures and fully ones. Duncan 

and Upfold (1965) obtained the equivalent elastic properties 

of bars and plates perforated on a square, a square-diagonal 

or a triangular pitch to model heat exchanger tube-plates. 

Yettram and Brown (1985) examined stability of flat square 

plates with central square perforations by a direct matrix 

method. In 1986, Brown and Yettram adopted previous 

model to investigate the stability of square perforated plates 

under combinations of bending, shear and direct load. 

Pedersen et al. (1996) predicted the in plane stiffness 

behavior and resonance frequency of beam-based micro-

electromechanical resonant sensors by using finite 

difference method. Shanmugam et al. (1999) studied post-

buckling behavior and the ultimate load capacity of 

perforated plates with different boundary conditions and 

subjected to uniaxial or biaxial compression using the finite 

element method. Jeong et al. (2001) performed an 

experimental modal analysis for perforated plates in contact 

with a fluid and showed that the natural frequencies of the 

clamped perforated plates in air could be predicted by using 

the equivalent elastic properties. Srivastava et al. (2003) 
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used finite element method to illustrate the vibration 

characteristics of stiffened plate with a cutout subjected to 

in-plane forces. Berggren et al. (2003) modeled the 

properties of regularly periodic holed structures materials 

by equivalent anisotropic materials and, concluded that, the 

equivalent anisotropic materials approaches are 

sophisticated and do not results in simple closed 

expressions for the structure resonance frequency. 

Rastgoo et al. (2006) presented periodic solution for 

equation of motion of thick beams having arbitrary cross 

section with tip mass under harmonic support motion. Chen 

and Liu (2006) studied free and forced vibrations of a 

tapered cantilever beam carrying multiple point masses. 

Jeong and Amabili (2006) studied natural frequencies and 

the corresponding mode shapes of perforated beams, whose 

lower surfaces contacted with an ideal liquid by using 

Rayleigh–Ritz method. They reported that as the hole size 

increased the natural frequencies are gradually reduced 

while the effect of the hole shape on the natural frequencies 

is negligible for beam in air. Patel et al. (2010) investigated 

the effect of non-uniform in-plane pulsating edge loading 

on dynamic instability behavior of perforated stiffened shell 

panels. Cheng and Zhao (2010) focused on the cutout-

strengthening of perforated plates subjected to uniaxial 

compressive loads. The square plates considered each has a 

centrally placed circular hole and four simply supported 

edges in the out-of-plane direction. Mali and Singru (2013) 

studied analytically the vibration of perforated rectangular 

plates with circular holes. They considered perforated plate 

as plate with uniformly distributed mass and their holes as 

concentrated negative masses. Mali and Singru (2015) 

derived an expression for the modal constant of the 

fundamental frequency of the perforated plate using 

Rayleigh’s formulation. The fundamental frequency values 

were taken from experimental analysis. Kim et al. (2015) 

studied effect of reinforcement on buckling and ultimate 

strength of perforated plates. 

Lee (2016) illustrated the effect of leakage on the sound 

absorption of a nonlinear perforated panel backed by a 

cavity. Mohammadimehr and Alimirzaei (2016) 

investigated nonlinear static and vibration of Euler-

Bernoulli composite beam model reinforced by FG-

SWCNT with initial geometrical imperfection using FEM. 

Akbarzade and Farshidianfar (2017) applied five different 

analytical methods to solve the dynamic model of the 

nonlinear oscillation equation of restrained cantilever 

tapered beam. Yuan et al. (2017) investigated distortional 

buckling of perforated cold-formed steel channel-section 

beams with circular holes in web. Zidi et al. (2017) 

proposed a novel simple higher-order shear deformation 

theory for bending and free vibration analysis of 

functionally graded (FG) beams. Benguediab et al. (2017) 

constructed an analytical solution of a plane stress problem 

for a cantilever beam made of a functionally graded 

material subjected to uniform loading. 

Abdelbari et al. (2018) presented Single variable shear 

deformation model for bending analysis of thick beams. 

Heidari et al. (2018) developed numerical study for 

vibration response of concrete beams reinforced by 

nanoparticles. Yahiaoui et al. (2018) presented the role of 

micromechanical models in the mechanical response of 

elastic foundation FG sandwich thick beams. Loughlan and 

Hussain (2018) examined the response of simply supported 

steel plate shear webs with stiffened centrally located 

circular cut-outs when subjected to in-plane shear loading. 

Wang et al. (2018) investigated the buckling behavior of 

graphene platelets reinforced composite cylindrical shells 

with cutouts via finite element simulation. She et al. 

(2018a) studied thermal buckling and post-buckling 

behaviors of FGM tubes resting on elastic foundations. 

Based on Reddy’s higher order shear deformation beam 

theory, She et al. (2018b) predicted wave propagation 

behaviors of functionally graded porous nanobeams 

(FGPNB). She et al. (2019a) extended their work in 2018 to 

investigate the snap-buckling behaviors of functionally 

graded (FG) porous curved nanobeams resting on elastic 

foundations for different boundary conditions. She et al. 

