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1. Introduction 

 

A new class of composites that called functionally 

graded materials (FGMs) has a great practical importance, 

because of their vast applications in many industrial and 

engineering fields (Avcar and Alwan 2017, Bouazza et al. 

2015, Rezaiee-Pajand et al. 2019, Ahouel et al. 2016, Attia 

et al. 2018, Beldjelili et al. 2016, Bellifa et al. 2017a, 

Boulefrakh et al. 2019, Bounouara et al. 2016, Bourada et 

al. 2018, Bousahla et al. 2016, Chaabane et al. 2019, Fourn 

et al. 2018, Khetir et al. 2017, Zemri et al. 2015, Tlidji et 

al. 2019). Recently, Avcar (2019) analyzed the free 

vibration of imperfect sigmoid and power law functionally 

graded beams. a variety of theoretical study analyzed a new 

quasi-3D shear deformation theory for functionally graded 

plates and beams (Abualnour et al. 2018, Benchohra et al. 

2018, Boukhlif et al. 2019, Boutaleb et al. 2019, Draiche et 

al. 2016, Karami et al. 2018b, Younsi et al. 2018, Zaoui et 

al. 2019). The Functionally Graded Carbon Nanotubes (FG- 
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CNT)- reinforced material is formed by varying the 

distribution of carbon nanotubes (CNTs) reinforcement 

microstructurally in the matrix composites. The (FG-

CNTRC) material leads to a new structure which can resist 

a large mechanical loadings (Hajmohammad et al. 2018). 

Nowdays, many studies indicated that the (CNTs) have an 

excellent candidate for the reinforcement of polymer nano-

composites due to their high elastic modulus, marvelous 

mechanical, electrical, thermal properties, tensile strength 

and low density (Iijima 1991, Bensattalah et al. 2016, 

2018a, b, 2019, Chemi et al. 2015, Rakrak et al. 2016, 

Chemi et al. 2018, Hamidi et al. 2018, Mehar et al. 2019b, 

Dresselhaus and Avouris 2001, Kolahchi et al. 2015, Mehar 

et al. 2017d, Zidour et al. 2015, Mehar and Panda 2016a, 

Semmah et al. 2019, Belmahi et al. 2018, Hamza-Cherif et 

al. 2018, Dihaj et al. 2018, Belmahi et al. 2019). (Asadi and 

Wang 2017) studied the dynamic stability analysis of a 

pressurized FG-CNTRC cylindrical shell interacting with 

supersonic airflow. Ajayan et al. (1994) investigated the 

composites (CNTRCs) that are made from polymer 

reinforced by aligned carbon nanotube. A short time ago, 

the application of (FG-CNTRC) material is growing rapidly 

in engineering domain, due to excellent properties (Muller 

et al. 2003). Therefore, varieties of theoretical, computer 
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Abstract.  This paper deals with the static and dynamic behavior of Functionally Graded Carbon Nanotubes (FG-CNT)-

reinforced porous sandwich (PMPV) polymer plate. The model of nanocomposite plate is investigated within the first order 

shear deformation theory (FSDT). Two types of porous sandwich plates are supposed (sandwich with face sheets reinforced / 

homogeneous core and sandwich with homogeneous face sheets / reinforced core). Functionally graded Carbon Nanotubes (FG-

CNT) and uniformly Carbon Nanotubes (UD-CNT) distributions of face sheets or core porous plates with uniaxially aligned 

single-walled carbon nanotubes are considered. The governing equations are derived by using Hamilton’s principle. The solution 

for bending and vibration of such type’s porous plates are obtained. The detailed mathematical derivations are provided and the 

solutions are compared to some cases in the literature. The effect of the several parameters of reinforced sandwich porous plates 

such as aspect ratios, volume fraction, types of reinforcement, number of modes and thickness of plate on the bending and 

vibration analyses are studied and discussed. On the question of porosity, this study found that there is a great influence of their 

variation on the static and vibration of porous sandwich plate. 
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and experimental simulation approaches used carbon 

nanotubes (CNTs) for reinforcing nano-composite 

structures, due to its importance (Mehar and Panda 2016b, 

Bakhadda et al. 2018, Mehar et al. 2017a, Mehar and Panda 

2017b, 2018e). Recently researchers have developed 

elasticity solutions, they indicate that the carbon nanotubes 

(CNTs) can be used in nanocomposite structures (Asadi and 

Wang 2017, Lakshmipathi and Vasudevan 2019), free 

vibration and buckling responses of functionally graded 

carbon nanotube-reinforced composite are studied by 

(Moradi-Dastjerdi 2016, Mehar and Panda 2017a, Shafiei 

and Setoodeh 2017), embedded FGSWCNT-reinforced 

micro and nano-plates (Kolahchi et al. 2015, Mehar et al. 

2018a). Damping and vibration of viscoelastic curved 

microbeam reinforced with FG-CNTs resting on 

viscoelastic medium using strain gradient theory and DQM 

are analyzed by Allahkarami et al. (2017). Varieties of 

experimental, theoretical, and computer simulation 

approaches used functionally graded and reinforced 

polymer (Mehar and Panda 2016c, 2018c, Baseri et al. 

2016, Kar and Panda 2015, Mehar et al. 2017b, Panda et al. 

2012). 

