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1. Introduction 

 

High-speed railways play an increasingly prominent role 

in the transportation system, significantly improving the 

transportation capability and promoting the economic 

development of the regions along the railway line. Track 

structure is the supporting structure for the running of high-

speed trains, guaranteeing the safe running and comfort of 

high-speed trains. Analysis of the variation characteristics 

of track structure is a very important research topic in the 

railway engineering field. On one hand, trains running with 

a high speed induce a dynamic impact on the track 

structure, influencing their working state and service life. 

On the other hand, the vibration of track structure in turn 

affects the running stability and safety of trains (Zhang et 

al. 2016). 

At present, extensive studies have been conducted on 

the variation characteristics of track structures (Connolly et 

al. 2016). Kimani and Kaewunruen (2017) investigated the 

free vibration of a precast steel concrete composite railway 

track slabs. The slender nature of the slab panel due to its 
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reduced depth of construction makes it susceptible to 

vibration problems. Free vibration analysis of the track slab 

has been carried out using ABAQUS. Both eigen-

frequencies and eigenmodes have been extracted using the 

Lanczos method. However, the variation characteristics of 

bridge subgrade track structure system have been rarely 

studied by considering them simultaneously. Lei and Rose 

(2008) presented a methodology for analyzing track 

vibration using Fourier transform technique. Then, based on 

the model that was used to conduct the vibration analysis of 

a vehicle-track subgrade coupling system, Lei and Zhang 

(2011) also presented a new type of slab track element. Luo 

and Lei (2014) presented a hybrid method combining finite-

element method and statistical energy analysis for 

predicting the steady-state response of vibro-acoustic 

systems. Based on the structural characteristics of vehicle 

CRTS II ballastless track-bridge system, a hybrid method of 

vehicle-track-bridge elements was presented. Based on the 

vehicle-track coupling dynamics methodology, Yang and He 

(2012) established a vibration model. This was used to 

analyze the vibration characteristics of trapezoidal-sleeper 

track systems under subway vehicles. Then, Yang et al. 

(2016) developed a high-speed train track subgrade vertical 

coupled dynamic model in the frequency domain. 

Combined with the pseudo-excitation method, a solution of 

random dynamic response is presented. Yang and Yau 

(2017) provided a complete coverage for the train-induced 

and bridge-induced resonances of a train-bridge system 

 
 
 

Vibration characteristic analysis of high-speed railway 
simply supported beam bridge-track structure system 

 

Lizhong Jiang 1,2a, Yulin Feng 1,2b, Wangbao Zhou 1,2 and Binbin He 3c 
 

1
 School of Civil Engineering, Central South University, Changsha 410075, China 

2
 National Engineering Laboratory for High Speed Railway Construction, Changsha 410075, China 

3
 University of Chinese Academy of Sciences, Beijing 100049, China 

 
 

(Received August 30, 2018, Revised April 29, 2019, Accepted May 12, 2019) 

 
Abstract.  Based on the energy-variational principle, a coupling vibration analysis model of high-speed railway simply 
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and length of rails at different subgrade sections. The results show that the vertical interlayer compressive stiffness had a great 

influence on the high-order natural vibration frequency of HSRBTS, and the effect of longitudinal interlayer slip stiffness on the 

natural vibration frequency of HSRBTS could be ignored. Under different vertical interlayer stiffness conditions, the subgrade 
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using both the analytic and finite-element approaches, 

focusing on the interacting resonant mechanism between 

the two subsystems of moving train and bridge. 

Romero et al. (2012) analyzed the dynamic vehicle-

track-bridge-soil interaction in high-speed railway lines. 

The analysis was carried out using a general and fully three-

dimensional multi-body-finite element- boundary element 

model, formulated in the time domain to predict vibrations 

owing to the train passage over the bridge. Based on the 

tests and dynamic receptance method, a steady analytic 

model of vehicle-track coupled vibration in frequency 

domain, considering the effect of multiple wheels, was first 

established by Zhu et al. (2016) and Li et al. (2018). Hu et 

al. (2016) established an elaborated 2.5D track-embank-

ment-ground finite-element model to study the dynamic 

response of a track structure under a series of train wheel 

axle loads. Liu et al. (2018) established a spatial model 

integrating rails-steel truss arch bridges-subgrades in high-

speed railway lines, and discussed the natural vibration 

characteristics of steel truss arch bridges considering the 

effect of track constraint. Gao et al. (2016) formulated a 3D 

dynamic track-subgrade interaction model to evaluate and 

predict the track and soil dynamic responses under different 

train speeds. This was then validated at a range of train 

speeds. A dynamic analysis of an elevated railway track 

with surface foundations was carried out by Bucinskas et al. 