(2019b) investigated hygro-thermal wave propagation in 

functionally graded double-layered nanotubes systems. 

Mechanical behaviors of perforated beam-based MEMS 

and NEMS devices and sensors have been studied by many 

researchers. De Pasquale et al. (2010) studied dynamic 

behavior and quality factors of oscillating perforated plates 

under the effect of squeeze film damping by both 

experimental and Multiphysics FEM simulations. 

Abbasnejad and Rezazadeh (2012) studied the mechanical 

behavior of a FGM micro-beam subjected to a nonlinear 

electrostatic pressure. Luschi and Pieri (2012) introduced 

closed forms for equivalent bending stiffness in the filled 

and the perforated sections of perforated beam to examine 

bending properties of beams with regular rectangular 

perforations. Tu et al. (2013) presented effects of etching 

holes on complementary metal oxide semiconductor–

capacitive structure by the use of ANSYS simulation. 

Bouremana et al. (2013) presented a new first-order shear 

deformation beam theory based on neutral surface position 

for bending and free vibration analysis of functionally 

graded beams. Eltaher et al. (2013, 2014a, b) studied free 

vibration of thin and thick nanobeams by using finite 

element method. Luschi and Pieri (2014) presented closed 

expressions for geometrical properties of perforated beam 

with periodic square to investigate resonance frequencies of 

slender perforated beam. Sedighi et al. (2012) presented the 

advantages of different analytical techniques for the 

analysis of transverse vibration of cantilever beams. Based 

on the modified multilevel residue harmonic balance 

technique, Rahman et al. (2019) investigated the nonlinear 

forced vibration behavior of Euler Bernoulli beam resting 

on a nonlinear foundation. Applying the strain gradient 

elasticity theory, Sedighi (2014) studied the size dependent 

dynamic pull-in instability of vibrating micro actuated 

beams. Sedighi et al. (2015a) extended their work in 2014 

to investigated the dynamic instability of double sided 

electromechanical nanosensors. Hieu and Hai (2019) 

applied the equivalent linearization technique with the 

weighted averaging method to study and analyze the 

nonlinear vibration behavior of Euler Bernoulli beams 

under axial loads. Mirzabeigy and Madoliat (2019) 

investigated the nonlinear free vibration behavior of double 

beam system considering inner layer nonlinearity. 
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Bennai et al. (2015) and Bourada et al. (2015) 

developed a new refined hyperbolic shear and normal 

deformation beam theory to study the free vibration and 

buckling of functionally graded (FG) sandwich beams. 

Eltaher et al. (2016) implemented higher-order shear 

deformation beam theories to investigate the effects of 

thermal load and shear force on the buckling of nanobeams. 

Guha et al. (2015) presented general analytical model of 

capacitance of non-uniform meander based RF MEMS 

shunt switch with perforated structure incorporating 

fringing field effects. Sedighi et al. (2015b) exhibited the 

effect of the amplitude of vibrations on the pull-in 

instability and nonlinear natural frequency of a double-

sided actuated microswitch by using a nonlinear frequency 

amplitude relationship. Luschi and Pieri (2016) developed 

analytical models to determine the resonance frequency of 

Lamé-mode resonators with a square grid of square 

perforations. They confirmed their predictions by both 

experimental data and finite element method simulations. 

Chen and Meguid (2017) investigated the dynamic 

behavior of a micro-resonator under various levels of 

Alternating Current (AC) voltage, without a biased Direct 

Current voltage. Guha et al. (2017, 2018) presented a new 

method for design, modelling and optimization of a uniform 

MEMS shunt capacitive switch with perforation on upper 

beam to improve the Pull-in Voltage performance. Static 

bending, stability and dynamical behaviors of perforated 

nonlocal nanobeams has been investigated by Eltaher et al. 

(2018a, b) by using both Euler-Bernoulli and Timoshenko 

beam theories. Driz et al. (2018) presented a novel higher 

shear deformation theory (HSDT) for bending, buckling and 

free vibration investigations of isotropic and functionally 

graded (FG) sandwich plates. Kerid et al. (2019) 

investigated the magnetic field, thermal loads and small 

scale effects on the dynamic behaviors of perforated 

nanobeams with periodic square networks. 

So far, to the best of the authors’ knowledge, there is no 

attempt to study free and forced vibration responses of 

perforated beams. Therefore, the aim of the present work is 

to present a detailed analytical and semi analytical 

methodologies capable of analyzing the free and forced 

vibration behaviors of perforated Euler Bernoulli beams 

(PEBB) for the first time. Through this study, simple 

mathematical expressions for natural frequencies, Eigen 

mode functions, and the forced vibration time response for a 

simply supported perforated Euler Bernoulli beam (PEBB) 

are derived. Semi-analytical mixed Galerkin Laplace 

technique is proposed. Numerical studies shows the 

significant effects of perforation (perforation size and 

number of cutouts) on the free and forced behaviors of 

perforated beam. 
 

