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Dynamic instability region analysis of sandwich piezoelectric nano-beam
with FG-CNTRCs face-sheets based on various high-order
shear deformation and nonlocal strain gradient theory
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Abstract. In this research, the dynamic instability region (DIR) of the sandwich nano-beams are investigated based on
nonlocal strain gradient elasticity theory (NSGET) and various higher order shear deformation beam theories (HSDBTS). The
sandwich piezoelectric nano-beam is including a homogenous core and face-sheets reinforced with functionally graded (FG)
carbon nanotubes (CNTs). In present study, three patterns of CNTs are employed in order to reinforce the top and bottom face-
sheets of the beam. In addition, different higher-order shear deformation beam theories such as trigonometric shear deformation
beam theory (TSDBT), exponential shear deformation beam theory (ESDBT), hyperbolic shear deformation beam theory
(HSDBT), and Aydogdu shear deformation beam theory (ASDBT) are considered to extract the governing equations for
different boundary conditions. The beam is subjected to thermal and electrical loads while is resting on Visco-Pasternak
foundation. Hamilton principle is used to derive the governing equations of motion based on various shear deformation theories.
In order to analysis of the dynamic instability behaviors, the linear governing equations of motion are solved using differential
quadrature method (DQM). After verification with validated reference, comprehensive numerical results are presented to
investigate the influence of important parameters such as various shear deformation theories, nonlocal parameter, strain gradient
parameter, the volume fraction of the CNTSs, various distributions of the CNTs, different boundary conditions, dimensionless
geometric parameters, Visco-Pasternak foundation parameters, applied voltage and temperature change on the dynamic
instability characteristics of sandwich piezoelectric nano-beam.
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1. Introduction

Since CNTs have very surprising properties, they are
used to make composite materials for the development of
properties of other materials. Therefore, composites made
of CNTs have recently become widely used in a variety of
industries, such as the aerospace industry, the construction
industry and the mechanical engineering industry. The
structures made of carbon nanotube reinforcement
composite (CNTRC) have a very good and upgraded
mechanical properties. Reinforcement of structures with
carbon nanotubes leads to structures with high strength,
high toughness, high ultimate strength and low density that
encourage designer to reach best composition for special
applications (Ke et al. 2010). Therefore, many researchers
have recently investigated this topic in a variety of areas. As
a result, progressive investigations with CNTs subjects have
been ongoing in recent years. So that CNTs have found
many applications in different fields such as mechanical and
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civil engineering (Rafiee et al. 2013). A comprehensive
literature review on the CNTRC structures can be presented
to enrich our work.

On the other hand, beams are one of the most important
structural members in complex mechanical analysis (Arefi
et al. 2017). There are different applications for beam in
various engineering structures in macro, micro or nano
scales. Therefore, for designing a structure, having an
understanding of the behavior of the beam for the designer
is inevitable. Due to the large application of these members
in the construction of complex structures, many researchers
have researched this topic (Reddy and El-Borgi 2014). In
this regard, various theories were presented by investigators
in order to different analyses of the beam structures in
mentioned scales. Reddy were used different beams theories
such as the Euler—Bernoulli, the first order shear
deformation beam theory (FSDBT), Reddy or parabolic
shear deformation beam theory (PSDBT) and Levinson
beam theories based on the nonlocal differential constitutive
relations of Eringen in his investigations (Reddy 2007). He
accomplished the parametric investigation in order to study
the effects of nonlocal parameter on buckling loads, natural
frequencies and bending behaviors of the nano-beams.

In addition, the influences of the non-classical stiffness
strengthening size effects on free vibration of a nonlocal
Timoshenko beam (Yang and Lim 2012), nonlinear free
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vibration analysis of rotating composite Timoshenko beams
(Arvin and Bakhtiari-Nejad 2013) and forced vibration
analysis of Timoshenko nano-beams based on surface stress
elasticity theory (Ansari et al. 2014c) were studied by
various researchers in detail. In order to investigate the
dynamic and static behaviors of the thick beams, other
higher-order shear deformation beam theories (HOSBTS)
has been developed so that aforementioned theories to take
into account the influence of transverse shear deformation
to best prediction of behavior of thick beams (Li et al.
2014, zidi et al. 2014, Yahia et al. 2015, Bousahla et al.
2016, El-Haina et al. 2017). There are some other theories
in relation to beams such as trigonometric shear
deformation beam theory (TSDBT), exponential shear
deformation beam theory (ESDBT), hyperbolic shear
deformation beam theory (HSDBT), and Aydogdu shear
deformation beam theory (ASDBT) (Simsek and Reddy
2013a, b, Boukhari et al. 2016).