However, the manufacturing processes of (FG-CNT)-

reinforced nanocomposites are complex and can lead to the 

appearance of porosity, which affect the mechanical 

properties of the structure. The presence of small cavities in 

the structure named pores, which contains gaseous matter, 

this defect is due to improper air extraction due to various 

parameters such as viscosity of the matrix, vacuum pressure 

or humidity when storing the material. Nonlinear bending 

of functionally graded porous micro/nano-beams reinforced 

with graphene platelets based upon nonlocal strain gradient 

theory (Sahmani et al. 2018). Costa et al. (2001) analyzed 

the influence of porosity on the ILSS of carbon/epoxy and 

carbon/bismaleimide fabric laminates. Chen et al. (2017) 

also gave the discussion on nonlinear vibration and 

postbuckling of functionally graded graphene reinforced 

porous nanocomposite beams. Sahmani et al. (2018) 

investigated the nonlinear axial instability of functionally 

graded porous micro/nano-plates reinforced with graphene 

platelets using unified nonlocal strain gradient plate model. 

In another study, found the effect of porosity on mechanical 

response of functionally graded beams with and without 

elastic foundations (Kováčik 1999, Ait Yahia et al. 2015, 

Ait Atmane et al. 2017, Bourada et al. 2019, Benahmed et 

al. 2019). 

The limits of presence of porosity in composite parts is 

fixed according to the applications: a rate of porosities 

exceeding 1% is not tolerable in the aerospace structures 

(Liu et al. 2006); unlike other applications where a level of 

5% or more can be tolerated (Ghiorse 1993). In the present 

analysis for fully isolated pores of nearly spherical or 

elliptical shape, the rate of porosities doesn’t exceeded 4%. 

In the same way, Ait Yahia et al. (2015) investigated the 

wave propagation of an infinite FG-plate having porosities 

by using various simple higher-order shear deformation 

theories. In another hand, a variety theoretical study 

analyzed variety structures with porosity (Karami et al. 

2018a, Guessas et al. 2018, Benahmed et al. 2019, 

Shahsavari et al. 2018). 

The principal advantage of composite sandwich idea is 

that the resulting structural element has lofty bending 

stiffness and strength to weight ratio. Their low self-weight 

is considered a remarkable advantage compared with 

traditional structures. Composite sandwiches are constituted 

by two skins and thick core, which can be used for plate or 

slab type structural applications. The nanocomposite 

sandwiches composed of two phases which are (CNT) as 

dispersed phase and polymer as the matrix. The contact 

model was later extended by Hu and Hwu (1995) for 

sandwich beams by including the effects of transverse shear 

deformations and rotary inertia, and by Shu and Fan (1996) 

for bi-material beams. The use of sandwich structures is 

growing very rapidly all over the world and has received 

increasing attention due to their superior characteristics. 

Shokravi (2017) investigated the buckling of sandwich 

plates with (FG-CNT)-reinforced layers resting on 

orthotropic elastic medium using Reddy plate theory. 

Alankaya and Erdonmez (2017) presented the bending 

performance of laminated sandwich shells in hyperbolic 

paraboloidal form. Li et al. (2019) presented the mechanical 

Properties of L-joint with composite sandwich structure. 

Xiao et al. (2018) presented the effect of face-sheet 

materials on the flexural behavior of aluminum foam 

sandwich. Sharma et al. (2018) proposed a higher-order 

finite-boundary element model for vibroacoustic responses 

of laminated composite sandwich structure. Safaei et al. 

(2019) investigated the Frequency-dependent forced 

vibration analysis of nanocomposite sandwich plate under 

thermo-mechanical loads. In recent years, many paper 

studied the mechanical behavior of sandwich such as: Static 

analysis (Dash et al. 2018, 2019, Mahapatra et al. 2017a, 

Mehar et al. 2018c, d, Mehar and Panda 2018d, 2019), 

bending and buckling analysis (Katariya et al. 2017, Mehar 

et al. 2019a) and vibrational behaviors (Mehar and Panda 

2018a, Mehar et al. 2016, 2017c, 2018b, Meksi et al. 2019, 

Mehar and Panda 2018b). Many other papers studied the 

sandwich structures (Abdelaziz et al. 2017, Belabed et al. 

2018, Draoui et al. 2019, El-Haina et al. 2017, Zarga et al. 

2019, Menasria et al. 2017). 

The material properties of Functionally Graded Carbon 

Nanotube reinforced composite (FG-CNTRC) are supposed 

to vary continuously in the thickness direction. They are 

estimated through the rule of mixture. The superlative 

properties of carbon nanotubes, make it an excellent 

reinforcement for polymer matrix and have shown 

increasing attention in the past years. Consequently, Lei et 

al. (2013) integrated the buckling of Functionally Graded 

Carbon Nanotube reinforced composite (FG-CNTRC)- 

plates using the element-free (kp-Ritz) method. Mehar and 

Panda (2017b) evaluated the thermoelastic of FG-CNT 

reinforced shear deformable composite plate under various 

loading. 

Due to difficulties encountered in experimental methods 

and molecular dynamics (MD) simulations, the continuum 

mechanics methods are often used to investigate the 

behaviour of various structures (Avcar 2015, Belkacem et 

al. 2018, Bellifa et al. 2017b, Bouadi et al. 2018, Bouhadra 

et al. 2018, Cherif et al. 2018, Chikh et al. 2017, Kaci et al. 

2018, Kadari et al. 2018, Mokhtar et al. 2018, Mouffoki et 
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al. 2017, Yazid et al. 2018, Youcef et al. 2018, Zine et al. 

2018, Baltacioglu and Civalek 2018). In most applications, 

elastic foundation presented by Winkler and Pasternak are 

widely used. They were introducing the second parameter 

to take into account the existence of shear stress. Avcar and 

Mohammed (2018) studied the free vibration of 

functionally graded beams resting on Winkler-Pasternak 

foundation. The nonlinear vibration analysis of laminated 

plates resting on nonlinear two-parameters elastic are 

analyzed by Akgoz and Civalek (2011). Avcar (2016) 

investigated the effects of material non-homogeneity and 

two parameters elastic foundations on fundamental 

frequency parameters of Timoshenko beams. 