 

2. Theoretical aspects 
 

In this section, the equivalent geometrical and material 

characteristics of the perforated beams are developed. 

Based on the Euler–Bernoulli beam theory (EBBT), the 

dynamic equation of motion of simply supported perorated 

beam with the associated boundary and initial conditions 

are presented. 

2.1 Equivalent properties of perforated beam 
 

Perforated beam is a type of periodic structures 

constructed by repeating a basic geometric unit to form a 

regular pattern. Perforated structure could be analyzed 

efficiently when the structure periodicity is considered. By 

considering the hole periodicity of the structure, the 

effective geometrical and material characteristics should be 

determined. 

Considering a perforated beam, shown in Fig. 1, has a 

total length L, thickness h, width w, with a squared holes 

perforation pattern with spatial period ls , side ls -ts, and a 

number of holes along the section is N. The ratio of the 

spatial period, ts to the period length, ls refers to the beam 

filling ratio, α which can be expressed as follows 
 

𝛼 =
𝑡𝑠

𝑙𝑠
              0 ≤ 𝛼 ≤ 1, 

𝛼 =  
0        Fully perforated

1     Fully filled        
   

(1) 

 

Assume that the total stress along the cross section is the 

same for both complete beam and perforated one. 

Moreover, linear continuous stress distribution in the filled 

segments is also assumed. Under these assumption, 

following the procedure presented in Luschi and Pieri 

(2014), the equivalent bending stiffness can be expressed as 
 

 𝐸𝐼 𝑒𝑞 = 𝐸𝐼  
𝛼 𝑁 + 1  𝑁2 + 2𝑁 + 𝛼2 

 1 − 𝛼2 + 𝛼3 𝑁3 + 3𝛼𝑁2

+ 3 + 2𝛼 − 3𝛼2 + 𝛼3 𝛼2𝑁 + 𝛼3

  (2) 

 

where, E is the elasticity modulus of the fully filled beam 

material, I is the second moment of area of the fully filled 

beam, N is the nuber of holes along the cross section, α is 

the filling ratio. 

The equivalent mass per unit length of the perforated 

beam can be also obtained by integrating over the beam 

segment, Eltaher et al. (2018b), as 
 

 𝜌𝐴 𝑒𝑞 = 𝜌𝐴  
 1 − 𝑁 𝛼 − 2  𝛼

𝑁 + 𝛼
  (3) 

 

where, ρ and A are the mass density and the cross sectional 

area of the fully filled beam; respectively. It noticed from 

Eq. (3) that the relative mass per unit length increases with 

 

 

 

Fig. 1 Geometry of a perforated beam 

(Luschi and Pieri 2014) 
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increasing the beam filling ratio. On the other hand, it is 

slightly decreasing by increasing the number of holes at 

smaller values of the filling ratio. The equivalent rotary 

inertia of perforated beam can be obtained by integrating 

over a strip of N square cells of length ls, the equivalent 

moment of inertia per unit length can be expressed, as 

presented in Eltaher et al. (2018b), as 
 

 𝜌𝐼 𝑒𝑞 = 𝜌𝐼

 
 

 𝛼  
 2 − 𝛼 𝑁3 + 3𝑁2

−2 𝛼 − 3  𝛼2 − 𝛼 + 1 𝑁 + 𝛼2 + 1
 

 𝑁 + 𝛼 3

 
 

 

 (4) 

 

2.2 Motion equations of perforated beams 
 

According to the Euler–Bernoulli beam theory (EBBT), 

the rotation of the beam cross sections is neglected 

compared to the translation. Additionally, the angular 

distortion due to shear is neglected compared to the bending 

deformation. Based on EBBT, the displacement field can be 

expressed as 
 

𝑢 = −𝑧
𝜕𝑤 𝑥, 𝑡 

𝜕𝑥
,             𝑣 = 0,              𝑤 = 𝑤 𝑥, 𝑡  (5) 

 

where u, v, and w refer to the components of displacement 

in x, y, and z directions; respectively. The corresponding 

kinematic relations can be expressed as 
 

휀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
= −𝑧

𝜕2𝑤 𝑥, 𝑡 

𝜕𝑥2
 (6) 

 

Considering linear isotropic homogenous elastic 

materials, the constitutive law can be written as 
 

𝜍𝑥𝑥 = −𝐸𝑧
𝜕2𝑤 𝑥, 𝑡 

𝜕𝑥2
 (7) 

 

The dynamic equation of motion with the associated 

boundary conditions can be obtained by applying the 

generalized Hamilton’s principle as 
 

𝛿   𝜋 − 𝑇 − 𝑊  𝑑𝑡

𝑡2

𝑡1

= 0 (8) 

 

where π, T, and W are the strain energy, the kinetic energy, 

and the work done by the external forces of perforated 

beam; respectively. Eq. (8) can be expressed as, Rao (2007) 
 

𝛿   
1

2
  𝐸𝐼 𝑒𝑞  

𝜕2𝑤 𝑥, 𝑡 

𝜕𝑥2
 

2

𝑑𝑥

𝑙

0

  