The DIR and vibration behavior analysis of the macro
and nano-beam with considering HOSDBTs and stretching
effect is very practical and interest topic that has been
studied by many researchers (Bousahla et al. 2014,
Bennoun et al. 2016). Since piezoelectric beams have found
many applications in the electronic industry, many
researchers have investigated the dynamical behavior of
these important structural members. Kolahchi et al. a model
for dynamic instability of embedded single-walled carbon
nanotubes (SWCNTs) was presented (Kolahchi and Moniri
Bidgoli 2016). They were modeled SWCNTs by the
sinusoidal shear deformation beam theory (SSDBT) and
also the modified couple stress theory (MCST) was
considered in order to capture the size effects. The results
presented in their investigation depicted that increasing the
nonlocal parameter shifts the DIR to right. The thermo-
piezoelectric buckling, nonlinear free vibration and
dynamic stability for the piezoelectric functionally graded
beams, subjected to one-dimensional steady heat
conduction in the thickness direction, were studied by Fu et
al. (Fu et al. 2012). The effects of the thermal load, electric
load, and thermal properties of the constituent materials on
the thermo-piezoelectric buckling, nonlinear free vibration,
and dynamic stability of the piezoelectric functionally
graded beam were discussed, and some meaningful
conclusions have been drawn. The nonlinear dynamic
stability analysis of embedded temperature-dependent
viscoelastic plates reinforced by single-walled carbon
nanotubes (SWCNTSs) was investigated by Kolahchi et al.
(2016). The static, dynamic, and buckling behavior of
partial interaction composite members was investigated by
taking into account for the influences of rotary inertia and
shear deformations (Xua and Wu 2007). Chen et al. (2002)
the slender laminated composite beam with piezoelectric
layers subjected to axial periodic compressive loads was
considered and dynamic stability behaviors of aforemen-
tioned structure were investigated. They was evaluated the
influence of the feedback control gain on the response of
the beam. According to obtained results, they indicated that
the small scale parameter, elastic medium, temperature
change and electric potential have significantly effect on the
dimensionless natural frequency and critical fluid velocity.

Furthermore, the effect of fluid viscosity on the vibration of
DWBNNTs may be ignored. In another investigation
Ghorbanpour Arani et al. studied the control and analyze the
nonlinear dynamic stability of single layered graphene
sheets (SLGSs) integrated with Zinc oxide (ZnO) actuators
and sensors (Ghorbanpour Arani et al. 2015b). They
concluded that the magnetic field and external voltage are
effective controlling parameters for DIR of system.
Nonlinear analysis of functionally graded plates was studied
by Arefi and Allam (2015).

Use of composite materials causes the increase in
quality of the mechanical and physical behaviors and
response of structures. Carbon nanotube reinforcement
composites (CNTRCs) are one of the best known composite
materials that have recently been featured. Aforementioned
composite materials can be used to reinforce the polymer
composites (Esawi and Farag 2007). improving and
developing the materials propertied with CNTs makes that
the CNTRCs achieve a wide applications in micro and nano
systems (Ashrafi and Hubert 2006). These materials have
been widely used in the design and construction of nano-
electro-mechanical systems (NEMS)/micro-electro-
mechanical systems (MEMS) (Ghorbanpour Arani et al.
2012a, ¢). That’s why; many researchers focused on the
problems that concern with FG-CNTRC and they studied
various problems related to these topics. For example
thermal stresses analysis; linear and nonlinear vibration and
dynamic responses of various structures in thermal
environments were studied by some researchers
(Ghorbanpour Arani et al. 2012b, 2015a). The influences of
the various pattern of the of SWCNTSs as: UD, FG-V, FG-X
and FG-O on dimensionless natural frequency of visco-
elastic double-bonded polymeric nano-composite plate was
studied by Mohammadimehr et al. (2015). They have
concluded that application of micro/nano-composites in
micro/nano electromechanical systems leads to important
and novel responses to raised problem in this context. In
other work, Wu et al. (2017) investigated the imperfection
sensitivity of thermal post-buckling behavior of functionally
graded carbon nanotube-reinforced composite (FG-
CNTRC) beams subjected to in-plane temperature variation.
Rafiee et al. carried out an investigation on nonlinear
stability and resonance response of the imperfect plate made
of piezoelectric FG-CNTRC subjected to various combined
electrical and thermal loads (Rafiee et al. 2014). The free
vibration behavior of the pre-twisted functionally graded
carbon nanotube reinforced composite (FG-CNTRC) beams
in thermal environment was studied by Ghorbani Shenas et
al. (2017).

The effects of the small scales in micro and nano
structures are the main parameters that they should be
considered to extract the governing equations of the
engineering structures in order to have a precise mechanical
behaviors analysis (Amine et al. 2015, Hichem et al. 2017).
Therefore in whole of the investigations related to small
scale structures topic in order to incorporate the small scales
in equations of motions, various theories such as the strain
gradient theory and Eringen’s differential nonlocal model
were used (Khetir et al. 2017). In the other hand, Classical
continuum models (Zhang and Paulino 2007), nonlocal
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continuum theory (Ebrahimy and Hosseini 2016), strain
gradient theory, and modified couple stress models (Ansari
et al. 2014b) have been used by researchers for analysis of
nano/micro systems. Generally, based on the nonlocal
continuum theory the stress at a specified point of the body
depend on the strains at other near points (Eringen 1983).
Based on the nonlocal strain gradient theory, Liew et al.
(2008) analyzed the wave propagation in a SWCNT by
molecular dynamics simulations. Combination of above
mentioned aspects of beams leads to an interesting problem
in scope of mechanical engineering and nano-mechanical-
systems.