The present paper focuses on the development of a 

model to investigate the static and vibration problems of 

(CNTRC)-plates with porosity reinforced by CNTs using 

the shear deformation plate theory. The Hamilton’s 

principle in conjunction with Eringen nonlocal elasticity 

and surface elasticity theories are used to obtain governing 

Equations. The simply supported (CNTRC) sandwich plates 

with porosity are considered and the influences of various 

parameters on the deflections, stresses and natural 

frequencies of such sandwich plates with porosity with 

(face sheet reinforced/homogeneous core and homogeneous 

face sheet/reinforced core) are presented and discussed in 

relation to several important aspects such as plate thickness, 

aspect ratios, volume fraction of (CNTs) and sandwich plate 

with porosity types, etc. Comparisons of obtained analytical 

solutions with results from the existing literature are 

provided. 
 

 

2. Geometrical configuration and material 
properties of sandwich reinforced porous plate 
 

Consider an (FG-CNTRC) sandwich porous plate with 

length (a), width (b) and uniform thickness (h) as shown in 

Figs. 1 and 2. The sandwich porous plate composed of three 
 

 

  

(a) UD-CNT (b) FG-CNT 

Fig. 1 Geometries of core reinforced sandwich porous 

plates 

 

 

  

(a) UD-CNT (b) FG-CNT 

Fig. 2 Geometries of top and bottom face sheets reinforced 

sandwich porous plates 

layers referring in (x, y, z) coordinates system. The top and 

bottom faces of the sandwich plate with porosity are at z = 

±h/2. In this investigation, the sandwich porous plate is 

constituted of three elastic layers, from bottom to top of the 

plate are namely by h1 = -h/2, h2, h3, h4 = h/2, respectively. 

The uniform distribution (UD) and functionally graded 

distribution (FG) of (CNTs) are proposed to reinforce the 

face sheets or core layers of porous plates. The volume 

fraction of (CNTs) within the area varies through the 

thickness of the layers. 

The (CNTRC)-porous plate is made of a mixture of 

uniaxially aligned single-walled carbon nanotubes (CNTs) 

and anisotropic polymer matrix. According to the rule of 

mixture model employed to estimate the effective material 

properties of (CNTRC)-porous plate, the effective Young’s 

modulus and shear modulus of (CNTRC) porous plate can 

be expressed as Zhu et al. (2012) 
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where cntcnt EE 2211 , , PE and cntG12 , PG are Young’s moduli 

and shear modulus of SWCNTs and polymer matrix 

respectively. The (CNT) efficiency parameters ( 321 ,,  ) 

associated with the volume fraction (Vcnt) used in the 

present paper can be defined as (Zhu et al. 2012): 

 

η1 = 0.149 and η2 = η3 = 0.934 for the case of 𝑉𝑐𝑛𝑡
∗ = 0.11 

η1 = 0.150 and η2 = η3 = 0.941 for the case of 𝑉𝑐𝑛𝑡
∗  = 

0.14 

η1 = 0.149 and η2 = η3 = 1.381 for the case of 𝑉𝑐𝑛𝑡
∗  = 

0.17 

 

The Young’s modulus of the polymer matrix, under 

porosity, which may be a function of porosity change, are 

defined by (Kováčik 1999) 

 

 0

01 /p pE E p p 
 

(2) 

 

Where EP is the effective Young’s modulus of the 

reinforced porous matrix, p is the porosity, 𝐸0
𝑃is Young’s 

modulus of the matrix without porosity, p0 represent the 

porosity at which the effective Young’s modulus becomes 

zero. 

Others properties in terms of mass density ρ and 

Poisson’s ratio (v) these can be defined as 
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Where vcnt and vp are the volume fractions of the (CNT) 
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and porous matrix respectively. The mass density is may 

also be a function of porosity change. 

 

 0

01 /p p    
 

(3b) 

 

The volume fraction of two sandwich plate is assumed 

to obey a function used for describing the distributions of 

aligned (CNT) along the thickness direction of sandwich 

plates depicted in Figs. 1 and 2: 

For core reinforced sandwich plate 
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For top and bottom face sheets reinforced sandwich 

plate 
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Where 𝑉𝑐𝑛𝑡
∗  is the given volume fraction of (CNTs), 

which can be obtained from the following equation 
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where Wcnt is the mass fraction of the carbon nanotube in 

the nano-composite plate. 

 

 

3. Theoretical formulation 
 

For Carbon Nanotube reinforced composite (CNTRC)-

sandwich plates, the equations of motion used The 

displacement field can be expressed using the first order 

shear deformation plate theory (FSDT). 
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In which u0, v0, and w0 are the mid-plane axial 

displacement displacements along the x, y and z directions, t 

is time and φx, φy are the total bending rotation of the cross-

section at any point of the reference plane. 

The linear in-plane and transverse shear strains are 

given by 
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The expression of the constitutive relations is written in 

the form 
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Where Qij are the transformed elastic constants 
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The Hamilton’s principle is applied to produce the 

equations of motion. 
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Where δU, δV, and δK are the virtual variation of the 

strain energy, the virtual work done by external forces and 

the virtual kinetic energy. 

The expression of the linear stain energy is 
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By substituting Eq. (8) into Eq. (12), one obtains 
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In which N is the axial force, M is the bending moment 

and Q is the shear force. The stress resultants used in Eq. 