𝑡2

𝑡1

 

−
1

2
   𝜌𝐼 𝑒𝑞  

𝜕3𝑤 𝑥, 𝑡 

𝜕𝑥2𝜕𝑡
 

2

𝑑𝑥

𝑙

0

  

 +   𝜌𝐴 𝑒𝑞  
𝜕𝑤 𝑥, 𝑡 

𝜕𝑡
 

2

𝑑𝑥
𝑙

0

  

 − 𝑓 𝑥, 𝑡  𝑤 𝑥, 𝑡 𝑑𝑥

𝑙

0

 𝑑𝑡 = 0 

(9) 

Evaluating the integrals in Eq. (9), the dynamic equation 

of motion for perforated Euler Bernoulli beams [PEBB] can 

be written as 
 

 𝜌𝐴 𝑒𝑞

𝜕2𝑤 𝑥, 𝑡 

𝜕𝑡2
−  𝜌𝐼 𝑒𝑞

𝜕4𝑤 𝑥, 𝑡 

𝜕𝑥2𝜕𝑡2
 

+ 𝐸𝐼 𝑒𝑞  
𝜕4𝑤 𝑥, 𝑡 

𝜕𝑥4
 = 𝑓 𝑥, 𝑡  

(10) 

 

 

3. Solution methodology 
 

In this section closed forms for resonant frequencies, 

Eigen mode functions, and the forced vibration time 

response for a simply supported perforated Euler Bernoulli 

beam (PEBB) are derived. 

 

3.1 Free vibration 
 

Considering free vibration analysis, the governing 

equation of motion can be written as 

 

 𝜌𝐴 𝑒𝑞

𝜕2𝑤 𝑥, 𝑡 

𝜕𝑡2
−  𝜌𝐼 𝑒𝑞

𝜕4𝑤 𝑥, 𝑡 

𝜕𝑥2𝜕𝑡2
 

+ 𝐸𝐼 𝑒𝑞  
𝜕4𝑤 𝑥, 𝑡 

𝜕𝑥4
 = 0 

(11) 

 

The free vibration response can be expressed as 

 

𝑤 𝑥, 𝑡 = 𝑊 𝑥 exp 𝑖𝜔𝑡  (12) 

 

where W(x) is the Eigen mode shape function (eigenvector) 

and ω is the natural frequency (eigenvalue) of vibration. 

Substitute Eq. (12) into Eq. (11) yields 

 

  𝐸𝐼 𝑒𝑞  𝐷 4 +  𝜌𝐼 𝑒𝑞𝜔2 𝐷 2   

 −𝜔2 𝜌𝐴 𝑒𝑞  𝑊 𝑥 exp 𝑖𝜔𝑡 = 0 
(13) 

 

The general solution of Eq. (13) can be written as 

 

𝑊 𝑥 = 𝐶1 cos 𝐷1𝑥 + 𝐶2 sin 𝐷1𝑥  

+𝐶3 cosh(𝐷2𝑥) + 𝐶4 sinh(𝐷2𝑥) 
(14) 

 

Considering the simply supported beam, the following 

boundary conditions are imposed 

 
 𝑊 𝑥  𝑥=0 =  𝑊 𝑥  𝑥=𝐿 

=  𝑊 ′′ (𝑥) 𝑥=0 =  𝑊 ′′ (𝑥) 𝑥=𝐿 = 0 
(15) 

 

Substituting with Eq. (15) into Eq. (14) and solving for 

the unknown constants, the natural frequency of PEBB can 

be expressed as 
 

𝜔𝑛
2 =

 
𝑛𝜋

𝐿
 

4
 𝐸𝐼 𝑒𝑞

 𝜌𝐴 𝑒𝑞 +  𝜌𝐼 𝑒𝑞   
𝑛𝜋

𝐿
 

2 (16) 

 

For fully filled beam, Eq. (16) can be written as 
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𝜔𝑛
2 =

 
𝑛𝜋

𝐿
 

4

 
𝐸𝐼

𝜌𝐴
 

1 +  
𝐼

𝐴
  

𝑛𝜋

𝐿
 

2 (17) 

 

which is the same as what had obtained by many authors; 

Rao (2007) and Inman (2014) 

Then the associated Eigen functions for simply 

supported beam are given by 
 

𝑊𝑛 𝑥 = 𝐶 𝑠𝑖𝑛  
𝑛𝜋𝑥

𝐿
 ,   𝑛 = 1, 2, 3, … ……… . . ∞ (18) 

 

where C is an arbitrary constant, n is the vibration mode. 