Regard to literature review mentioned above and
author's knowledge, we can conclude that there is no
published work about the DIR of the sandwich nano-beams
based on NSGET and various HSDBTS. In this study, the
sandwich piezoelectric nano-beam is including a
homogenous core and face-sheets reinforced with FG-
CNTs. Also, three patterns of CNTs are employed in order
to reinforce the top and bottom face-sheets of the beam and
different HOSDBTSs such as TSDBT, ESDBT, HSDBT, and
ASDBT are considered to extract the governing equations.
The beam is subjected to thermal and electrical loads while
is resting on Visco-Pasternak foundation. After verification
of the obtained results with validated reference,
comprehensive numerical results are presented to
investigate the influence of important parameters such as
various shear deformation theories, nonlocal parameter,
strain gradient parameter, the volume fraction of the CNTS,
various distributions of the CNTs, different boundary
conditions, dimensionless geometric parameters, Visco-
Pasternak foundation parameters, applied voltage and
temperature change on the dynamic instability
characteristics of sandwich piezoelectric nano-beam.

2. Material properties of Sandwich FG-CNTRC
nano-beams

The schematic of the structure studied in this research is
presented in Fig. 1. According to this figure, the sandwich
nano-beam is made of two FG-CNTRC face-sheets and a
homogenous piezoelectric core. In this section, the material
properties of core and two face-sheets are expressed and
calculated in detail. Also, this can be seen in Fig. 2, the
CNTs are aligned along thickness direction of the face-
sheets with three patterns named FG(AV), FG(VA) and UD.
Also it is assumed that the material of the core and face-
sheets matrix have the piezoelectric properties.

X

Fig. 1 Sandwich piezoelectric nano-beam with FG-
CNTRC face-sheets

In order to calculate effective material properties of the
CNTRCs, the total volume can be defined as (Tornabene et
al. 2017)

W =We, +W, (1)

Inwhich, W,y and W,, arethe volume of the reinforcing
phase and matrix, respectively. Also, the mass fraction of
nanoparticles w¢y and the mass fraction of the polymer
matrix w,, are calculated as the following form
(Tornabene et al. 2016)

Wen = Moy '
My + M, @
Mm
W, = ——"——,
My + M,

In which, M-y and M,, characterize the CNTs and the
matrix masses, respectively. At this point, the volume
fraction of the CNTs and matrix is defined as

VCN _WCN ,
w
W ©
v, =—m
"W

To calculate the effective properties of CNTRC, the
Mori-Tanaka scheme or the rule of mixtures can be used
(Natarajan et al. 2014). In this investigation to compute the
effective material properties of face-sheets, the rule of
mixtures with correction factors is employed. The
properties of the CNTRC (Young’s modulus (E™) and
density (p"¢) of the reinforced composite) are expressed as
(Rafiee et al. 2014)

Erc = 771Vcn El(::LN +VmEm
G =npV,G™ +V G" 4
prc zvcanN +Vmpm

In which, n;, EfY, GV, af) and pf} are the CNT
efficiency parameter, the Young’s modulus, the shear
modulus, the expansion coefficient and density of the
CNTs, respectively and E™, G™, a™ and p™ are the
corresponding properties for the matrix. It is noted that
superscript rc and m denotes the reinforcement
composite and matrix, respectively. In addition, V., and

B I 1z
f A e o r ’
b b .
x - ¥
y H y ¥
by hy H =
5 4 |
by W e
) J ! ) k ‘

UU Pattern VA Pattern AV Pattern

Fig. 2 Sandwich piezoelectric nano-beam with FG-
CNTRC face-sheets
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V, are related by relation Voy + V,, =1 (Shen and
Zhang 2012, Tornabene et al. 2017). According to
investigations accomplished by Tornabene et al. (2016) if
the through-the-thickness distribution is represented by
V&, the gradual variation of the nanoparticles along the
normal direction z for every layer is given by

Ven = VinVin ®)
Where, V7 can be calculated as the following form

\V/ * WCN

N T CN CN
P P 6
WCN +£ m j_( m ]WCN ( )
P p
It is worthy noted that since the present approach is
general, there is no limitation on the choice of V&

(Fantuzzia et al. 2017). The three distributions of the CNTs
along the face-sheets are introduced as

—=V,,, = for FG(VA) pattern

Ven = for UD pattern O

b *
VCN - VCN’

= for FG(AV) pattern

In which V£, and V{, represent the volume fractions
of the CNTs in top and bottom face-sheets, respectively.
3. Formulation

The displacement field based on HOSDBTS is expressed
as

<
|
N
|

(
(

In which, u and w are the axial and transverse
displacements, u, and w, are displacement components
of the mid-surface along the axial and transverse directions.
In addition ¢(z) is a function of z that presents the
transverse shear and stress distribution along the thickness
of the nano-beam (Simsek and Reddy 2013a, b, Arefi and
Zenkour 2017a-h). According to accomplished study, ¢(z)

is defined for FSDBT as z, PSDBT as z(l—%),

TSDBT as Zsin (=), HSDBT as Hsin (%) - zcosh (3),

. z
H H

)= () -7 ———

) =w, (X,T)

