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1. Introduction 

 

In the last decades, the externally bonded carbon fiber-

reinforced plastic is becoming popular means of repair and 

reinstatement to extend the service life of deterioration and 

distress structures. Carbon fibers are very fine fibers with a 

diameter of 9 to 17 μm and have excellent properties for 

structural members, for example, high strength, high elastic 

modulus, light weight, and high durability. Moreover, in 

comparison with other reinforced concrete (RC) structure 

repair techniques which involve replacing the existing 

element and external prestressing, adding the external 

reinforcement by CFRP is very attractive as it has little 

effect on the member dimensions as well as it can be 

applied directly while the structure is in use (Alonso et al. 

2014, Alam 2014). From the 1980's, the application, as well 

as the study of CFRP materials to strengthen RC members, 

initiated in Japan and Switzerland by Kaiser (1989). And 

then, until the mid-1990's, the number of publications on 

journals and conference proceedings on fathis topic grew up 
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such as Beres et al. (1992), Gergely et al. (1998) along with 

Andra and Maier (1999). Recently, there are various studies 

about the utilization of CFRP on the reinforced concrete 

structure such as Kim et al. (2015). Song and Yu (2015) 

investigated beam, Abdel-Hafez et al. (2015) studied 

column, Anwar and Versaillot (2016) surveyed frame 

structure and Amin et al. (2016) considered one-way slab. 

Moreover, many scientists tend to apply new technologies 

into CFRP domain as 3D printing (Zhou and Chen 2018, 

Hao et al. 2017) and fused deposition modelling (FDM) 

method (Gavali and Kulkarni 2018). By applying 

computational formulation based on isogeometric analysis 

(IGA), there are many researches contributing for carbon 

nano-reinforced composite structure in various situation 

such as Phung et al. (2015, 2017a, b, 2018) and Le et al. 

(2018). Besides, the vibrations along with both dynamic and 

static topics of this kind of composite structure are also 

investigated by Nguyen et al. (Nguyen and Do 2013, 

Nguyen et al. 2017a, b), Nguyen and Do (2014), Pham and 

Nguyen (2016), and Nguyen and Pham (2017c). 

Recent earthquakes over the world have pointed out the 

vulnerability of existing reinforced concrete beam-column 

joints to seismic loading as Maria (2016). Poorly detailed 

joints, especially exterior ones, have been identified as 

critical structural elements, which appear to fail 

prematurely, thus performing as “weak links” in 

reinforcement concrete frames (Truong and Choi 2017). 

When subjected to lateral forces, the beam-column joint is 

prone to joint shear failure due to high shear stress which 
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appears in the joint panel as a result of opposite sign 

moments on both sides of the joint core. Especially here, the 

model of beam-column connection is considered in a 

dangerous situation, when suffering from lateral load and 

having crack patterns at the corner. Besides, the presence of 

cracks in structure is a popular issue and also attracted by 

some researchers (Doan et al. 2017, Pham et al. 2018). In 

this study, a motivation of considering crack patterns comes 

from the fact that people usually retrofit the structure only 

when it appears the visible signal of the harm such as 

cracks. 

Structural topology optimization is a computational 

technique which has been studied by many researchers all 

over the world for many decades for distributing material 

efficiently across a design domain in order to both improve 

stiffness and reduce mass in the resulting design. It has been 

found its way into industry and is used in a variety of 

engineering fields such as economics, biology, electronics, 

aerospace, civil and building construction, etc. Due to 

significant advantages in topology optimization, it has been 

developed for different problems such as multi-joint 

(Woischwill and Kim 2018), plate structures (Banh and Lee 

2018a, b, Lieu et al. 2018a, b), multi-phase architected 

materials (Asadpoure et al. 2017, Lieu and Lee 2017), 

laminated composite structures (Blasques and Stolpe 2012), 

thermoelastic structures (Xia and Wang 2008), buckling 

problem (Doan and Lee 2017), fundamental compliant 

mechanisms (Shahri and Moeenfard 2018), and cracked 

structures (Shobeiri 2015, Banh and Lee 2018c). 