Since the Eigen function is arbitrary, then it can be 

normalized so that 
 

  1 +  
 𝜌𝐼 𝑒𝑞

 𝜌𝐴 𝑒𝑞
  

𝑛𝜋

𝐿
 

2

  𝑊𝑛 𝑥  
2

𝑙

0

𝑑𝑥 = 1 (19) 

 

Substitute Eq. (18) into Eq. (19) and evaluating the 

integral, the normalized Eigen function can be expressed as 
 

𝑊𝑛 𝑥 =
 

2

  𝜌𝐴 𝑒𝑞 +  𝜌𝐼 𝑒𝑞  
𝑛𝜋

𝐿
 

2

 𝐿
 𝑠𝑖𝑛  

𝑛𝜋𝑥

𝐿
 , 

𝑛 = 1, 2, 3, ………… . . ∞ 

(20) 

 

For the fully filled beam, neglecting the rotary inertia 

effect, the normalized Eigen function can be expressed as 
 

𝑊𝑛 𝑥 =  
2

𝜌𝐴𝐿
 sin  

𝑛𝜋𝑥

𝐿
 ,   𝑛 = 1, 2, 3, ………… . . ∞ (21) 

 

Eq. (21) is identical as what had obtained by Rao (2007) 

and Humar (2012). 
 

3.2 Forced vibration response 
 

Consider a simply supported beam with length, L, 

width, b and depth h. the beam is subjected to a uniformly 

distributed load with intensity 𝑃.  To solve the 

nonhomogeneous differential equation of motion presented 

by Eq. (10) with the associated boundary and initial 

conditions, mixed Galerkin - Laplace technique is adopted. 

In this procedure, the Galerkin technique is applied to detect 

the special dependency of the forced vibration response 

while the Laplace and inverse Laplace techniques are used 

to obtain the time dependency. To do this the forced 

response is expressed by a summation of two separate 

multiplied functions, the first function is a spatially 

dependent function while the second is a time dependent 

one. The transverse deflection function can be expressed in 

the form 

𝑤𝑛 𝑥, 𝑡 =  𝑇𝑗 (𝑡)𝑊𝑗 (𝑥)
𝑛

𝑗 =1
 (22) 

 

where 𝑊𝑗 (𝑥) is the j-th shape functions which satisfy all 

the boundary conditions and 𝑇𝑗  𝑡  is the corresponding 

time dependent amplitudes which satisfy the initial 

conditions. For the spatial domain the Galerkin method will 

be used and then, the techniques of the Laplace transform is 

applied for the time domain. The shape functions are chosen 

to be linearly independent, orthonormal and must satisfy all 

boundary conditions for the convergence of Galerkin 

method, such that. 
 

 𝑊𝑖 𝑥 𝑊𝑗  𝑥 𝑑𝑥
𝐿

0

= 𝛿𝑖𝑗  (23) 

 

Where 𝛿𝑖𝑗  is the kroners delta. Although wn satisfies the 

boundary conditions, it generally, does not satisfy equation 

(10). Substitute Eq. (22) into (10) the residual function can 

be expressed as 
 

𝑅 𝑛 𝑥, 𝑡 =  𝜌𝐴 𝑒𝑞   𝑇 𝑖 𝑡 𝑊𝑖 𝑥 
𝑛

𝑖=1
  

− 𝜌𝐼 𝑒𝑞   𝑇 𝑖 𝑡 𝑊𝑖
 2  𝑥 

𝑛

𝑖=1
  

+ 𝐸𝐼 𝑒𝑞   𝑇𝑖(𝑡)𝑊𝑖
(4) 𝑥 

𝑛

𝑖=1
 − 𝑃  

(24) 

 

The shape function that satisfies all boundary conditions 

and the orthogonality condition of simply supported beam 

can be expressed as 
 

𝑊𝑖 𝑥 =  
2

𝐿
sin  

𝑖𝜋𝑥

𝑙
 , 

 𝑊𝑖
(2) 𝑥 = − 

𝑖𝜋

𝑙
 

2

𝑊𝑖 𝑥 = −𝜆𝑖𝑊𝑖 𝑥 , 

and 

𝑊𝑖
 4  𝑥 =  

𝑖𝜋

𝑙
 

4

𝑊𝑖 𝑥  

=  𝜆𝑖 
2𝑊𝑖 𝑥     𝑖 = 1,2, . , 𝑛,   𝜆𝑖 =  

𝑖𝜋

𝑙
 

2

 

(25) 

 

The Galerkin method requires that the residual to be 

orthogonal to each of the chosen shape functions, so 
 

 𝑅 𝑛 𝑥, 𝑡 𝑊𝑖 𝑥 𝑑𝑥𝑑𝑡 = 0
Ω

,     𝑖 = 1,2, … . , 𝑛 (26) 

 

Where Ω = [0, l]⨯[0, t]. This leads to n equations 

verified by the functions Tj(t) 

 

    𝜌𝐴 𝑒𝑞   𝑇 𝑗 (𝑡)𝑊𝑗  𝑥 
𝑛

𝑖=1
  

𝑙

0

𝑡

0

 

− 𝜌𝐼 𝑒𝑞   𝑇 𝑗  𝑡 𝑊𝑗
 2  𝑥 

𝑛

𝑖=1
  

 + 𝐸𝐼 𝑒𝑞   𝑇𝑗  𝑡 𝑊𝑗
 4  𝑥 

𝑛

𝑖=1
   

−𝑃 𝑊𝑖 𝑥 𝑑𝑥𝑑𝑡 = 0 

(27) 