(2016), the effects of structure-soil- structure interaction on 

the dynamic behavior of surrounding soil surface were 

evaluated. Subgrade and bridge are connected by track, and 

the connection mode between track and subgrade is the 

same as that between track and bridge (Xie et al. 2012). 

The studies of the length of rail at subgrade section on both 

sides of the bridge are not clear, some studies have shown 

when the length of rail at subgrade section is more than 

200m, the value of the length has little influence on the 

calculation results (Toyooka et al. 2005). 

In a word, the variation characteristics of a track system 

are of great theoretical significance to guarantee the long-

term and safe running of high-speed trains and have 

practical significance in this engineering field. Compared 

with the Euler beam model, the Timoshenko beam model 

can consider the effect of both rotational inertia and shear 

deformation of rail (Zhai 2002, Hou et al. 2015, Bian et al. 

2016). At present, only a few studies have been reported on 

the variation characteristics of bridge-track system (Sun 

2014) based on Timoshenko beam model. In this paper, 

based on the energy-variational principle, a theoretical 

model for HSRBTS coupling variation was established by 

considering the effect of shear deformation and rotational 

inertia, and an analytic calculation method for HSRBTS 

 

 

was obtained by considering the interlayer slip effect. 

Finally, the analytic method established in this paper was 

used to study the natural vibration characteristics of 

HSRBTS under different interlayer stiffness and length of 

rails in different subgrade sections, and the critical length of 

rails in the subgrade section of HSRBTS was calculated. 
 

 

2. Theoretical analysis of vibration characteristics 
of HSRBTS 
 

2.1 Interlayer stress analysis of HSRBTS 
 

Fig. 1 shows the constructional drawing of HSRBTS. 

For simplification, the rail was divided into three parts to 

conduct the stress analysis: rail I at subgrade section, rail II 

at bridge section, and rail III at subgrade section. The filling 

soil grade of subgrade is assumed to be appropriate, which 

has good strength and stability. The fasteners between the 

rail and bridge, and between the rail and the subgrade are all 

assumed to be evenly distributed (Lai and Ho 2016, 

Siekierski 2016, Kun et al. 2017). 

The vertical interlayer compressive stress between 

subgrade and rail I and rail III can be expressed as follows 
 

   1 1 1, ,x t k w x t  ,
   

   3 3 3, ,x t k w x t 
 

(1) 

 

where, w1 (x, t) and w3 (x, t) are the vertical deflection of 

rail I and rail III, respectively; k1 and k3 are the vertical 

interlayer compressive stiffness between rail I and rail III, 

and subgrade. 

The longitudinal interlayer relative slip between rail I 

and rail III, and subgrade can be expressed as follows 
 

   1 1, ,rx t h x t          3 3, ,rx t h x t 
 

(2) 

 

The longitudinal interlayer shear stress between rail I 

and rail III, and subgrade can be expressed as follows 
 

   1 s1 1 s1 r 1= , ,k x t k h x t   , 

   3 s3 3 s3 r 3= , ,k x t k h x t  
 

(3) 

 

where, hr is half of the transverse cross-section height of the 

rail; θ1 (x, t) and θ3 (x, t) are the cross-section angles of rail 

I and rail III, respectively; ks1 and ks3 are the longitudinal 

interlayer slip stiffness between rail I and rail III, and 

subgrade. 

The vertical compressive stress between bridge and rail 

II can be expressed as follows 

 

 

L1 L3L2

Subgrade Bridge Fastening Rail

ks1k1 k2 ks2 k3 ks3

I II III

 

Fig. 1 Constructional drawing of HSRBTS 
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     2 2 2 4, , ,x t k w x t w x t      
(4) 

 

where, w2 (x, t) and w4 (x, t) are the vertical deflection 

between rail II and bridge; k2 is the vertical interlayer 

compressive stiffness between rail II and bridge. 

The longitudinal interlayer relative slip between rail II 

and bridge can be expressed as follows 
 

      2 r 2 4, , ,bx t h x t h x t   
 

(5) 

 

The longitudinal interlayer shear stress between rail II 

and bridge can be expressed as follows 
 

     2 s2 2 s2 2 4= , , ,r bk x t k h x t h x t        
(6) 

 

where, hb is half of the transverse cross-section height of 

bridge; θ2 (x, t) and θ4 (x, t) are the cross-section angle of 

rail II and bridge, respectively; ks2 is the interlayer slip 

stiffness of rail II and bridge. 

