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1. Introduction 

 

Ratcheting effect is defined as the accumulation of 

deformation or strain in structures/components under the 

action of cyclic loading. Last five years, ratcheitng effect of 

pressurized pipe was studied by some reserchers (Bradford 

and Tipping 2015, Nayebi and Hamidpour 2015, Nilsson et 

al. 2016, Kan et al. 2017, Varvani‐Farahani and Nayebi 

2017, Zakavi et al. 2017). Ratcheting behavior will reduce 

fatigue life of structures/components. The past several 

decades has seen a substantial increase in research into 

methods which calculate safe loading limits so that 

ratcheting does not occur, i.e., ratcheting boundary. In order 

to avoid ratcheting effect, it is necessary that ratcheting 

boundary is determined by the ratcheting criteria in standard 

code or the proposed simple method. The ratcheting effect 

has been considered in several standards, such as ASME 

(2017), KTA (2014) and RCC-MR (2007). 

Ratcheting boundary was first investigated by Bree 

(1967, 1989) using a pressurized cylinder with cyclic 

thermal stresses across the wall thickness. The results gave 

Bree diagram, which had been contributed to the formation 

of the ratcheting criteria in ASME and KTA. RCC-MR 

code, which was an alternative to assume shakedown based 

on the test results. As the Practical Design Rule or 

Efficiency diagram rule was introduced into RCC-MR. 

Moreover, the Committee of Three Dimensional Finite 

Element Stress Evaluation (C-TDF) in Japan proposed one 

criterion for shakedown analysis with elastic-plastic finite 

element analysis, in which an elastic perfect plasticity 

                                          

Corresponding author, Ph.D., 

E-mail: chenxh@neuq.edu.cn 

Co-corresponding author, Professor 

 

 

model or a bilinear kinematic hardening rule was used 

(Asada et al. 2002, Yamamoto et al. 2002). 

Ratcheting boundary was studied by several scholars. 

On the hand, in terms of different experimental data in 

different positions, a regression technique was used to find 

a best fit straight line of the experimental data. The 

intercept of the fit straight line with the moment axis (i.e., 

zero ratcheting strain) was taken as the moment value 

required to initiate ratcheting strain. Moreton et al. (1996) 

proposed a method to determine ratcheting boundary of the 

pressurized elbow under cyclic bending loading. On the 

other hand, robust method (pseudo-elastic finite element 

analysis) is presented, such as linear matching method 

(LMM) (Ponter and Chen 2001, Chen et al. 2013), non-

cyclic method (Reinhardt 2008, Peng et al. 2015), elastic 

modulus adjustment procedure (Adibi-Asl and Reinhardt 

2010), hybrid method (Martin and Rice 2009), Uniform 

Modified Yield method (UMY) and “anisotropic” Load 

Dependent Yield Modification method (LDYM) (Abou-

Hanna and McGreevy 2011), non-linear superposition 

method (Muscat et al. 2002), and some similar non-linear 

superposition methods (Abdalla et al. 2011, Adibi-Asl and 

Reinhardt 2010, Zheng et al. 2017, Konstantinos and 

Konstantinos 2012), namely simplified technique. Nayebi 

and Hamidpour (2015) studied shakedown and plastic, 

elastic shakedown and ratcheting limit of pipes with 

different types of defects under thermo-mechanical loading. 

Nonlinear kinematic hardening model of Armstrong–

Frederick coupled with continuum damage mechanics was 

used and material properties were considered temperature-

dependent. Interaction diagrams (Bree's diagram) of the 

defective pipelines were obtained and parametric studies 

involving different types and dimensions of part-through 

slot in the defective pipeline were investigated. Shen et al. 

(2018) proposed a new four-dimensional ratcheting 

boundary for the first time considering the interaction 
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among four types of stresses: constant mechanical 

membrane stress and mechanical bending stress, cyclic 

thermal membrane stress and thermal bending stress. On the 

basis of Tresca yield condition and elastic-perfectly plastic 

behavior, a novel two-plane FE model was built for 

numerical validation and results predicted by analytical 

solution agreed very well with that obtained by two-plane 

FE model. The relationship of the three-dimensional 

ratcheting boundary adopted by the newly implemented 

ASME VIII -2 Pressure Vessel Code and this four-

dimensional ratcheting boundary considering constant 

mechanical membrane stress and mechanical bending 

stress, cyclic thermal membrane stress and thermal bending 

stress simultaneously was also discussed. 