 

Using Eq. (23), Eq. (27) can be rewritten as 

 

  𝜌𝐴 𝑒𝑞 +  𝜌𝐼 𝑒𝑞 𝜆𝑗   𝑇 𝑗  𝑡 +  𝜆𝑗  
2
 𝐸𝐼 𝑒𝑞𝑇𝑗  𝑡  (28) 
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=  𝑃 
𝐿

0

𝑊𝑗  𝑥 𝑑𝑥 = 𝑝   
2

𝐿
×

𝐿

𝑗𝜋
  1 − 𝑐𝑜𝑠 𝑗𝜋   (28) 

 

Using the Laplace transform techniques and the initial 

conditions 
 

 𝑑
𝑘𝑇𝑗  𝑡 

𝑑𝑡𝑘
 
𝑡=0

=  
𝜕𝑘𝑤 𝑥, 0 

𝜕𝑡𝑘
𝑊𝑗  𝑥 𝑑𝑥

𝐿

0

,   

𝑘 = 0, 1, 2, ……  𝑛 

(29) 

 

The functions Tj(t) are determined to be independent of 

one another. Finally, an approximate value of the transverse 

deflection w(x, t) will be found by Eq. (22). 
 

 

4. Validation of the developed procedure 
 

Within this section the validity of the developed 

analytical procedure for analyzing perforated beams is 

checked and compared. Firstly, the first lowest eight 

resonant frequencies of a simply supported solid beam are 

compared with the theoretical and numerical results 

presented in Jeong and Amabili (2006). Secondly, the 

dependency of the 1st resonant frequency of the perforated 

clamped- clamped beam on both the filling ratio and the 

number of holes is checked and compared with the obtained 

results by Luschi and Pieri (2012). 
 

4.1 Validation of solid beam 
 

To check the validity of the developed analytical 

procedure for analyzing solid beams, consider a simply 

supported solid beam having a length of L = 0.96 m, a 

width of w = 0.12 m and a thickness of h = 0.005 m. The 

beam is made of Aluminum whose elastic characteristics are 

E = 69 GPa, ν = 0.3, and ρ = 2700 kg/m3. The resonant 

frequencies of the solid beam for the first lowest eighths 

modes were obtained by Jeong and Amabili (2006). The 

developed methodology is applied to detect the first lowest 

eights circular frequencies. The obtained natural 

frequencies are listed in Table 1. It is noticed almost 

identical values of the natural frequencies are obtained 

compared with that obtained by Jeong and Amabili (2006). 

Moreover good agreement is detected between the obtained 

natural frequencies of perforated beam by the developed 

analytical procedure and that obtained by Jeong and 

Amabili (2006) and ANSYS. Moreover, good agreement is 

detected between the obtained natural frequencies by the 

developed analytical procedure and those numerically 

obtained by ANSYS. 
 

4.2 Validation of perforated beam 
 

Consider a clamped-clamped perforated beam with the 

following geometrical characteristics: length, L = 1401.1 

um, width w = 46.9 um, and thickness, h = 46.9 um. The 

beam is made of [110] single crystal Silicon with the 

following elastic characteristics are E = 169 GPa, ν = 0.046, 

and ρ = 2329 kg/m3. The resonant circular frequencies of 

fixed perforated beams can be written as 

Table 1 Natural frequencies for solid and perforated beam 

Mode Present Jeong and Amabili (2006) ANSYS 

1 12.44 12.4 12.5 

2 49.75 49.8 49.9 

3 111.93 111.9 112.7 

4 198.98 199.0 201.1 

5 310.91 310.9 315.3 

6 447.72 447.7 455.6 

7 609.39 608.4 622.0 

8 795.94 795.9 814.5 
 

 

 

𝑓𝑛 =
1

2𝜋
 

 
 2𝑛+1 𝜋

2𝐿
 

4

  𝐸𝐼 𝑒𝑞 

 𝜌𝐴 𝑒𝑞 +   𝜌𝐼 𝑒𝑞  
𝑛𝜋

𝐿
 

2 

 
1

2
 

,  

𝑛 = 1,2, …… 

(30) 

 

where Luschi and Pieri (2014) obtained an expression for 

the resonant frequencies of the same clamped- clamped 

perforated beam with no shear deformation as 
 

𝑓𝑛 =
1

2𝜋
 
 𝑍𝑛 ,𝑐𝑐 (0) 

4
  𝐸𝐼 𝑒𝑞 

 𝜌𝐴 𝑒𝑞𝐿4
 

 1/2 

, 𝑛 = 1,2, …… (31) 

 

in which Zn,cc are rational functions interpolating the roots 

of the clamped–clamped eigenvalue. To check the validity 

of the developed procedure, the rotary inertia term in Eq. 