The longitudinal displacement of each point at the cross-

section of rail I and rail III can be expressed as follows 
 

1 1u z  ,
     3 3u z 

 (7) 
 

where, z is the distance from each point at the cross-section 

to the central axis of cross-section. 

Using Formula (7), the strain and stress of each point at 

the cross-section of rail I and rail III can be expressed as 

follows 

1 1
1 1 1

3 3

3 3 3

,

,

z z

z z

z E z
x x

z E z
x x

 
 

 
 

 
     


     

    

(8) 

 

Shear strain and shear stress of rail I and rail III can be 

expressed as follows 
 

1 1

1 1 1 1 1

3 3

3 3 3 3 3

,

,

xz xz

xz xz

w w
G

x x

w w
G

x x

   

   

   
       


            

(9) 

 

where, E1, E3 and G1, G3 are the elasticity modulus and 

shear modulus of rail, respectively. 

The longitudinal displacement of each point at the cross-

section of bridge and rail II can be expressed as follows 
 

2,4i iu z i  
 (10) 

 

Using Formula (10), the strain and stress of each point 

at the cross-section of bridge and rail II can be expressed as 

follows (Lai et al. 2019) 
 

i

zi z
x





 


,
  

i

zi iE z
x





 


,
    

2,4i 
 

(11) 

 

The shear strain and shear stress of bridge and rail II can 

be expressed as follows 

i

xzi i

w

x
 


 


,
  

i

xzi i i i

w
G G

x
 


 


,
   

2,4i 
 

(12) 

 

where, Ei (i = 2, 4) and Gi (i = 2, 4) are the elasticity 

modulus and shear modulus of rail II and bridge, 

respectively, i.e., E1 = E2 = E3 and G1 = G2 = G3. 

 

2.2 Strain energy and kinetic energy of HSRBTS 
 

The strain energy of rail I can be expressed as follows 
 

 
1 1

1 1 1 1 1 1 1 1 1

1

2
z z xz xz

L A
V r dA w dx         

   
 

(13) 

 

By substituting Formulas (7)-(9) into Formula (13), the 

following equation can be obtained 
 

 
1

22 2

1 1 1 1 1 1 1 1 1

1
2 2

1

1

2

y

L

s r

E I G A w k w
V dx

k h

 



    
  

  


1  

(14) 

 

The kinetic energy of rail in a track system by 

considering the effect of rotational inertia can be expressed 

as follows 
 

1 1 1

2 2

1 1 1 1 1

1 1

2 2L L A
T m w dx u dAdx   

 
(15) 

 

Further, the following equation can be obtained 
 

 
1

2 2

1 1 1 1 1 1

1

2
y

L
T m w I dx  

 
(16) 

 

where, 𝐼𝑦1 =  𝑧2𝑑𝐴
𝐴1

; A1 is the cross-sectional area of the 

rail; m1 = ρ1A1 is the areic mass of rail; ρ1 is the density of 

rail; L1 is the length of rail at the subgrade section. 

Similarly, the strain of rail III can be expressed as 

follows 
 

 
3

22 2

3 3 3 3 3 3 3 3 3

3
2 2

3 3

1

2

y

L

s r

E I G A w k w
V dx

k h

 



    
  

  


 

(17) 

 

The kinetic energy of rail III is 
 

 
3

2 2

3 3 3 3 3 3

1

2
y

L
T m w I dx  

 
(18) 

 

where, 𝐼𝑦3 =  𝑧2𝑑𝐴
𝐴3

; A3 is the cross-sectional area of the 

rail; m3 = ρ3A3 is the areic mass of rail; ρ3 is the density of 

rail, ρ3 = ρ1; L3 is the length of rail at subgrade section. 

The total strain energy of rail II and bridge can be 

expressed as follows 
 

 

 

 
2

22

2 2 2 2 2 2 2

22

2 4 4 4 4 4 4 4

2

2 2 4 2 2

1

2

y

y
L

E I G A w

V E I G A w dx

k w w

 

 

 

    
 
    
 
   
 



 

(19) 
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The total kinetic energy of rail II and bridge can be 

expressed as follows 
 

 
2

2 2 2 2

2 2 2 4 4 1 2 2 4 4 4

1

2
y y

L
T m w m w I I dx      

 
(20) 

 

where, 𝐼𝑦𝑖 =  𝑧2𝑑𝐴
𝐴1

 (i = 2, 4); mi = ρiAi (i = 2, 4) and ρi 

(i = 2, 4) are the areic mass and density of rail and bridge, 

respectively; L2 is the length of rail at the bridge section. 