(13) are defined as 
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By substituting Eqs. (8) and (9) into Eq. (14), one 

obtains the stress resultants in the form of material stiffness 

and displacement components. 
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Where Aij, Bij, Cij, Dij, are the plate stiffness coefficients, 

defined by 

 

    6,2,1,;,,1,,

3

1

21






jidzzzQCBA

n

h

h
ijijijij

n

n

 (16a) 

 

  5,4,;

3

1

1

 




jidzQD

n

h

h
ijij

n

n

  (16b) 

 

Where β = 5/6 is the correction factor of the shear 

deformation depending on the shape of the cross-section. 

For the (CNTRC) plates under bending loading q, the 

virtual work done by external loadings is 

 

dxdywqV

A

 0  (17) 

 

The virtual kinetic energy of the system can be 

expressed as follows 
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Where (I0, I1, I2) are the mass moment of inertias, 

defined as follows 
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By substituting Eqs. (13), (17) and (18) into Eq. (11), 

Then, integrating by parts and collecting the coefficients of 

δu0, δv0, δw0, δφx and δφy, the following Euler-Lagrange 

equation can be obtained. 

 

0 0 0 10
xyxx

x

NN
u or I u I

x y
 


   

   

(19a) 

 

0 0 0 10
yy xy

y

N N
v or I v I

y x
 

 
   

   

(19b) 

 

0 0 00
yzxz

PP
w or q I w

x y



   

   
(19c) 

 

599



 

Mohammed Medani et al. 

1 0 20
xyxx

x xz x

MM
or P I u I

x y
 


    

   
(19d) 

 

1 0 20
yy xy

y yz y

M M
or P I v I

y x
 

 
    

   
(19e) 

 

Under the following boundary conditions of (CNTRC) 

plates, the following Navier solution form for the 

displacement functions expanded in double trigonometric 

series that satisfies the boundary conditions 
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Where 
a

M
   and .

b

N
  1i  

Where UMN, and VMN, WMN, ΘxMN, ΘyMN are the arbitrary 

parameters and ω is the frequency of free vibration. 

The transverse load (q) is also expanded as 

 












1 1

)sin()sin(),(

M N

MN yxQyxq   (21) 

 

For loads acting on the (CNTRC) plates can be defined 

as 
 

for sinusoidal load  )1(,0  NMqQMN  (22) 

 

for uniform load    ....)5,3,1(,
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q
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Substituting the Eq. (20) into the Eq. (19), one obtains 

the closed-form solutions which are presented in the 

following matrix form. 
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Where [M] and [S] are the global stiffness matrix and 

mass matrix respectively 

 

11 22 33 0 44 55 2 12 21

13 31 14 41 1 15 51

23 32 24 42 25 52 1

34 43 35 53 45 54

, , 0,

0, , 0,

0, 0, ,

0, 0, 0,

m m m I m m I m m

m m m m I m m

m m m m m m I

m m m m m m

       

     

     

       

(25) 

 

And 
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For simplicity, the following non-dimensional 

parameters to present the numerical results for bending and 

vibration analyses of (CNTRC) plates are used: 

 

For bending problem 
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For vibration analysis 
 

PP Eh    (28) 

 

 

4. Numerical results and discussion 
 
Numerical results for displacements, stresses, bending 

and free vibrations behaviors of (CNTRC) sandwich porous 

plates are presented in this section. The (CNTRC) sandwich 

porous plates are made of following material properties: 

PMPV (Polymer) is used as the matrix in which material 
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Static and dynamic behavior of (FG-CNT) reinforced porous sandwich plate using energy principle 

properties are: 𝑣𝑝 = 0.34 , 𝜌0
𝑝

= 1150 𝑘𝑔/𝑚3  and 

𝐸0
𝑝

= 2.1 GPa. For reinforcement material, the armchair 

(10,10) SWCNTs is chosen with the following properties 

according to the study of Zhu et al. (2012): 

𝑣12
𝑐𝑛𝑡 = 0.175 ;  𝜌𝑐𝑛𝑡 = 1400 kg/m3 ;  𝐸11

𝑐𝑛𝑡 = 5.6466 

𝑇𝑃𝑎; 𝐸22
𝑐𝑛𝑡 = 7.0800 𝑇𝑃𝑎; 𝐺12

𝑐𝑛𝑡 = 𝐺13
𝑐𝑛𝑡 = 𝐺23

𝑐𝑛𝑡 = 1.9445 

𝑇𝑃𝑎. 

To prove the validity of mathematical models in 

previous sections, a comparison is made between the 

 

 

 

 

present results and those from the open literature which 

were presented by Zhu et al. (2012) in Table 1. With 

different values of carbon nanotube volume fraction and 

various reinforcement of core or face sheet sandwich plate 

with porosity under uniform load are considered in this 

table with a thickness ratio of the plate (a/h = 10). It can be 

noted from this comparison the good agreement between 

the results without porosity. The face sheet (FG-CNTRC) 

reinforcement has a high resistance against deflections 

compared to other types of reinforcement. In addition, the 

 

 

 

Table 1 Comparisons of dimensionless deflections 𝑤∗ = −(𝑤0/ℎ)10−2 of square reinforced sandwich porous plate under 

uniform load 

Reinforcement type Core UD-CNT Core FG-CNT 

*

cntV  
Zhu et al. (2012) Present Zhu et al. (2012) Present 

P = 0 P = 0 P = 1% P = 2% P = 0 P = 0 P = 1% P = 2% 

0.11 0.3739 0.3739 0.4441 0.5812 0.5216 0.5228 0.6014 0.7470 

0.14 0.3305 0.3298 0.3960 0.5264 0.4512 0.4512 0.5224 0.6573 

0.17 0.2394 0.2394 0.2836 0.3699 0.3368 0.3377 0.3864 0.4768 

 
Face sheet UD-CNT Face sheet FG-CNT 

0.11 0.3739 0.3739 0.4441 0.5812 0.3176 0.3177 0.3858 0.5206 

0.14 0.3305 0.3298 0.3960 0.5264 0.2842 0.2838 0.3485 0.4768 

0.17 0.2394 0.2394 0.2836 0.3699 0.2011 0.2013 0.2439 0.3282 
 

Table 2 Convergence studies for deflections and stresses of square reinforced (1-2-1) sandwich plate with porosity under 

uniform load (𝑉𝑐𝑛𝑡
∗  = 0.17, a/h = 10) 