(30) is neglected and the obtained resonant frequencies are 

compared with that obtained from Eq. (31) using the given 

values of Zn,cc(0) in Luschi and Pieri (2014). Dependency of 

the lowest four resonant frequencies on the filling ratio at 

different number of holes for the present model and that 

obtained from Eq. (31) developed by Luschi and Pieri 

(2014) are illustrated in Fig. 2 has been achieved. 
 

 

5. Numerical analysis 
 

Consider a simply supported beam with L = 10 m, width 

b = 0.2 m, height h = 0.4 m, the moment of inertia I = 

(bh3/12) = 10.6667 × 10-4 m4. The beam is subjected to a 

uniformly distributed load of intensity 500 N/m, which is 

applied suddenly at t = 0 and then maintained constant. The 

material is taken to have the density of 7850 kg/m3 and E= 

200 GPa. Substituting with the geometrical and material 

characteristics Eq. (38) can be rewritten as 

 

𝑤𝑛 𝑥, 𝑡  

=   𝐶𝑗 ×  
2

𝐿
× sin  

𝑖𝜋𝑥

𝑙
 ×  1 − 𝑐𝑜𝑠𝜔𝑗 𝑡    

𝑛

𝑗 =1
 

(32a) 

 

with 
 

𝐶𝑗 =
𝑝 ×  

2

𝐿
 

𝐿

𝑗𝜋
 

5
  −1 𝑗+1 + 1  

 𝐸𝐼 𝑒𝑞
 , 

(32b) 
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Fig. 2 Variation of the first three natural frequencies 

with the filling ratio at different number of holes 
 

 

 

 

𝜔𝑗 =  
𝜆𝑗

2 𝐸𝐼 𝑒𝑞

 𝜌𝐴 𝑒𝑞 + 𝜆𝑗  𝜌𝐼 𝑒𝑞
, 

𝜆𝑗 =  
𝑗𝜋

𝐿
 

2

 

(32b) 

 

In order to satisfy the dynamic equilibrium equation, a 

satisfactory number of terms should be considered in the 

closed form solution. Moreover, both the residual and the 

error percentage must be checked. Substitute Eq. (32a) into 

Eq. (24), the residual can be obtained. The relative error 

percentage can be expressed as 

 

% 𝐸𝑟𝑟𝑜𝑟 =
𝑅 𝑛 𝑥, 𝑡 

𝑃 
× 100 (33) 

 

In the following sections, effects of perforation process 

on the static deflection, resonant frequencies, mode shapes, 

and the transient vibration response are demonstrated. 

 
 

 
 

 

Fig. 3 Variation of the first three nondimensional 

natural frequencies (λi) with the filling ratio at 

different number of holes 

 

 

 

5.1 Natural frequeies analysis 
 

The nondimensional frequency of simply supported 

perforated beam can be written as 

 

𝜆𝑛 = 𝜔𝑛𝐿2 
𝜌𝐴

𝐸𝐼
,  

𝜔𝑛 =  
 

𝑛𝜋

𝐿
 

4

  𝐸𝐼 𝑒𝑞 

 𝜌𝐴 𝑒𝑞 +   𝜌𝐼 𝑒𝑞  
𝑛𝜋

𝐿
 

2 

 
1

2
 

,  

𝑛 = 1,2, …… 

(34) 

 

 

The dependencies of the lowest four resonant 

frequencies on both filling ratio and the number of holes are 

investigated. 
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Fig. 4 Variation of the first three nondimensional 
natural frequencies (λi) with the number of 
holes at different filling ratios 

 
 
 
a. Effect of filling ratio 
 
Dependency of the resonant frequency on the filling 

ratio at different number of holes is depicted in Fig. 3. It is 
noticed that, for the considered number of holes, the lowest 
three resonant frequencies increase with increasing of the 
filling ratio. Moreover, for all values of N and α > 0.8, all 
corresponding resonant frequencies are asymptotic to the 
corresponding resonant frequency of the fully filled solid 
beam. 

 
b. Effect of number of holes 
 
Variation of the resonant frequency with the number of 

holes at different filling ratios is depicted in Fig. 4. It is 
noticed that the natural frequencies are decreasing with 
increasing the number of holes, especially for all filling 
ratio values which are less than 0.75. For values of the 
filling ratio greater than 0.75, the rate of decreasing rate in 
the resonant frequencies is insignificant. 