 

2.3 Vibration differential equation and boundary 
conditions of HSRBTS 

 

Using the energy-variational principle 𝛿   𝑇𝑛 −
𝑡1
𝑡0

𝑉𝑛 𝑑𝑡 = 0 (n = 1, 2, 3), the vibration differential equations 

and natural boundary conditions of bending vibration of rail 

I can be expressed as follows (Menasria et al. 2017) 

 

  2

1 1 1 1 1 1 1 1 1 1 1 0y y s rE I I G A w k h         1  
(21) 

 

 1 1 1 1 1 1 1 1 0m w G A w k w     
 

(22) 

 

1 1 1 1 0 0yE I    ,
   

 1 1 1 1 1 0 0G A w w   
 

(23) 

 

11 1 1 1 0y LE I    ,
   

 
11 1 1 1 1 0LG A w w   

 
(24) 

 

Similarly, the vibration differential equations and natural 

boundary conditions of bending vibration of rail III can be 

expressed as follows 
 

  2

3 3 3 1 3 3 3 3 3 3 3 0y y s rE I I G A w k h         3  
(25) 

 

 3 3 3 3 3 3 3 3 0m w G A w k w     
 

(26) 

 

3 3 3 3 0 0yE I    ,    3 3 3 3 3 0 0G A w w   
 

(27) 

 

33 3 3 3 0y LE I    ,    
33 3 3 3 3 0LG A w w   

 
(28) 

 

The vibration differential equations and natural 

boundary conditions of bending vibration of rail II and 

bridge can be expressed as follows 
 

   2 2 2 2 2 2 2 2 4 0m w G A w k w w      
 

(29) 

 

 

 

1 2 2 2 2 2 2 2 2 2

2 4 0

y y

s r b r

I E I G A w

k h h h

   

 

    

  2  

(30) 

 

 

 

4 4 4 4 4 4 4 4 4 4

2 4 0

y y

s r b b

I E I G A w

k h h h

   

 

    

  2  

(31) 

 

   4 4 4 4 4 4 2 2 4 0m w G A w k w w      
 

(32) 
 

2 2 2 2 0 0yE I    ,
   4 4 4 4 0 0yE I   

 
(33) 

 

 2 2 2 2 2 0 0G A w w    ,
  

 4 4 4 4 4 0 0G A w w   
 
(34) 

 

22 2 2 2 0y LE I    ,
   24 4 4 4 0y LE I   

 
(35) 

 

 
22 2 2 2 2 0LG A w w    ,

  
 

24 4 4 4 4 0LG A w w   
 
(36) 

 

 

3. Solving natural vibration frequency of HSRBTS 
 

3.1 Solving variation differential equations 
 

Let 
 

       1, sin 1,2,3,4j jx t x t j     
 

(37) 

 

       1, sin 1,2,3,4j jw x t w x t j   
 

(38) 

 
k

k

k
d

x



  

(39) 

 

By substituting Formulas (37)-(39) into Formulas (21), 

(22), (25), (26) and (29)-(32), and reorganizing the result, 

the following equations can be obtained 

 

 2 2 2

1 1 1 1 1 1 s1 11 1 1 11 0y y rE I d I G A k h G Adw      
 
(40) 

 

 2 2

1 1 11 1 1 1 1 11 0G A d m G A d k w     
 

(41) 

 

 2 2

1 2 2 2 2 2 s2 21

2 2 21 s2 41 0

y y r r

r b

I E I d G A k h h

G A dw k h h

  



   

 
 

(42) 

 

 2 2

2 2 2 2 21 2 2 21 2 41 0m G A d k w G A d k w     
 

(43) 

 

 2 2

4 4 4 4 4 4 s2 41

s2 21 4 4 41 0

y y b b

r b

I E I d G A k h h

k h h G A dw

  



   

 
 

(44) 

 

 2 2

4 4 4 2 41 4 4 41 2 21 0m G A d k w G A d k w     
 

(45) 

 

 2 2 2

3 3 1 3 3 3 s3 31 3 3 31 0y y rE I d I G A k h G A dw      
 
(46) 

 