In the present paper, firstly, the ratcheting boundary for 

a pressurized pipe under reversed bending is determined 

with three methods, namely KTA/ASME code, efficiency 

diagram rule of RCC-MR and C-TDF method by elastic-

plastic finite element analysis with the lightly AF type 

models. Secondly, based on the noncyclic method, a new 

ratcheting boundary determined method is established. 

Finally, the rationality and accuracy of the proposed method 

is verified. 
 

 

2. Ratcheting boundary determination by codes 
 

2.1 C-TDF 
 

The C-TDF (Asada et al. 2002, Yamamoto et al. 2002) 

in Japan proposed one criteria to verify shakedown. The 

content of the criteria was that “Variations in equivalent 

plastic strain at the end of each cycle should have a 

deceasing trend and should become lower than the 

allowable limit of 10-4/cycle”. Five or ten cycles were 

required to achieve this value. In this paper, ten cycles are 

used to determine ratcheting boundary of the pipes. 
 

2.2 KTA/ASME code 
 

For cylindrical vessels subjected to the load, but without 

secondary peak stresses, a formula for the ratcheting 

boundary is used which is adopted by KTA and based on 

 

 

a curve given in ASME (Currently, the outer curve of figure 

T-1332-2 of ASME III-NH Appendix T): 
 

While X ≤ 1.0 
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where, Psy corresponds to the pressure value at which the 

straight pipe with the same schedule yields at inner surface. 
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where, 𝐾 = 𝑟0 𝑟𝑖 , 𝑟0  and 𝑟𝑖  is the outside radius and 

inside radius of pipe, respectively, σy is yield stress. 

For a thin walled straight pipe or elbow under internal 

pressure, its primary membrane stress was expressed as the 

following. 
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where P is the applied internal pressure. So 
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Under bending loading range ΔF, the secondary bending 

stress range for the straight pipe is given by 
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Fig. 1 Sketch of the quasi-three point bending apparatus and gauge positions (Chen et al. 2015) 
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where Do and Di are outer and inner diameter of the straight 

pipe, respectively; lo and l1 are the spans of the lower and 

upper clips in Fig. 1, respectively. So 

 

1

4 4

sy sy

8 ( )

( )

o o

o i

F l l DQ
Y

P D D P

 
 


 

(8) 

 

In the present paper, take straight pipe for example, the 

straight pipe made of Z2CND18.12N stainless steel were 

constructed of 76 mm diameter, 4.5 mm in nominal 

thickness, the length of straight pipe was 1000 mm (Chen et 

al. 2015), as given in Fig. 1. The pipe material properties 

are assumed to be temperature independent and isotropic. 

The elastic modulus E = 195 GPa, Poisson‟s ratio, v = 0.3, 

and yield strength, σy = 360 MP.. 

Symmetry is used to model only one fourth of the 

straight pipe. The load case analysed is constant pressure P 

applied on inside surface of the straight pipe plus cyclic 

bending loading throughout the quasi-three-point bending 

positions. 

The Finite Element Analysis model is shown in Fig. 2, 

in which only a quarter of the structure is included due to 

symmetry. Six hundred shell43 elements are used to mesh 

the pipe and 121 shell43 elements are used to mesh the end 

plate. In addition to the symmetric displacement constraints, 

displacement in the y-direction is applied to the central 

point of the end plate. Internal pressure is applied to the 

 

 

 

Fig. 2 Finite element analysis model of straight pipe 

 

 

inside surface of the pipe and end plate. Reversed bending 

load or cyclic vertical displacement in the y-direction is 

distributed to nodes at the position corresponding to the 

central line of the clip board of the upper loading beam. 

The ratcheting boundary of pressurized straight pipe 

shown in Fig. 3 in which all data were also transformed into 

X and Y by Eqs. (6)-(8). Fig. 3(a) gives the relationship of 

internal pressure and cyclic bending loading which are 

determined by bilinear kinematic hardening model (BKIN 

model) (Prager 1956), Chaboche model (CH3 model) 

(Chaboche 1986), Ohno-Wang II model (OW II model) 

(Ohno and Wang 1993) and Chen-Jiao-Kim model (CJK 

model) (Chen et al. 2005) combined with C-TDF. It is 

found that cyclic bending loading decreases with the 

increasing of internal pressure. Fig. 3(b) shows 

dimensionless form of ratcheting boundary of pressurized 

straight pipe subjected to reversed loading. Ratcheting 

boundary of pressurized straight pipe is compared with 

experimental data, C-TDF, ASME/KTA and RCC-MR. By 

comparing the experimental data, it indicates that ratcheting 

boundary determined by the C-TDF method with the lightly 

CJK model and RCC-MR describes the shakedown region 

well. 