=
|
N|

2
ESDBT as zexp (—2 (%) ) and also for new HOSDBT as

the following form (Li et al. 2014, Arefi and Zenkour
2017a-i)

p(2) New theory

ﬁ_ ) ASDBT ®)
za "¢ inwhich =3

Also in Eq. (8) y(x,t) is the transverse shear strain of
any point on the neutral axis (Simsek and Reddy 2013a, b)
and is specified as

7(Y,t_)=¢(7,t_)+% (10)

In Eq. (10), ¢(x,t) is the total bending rotation of the
Cross sections at any point on the neutral axis. The strain-
displacement relation with considering the thermal strain is
expressed as

2 2
nga—%—favgo+ GV\ZIO_% —a(Z)AT
X X X oz

€z za_(ﬂ(%_o_¢j
0z \ X

In which, AT is the increment of temperature from the
initial temperature (T,) that is equal to AT =T — T,. In the
present study, it is assumed that the electric potential as a
sum of a cosine and linear variation. Then the electric
potential can be written as (Arefi et al. 2018, Arefi and
Zenkour 2017a-i, 2018)

(11)

22V,

®(X,z,T)=cos(pz)D(X,T)+ - 0 (12)

In Eq. (12), B =% and also ®(x,t) is electric
potential distribution along the longitudinal direction (Ke et
al. 2010); V, is the external electric voltage (Liew et al.
2003). It is noted that ®(x,f) must satisfy the
homogeneous electric boundary conditions. Regard to Eq.
(12), the electric fields can be defined as (Arefi 2016, Arefi
et al. 2018, Arefi and Zenkour 2017a-i, 2018)

E, S :—cos(ﬂf)aﬁ
oX X (13)
: :—g_ﬁs.n(ﬂz)é(x,f)—eo, E, :%

The strain-stress relation for reinforcement composite
face-sheets defined as (Li et al. 2015)

u, oW, [62% _%]_

oy =E'(z) x ~ o&X° x: oz
a(Z)AT (14)
—\ 0@ ( OW,
f_gf ) o
T (2)67( ox ¢j
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In general, the properties associated with the core and
face-sheets represent with p and f superscripts, respectively.
Taking into account the voltage applied on piezoelectric
core layer, the constitutive relations relation of the core is
specified as

ouy 0w, +(/)(62W0 _%]_

z
o) =EP| X = &° ox: T
a(Z)AT
eSlET (15)
op [ oW,
PGP T g |-e E,
XZ 67( ax ¢j 15X

Dy =eéy — kllEi
D, =ey&5 —KyE,

In which, D; and D; represent the electric displace-
ent. In addition, e3;, e;5 are the piezoelectric constants
and also kq;, ki3 are the dielectric constants (Liew et al.
2003, Rafiee et al. 2013). The Hamilton’s principle is used
to drive governing equation of motion as (Komijani et al.
2014)

O:](5T—5US—5Uf+éW)dt_ (16)

Where 6Ug, 6Uf, 6T and SW are the variations of
strain energy, foundation reaction, Kinetic energy and
external works, respectively. Variation of strain energy 8U
is calculated as

L
5Us = J-J‘(O-Wé‘gﬂ + Uﬁ55ﬁ - DY EY -D, ET)dAdX (17)
0A

Variation of kinetic energy is represented as

t ou ou 8W6W
oT = ——+4—— |dAdX 18
Mp (at ot ot at) (18)

Variations of work done by the external forces and the
linear elastic foundation are written as (Ghorbanpour Arani
et al. 2012a, Kanani et al. 2014, Komijani et al. 2014)

L
éW:_[(F&uO+Qé'WO+N Wy agw"jdi
) ox
Lb
8U, = ”{K w,ow, + K %5@” ndydx— (19)
) 0 OX
L
o,
b[C s 5 O
0

Where F and Q are the axial and transverse forces per
unit length respectively and NO is the axial compressive or
pretension force. Also, K,,, K, and C, are linear spring,
shear and damping coefficient of foundation, respectively.
Substituting Egs. (8)-(11) into Egs. (17)-(19) and
consequently into Eq. (16), yields the governing equations
of motions as

ON.. _ U, - oOw - o&w
ou: —X+F=],—2— — 0 4], —0
o ox Aot? Botlox PP otlex
_ 52¢
B2 ot 2
2 2 h
pwy: S M0 ) Qs
oxX X2 OX X OX
62 — ow, _ 9
KW, + K, —2~C, —2+Q=1 0 _
ot Q Bl oxot 2
- 0, 0w, — odw, - d'w
—1 O 4] °+ (20
B2oxot? M ot? Potlox? PPotiox? (20)
_ 64 _ 64 _ 3 _ 3
bz —2W02_ D3 —2W32_ D2 aqiz"'los ??2
ot 26 ot 26% oxot oxot
oM, - du, — w, - w
S5p: Q. — =1, 1, —2 ] —0
9: Qa X 2ot PPotiox “Potlex
_ 52
+|D3ﬁ

sc: [ cos(pm) 22 - i 20, -0

Where, Ng, Qw, My and M! the resultants of forces
and the moments. They are expressed as

h/2

Ny =] ,0x (z)dz =
[J'axxdz +ja daz +Ia J
Y t
h/2 a(p N
QXZ J-hlz oX ) Z(Z)dz =
t = t, = ty =
j—a(p(z)Uxixd7+‘[—a¢(_z)0'%df+].—a(p(z)GITdZ
JoX ¢ OX JoX
0 1 2 (21)
hi2 L
X = 7h/220-xx(z)dz =