Core reinforced sandwich plate Top and bottom face sheet reinforced sandwich plate 

 UD-CNT FG-CNT UD-CNT FG-CNT 

 M = N P = 0 P = 1% P = 2% P = 0 P = 1% P = 2% P = 0 P = 1% P = 2% P = 0 P = 1% P = 2% 

𝑈  

1 0.1971 0.2190 0.2465 0.2826 0.3296 0.3955 0.0427 0.0436 0.0447 0.0355 0.0362 0.0369 

5 0.1959 0.2166 0.2420 0.2836 0.3295 0.3929 0.0408 0.0415 0.0421 0.0339 0.0344 0.0348 

15 0.1959 0.2167 0.2420 0.2837 0.3295 0.3929 0.4086 0.0415 0.0421 0.0339 0.0344 0.0348 

35 0.1959 0.2167 0.2420 0.2837 0.3295 0.3929 0.4086 0.0415 0.0421 0.0339 0.0344 0.0348 

50 0.1959 0.2167 0.2420 0.2837 0.3295 0.3929 0.4086 0.0415 0.0421 0.0339 0.0344 0.0348 

𝑊  

1 1.5045 1.7420 2.1178 2.0192 2.4077 3.0141 0.5721 0.6829 0.8990 0.5257 0.6338 0.8462 

5 1.4480 1.6690 2.0129 1.9571 2.3281 2.9006 0.5257 0.6223 0.8105 0.4812 0.5757 0.7611 

15 1.4477 1.6687 0.2420 1.9568 2.3277 2.9001 0.5254 0.6219 0.8099 0.4809 0.5753 0.7605 

35 1.4477 1.6687 0.2420 1.9568 2.3277 2.9000 0.5254 0.6219 0.8099 0.4809 0.5753 0.7605 

50 1.4477 1.6687 0.2420 1.9568 2.3277 2.9000 0.5254 0.6219 0.8099 0.4809 0.5753 0.7605 

𝜎 𝑥𝑥  

1 4.5810 5.0634 5.6666 -12.6524 -14.8119 -17.838 0.9993 1.0164 1.0344 1.6414 1.6691 1.6979 

5 4.2926 4.7413 5.2895 -11.8320 -13.8833 -16.733 0.9097 0.9202 0.9296 1.4944 1.5113 1.5270 

15 4.2899 4.7385 5.2866 -11.8232 -13.8739 -16.723 0.9091 0.9196 0.9290 1.4932 1.5104 1.5260 

35 4.2898 4.7384 5.2866 -11.8228 -13.8735 -16.722 0.9091 0.9196 0.9289 1.4932 1.5103 1.5260 

50 4.2898 4.7384 5.2866 -11.8228 -13.8735 -16.722 0.9091 0.9196 0.9289 1.4932 1.5103 1.5260 

𝜎 𝑥𝑦  

1 0.8720 0.0743 0.0582 0.7481 0.0662 0.0541 0.0265 0.0226 0.0186 0.0297 0.0256 0.0213 

5 0.1017 0.0880 0.0710 0.8506 0.0759 0.0632 0.0366 0.0322 0.0276 0.0415 0.0369 0.0320 

15 0.1026 0.0889 0.0719 0.8566 0.0765 0.0637 0.0374 0.0330 0.0284 0.0425 0.0378 0.0329 

35 0.1027 0.0890 0.0719 0.8572 0.0765 0.0638 0.0375 0.0331 0.0284 0.0426 0.0379 0.0330 

50 0.1027 0.0890 0.0719 0.8573 0.0765 0.0638 0.0375 0.0331 0.0284 0.0426 0.0379 0.0330 
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results show that the deflection results increase as the 

percentage of porosity increase. 

The different number of terms (M, N) are considered in 

Table 2 to give an idea of the convergence deflections, 

normal stresses and shear stresses results of square 

reinforced (1-2-1) sandwich plate with porosities under 

uniform load. It is concluded that the non-dimensional 

deflections for core and face sheets reinforced sandwich 

plate converge at 15th iteration for each of the (P = 0,1% 

and 2%), and stresses of the reinforced sandwich plate with 

porosities have been converged at 35th and 50th iterations 

 

 

 

 

for all porosities values. The dimensionless deflections (𝑊 ) 

of square reinforced 1-2-1 sandwich plate with porosities is 

obtained for various core or face sheet reinforcement, 

thickness ratio (a/h) and porosities coefficient under 

uniform loads are presented in table 3. As expected, it is 

observed that the dimensionless deflections decrease if the 

thickness ratio (a/h) increases for al reinforcement type. On 

the other hand, it can be seen that the (FG-CNTRC) face 

sheet reinforced sandwich plate with porosity has a high 

resistance against deflections because a concentration of the 

CNT at the top and bottom of sandwich porous plate. 
 