For a thin walled elbow under internal pressure 
 

=
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where, Fsy corresponds to the reversed bending loading at 

which the straight pipe with the same schedule yields at 

outside surface. 
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where, Ls is the distance from the reversed bending loading 

point to the connecting section of straight pipe and elbow 

pipe, as given in Fig. 4, namely the moment arm of nominal 

reversed bending loading. θ is the angle of elbow pipe. 

In the present paper, with 90° elbow pipe as an example, 

the 90° elbow specimens made of Z2CND18.12N stainless 

steel were constructed of 76 mm diameter, 4.5 mm in 
 
 

  

(a) (b) 

Fig. 3 Ratcheting boundary of pressurized straight pipe subjected to cyclic bending 
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Fig. 4 Sketch of specimen (Chen et al. 2016) 

 

 

nominal thickness, 90 degree, long radius (mean bend 

radius 95 mm) elbow pipe, each of which was butt welded 

to a 100 mm long straight pipe (Chen et al. 2016), as given 

in Fig. 4. The elbow material properties are assumed to be 

temperature independent and isotropic. The elastic modulus 

E = 195 GPa, Poisson‟s ratio, v = 0.3 and yield strength, σy 

= 360 MPa. The load case analysed is constant pressure P 

applied on inside surface of the pipe plus cyclic bending 

loading throughout the loading bar position. 

Elbow pipes are classified by the bend angle and the 

bend radius. Elbow pipes that have a bend radius (R) that is 

1.5 times or more the pipe mean diameter is termed long-

radius elbow pipe. A schematic drawing of the finite 

element models is shown in Fig. 5. The model utilized in 

this study is a quarter model incorporating symmetry 

boundary conditions on two planes of symmetry; this model 

is used for pipe bends subjected to cyclic in-plane reversed 

bending. The pipe bend geometry is meshed with 4-noded 

plastic larger strain shell43 elements. The shell43 element 

has four integration points and six degrees of freedom at 

each node. The geometry of the quarter models is shown in 

Fig. 5(a). The quarter model (Fig. 5) has symmetry 

boundary conditions. The point of load application in the 

quarter model as shown in Fig. 5(b) is assigned a 

concentrated force. 

Fig. 6 shows that the determined ratcheting boundary of 

elbow pipe by the C-TDF method based on OW II model 

with isotropic hardening rule is larger than that without 

isotropic hardening rule. Thus, the ratcheting boundary 

 

 

determined by OW II model without isotropic hardening 

rule is on the conservative side. 

 

2.3 Efficiency diagram rule of RCC-MR 
 

According to the French RCC-MR, for the case of this 

study, only the ratio of secondary stress and membrane 

stress is concerned, and is determined by Eqs. (2) and (7). 
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On the basis of experimental results, the correlation 

between the ratios of v1 = Pm/Peff1 and SR1 are then 

determined 
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The effective primary stress can be calculated according 

to Eq. (13). 
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Limitation against shakedown is achieved with the aid 

of Eq. (14). 
 

1 1.2eff mP S
 

(14) 

 

In order to compare with ratcheting boundary 

determined by ASME/KAT, the above method was changed 

as follows (Wolters et al. 1997). 

For given primary stress according to Eq. (2) or Eq. (3), 

X is calculated, then 
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(a) Mesh (b) Constrains and loads 

Fig. 5 Finite element model 
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And, 

When, 1 ≥ v > 0.5, 𝑆𝑅 =
 1.093−𝑣

𝑣−0.167
×   1.093 − 𝑣 +

 0.926  

When 0.5 ≥ v > 0, 𝑆𝑅 =
1

𝑣2 

In fact, Eq. (15) are an implicit function of Y. The 

ratcheting boundary determined for the problem of this 

study is shown in Fig. 3. 