To discover the multi-material design distribution, the 

alternating active phase algorithm of optimal criteria 

introduced by Tavakoli and Mohseni (2014) is used. The 

multi-material-phase field approach is based on the Cahn-

Hilliard equation, and a general method to solve multi-

phase structure topology optimization problems was 

presented by Zhou and Wang (2006). However, these 

studies dealt with continuum structures with a continuous 

displacement field. A numerical approach to optimize 

topologies for structures with the presence of cracks by 

using multiple materials (Banh and Lee 2018c) is 

employed. In addition, in this study, moved and regularized 

Heaviside functions (MRHF) are first implemented for 

filtering of multi-material topology optimization with 

cracked structures, and then the present results are 

compared with the general those in cases of multiple 

materials. 

This research aims to find the most effective 

arrangement of CFRP for retrofitting the beam-column 

connection with existing initial cracks, while using 

computational procedures of multi-material topology 

optimization of a continuum structure with a discontinuous 

displacement field. CFRP is an expensive material. It is 

more costly material than its counterparts in the 

construction industry including glass fiber-reinforced 

polymer (GFRP) and aramid fiber-reinforced polymer 

(AFRP), thanks to having superior properties. Therefore, 

instead of fully material wrapping for the component, the 

resulting configuration arrangements obtained from 

topology optimization identify the most significant and 

appropriate reinforced area of CFRP of the surveyed 

structure. It is expected to be beneficial in terms of structure 

shear capacity, overall connection damage tolerance, and 

economic aspects. Furthermore, a moved and regularized 

Heaviside functions filter, which affects the obvious 

topology results by especially using multiple materials in 

terms of the existence of the physical material, is also 

considered. The results obtained from the single material 

and multi-material topology optimization procedures are 

then compared and discussed in this paper. 

The contents of this study are organized as follows. This 

study begins in Section 2 with a brief of carbon fiber 

reinforced plastic in the field of construction. The analysis 

models of multi-material topology problem for cracked 

structures including MRHF formulations for multiple 

materials, stiffness formulation and sensitivity analysis of 

compliance for structures are detailed in Section 3. As 

numerical examples, the resulting configuration arrange-

ment of beam-column connection for CFRP is discussed in 

Section 4. Finally, conclusions are drawn in Section 5. 

 

 
2. Carbon Fiber Reinforced Plastic (CFRP) 

 
A fiber reinforced polymer (FRP) is a linear elastic 

composite material that consists of a polymer matrix 

reinforced with a fibrous material. Three types of fiber are 

widely used in the construction of FRPs: aramid, glass and 

carbon. All three have higher ultimate strengths than normal 

reinforcing steel (Masuelli 2013). In this study, carbon fiber 

is considered due to many uses in the construction industry. 

The polymer is usually an epoxy, a vinyl ester or a polyester 

thermosetting plastic, and phenol formaldehyde resins are 

still in use. FRPs are commonly used in the aerospace, 

automotive, marine, and construction industries. 

Carbon fiber reinforced plastic is a very strong and light 

fiber-reinforced polymer which contains carbon fibers. 

Carbon fibers are created, when polyacrylonitrile fibers 

(PAN), Pitch resins, or Rayon are carbonized (through 

oxidation and thermal pyrolysis) at high temperatures. 

Based on modulus, strength, carbon fibers can be classified 

into five categories including ultra-high modulus (over 450 

GPa); high modulus (between 350 and 450 GPa); 

intermediate modulus, (between 200 and 350 GPa); low 

modulus and high tensile (below 100 GPa and tensile 

strength over 3.0 GPa); super high tensile (strength over 4.5 

GPa), here 1 GPa = 1000 MPa = 100000 N/cm2). 