[ijxdujw i+ oo J

fo 4 t
h/2

My =|  o(7)o,(Z)dz=

The integration constants presented in Eqg. (20) can be
presented as

(22)
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In according to nonlocal strain gradient theory (Li and
Hu 2016), the constitutive relations are expressed as

Oy = (Z)(l—EZVZ)gﬁ —eEy (23)
=€, (1_Enzvz )gﬁ - kllEY

D, =¢y (1_|_m2v2)gﬂ —ksE,

In Eq. (23), V2= 0%/0x? is the Laplacian operator,
&,a is the nonlocal parameter and [,,, is the strain gradient
length scale parameter. The nonlocal strain gradient
constitutive relations in Eqg. (23) can be written in an
explicit form as follows

{a_f(%xo_"jﬂ%(cos(ﬁ 7)% (24)

SN
(

(1-(2a) v?)D, =&y (1-T7v7)x

Based on defined mechanical and electrical relations in
Eqg. (24), the resultant components can be calculated as
follows

2
Ny —(5a)” % =(1-1,2V?)x

NT —NF
oy (25)
— 2 =
M, —(8a) P =(1-1v?)x
g MU 5 82W0+ : o*w, ¢
X1 A= X1 ayz X2 ayz az
MTl MEl

2 h

M _
M" —(ga)’ ﬁf =(1-1,2V?)x

2 2
{E—;XZ au, _sza w, +5X3[a W, _%ﬂ_

X ox? x: oz
MT2 _ ME2
__ZGZQH T2v2\
Q. —(8a) — =(1-1,V?*) A,
oW, _. 0D
T _  ldA
[6% ¢}+'/[e15(cos(,b’z) (ﬁ}
(25)
2 0°D

= (17 e 2

[%—qﬁ}—km(ws(ﬂf)?]

a(Z)AT +k, (Bsin(BZ7)D(X,T)-E,)

Where superscripts T and E represent thermal and
electrical loads. Based on this comments, the force and
moment resultants N7, NE, MTt, MT2, MF! and ME? are
expressed as

It is noted that, A,, B, and D, in Eqg. (25) are the
stretching stiffness, stretching-bending coupling stiffness
and bending stiffness coefficients , respectively, which can
be obtained as

L o

To obtain the equations of motion, Eq. (25) should be
substituted into Eq. (20). Therefore, four coupled equations
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of motion are obtained
Sy £ (1-1,2V?)x
3 3 2
0 Wy +|§X2[a o —%D+
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In which, E®, E3!, E3!
as the following form

k:z and k;; are calculated

E :{eﬁ?cos(ﬁf)dA
E' = Iﬂe3125|n(ﬁz)
ES' = [ Beyo(z)sin(p7)dA (29)
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8(0(7) _ X
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= = Y t:_l
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The final dimensionless equations of motion are
obtained as
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50+ (1 V) (E° 4 E; )(M_E%j

ox* R ox
(31)
(1—ﬂfv2)531i—k "0k Looo
o e "R

Boundary conditions to solve Eq. (31) are defined as
(Ansari et al. 2014a, Ait Amar Meziane et al. 2014)

u=w=¢=d=0 forclamped ends

% _o-0 (32)
OX

u=w= for hinged ends

4. Non-linear vibration analysis

In order to solve DIR equations of motion, DQ method
is employed. Based on the aforementioned method, the
approximate solution of a function f(x) can be found in
the form

X)= Z/Ijl//,- (%) (33)
j=1

Where, N is the total number of grid points, inside a
closed interval. In this method, the smooth basis functions
are selected as the wvarious functions form such as
Chebyshev polynomials, Exponential polynomials, and
Fourier polynomials (Tornabene et al. 2014a, b). Also, the
Eq. (33) for the one-dimensional case can be written in
matrix form as

f=ca (34)
In which, £ = [fCe), FO2), (), o, FOD]T s the

vector of the unknown function values, A is the vector of
the unknown coefficients 4; and the components of the
coefficient matrix C are given by C; =1;(x;) for
i,j =123,..,N (Tornabene et al. 2014a). Since the n'th
order derivative of the Eq. (33) can be computed, the
derivative is directly transferred to the functions ; (x),
because the unknown coefficients 4; do not depend on the
variable x (Tornabene et al. 2014b)

d"f(x

ix,d '/'J( ) h-123.N-1 (35)

j=1

Eqg. (35) is rewritten as following matrix form

Ay ()]
- an l//l ( )

£ =Cc2 with C”

(36)