 

2.4 Discussion 
 

One criterion of C-TDF method is that „Variations in 

equivalent plastic strain at the end of each cycle should 

have a decreasing trend and should become lower than the 

allowable limit of 10-4/cycle.‟ The number of cycles 

required to achieve this value is not specified, but usually 5 

or 10 cycles are needed. The ratcheting rate was based on 

the values of the first 10 cycles. C-TDF method determined 

ratcheting boundary, which need combine with elastic-

plastic finite element analysis, i.e., ANSYS or ABAQUS 

step-by-step. However, it required considerable numerical 

expense and significant computer effort for complex 

structures. In order to avoid these shortcomings, a simple 

method should be developed. 

At present, ratcheting boundaries are determined with 

the final aim of aiding the safety design and assessment of 

engineering piping structures, based on such experimental 

and FEA research. C-TDF method is commonly used to 

determine the ratcheting boundary of piping components. 

But it requires the scholar to repeat cycle-by-cycle in FEA. 

Therefore, an alternative method to predict the ratcheting 

boundary of structural components is desirable. The 

 

 

proposed non-cyclic methods are used to determine the 

ratcheting boundary of structural components. It is shown 

that these methods are simple, efficient and accurate for the 

given examples. In addition, these methods have made a 

great contribution for the progress of shakedown theory. 

 

 

3. Proposed method 
 

Ratcheting boundary of structures/components has been 

studied by many researchers. So far, few ratcheting 

boundary determination methods have been introduced into 

the codes and accepted by the scholars in various countries. 

Although not obvious so far, the limit analysis can be 

preformed via a special case of shakedown analysis, where 

the cyclic load is reduced to monotonic load, the showdown 

and ratchet analysis can not be simply treated as a limit 

analysis. Therefore, on the basis of elastic modulus 

adjustment procedure in this study, a novel ratchet limit 

determination method is proposed based on their minds of 

Adibi-Asl and Reinhardt (2010), combined with Liu et al. 

(2009) and Reinhardt and Seshadri (2003). The contents of 

the proposed method are shown in the following. 
 

(1) Decompose the loading into steady (time-

independent) primary P and zero-mean cycles ΔF/2 

components. 

(2) Create the finite element model by applying the 

load range of the cyclic load component (e.g. ΔF), 

with yield strength of „2σy‟. 

(3) Obtain the von Mises stress distribution of each 

element Δσeq. 

(4) Create the finite element model by applying 

constant component P for limit load analysis. 

(5) Modify the elastic modulus at the element if von 

Mises stress of the element is larger than reference 

stress 𝜎𝑟𝑒𝑓
𝑖 . 
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   (a) Ratcheting boundary curve    (b) Dimensionless form of ratcheting boundary 

Fig. 6 Ratcheting boundary 
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where, i is the iteration number (i = 1 for the initial elastic 

analysis), Ei is elastic modulus of ith elastic iteration, Ei+1 is 

elastic modulus of (i+1)th elastic iteration, 𝜎𝑒𝑞
𝑖  is von Mises 

stress of the element of ith elastic iteration, 𝜎𝑟𝑒𝑓
𝑖  is 

reference stress of the element of ith elastic iteration, qi is 

the elastic modulus adjustment parameter. 

The concept of reference stress was proposed by 

Seshadri and Mangalaramanan (1997). For inhomogenous 

material property, where yield strength is different all over 

the structures or components, the reference stress 𝜎𝑟𝑒𝑓
𝑖  is 

expressed in the following. 
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For homogenous material property, where yield strength 

is different all over the structures or components, the 

reference stress 𝜎𝑟𝑒𝑓
𝑖  is expressed in the following. 
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In order to obtain smooth convergence in the results, the 

elastic modulus adjustment parameter qi can be varied 

systematically with von Mises stress and reference stress of 

the element. qi is calculated from the respective linear 

elastic FEA solution in the following, as shown in Fig. 7. 
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(6) Modify the yield strength at the above element by 

subtracting half of the von-Mises equivalent stress 

range from the original (cyclic) yield strength. 
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Fig. 7 Stress redestribution regions (Adibi-Asl et al. 2006) 

(7) Estimate the limit load multiplier mα. 
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where, σeq is von Mises stress of each element of each 

elastic iteration, εeq equivalent strain of each element of 

each elastic iteration. 
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where, σy is modified yield strength of each element of each 

elastic iteration, (σeq)max is von Mises stress of each element 

of each elastic iteration. 