Existing capacity and calculated deficiency of the 

specific structural elements must be considered in order to 

correctly place and structurally retrofit actual structures. 

Strengthening of CFRP should be considered as secondary 

to existing reinforcement. Therefore, the placement onto 

properly prepared surfaces is one of the most important 

steps when applying CFRP products. Surface preparation 

should be in accordance with ACI-546R and ICRI-0370 

(American Concrete Institute 2004, International Concrete 

Repair Institute 2008). Epoxy primers designed to penetrate 

the substrate and epoxy putty applied to fill small 

anomalies, provide the bonding adhesive for carbon fabric 

and strips. Using the modified “dry method” described in 

ACI-440, the first layer of fabric or strip is applied with the 
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CFRP surface rolled and squeegeed to remove air. 

In addition to the existing standards for designing and 

assembling CFRP, in this study, topology optimization is 

applied to fiber reinforced composites. To distribute a 

limited amount of fiber reinforcement, a problem of 

topology optimization is formulated to simultaneously 

search for the optimal regions to be strengthened. 

Moreover, the concept of multiple materials in topology 

optimization is applied in this case due to the possibility of 

using multiple reinforced material. Based on the elastic 

modulus, three types of CFRP is considered in models to 

discover the optimal layout for each kind of material. 

 

 

3. Topology optimization model for multiple 
materials 
 

To date, many approaches have been developed and 

proposed for solving topology optimization problems. Since 

the pioneering study by Bendsøe and Kikuchi (1988), 

topology optimization has made remarkable progress as an 

innovative numerical and design method, drawing an 

enormous amount of attention from the scientific 

community. Multi-material topology optimization is also an 

attractive issue in the field of structural topology 

optimization. In addition to inherit of main ideas of standard 

topology optimization, the optimal material distribution of 

variable densities is continuously derived. By using more 

additional stiff materials, topology optimization may 

produce structures with higher stiffness. It also offers 

material cost savings in compared with single material 

structures to arrive at required design performance. 

 

3.1 Multi-material interpolation 
 

The minimum compliance based on topology 

optimization problem for multiple materials within an 

available design domain Ω discretized by quadrilateral 

isoparametric finite element is considered. Domain 

schematic design of multi-material topology optimization is 

divided and subdomains is shown in Fig. 1, where Ωvoid (j = 

1, 2, ..., n) is void material of domain. Ω𝑠
𝑚  and Ω𝑣

𝑚  are the 

solid domain of material and void domain in a multi-

material problem, respectively. Each design variable is now 

represented by the density vector α containing elemental 

densities α. Relative densities of each element are design 

variables α connected into a vector α. Following Bendsøe 

and Sigmund (1999), void is considered as a separate 

material phase, the multi-material topology optimization to 

find the optimal material distribution of n number of 

materials corresponding to find n+1 material phases αi = 

αi(x) at each point x  Ω. The local stiffness tensor E based 

on the modified SIMP version of linear interpolation for 

multiple materials can be formulated by incorporating alpha 

as an integer formulation 
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where p is the penalizing factor that penalizes elements with 

 

Fig. 1 A design domain schematic for multi-material 

topology optimization 
 

 

intermediate densities to approach 0 or 1. Thus, the 

penalization is achieved without introducing any explicit 

penalization scheme. For materials with Poisson‟s ratio ν = 

0.3, it is recommended in Bendsøe and Sigmund (1999) to 

use p ≥ 3. 𝐸𝑖
0 is elastic modulus corresponding to phase i-

th. 
 

3.2 Moved and regularized Heaviside functions for 
multi-phase topology optimization problem 

 

According to alternating active phase algorithm 

proposed by Tavakoli and Mohseni (2014), the multi-phase 

topology optimization problem is solved by converting the 

multi-phase into n(n+1)/2 binary phases sub-problem. Each 

binary sub-problem is a so-called active phase. This solver 

could be made by modification of the binary phase topology 

optimization algorithm. In this process of each sub-

problem, only two phases denoted as „a‟ and „b‟ are active 

at a time and the other phases are fixed. The problem can be 

simplified in each binary phase topology optimization 

subproblem in each computational step by taking the 

density of active phase „a‟ as the only design variable. 