 2 2

3 3 3 3 31 3 3 31 0m G A d k w G A d    
 

(47) 

 

The characteristic equations corresponding to the 

differential Eqs. (40)-(47) are as follows 

 

11 12

1

21 22

0U
 


 

 

(48) 
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11 12 13

21 22 24

2

31 33 34

42 43 44

0

0
0

0

0

U

  

  


  

  
 

(49) 

 

11 12

3

21 22

0U
 


 

 

(50) 

 

where,  is the matrix determinant, 12 1 1G A d  ,
2 2 2

11 1 1 1 1 1 1 s1y y rE I d I G A k h      , 21 1 1G A d   ,
2 2

22 1 1 1 1m G A d k    , 13 s2 r bk h h   , 12 2 2G A d  ,
2 2

11 1 2 2 2 2 2 s2y y r rI E I d G A k h h      , 21 2 2G A d   ,
2 2

22 2 2 2 2m G A d k    , 24 2k  , 34 4 4G A d  ,
2 2

33 4 4 4 4 4 4 s2y y b bI E I d G A k h h      , 31 s2 r bk h h  

, 42 2k  , 43 4 4G A d   , 12 3 3G A d  , 21 3 3G A d   ,
2 2

44 4 4 4 2m G A d k    , 2 2

22 3 3 3 3m G A d k    ,
2 2 2

11 3 3 1 3 3 3 s3y y rE I d I G A k h      . 

By analyzing Formulas (48)-(50), the forms of solution 

of characteristic equations are as follows 
 

 1,2 1 1d i    ,
   

 3,4 2 2d i   
 

(51) 

 

   

   
5,6 1 1 7,8 2 2

9,10 3 3 11,12 4 4

,

,

d i d i

d i d i

   

   

      


       

(52) 

 

 13,14 1 1d i    ,    15,16 2 2d i   
 

(53) 

 

Then, the solutions of equation sets (40)-(47) can be 

expressed as follows 
 

   
4

11 1

1

expi i i

i

x a d x 


 ,
 

   
4

11 2

1

expi i i

i

w x a d x



 

(54) 

 

   
12

21 1

5

expi i i

i

x a d x 


 ,
 

   
12

21 2

5

expi i i

i

w x a d x



 

(55) 

 

   
12

41 3

5

expi i i

i

x a d x 


 , 

   
12

41 4

5

expi i i

i

w x a d x



 

(56) 

 

   
16

31 1

13

expi i i

i

x a d x 


 ,
 

   
16

31 2

13

expi i i

i

w x a d x



 

(57) 

 

12
1

11

1,2,3,4i i


  


 
(58) 

 

2 1 1,2,3,4i i  
 (59) 

 

34 1324 12

22 33

1

31 1321 12
11

22 33

5,6,...,12

i

i



   
 

  

   
   

  

  

(60) 

 

34 1324 12

22 3324 21

2

22 22 31 1321 12
11

22 33

5,6,...,12

i

i



    
  

       
      
    

    


 

(61) 

 

34 1324 12

22 3334 31

3

33 33 31 1321 12
11

22 33

5,6,...,12

i

i



    
  

       
      
    

    


 

(62) 

 

4 1 5,6,...,12i i  
 (63) 

 

12

1

11

13,14,15,16i i


  


 
(64) 

 

2 1 13,14,15,16i i  
 (65) 

 

where, ai (i = 1, 2,..., 16) is the integration constant. 
 

3.2 Processing boundary conditions 
 

According to the Saint-Venant principle (Qin et al. 

2017), after the rail at the subgrade section reaches a certain 

length, the boundary conditions of the left end of rail I and 

the right end of rail III have a relatively slight effect on the 

dynamic characteristics of bridge-track system. Therefore, 

to simplify the calculation, it was assumed that the two 

boundary conditions in this paper are simple support, and its 

mathematical relationship can be expressed as follows 
 

11 0 0  ,
   11 0 0w 

 
(66) 

 

331 0L   ,
   331 0Lw 

 
(67) 

 

According to displacement coordination of rail I and rail 

II, the following equations can be obtained 
 

11 2 0x L x   ,
   11 2 0x L xw w 

 
(68) 

 

According to mechanical coordination of rail I and rail 

II, the following equations can be obtained 
 

12 2 2 0 1 1 1 =0y y LE I E I  
 

(69) 
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12 2 2 2 0 1 1 1 1 0LG A w G A w     

 
(70) 

 