 

 

 

Table 3 The effect of volume fraction of CNTs on the dimensionless deflections (𝑊 ) square 

reinforced 1-2-1 sandwich plate with porosity under uniform loads 𝑉𝑐𝑛𝑡
∗  = 0.11 

Core reinforced sandwich plate 

 UD-CNT FG-CNT 

a/h P = 0 P = 1% P = 2% P = 0 P = 1% P = 2r% 

10 2.1638 2.5091 3.0480 2.8752 3.4437 4.3317 

20 1.9383 2.1897 2.5288 2.6783 3.1671 3.8810 

50 1.8744 2.0988 2.3806 2.6228 3.0890 3.7533 

Top and bottom face sheet reinforced sandwich plate 

10 0.8067 0.9554 1.2446 0.7417 0.8875 1.1734 

20 0.5024 0.5419 0.6130 0.4349 0.4719 0.5407 

50 0.4152 0.4239 0.4342 0.3471 0.3535 0.3622 
 

Table 4 Dimensionless deflections of square reinforced 1-2-1 sandwich plate with porosity under uniform and sinusoidal 

loads (𝑉𝑐𝑛𝑡
∗  = 0.17) 

 

Core reinforced sandwich plate Top and bottom face sheet reinforced sandwich plate 

Uniform load Sinusoidal load Uniform load Sinusoidal load 

 a/h Schemes P = 0 P = 1% P = 2% P = 0 P = 1% P = 2% P = 0 P = 1% P = 2% P = 0 P = 1% P = 2% 

𝑈  

10 
UD-CNT 0.1959 0.2167 0.2420 0.1189 0.1298 0.1429 0.0408 0.0415 0.0421 0.0229 0.0229 0.0229 

FG-CNT 0.2837 0.3295 0.3929 0.1749 0.2015 0.2375 0.0339 0.0344 0.0348 0.0189 0.0189 0.0189 

20 
UD-CNT 0.1000 0.1108 0.1240 0.0620 0.0660 0.0725 0.0207 0.0209 0.0211 0.0111 0.0109 0.0105 

FG-CNT 0.1439 0.1676 0.2005 0.0884 0.1021 0.1206 0.0172 0.0173 0.0173 0.0091 0.0089 0.0085 

50 
UD-CNT 0.0402 0.0446 0.0499 0.0242 0.0265 0.0291 0.0083 0.0083 0.0083 0.0043 0.0042 0.0039 

FG-CNT 0.0578 0.0673 0.0806 0.0355 0.0410 0.0484 0.0068 0.0069 0.0068 0.0035 0.0034 0.0031 

𝑉  

10 
UD-CNT 0.2414 0.2828 0.3507 0.1695 0.2022 0.2583 0.1019 0.1238 0.1665 0.0830 0.1028 0.1418 

FG-CNT 0.3178 0.3818 0.4844 0.2159 0.2626 0.3405 0.0940 0.1151 0.1567 0.0769 0.0959 0.1335 

20 
UD-CNT 0.1134 0.1298 0.1542 0.0813 0.0954 0.1186 0.0359 0.0408 0.0498 0.0332 0.0395 0.0512 

FG-CNT 0.1547 0.1836 0.2276 0.1060 0.1279 0.1632 0.0318 0.0363 0.0448 0.0299 0.0358 0.0467 

50 
UD-CNT 0.0445 0.0505 0.0592 0.0321 0.0375 0.0463 0.0125 0.0137 0.0156 0.0124 0.0144 0.0180 

FG-CNT 0.0614 0.0673 0.0893 0.0422 0.0507 0.0645 0.0108 0.0118 0.0136 0.0110 0.0128 0.0161 

𝑊  

10 
UD-CNT 1.4477 1.6687 2.0123 0.8373 0.9573 1.1374 0.5254 0.6219 0.8099 0.2782 0.3239 0.4126 

FG-CNT 1.9568 2.3277 2.9000 1.1462 1.3577 1.6770 0.4809 0.5753 0.7605 0.2529 0.2978 0.3858 

20 
UD-CNT 1.3029 1.4628 1.6763 0.7586 0.8443 0.9511 0.3277 0.3531 0.3991 0.1688 0.1760 0.1891 

FG-CNT 1.8319 2.1518 2.6118 1.0799 1.2633 1.5202 0.2830 0.3069 0.3514 0.1436 0.1505 0.1638 

50 
UD-CNT 1.2619 1.4043 1.5803 0.7362 0.8120 0.8977 0.2711 0.2763 0.2826 0.1379 0.1348 0.1287 

FG-CNT 1.7968 2.1022 2.5302 1.0612 1.2366 1.4755 0.2263 0.2303 0.2357 0.1128 0.1098 0.1046 
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Table 5 Comparisons of dimensionless frequencies (𝜔 ) of square reinforced sandwich plate with porosity under uniform 

loads (𝑉𝑐𝑛𝑡
∗  = 0.17, a/h = 10) 

Core reinforced sandwich plate 

Reinforcement 

type 

UD-CNT FG-CNT 

Wattanasakulpong 

and Chaikittiratana 

(2015)TSDT 

Present 

Wattanasakulpong 

and Chaikittiratana 

(2015)TSDT 

Present 

(m,n) P = 0 P = 0 P = 1% P = 2% P = 0 P = 0 P = 1% P = 2% 

(1-1) 0.1683 0.1678 0.1716 0.1726 0.1409 0.1425 0.1483 0.1533 

(1-2) 0.2201 0.2196 0.2187 0.2137 0.1993 0.1999 0.2001 0.1976 

(2-2) 0.4383 0.4305 0.4241 0.4074 0.3992 0.4048 0.4035 0.3932 

 
Top and bottom face sheet reinforced sandwich plate 

(1-1) 0.1683 0.1678 0.1716 0.1726 0.1819 0.1824 0.1845 0.1829 

(1-2) 0.2201 0.2196 0.2187 0.2137 0.2334 0.2343 0.2321 0.2249 

(2-2) 0.4383 0.4305 0.4241 0.4074 0.4524 0.4463 0.4374 0.4176 
 

Table 6 Effect of aspect ratio a/h on the dimensionless deflection and stresses of square reinforced sandwich plate with 

porosity for various schemes under uniform load (𝑉𝑐𝑛𝑡
∗  = 0.17) 

 
a/h Schemes 

Core reinforced sandwich plate Top and bottom face sheet reinforced sandwich plate 