 

 

Fig. 5 Variation of 1st normalized mode shape at 
different filling ratios for N = 1, 4, and 10 

 
 
 
5.2 Mode shapes analysis 
 
The normalized mode shapes of the perforated beam, 

Wn(x) expressed by Eq. (20) is also affected by the 
perforation process. The dependency of the normalized 
mode shapes on both filling ratio and number of holes are 
presented below. 

 
a. Effect of filling ratio 
 
Variations of the first three mode shapes at different 

filling ratio for different values of the number of holes are 
depicted in Figs. 5-7. It is noticed that the perforation 
process has an insignificant effect on the location of nodes 
for all mode shapes. Only the amplitude of the normalized 
mode shapes is affected by the perforation process. Higher 
values for the amplitudes of the normalized mode shapes 
are detected for small filling ratios. As the filling ratio 
increases and approaches unity, the normalized mode 
shapes amplitudes approaches the amplitudes of the 
corresponding normalized mode shapes of the fully filled 

2 4 6 8 10
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70

80

90

100

110

120
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Fig. 6 Variation of 2nd normalized mode shape at 
different filling ratios for N = 1, 4, and 10 

 
 
 

beam (solid beam). On the other hand, increasing the 
number of holes results in increases the amplitudes of the 
normalized mode shapes. 

 
b. Effect number of holes 
 
Dependency of the first three mode shapes on the 

number of holes at different filling ratios are shown in Figs. 
8-10. It is noticed that the change in the amplitudes 
normalized mode shapes amplitudes is mainly associated 
with filling ratio of the perforated beam. At smaller values 
of the filling ratio, a noticeable increase in the normalized 
mode shapes amplitudes. On the other hand insignificant 
increase in the normalized mode shapes amplitudes is 
detected as the filling ratio exceeds 0.5. 

 
5.3 Forced response 
 
The forced vibration response of the perforated simply 

supported beam under uniformly distributed load of 
intensity 500 N/m is investigated. To attain equilibrium, the 

 

 

Fig. 7 Variation of 3rd normalized mode shape at 
different filling ratios for N = 1, 4, and 10 

 
 
 

residual and consequently the relative error percentage 
should be as minimum as possible. The equilibrium 
equation is satisfied with the absolute relative error 
percentage of 0.0318%. As detected from Eq. (42a), the 
forced vibration response is dependent on the perforation 
process. Effects of both filling ratio and the number of holes 
on the transient vibration response are presented. 

 
a. Effect of filling ratio 
 
Variations of the maximum deflection of the perforated 

beam at different values of the filling ratio for different 
numbers of holes are depicted in Fig. 11. It can be detected 
that, the filling ratio has a significant effect on both 
amplitude and the phase shift of the forced vibration time 
response. Higher values of the amplitudes are detected at 
smaller values of the filling ratio. As the filling ratio 
increases, the amplitudes are decreased and the peak values 
of oscillations are shifted to right. For all values of α > 0.5 
he transient time response approaches that of the fully filled 
beam (solid beam at α = 1). 
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b. Effect of the number of holes 
 
The dependency of the transient response of the 

perforated beam on the number of holes at different values 
of the filling ratio is illustrated in Fig. 12. It concluded that, 
variations of the amplitudes and phase shift of the forced 
vibration response with the number of holes are mainly 
dependent on the value of the beam filling ratio. Both 

 
 

 
 
 

amplitude and phase shift of the forced vibration response 
are increased with increasing the number of holes especially 
at smaller values of the filling ratio. The increasing rate of 
the forced vibration response with increasing the number of 
holes is decreased as the filling ratio increased. As the 
filling ratio approaches unity, the number of holes has 
insignificant effect on the transient vibration response of the 
perforated beam, as shown in Fig. 12. 

Fig. 8 Variation of 1st normalized mode shape at different hole numbers for α = 0.05, 0.25, and 0.5 

Fig. 9 Variation of 2nd normalized mode shape at different hole numbers for α = 0.05, 0.25, and 0.5 

0.0 0.2 0.4 0.6 0.8 1.0
(x/L)

0.00

0.01

0.01

0.01

0.02

0.03

1st mode ( =0.5)
N=1
N=2
N=4
N=10
Solid beam

652



 
On forced and free vibrations of cutout squared beams 

 
 
 

6. Conclusions 
 
considered through perforation process. The developed 

analytical procedure is verified against both analytical and 
numerical analyses and good agreement is obtained. 
Parametric studies are conducted to illustrate the perforation 
effect on the free and forced vibration behavior of beams. 
The following concluding remarks are derived: 

 
 Increasing the number of holes results in a decrease 

of the resonant frequencies. On the other hand, for 
the considered number of holes, the resonant 
frequencies are increased with increasing the filling 
ratio. 

 Perforation process has no effect on locations of 
nodes in the mode shapes. The same locations of 
nodes are detected for all mode shapes as detected in 
the fully filled solid beam. 

 Amplitudes of the mode shapes are highly affected 
by the filling ratio especially for α < 0.5. As the 
filling ratio approaches unity, the amplitudes of the 
mode shapes approaches the corresponding 
amplitudes of the solid beam. 

 At lower values of the filling ratio significant 
increase in the mode shape amplitude is detected. On 
the other hand for higher values of filing ratio α > 
0.5, insignificant effect of the number of holes on the 
mode shapes is detected. 

 The transient vibration effect is highly affected by 
the perforation process. The amplitude of the 
vibratory motion increases as the filling ratio 
decreases. As the filling ratio approaches unity, the 
time response of the perforated beam approaches 
that of the corresponding solid beam. 

 
 
 

 As detected in mode shapes, the effect of the number 
of holes on the transient response is mainly on the 
value of the filling ratio. 
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