X

= fori,j=123,..,N

Therefore, the governing equations and boundary
conditions are discretized by means of aforementioned
method (Ghorbanpour Arani et al. 2012a, b). In this
investigation, the cosine pattern is employed to generate the
DQ point system as the following form

I PR O o )
XJ_Z{l cos[ N1 J} j=12,...,N (37)

In addition, column vectors for variables u, w, ¢ and
@ are considered as follows

u=[u, u,
¢:[¢1 ¢2

To solve Eq. (31) and associated boundary conditions
Eqg. (32) for DIR analysis of the sandwich piezoelectric
nano-beam by DQ method, the weighting coefficients for
the second, third and fourth derivatives with attention to Eq.
(36) are determined as the following form

gl w=lweow Loy,

Al o=[0, ©, . o] O

(39)

r:1,2,...,Ng—1 (40)
M(s) for i#]
(si-5,)M(s;)
Ci?_ N,
->Cs for i=]

i#]j

It is noted that in Eq. (40), M(g;) is represented as
following form

N

s

ZH(gi —gj) (41)

j=1
i#]

The weighting coefficients for various derivatives such
as the second, third and fourth derivatives are defined as

N

M(gi)zg(gi_gj)

N¢
(2 _ Zcii(l)cfj(l)’
ZC ZC i,

gl 3 3) sl
(4) _ Zcii(l)ckgj( ) _ Zcii( )ij(l)
k=1 k=1

(42)
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Applying the Egs. (39) and (40) to Eg. (31), one can

2 13 2 13 31 2)
obtain a set of linear ordinary differential equations as 1B ZC Wo + 24 Es ZC "¢~ E; mZ;C W
(43)
1
AN () @ _
Su: ZC(Z)U ZCM)U _5 u +u°E; ZC W, kXXZICim D, +ku¥<bm_0
2
ZZC.(mZ) ou > The boundary conditions of the sandwich nano-beam
m-1 ot using DQ method are expressed as
N N
ow:| D, > C¥w, ~D,» C¥ D— co u=w=¢=0=0
W( “Z m Vi “Z i z ] {1 b= =@, = clamped ends
N uN:WN:¢N:(DN:O
1 [ szZC.G)W +D32C Ow,, — ZC(S) j
" (44)
+(—Dﬂzcﬁ>wm+oxzzcs:>wm—sz—zcsswm} —w = Cg, =, =0
mt = hinged ends
N
(+DxlzC6)W - XZZC(G’W +D, —Zc“’) ] = =ZC(1) =0, =0
N
E1 (2) _ M E2 (2) _NT (2)
M Zcim ©, —M Zcim ®, =N mZ;Cim Win The discretized forms of the governing equations can be
aw expressed as
EZc“)w -K,w, +K Zc . i
=] at Md +Cd +(K —-PK;)d =0 (45)
A COW, - A’ ZC‘”W -A, ZC.;’wm
m=1 Where M, C, and K are the mass, damping, and
' ® 15 @ | OW stiffness matrices, respectively, K; is the geometrical
— > C; E Ci/®@, =| —-— . - . . .
e Z m ¥ Z men [8t2 stiffness matrix, d is the displacement vector (i.e.,
d = [u,v,w]),and
3 o° W o° W 6 w
DIZC|2) 2 DZZC(Z) 2 D3ZC(2)
" o o P(t)=aP., + AP, cos(at) (46)
D2 ZC.ﬁ)y D3 ZC(D j (43)
Rini In which w is the frequency of excitation, P, is the
_ Dlzcm o W+2|DZZC 5ZW static b_uckling load, a and ﬁ may be defined as static and
Ed dynamic load factors, respectively

Dszcm __IDZ zcl(n:‘\; a?
m=1 8‘:

Rind 5. Bolotin method
0
D3 Z |(n:1;) atfj

ml

In order to determine the DIR of piezoelectric sandwich

nano-beam, the method suggested by Bolotin (Maraghi et

5¢1AAZ(ZC.($ W, — ¢mj— (ZC“ W, Zc,m mj al. 2013) is used. Hence, the component of d can be written
m=1 in the Fourier series with the period 2T as

+E15Zc1>q> +(D ZC,mwm— XaZc“)w + .

d= > (a smk t+b coskwj (47)

Dx3%ZC(2 j+ W ( xZZC w,, + stzci(,;?wm k123, 2 2

m=1 m=1
@ E 5% 0 Where a, and b, are undetermined constants
b, —ZC ] ZC @y, according to this method. Regarding to aforementioned
, method, the first instability region is usually the most
[ DZZCW T mZC“ oW, Ds%j important in studies of structures. It is due to the fact that
m=1 5t m=1 ot the first DIR is wider than other DIRs, and the structural
o 0w, N W, o4, damping in higher regions becomes neutralized (Maraghi et
-1 DZZC los ) Cio e IDa? al. 2013). Substituting Eq. (47) into Eq. (45) and setting the
" coefficients of each sine and cosine as well as the sum of
5D Elszqmz)wm _ ZC 4 - zElszC Y, + the constant terms to zero, yield