According to the displacement coordination of rail III 

and rail II, the following equations can be obtained 
 

22 3 0x L x   ,
   22 3 0x L xw w 

 
(71) 

 

According to the mechanical coordination of rail III and 

rail II, the following equations can be obtained 
 

23 3 3 0 2 2 2 0y y LE I E I   
 

(72) 

 

   
23 3 3 3 0 2 2 2 2 0LG A w G A w     

 
(73) 

 

Boundary conditions for both ends of the bridge can be 

expressed as follows 
 

41 0 0   ,
  241 0L   ,  41 0 0w  ,  

241 0Lw 
 

(74) 

 

3.3 Solving natural vibration frequency 
 

By substituting Formulas (54)-(57) into Formulas (66)-

(74), the effect of linear algebraic equations of HSRBTS on 

integration constant can be expressed as follows 
 

   1 2 16, ,..., 0
T

B a a a     
(75) 

 

If the system of equations requires untrivial solutions, 

then only the following should be met 
 

  0B  
 

(76) 

 

 

 

 

By solving the Eq. (76), natural vibration frequency of 

HSRBTS ωi (i = 1, 2,......) can be obtained. 

 

 

4. Verification and application 
 
4.1 Example analysis and verification 
 

To verify the rationality of analytic method proposed in 

this paper, two typical examples of HSRBTS were selected 

(Sun et al. 2015, Kang et al. 2017). Their physical 

dimension and mechanical parameters are as follows (Lai 

and Ho 2016): The spans of simply supported beam bridge 

of the two examples are 24 m and 32 m. Thereinto, the 

spans of 24 m and 32 m are the relatively economic and 

reasonable spans, which are the main and commonly used 

spans in the railways (Ministry of Railways 2014, 2017). 

The elasticity modulus of the beam bridge is 3.45×104 

N/mm2, and the density of the beam bridge is 2549 kg/m3. 

The rails in the two examples are both jointless rails of 60 

kg/m. The rail lengths of the two examples at the subgrade 

section are 88 m and 96 m. The elasticity modulus of the 

rails is 2.06×105 N/mm2, and the density of the rails is 7850 

kg/m3. The vertical interlayer compressive stiffness is k1 = 

k2 = k3 = k = 6e7N/m, and the longitudinal interlayer slip 

stiffness is ks1 = ks2 = ks3 = ks = 4.327e6 N/m. To verify the 

validity and rationality of the analytic method proposed in 

this paper, two types of finite-element analysis software 

MIDAS and ANSYS were used to establish a numerical 

simulation model for HSRBTS, and the numerical results 

for the first 6-order natural vibration frequency of HSRBTS 

were compared with the analytic calculation results of 

analytic method reported in this paper. In two numerical 

simulation models, the track system and major beam are 

Table 1 Comparison of calculation results of natural vibration frequencies of HSRBTS of 24 m 

Mode 
Calculation methods 

fE (%) mE (%) aE (%) 
Analytic method (Hz) ANSYS(Hz) MIDAS(Hz) 

1st 5.676 5.676 5.688 0.21 -0.21 0.94 

2nd 21.986 21.986 22.152 0.76 -0.75 -0.10 

3rd 42.170 42.170 42.832 1.57 -1.54 0.01 

4th 42.824 42.824 42.897 0.17 -0.17 -0.03 

5th 42.828 42.828 42.958 0.30 -0.30 1.08 

6th 42.891 42.891 43.404 1.20 -1.18 1.30 
 

Table 2 Comparison of calculation results of natural vibration frequencies of HSRBTS of 32 m 

Mode 
Calculation methods 

fE (%) mE (%) aE (%) 
Analytic method (Hz) ANSYS(Hz) MIDAS(Hz) 

1st 3.183 3.214 3.209 0.16 -0.96 -0.80 

2nd 12.573 12.644 12.598 0.36 -0.56 -0.20 

3rd 27.534 27.745 27.473 0.99 -0.76 0.22 

4th 42.813 42.821 42.824 -0.01 -0.02 -0.03 

5th 43.290 42.871 42.828 0.10 0.98 1.08 

6th 43.449 42.897 42.890 0.02 1.29 1.30 
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simulated by beam element, the interlayer components are 

simulated by spring element, and the subgrade is simulated 

by a series of continuous boundary. Standard hollow box 

beam section is used for bridge cross-section, for 

simplification, the width and thickness of the upper, bottom 

flange is 12 m and 0.6 m, 5 m and 0.4 m, respectively; and 

the height and thickness of web is 2.4 m and 0.6 m, 

respectively (Ministry of Railways 2017). The comparison 

results are shown in Tables 1-2 and Fig. 2. In the Tables, Ef 

= (Rm ‒ Ra) / Ra×100% is the error of natural vibration 

frequency calculated through MIDAS (Rm) and ANSYS 

(Ra); Em = (Rm ‒ Ram) / Ram×100% is the error of natural 

vibration frequency calculated through MIDAS (Rm) and 

analytic method (Ram); Ea = (Ra ‒ Ram) / Ram×100% is the 

error of natural vibration frequency calculated through 

ANSYS and analytic method (Ram). 