Reinhardt and Seshadri (2003) discussed the limit load 

multiplier mα. Two sides of Eq.20 divided by the exact 

multiplier m, provides 
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(26) 

 

where, Rα = mα/m, 𝑅𝐿 = 𝑚2
0/𝑚𝐿  and 𝑅0 = 𝑚2

0/𝑚. m is 

the exact multiplier. mL is lower bound limit load multiplier 

(Calladine 2000). 𝑚2
0 is a new upper bound multiplier (Pan 

and Seshadri 2001). When Rα < 1, mα is lower limit load 

multiplier. When Rα > 1, mα is also upper limit load 

multiplier. When Rα = 1, mα is the boundary between lower 

limit load multiplier and upper limit load multiplier. 

Seshadri and Mangalaramanan (1997) thought that limit 

load multiplier mα was closest to the exact multiplier m. 

Limit load multiplier mα, also considers lower and upper 

limit theorem, which is a robust determined method of limit 

load multiplier. 

The flowchart of the proposed method is shown in Fig. 

8. 

 

 

4. Cases analysis 
 
With pressurized thick wall cylinder as an example, 

limit load of thick wall cylinder was determined by the 

proposed method, in order to the reliability of limit load 

determined by the proposed method. Internal diameter of 

thick wall cylinder Ri is 60 mm, outer diameter Ro is 180 

mm. Elastic modulus is 200 GPa, yield strength σy is 300 

MPa and internal pressure P is 50 MPa. 

Theoretical value of limit load multiplier of pressurized 

318



 

Ratcheting boundary of pressurized pipe under reversed bending 

 

 

thick wall cylinder m is 
 

2
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Plane element type PLANE82 is used to plane strain 

analysis of pressurized thick wall cylinder. Fig. 9 gives 

boundary and loading condition. Fig. 10 shows the variation 

of limit load multiplier with iterations. Lower limit load 

multiplier mL and upper limit load multiplier mu determined 

by Modified EMAP method is compared with that of the 

proposed method and theoretical value of limit load 

multiplier, as given in Fig. 10. The results indicated that 

limit load multiplier after ten iterations is 7.614. Limit load 

multiplier of the proposed method is in well agreement with 

 

 

 

Fig. 9 Finite element model, constraint and load 
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Fig. 8 Flowchart of the modified method 
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Fig. 10 Variation of limit load multiplier with iterations 
 

 

 

(a) Schematic geometry and loading of Bree model 
 

 

(b) Finite element mesh 

Fig. 11 Classical Bree problem 
 

 

 

Fig. 12 Shakedown limit load of classical Bree problem 
 

 

theoretical value of limit load multiplier. It is found that the 

proposed method is feasible. At the same time, calculated 

time required of the proposed method has a certain 

reduction. 

In order to the reliability of ratchet limit determined by 

the proposed method, with Bree problem as an example (as 

shown in Fig. 11), ratchet limit of Bree problem was 

determined by the proposed method, as given in Fig. 12. 

The results indicate that the proposed method is feasible. 

 

 

5. Comparison 
 

5.1 Ratcheting boundary of pressurized pipe 
 

Fig. 13 shows ratcheting boundary of pressurized 

straight pipe which is determined by the experimental data, 

proposed method, C-TDF and ASME/KTA and RCC-MR 

code. It is shown in Fig. 13 that ratcheting boundary 

determined by the proposed method is in well agreement 

with that of C-TDF. 

 

5.2 Ratcheting boundary of pressurized 90° elbow 
pipe 

 

Ratcheting boundary of pressurized elbow pipe is given 

in Fig. 14. It indicates when 0.5 < X < 1, ratcheting 

boundary determined by the proposed method is in well 

agreement with that of C-TDF; when 0.2 < X < 0.5, 

ratcheting boundary determined by the proposed method is 

 

 

 

Fig. 13 Ratcheting boundary of straight pipe 

 

 

 

Fig. 14 Comparison of ratcheting boundary determined 

by the proposed method and LMM 
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inconsistent with that of C-TDF. This phenomenon was 

found by Abdalla et al. (2009) that used to simple technical 

method. 

In order to verify the phenomenon, linear matching 

method is used to predict ratcheting boundary of 90° elbow 

pipe subjected to constant internal pressure and cyclic 

bending loading, as shown in Fig. 14. It is found that 

ratcheting boundary determined by the proposed method is 

in well agreement with that of LMM. Further, the reliability 

of the proposed method is verified. 
 