1 1
WES Y C, +E313ZCi‘nf)wm B Cl, - K-P,aKg £P., g K, FC %— M % 0 (48

m=1 m=1 m=1
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Table 1 The material and geometrical properties of the constituent material of the sandwich piezoelectric nano-beam
(Ke et al. 2010, Rafiee et al. 2013, Arefi and Zenkour 2017a-i)

Young’s moduli

Heat expansion

. . k
Materials Density (m—i) (GPa) coefficient (1/°) e31(C/m?)  e;5(C/m2) kq1(C/Vm) k33(C/Vm)
Piezoelectric 5.55 x 103 226 0.9 x 1076 -2.2 5.8 5.64x107° 6.35x%x 107
CNT 1400 5.6 x 103 3.4584 x 107°
Solving the above equation based on the eigenvalue 1.8
problem, the variation of w with respect to a can be i ¢ ©— Ref. [(Ke, Yang etal. 2010]
plotted as the DIR. ? 12 - ®— Present Study
%)
2 14
6. Numerical results and discussion % 13 8
B o2
=
A comparison is carried out to verify the reliability of 3 11 2
the present formulation and solution methodology. In this 1
section, numerical results are presented for the DIR of the O 8
sandwich piezoelectric nano-beam with FG-CNTRC face- 08 T
sheets including different HOSDBTs embedded in Visco- 10 15 20 30 40

elastic-Pasternak  environment subjected to external
constant voltage and change temperature. The material
properties and geometrical specifications of the sandwich
piezoelectric nano-beam are presented in Table 1. To justify
the accuracy of the present study, a comparison with
existing references based on Timoshenko beam theory is
presented. It is necessary noted that in this comparison
thickness of the core are equal to zero and CNTs aligned as
uniform pattern along to height of the beam. Fig. 3 shows
comparison between the obtained results in present study
and results achieved by Ke et al. (2010) in Reference.
Regarding to these comparisons it is deduced that the
current extracted formulations have the acceptable accuracy
and precision. Fig. 3 presents the numerical results of the
natural frequency of a beam as a function of L/h ratio.
According to data presented in Fig. 3, the numerical results
of current method are in good agreement with literature.
Fig. 4 shows variation of dynamic load factor of
sandwich piezoelectric nano-beam with FG -CNTRC face-
sheets in terms of the frequency of dynamic excitation for
various Visco-Winkler and Pasternak coefficients of
foundation. According to the presented results in this figure
can be concluded that with increasing viscosity, spring and
shearing coefficients of the foundation DIR shifts to right as
frequency of dynamic excitation for instability of the beam
to increase. Also enhancing the mentioned parameters
causes the DIR of the sandwich piezoelectric nano-beam
becomes narrower that this makes the system more stable
and also instability occur in less excitation frequency range.
This is due to the fact that increasing the mentioned
parameters causes the stiffness of the beam to increase.

The effects of % ratio on the DIR are investigated and
the obtained results presented in Fig. 5. Regarding to these
results can be concluded that increasing the % ratio leads to
the DIR becomes wider and shifts to lefts. Therefore it can
be deduced that the increase in % ratio causes the sandwich
piezoelectric becomes more instable. Therefore this makes

L/h

Fig. 3 The comparison between obtained results in present
work and results yielded in Ref (Ke et al. 2010)

the instability to occur at low frequencies and DIR become
wider. Also, with wider range of instability, the frequencies
that fall within the range of instability are more.

The influences of various HOSDBTSs on the DIR of the
sandwich piezoelectric nano-beam are studied and achieved
results represented in Fig. 6. With attention to these results
can be deduced that FSDBT has more stability with respect
to other HOSDBTSs. Therefore it can be said that this theory
(FSDBT) provides more stiffness for the sandwich
piezoelectric nano-beam.

@-C, =0 -C, =03 4-C, =05

01
ol y .
08 1 12 14

16 18 2 22 24 26
Non-Dimensional Excitation Frequency

Fig. 4 The effects of the Pasternak foundation coefficients
on DIR
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Fig. 7 presented the effects of small scale parameters on
the DIR of the sandwich piezoelectric nano-beam.
According to these results can be concluded that increasing
the nonlocal and strain gradient parameters lead to shift the
DIR to left and right as this cause decrease and increase the
stability of the sandwich nano-beam, respectively. Also
enhancing the nonlocal and strain gradient parameter cause
the DIR becomes wider and narrower.

19 2 21 22 23 24 25 26
Non-Dimensional Excitation Frequency

Fig. 6 The effects of various HOSDBTSs on DIR of the
sandwich piezoelectric nano-beam

164 1.6 1.68 17 172 174 176 178 18
Non-Dimensional Excitation Frequency

Fig. 7 The effects of nonlocal parameter and strain
gradient parameter on DIR of the sandwich
piezoelectric nano-beam

In Fig. 8, the effects of the volume fraction of the CNTs
(Venr) on the DIR of sandwich piezoelectric nano-beam are
investigated. Regarding to these results can be deduced that
enhancing the volume fraction of the CNTs in top and
bottom face-sheets leads to shift DIR to right therefore this
causes the instability to occur at high frequencies and DIR
become narrower. Also, with narrower range of instability,
the frequencies that fall within the range of instability are
less.