It can be seen from Tables 1-2 and Fig. 2 that: the 

analytic method proposed in this paper, ANSYS and 

MIDAS finite element methods in the calculation of the 

first 6-order natural vibration frequencies are in good 

agreement with each other. Moreover, the error between 

each other does not exceed 2%, which proves the accuracy 

of the analytic method proposed in this paper. 

 

 

 

 

 

4.2 Method application 
 

4.2.1 Effect of interlayer stiffness and length of rail 
at subgrade section on the natural vibration 
characteristics of HSRBTS 

The vertical interlayer compressive stiffness and 

longitudinal interlayer slip stiffness of rail and bridge were 

changed; the values taken for vertical interlayer 

compressive stiffness being k/20, k/10, k, 10k, and 20k, 

respectively, and those for longitudinal interlayer slip 

stiffness being kS/20, kS/10, kS, 10kS, and 20kS, respectively 

(Lee 2011). Then, the analytic method proposed in this 

paper was used to calculate the natural vibration 

characteristics of HSRBTS under different interlayer 

stiffness to study the influencing trends of interlayer 

stiffness on the natural vibration characteristics of this 

system. The calculation results are shown in Figs. 3 and 4. 

Figs. 3 and 4 show that the longitudinal interlayer slip 

stiffness has a relatively slight effect on the natural 

vibration frequency of both 24 m and 32 m HSRBTS. This 

indicates that in the vibration modes of HSRBTS, both the 

rail and main beam are dominated by bending deflection, 

and shear deformation plays a relatively small role. The 

vertical interlayer compressive stiffness has a relatively 
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(a) HSRBTS of 24 m (b) HSRBTS of 32 m 

Fig. 2 Comparison of calculation results error of natural vibration frequency of HSRBTS of 24 m and 32 m 
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(a) Vertical interlayer compressive stiffness (b) Longitudinal interlayer slip stiffness 

Fig. 3 The influence of interlayer stiffness on natural vibration characteristics of HSRBTS of 24 m 
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slight effect on the low-order natural vibration frequency of 

24 m and 32 m HSRBTS, but has a relatively significant 

effect on high-order natural vibration frequency. This is 

mainly because the low-order mode of the system is 

dominated by the coupling vibration of bridge-track system. 

However, the stiffness and mass of rail are both smaller 

than those of the bridge, and the effect of vertical 

compressive stiffness plays a minor role. 

To study the effect of rail length at the subgrade section 

on the natural vibration characteristics of HSRBTS, the 

analytic calculation method proposed in this paper was used 

to calculate the natural vibration frequencies of HSRBTS 

with the rail length at the subgrade section being 1 m, 5 m, 

10 m, 50 m, 100 m, and 200 m, respectively. The 

calculation results are shown in Fig. 5. Fig. 5 shows that the 

natural vibration frequencies of HSRBTS decreases with 

the increase in rail length at the subgrade section, and with 

the increase in rail length at the subgrade section, the 

natural vibration frequencies of HSRBTS became stable. 

This indicates that when the rail length at the subgrade 

section is relatively small, the length of subgrade section 

has a certain effect on the natural vibration characteristics of 

HSRBTS, but when it is larger than a certain critical value, 

the effect of length of subgrade section on the natural 

vibration characteristics of HSRBTS can be ignored. 

 

 

 

 

4.2.2 Critical length of rail at subgrade section for 
HSRBTS 

From the above analysis, it can be concluded that 

vertical interlayer compressive stiffness and the rail length 

at the subgrade section have a certain effect on the vibration 

characteristics of HSRBTS (Sun et al. 2016). The analytic 

method proposed in this paper was used to calculate the 

natural vibration characteristics of HSRBTS under different 

vertical compressive stiffness and length of rail at subgrade 

section. By taking the natural vibration frequencies of the 

first-10 order as the research object, this study evaluated the 

effect of different rail length at the subgrade section on the 

natural vibration characteristics of HSRBTS with different 

vertical interlayer compressive stiffness and calculated the 

critical rail length at the subgrade section when the natural 

variation frequency of HSRBTS became stable under 

different vertical interlayer compressive stiffnesses (Mirza 

et al. 2016). The calculation results are shown in Table 3. 