 

6. Conclusions 
 

Ratcheting boundary of 90° elbow pipe subjected to 

constant internal pressure and cyclic bending loading is 

firstly predicted by elastic-plastic finite element analysis 

combined with C-TDF method. The C-TDF method need 

repeated trial calculation, time-consuming. In order to 

quickly determine ratcheting limit, a novel method is 

proposed based on elastic modulus adjustment procedure in 

this study. And than the proposed method is used to 

determine ratcheting boundary of 90° elbow pipe. The 

results indicate that the proposed method is fast and 

efficient. Comparison of ratcheting boundary of 90° elbow 

pipe determined by proposed method with that of C-TDF 

method, which indicated when 0.5 < X < 1, ratcheting 

boundary determined by the proposed method is in well 

agreement with that of C-TDF; when 0.2 < X < 0.5, 

ratcheting boundary determined by the proposed method is 

inconsistent with that of C-TDF. In order to verify the 

phenomenon, LMM is used to predict ratcheting boundary 

of 90° elbow pipe subjected to constant internal pressure 

and cyclic bending loading. It is found that ratcheting 

boundary determined by the proposed method is in well 

agreement with that of LMM. Further, the reliability of the 

proposed method is verified. 
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Acronyms 
 

C-TDF 
Committee of Three Dimensional Finite Element 

Stress Evaluation 

ASME American Society of Mechanical Engineer 

KTA Kerntechnischer Ausschuß 

RCC-MR 

 

Design and Construction Rules for Power 

Generating Stations 

LMM linear matching method 

UMY Uniform Modified Yield method 

LDYM Dependent Yield Modification method 

OW II model Ohno-Wang II model 
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Ratcheting boundary of pressurized pipe under reversed bending 

Nomenclature 
 

Di Inner diameter of the straight pipe 

Do Outer diameter of the straight pipe 

E Elastic modulus 

Ei+1 Elastic modulus of ith element 

Fsy 
Secondary bending stress range 

for the straight pipe or elbow 

K 
The ratio of outside radius and 

inside radius of pipe K = ro/ri 

Ls 

The distance from the reversed bending 

loading point to the connecting section of 

straight pipe and elbow pipe 

P Internal pressure 

Pb Primary bending stress 

Peff1 Effective primary stress 

Pm Primary membrane stress 

Psy 

Corresponds to the pressure value at which 

the straight pipe with the same schedule 

yields at inner surface 

𝑅𝐿 = 𝑚2
0/𝑚𝐿  

The ratio of limit load multiplier 𝑚2
0 

and lower limit load multiplier mL 

𝑅0 = 𝑚2
0/𝑚 

The ratio of limit load multiplier 𝑚2
0 

and exact multiplier m 

𝑅𝛼 = 𝑚𝛼 /𝑚 
The ratio of limit load multiplier 𝑚𝛼  

and exact multiplier m 

Ri Internal diameter of thick wall cylinder 

Ro outer diameter of thick wall cylinder 

Sm Allowable stress 

SR1 
The ratio of secondary stress and 

membrane stress 

X 
The ratio of primary membrane stress 

and the pressure value 

li the spans of the lower and upper clips in Fig. 1 

lo the spans of the lower and upper clips in Fig. 1 

i Iteration number 

m Exact multiplier 

𝑚2
0 Limit load multiplier 

mL Lower limit load multiplier 

mα Limit load multiplier 

 

 

 

qi Elastic modulus adjustment parameter 

ri Inside radius of pipe 

ro outside radius of pipe 

ΔF Bending loading range 

ΔQ Secondary bending stress range 

Δσeq von Mises stress distribution of each element 

εeq 
Equivalent strain of each element of 

each elastic iteration 

θ The angle of elbow pipe 

v Poisson‟s ratio 

v1 
The ratio of primary membrane stress and 

effective primary stress 

σeq 
von Mises stress of each element of 

each elastic iteration 

(σeq)max 
von Mises stress of each element of 

each elastic iteration 

𝜎𝑟𝑒𝑓
𝑖  Reference stress of ith element 

σy Yield strength 

𝜎𝑦
′  Modify the yield strength 𝜎𝑦

′ = 𝜎𝑦 − ∆𝜎𝑒𝑞 /2 
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