UD-CNT FG-CNT UD-CNT FG-CNT 

P = 0 P = 1% P = 2% P = 0 P = 1% P = 2% P = 0 P = 1% P = 2% P = 0 P = 1 P = 2% 

𝑈  

10 

1-1-1 0.3452 0.4158 0.5228 0.4123 0.5164 0.6913 0.0374 0.0379 0.0384 0.0289 0.0291 0.0294 

1-2-1 0.1959 0.2167 0.2420 0.2837 0.3295 0.3929 0.0409 0.0415 0.0421 0.0339 0.0344 0.0348 

2-1-2 0.4636 0.5988 0.8461 0.4875 0.6390 0.9274 0.0364 0.0369 0.0373 0.0265 0.0267 0.0270 

20 

1-1-1 0.1743 0.2105 0.2657 0.2071 0.2599 0.3490 0.0190 0.0191 0.0191 0.0146 0.0146 0.0146 

1-2-1 0.1000 0.1108 0.1240 0.1439 0.1676 0.2005 0.0208 0.0209 0.0211 0.0172 0.0173 0.0173 

2-1-2 0.2319 0.2999 0.4247 0.2435 0.3193 0.4640 0.0184 0.0185 0.0186 0.0134 0.0134 0.0134 

𝑊  

10 

1-1-1 2.3135 2.8333 3.6720 2.6833 3.3962 4.6314 0.4962 0.5890 0.7705 0.4413 0.5318 0.7100 

1-2-1 1.4477 1.6687 2.0123 1.9568 2.3277 2.9000 0.5254 0.6219 0.8099 0.4809 0.5753 0.7605 

2-1-2 2.9582 3.8449 5.4923 3.0783 4.0498 5.9174 0.4839 0.5744 0.7513 0.4204 0.5082 0.6816 

20 

1-1-1 2.1931 2.6669 3.4043 2.5690 3.2416 4.3917 0.3030 0.3268 0.3706 0.2480 0.2703 0.3126 

1-2-1 1.3029 1.4628 1.6763 1.8320 2.1518 2.6118 0.3277 0.3531 0.3991 0.2830 0.3069 0.3514 

2-1-2 2.8417 3.6893 5.2574 2.9621 3.8950 5.6852 0.2948 0.3178 0.3603 0.2312 0.2525 0.2935 

𝜎 𝑥𝑥  

10 

1-1-1 7.3480 8.8764 11.213 -33.3294 -42.2228 -57.370 0.8317 0.8397 0.8467 1.2707 1.2822 1.2924 

1-2-1 4.2898 4.7384 5.2865 -11.8228 -13.8735 -16.722 0.9091 0.9196 0.9289 1.4932 1.5103 1.5260 

2-1-2 9.4161 12.193 17.348 -75.9566 -100.241 -147.06 0.8092 0.8165 0.8227 1.1675 1.1767 1.1848 

20 

1-1-1 7.4237 8.9938 11.411 -33.4862 -42.5136 -57.973 0.8402 0.8429 0.8412 1.2823 1.5200 1.5197 

1-2-1 4.3829 4.8519 5.4229 -12.0062 -14.1301 -17.096 0.9209 0.9260 0.9262 1.5126 1.2848 1.2812 

2-1-2 9.4215 12.214 17.415 -75.8651 -100.181 -147.14 0.8165 0.8185 0.8162 1.1757 1.1764 1.1718 

𝜎 𝑥𝑦  

10 

1-1-1 0.1632 0.1498 0.1294 0.0940 0.0890 0.0807 0.0357 0.0315 0.0272 0.0391 0.0350 0.0307 

1-2-1 0.1027 0.0891 0.0720 0.0857 0.0765 0.0638 0.0375 0.0331 0.0285 0.0426 0.0379 0.0330 

2-1-2 0.2106 0.2048 0.1944 0.0775 0.0763 0.0741 0.0350 0.0309 0.0267 0.0372 0.0334 0.0295 

20 

1-1-1 0.1619 0.0848 0.0668 0.0937 0.0749 0.0616 0.0282 0.0237 0.0188 0.0296 0.0279 0.0223 

1-2-1 0.0992 0.1481 0.1270 0.0845 0.0886 0.0801 0.0301 0.0252 0.0200 0.0331 0.0250 0.0201 

2-1-2 0.2105 0.2046 0.1940 0.0775 0.0763 0.0740 0.0277 0.0232 0.0185 0.0278 0.0236 0.0190 
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Table 4 presents a comparison of dimensionless 

deflections (𝑊 ) of square reinforced 1-2-1 sandwich porous 

plate for various parameters such as carbon nanotube 

volume fraction, uniform and sinusoidal loads, various 

reinforcement of core or face sheet porous plate and 

porosity percentage. It can be concluded from the results of 

the table that the deflections of plates under uniform load 

have large values compared to plates subjected to sinusoidal 

load. As we conclude that the increase in the porosity 

coefficient leads to increase of the dimensionless 

deflections. 