Table 3 shows that under different vertical interlayer 

compressive stiffnesses, the rail at the subgrade section for 

HSRBTS has a critical length, and the critical length of rail 

at the subgrade section for HSRBTS decreases with the 

increase in vertical interlayer compressive stiffness. This is 

because the higher the vertical interlayer compressive 

stiffness for HSRBTS, the stronger the restriction effect of 
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(a) Vertical interlayer compressive stiffness (b) Longitudinal interlayer slip stiffness 

Fig. 4 The influence of interlayer stiffness on natural vibration characteristics of HSRBTS of 32 m 
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Fig. 4 The influence of interlayer stiffness on natural vibration characteristics of HSRBTS of 32 m 
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Table 3 Critical length of rail at the subgrade section (m) 

Bridge span(m) k/20 k/10 k 10k 20k 

24 240 200 170 60 40 

32 220 180 150 40 20 
 

 

 

rail in the subgrade section, and the smaller the critical 

length of rail at the subgrade section. 
 
 

5. Conclusions 
 

Based on the energy-variational principle, the vibration 

differential equations and natural boundary conditions for 

HSRBTS considering the interlayer slip effect were 

derived; furthermore, an analytic calculation method for the 

natural vibration frequencies of HSRBTS was obtained. The 

analytic method obtained in this study was used to calculate 

the natural vibration characteristics of HSRBTS examples 

under different vertical compressive stiffnesses and rail 

lengths at the subgrade section, and the variation trends of 

natural vibration frequencies of HSRBTS with the variation 

in interlayer stiffness and rail length at the subgrade section 

were obtained. The following conclusions are drawn: 
 

 The calculation results obtained from the analytic 

method proposed in this paper agree well with the 

calculation results obtained from MIDAS and 

ANSYS numerical methods, thus validating the 

analytic method proposed in this paper. 

 The vertical interlayer compressive stiffness has a 

relatively slight effect on the low-order natural 

vibration frequency of the HSRBTS, but has a 

greater effect on the high-order natural vibration 

frequency. 

 In the vibration mode of HSRBTS, both the rail and 

main beam are dominated by the bending deflection 

with shear deformation playing a relatively small 

role. The effect of longitudinal interlayer slip 

stiffness on the natural vibration frequency of 

HSRBTS can be ignored. 

 The natural vibration frequency of HSRBTS 

decreases with the increase in the rail length at the 

subgrade section, and with the increase in the rail 

length at the subgrade section, the natural vibration 

frequency of HSRBTS becomes stable. 

 Under different vertical interlayer compressive 

stiffness conditions, the subgrade section of 

HSRBTS has a critical rail length, and the critical 

length of rail at subgrade section decreases with the 

increase in vertical interlayer compressive stiffness. 
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Nomenclature 
 

The following symbols are used in this paper: 

 

w1 Vertical deflection of rail I 

w2 Vertical deflection of rail II 

w3 Vertical deflection of rail III 

w4 Vertical deflection of bridge 

k1 
Vertical interlayer compressive stiffness 

between rail I and subgrade 

k2 
Vertical interlayer compressive stiffness 

between rail II and bridge 

k3 
Vertical interlayer compressive stiffness 

of rail III and subgrade 

hr Half of the transverse cross-section height of the rail 

θ1 Cross-section angle of rail I 

θ2 Cross-section angle of rail II 

θ3 Cross-section angle of rail III 

θ4 Cross-section angle of bridge 

ks1 
Longitudinal interlayer slip stiffness 

between rail I and subgrade 

ks2 Longitudinal interlayer slip stiffness of rail II and bridge 

ks3 
Longitudinal interlayer slip stiffness 

between rail III and subgrade 

hb Half of the transverse cross-section height of bridge 

z 
Distance from each point at the cross-section 

to the central axis of cross-section 

Ai Cross-sectional area of the rail and bridge 

Li Length of rail at the subgrade and bridge section 

Ei Elasticity modulus of rail and bridge 

Gi Shear modulus of rail and bridge 

mi Areic mass of rail and bridge 

ρi Density of rail and bridge 

ai Integration constant 
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