The dynamic load factor of the sandwich piezoelectric
nano-beam versus to non-dimensional excitation frequency

. . h .
is calculated for various h—f ratio and these results are
H
presented in Fig. 9. According to aforementioned results, it
. . h .
can be concluded that increasing h—f ratio leads to decrease
H

of non-dimensional excitation frequency and therefore
instability is occurred in low frequency. In other hand with
attention to obtained results can be concluded that DIR

. . . h .
becomes wider by increasing h—f ratio.
H

The influences of the various distributions of the CNTs
in face-sheets on the DIR of sandwich piezoelectric nano-
beam are investigated and achieved results represented in
Fig. 10. Regarding to aforementioned results can be
deduced that DIR is occurred in high frequencies for VA
pattern and in low frequency for AV pattern.

The effects of the applied voltage and temperature
change on the DIR of the sandwich piezoelectric nano-beam
are showed in Fig. 11. According to these results, increasing
the temperature change and applied voltage cause the DIR
shift to left as instability occur in low frequencies. Also

o
164 1.6 168 17 172 174 176 178 18 182

Fig. 8 The effects of various volume fraction of CNTs
on DIR of the sandwich piezoelectric nano-beam

1.64 1.66 168 17 172 174 176 178 18 182
Non-Dimensional Excitation Frequency

Fig. 9 The effects of various :—f
H

piezoelectric nano-beam

on DIR of the sandwich
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Fig. 10 The effects of various patterns of CNTs in face-

sheets on DIR of the sandwich piezoelectric
nano-beam

1553
Non-Dimensional Excitation Frequency

44

Fig. 11 The effects of applied voltage and temperature
change on DIR of the sandwich piezoelectric
nano-beam

enhancing of the applied voltage leads to the DIR become
wider and therefore instability occurs in a greater range of
excitation frequencies.

7. Conclusions

Analysis of the DIR of the sandwich piezoelectric nano-
beams with FG-CNTRC face-sheets was implemented in
this investigation. Various HOSDBTs were employed to
investigate DIR of the piezoelectric sandwich nano-beams
with FG-CNTRC face-sheets. Also the applied constant
voltage and also the nonlocal strain gradient theory to
involve the nonlocal and strain gradient parameters were
considered in deriving the equations of motion. Then, the
governing equations were solved by the DQM and the
dynamic laud factor versus non-dimensional excitation
frequencies for DIR was obtained. The effects of some
parameters such as various shear deformation theories,
nonlocal parameter, the volume fraction of the CNTSs,
various distributions of the CNTSs, the ratio of the face-
sheets thickness to core thickness and other important

parameters in designing and controlling the DIR were
studied in detail. The most important results of this study
are presented as:

(1) The nonlocal parameters (eay) and the strain
gradient parameter (l,,) have significant effects on
the DIR of the sandwich piezoelectric nano-beam
with FG-CNTRC face sheets. It is observed that
enhancing aforementioned parameters leads to shift
the DIR to left and right, respectively as instability
occur in low and high excitation frequencies.

(2) With attention to results, can be deduced that
various HOSDBTSs have the important effects on the
DIR analysis. Also it can be concluded that among
the various HOSDBTSs, FSDBT has larger excitation
frequencies of the DIR with respect to other
HOSDBTs.

(3) Investigation on the effect of the Visco-elastic-
Pasternak foundation parameters on the DIR of the
sandwich piezoelectric  nano-beam leads to
important conclusions. Increasing the Winkler (K,,),
damping (C;) and shearing (K;) coefficients caused
that the excitation frequencies increases as DIR
occur in larger excitation frequencies. Also it is
noted that enhancing aforementioned parameters
leads to DIR becomes narrower range. In addition
the applied constant voltage and temperature change
has important influences on DIR of the sandwich
piezoelectric  nano-beam as increasing the
mentioned parameters leads to decreasing excitation
frequencies for instability and instability occurs in a
wider range of excitation frequencies.

(4) Volume fraction of the CNTs in face-sheets can
strongly change the non-dimensional excitation
frequencies for DIR of sandwich piezoelectric nano-
beam. The numerical results indicate that DIR for
different HOSDBTSs shift to right with increasing
the volume fraction of CNTSs in face-sheets. Also it
is deduced that enhancing the volume fraction of
CNTs causes DIR occur in a narrower range of the
excitation frequencies and also VA pattern is more
stable with respect to other distribution pattern.
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Abbreviation

FG Functionally Graded

CNTs Carbon Nanotubes

TSDBT Trigonometric Shear Deformation Beam Theory
ESDBT Exponential Shear Deformation Beam Theory
HSDBT Hyperbolic Shear Deformation Beam Theory
ASDBT Aydogdu Shear Deformation Beam Theory
SWCNT Single-Walled Carbon Nanotube

CFs Carbon Fibers

CNTRCs  Carbon Nanotube-Reinforced Composites
MEMS Micro-Electro-Mechanical Systems

NEMS Nano-Electro-Mechanical Systems