To validate the results of dimensionless frequencies 

mathematical models, a comparison between the results 

obtained and the existing ones in the literature which were 

presented by Zhu et al. (2012) are presented in Table 5. The 

effect of the various number of mode on the dimensionless 

frequency (𝜔 ) of square reinforced sandwich porous plate 

are also presented in this table under uniform loads with 

 

 

 

 

(𝑉𝑐𝑛𝑡
∗  = 0.17). The small variation in frequency between the 

Wattanasakulpong and Chaikittiratana (2015) and present 

results is due to the higher-order shear deformation model 

proposed by Wattanasakulpong and Chaikittiratana (2015). 

However, it is deduced that the dimensionless frequencies 

increase by increasing the number of modes. Also, the 

results reveal that the dimensionless frequency results 

increase as the porosity increases. 

Table 6 presents the effect of various schemes or 

thickness of layer sandwich plate under porosity and 

various aspect ratio a/h on the dimensionless deflection and 

stresses of square reinforced sandwich porous plate with 

(𝑉𝑐𝑛𝑡
∗  = 0.17). It can be seen that the ranges of 

dimensionless deflection and stresses for various schemes 

or thickness of layer sandwich plate with porosity are quite 

different, in the case of core reinforced sandwich porous 

plate the range is the smallest for (1-2-1) schemes, but the 

range is the largest for (2-1-2) and the opposite in the case 
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(a) Core 1-2-1 reinforced sandwich plate. (b) Face sheet 1-2-1 reinforced sandwich plate 

Fig. 3 Effect of aspect ratio a/h on the dimensionless deflection (𝑊 ) of square face sheet reinforced 1-2-1 sandwich plate 

under uniform load (𝑉𝑐𝑛𝑡
∗  = 0.17) and porosity coefficient (P) 
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(a) Core 1-2-1 reinforced sandwich plate (b) Face sheet1-2-1 reinforced sandwich plate 

Fig. 5 Dimensionless first frequencies of square reinforced sandwich plate under uniform load (𝑉𝑐𝑛𝑡
∗  = 0.17) 
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of top and bottom face sheet reinforced sandwich porous 

plate. The reason for this difference is attributed to the 

increasing or decreasing of the thickness of reinforced 

layers. 

The dimensionless deflection (𝑊 ) of square reinforced 

1-2-1 sandwich plate with porosity under uniform load with 

four various reinforced types is illustrated in the (Fig. 3) to 

analyze the effect of aspect ratio a/h and porosity 

coefficient. Observing the figure, it is easily deduced that as 

the aspect ratio increase, the dimensionless deflection 

decrease then it stabilizes for the higher value of aspect 

ratio (a/h > 20). The reason for this stability is attributed to 

the effect of shear stress. 

 It can be concluded that the large difference between 

the face sheet and core reinforced sandwich plate with 

porosity is attributed to a concentration of (CNT) at the top 

and bottom face sheet layer, Furthermore, an increase of the 

porosity coefficient leads to increase of the dimensionless 

deflection. 

The variation of dimensionless first frequencies of 

square reinforced core and face sheet 1-2-1 sandwich plate 

with porosity under uniform load with volume fraction (𝑉𝑐𝑛𝑡
∗  

= 0.17) of CNT are presented in (Fig. 4) respectively. Their 

results show the dependence of dimensionless frequencies 

with aspect Ratio, porosity coefficient and various 

reinforcement type of sandwich porous plate. In this case, It 

can be seen that the difference between the dimensionless 

frequency of (UD-CNTRC) and (FG-CNTRC) it is very 

weak. Also, the range of the dimensionless frequency 

decrease with increasing aspect ratio (a/h). On the other 

hand, the reduction in the dimensionless frequency is most 

pronounced in core reinforced sandwich plate with porosity 

for the values of aspect ratio (a/h > 5). 

 

 

5. Conclusions 
 

In this work, the influence of different parameters on the 

static and dynamic behavior of carbon nanotube-reinforced 

composite sandwich plates with porosity using the first-

order shear deformation theory (FSDT) are studied and 

discussed. 

The governing differential equations include the 

different parameters are solved by implementing Hamilton’s 

principle and the dimensionless bending, stresses and 

vibration analyses of two types of sandwich plates with 

porosity are obtained. Accuracy of the results is examined 

using an available date in the literature. Finally, through 

some parametric investigated study the results showed the 

dependence of static and dynamic behavior on the different 

parameters such as aspect ratios, volume fraction, types of 

reinforcement and plate thickness for two values of 

porosity. From the numerical results, it is concluded that the 

concentration of the nanotubes at the top and bottom of the 

(FG-CNTRC) face sheet reinforced sandwich plate conduce 

to high resistance against deflections compared to other 

types of reinforcement In terms of deflection and vibration 

analyses, the results show: 

 

 

 With the increase the percentage of porosity the 

deflection increases for every porous plate type. 

 It can be seen that the deflections of plates under 

uniform load have large values compared to plates 

subjected to sinusoidal load. 

 As we conclude that the dimensionless frequencies 

increase by increasing the number of mode and 

porosity. 

 The results reveal that the ranges of dimensionless 

deflection and stresses for various schemes or 

thickness of layer sandwich plate with porosity are 

quite different, in the case of core reinforced 

sandwich porous plate the range is the smallest for 

(1-2-1) schemes, but the range is the largest for (2-1-

2) and the opposite in the case of top and bottom 

face sheets reinforced sandwich porous plate. The 

reason for this difference is attributed to the 

increasing or decreasing of the thickness of 

reinforced layers. 

 As the aspect ratio increase, the dimensionless 

deflection decrease then it stabilizes for the higher 

value of aspect ratio (a/h > 20). The reason for this 

stability is attributed to the effect of shear stress 

 

Finally, the results demonstrate the dependence of static 

and dynamic behavior on the different parameters such as 

aspect ratios, volume fraction, porosity, types of 

reinforcement and plate thickness. 
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