Overlaps are not allowed in a desired optimal design, thus 

summation of the densities at each point x  Ω should be 

equal to unity. In other words, the density summation of two 

active phases at each point x  Ω can be calculated as 

follows 
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Moved and regularized Heaviside functions (MRHF) are 

discontinuous functions, whose values are toward zero for 

below 0.5 argument and toward one for above 0.5 

argument. The MRHF acts as a filter of density of elements 

in the design domain which have values close to zero and 

one. Within the scope of this study, MRHF is also 

considered as a filter variable density of elements for each 

binary phase in the design domain. Four MRHF equations 

that based on the proposal of Lee and Shin (2015) can be 

written to framework of multi-material topology 

optimization problem as follows 
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where ρ is considered to 0.5. Note that the range of αa 

within each sub-problem is now in the range of 0 to r (Fig. 

2), here the parameter r is defined in Eq. (2). Then, the 

density of phase „b‟ (or background phase) can be 

calculated through the density of corresponding phase 

„𝛼𝑎
MRHF ‟ by using Eq. (2). 

 
3.3 Multi-material topology optimization problem 

formulation for cracked structures 
 

To avoid singularities in computational calculation 

processes of topology optimization, the problem is relaxed 

for densities between 0 and 1 by a very small lower bound 

non-zero value εi. The general mathematical formulation of 

structural multi-material topology optimization problem for 

cracked structures can be stated as follows 
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where C is structural compliance. αi is the density vector for 

phase material i-th. Vi is the per-material volume fraction 

constraint with i = 1 : n+1 such that the summation should 

be equal to unity  𝑉𝑖 = 1𝑖 . The global stiffness matrix K, 

global load vector F and global displacement vector which 

collects the displacement control variables and additional 

 

 

 

Fig. 2 Moved and regularized Heaviside functions 

(MRHF) in each binary phase sub-problem 

enrichment degrees of freedom U can be written as follows 

in turn. 
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where 𝐷 =  𝛼𝑘
𝑝𝑛+1

𝑘=1 𝐷𝑘
0 with 𝐷𝑘

0 is the material property 

matrix corresponding to the phase material, k-th, including 

Poisson‟s ratio ν and nominal elastic modulus 𝐸𝑘
0. 
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where 𝐵𝑖
𝑢  is standard strain–displacement matrix with 

(𝐵𝑖
𝜉
)𝜉=𝑎 ,𝑏  enriched part as follows 
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where 𝜉𝑖  can represent either Heaviside function H or 

basis functions of the asymptotic solution {𝜓𝛽 }𝛽=1,4    =
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3.4 Discrete sensitivity formulation 
 

The discrete sensitivities of objective function C in 

terms of multi-material densities for multi-material 

topology optimization can be written as follows 
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where the sensitivity matrix components of each elemental 

stiffness for multi-material formulation in terms of design 

variable of phase „a‟ is expressed as follows 
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with r, s = u, a, b. Ue and 𝛼𝑎
𝑒  are the displacement vector 

and density of phase „a‟ of e-th element, respectively. 

In computational field of topology optimization, the 

sensitivity filter is a technical part that not only ensure 

existence of solutions to topology optimization problem and 

to avoid the formation of checkerboard patterns, but also 

take highly beneficial when searching for a mesh 

independent solution whilst not adding on to much 

computational time or any extra constraints (Bendsøe and 

Sigmund 2004). 

The filter scheme modifies the element sensitivities with 

respect to the objective function are expressed as follows 
 

𝜕𝐶𝑛𝑒𝑤
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𝑒
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𝛼𝑎
𝑒  𝐻 𝑒𝑖𝛼𝑎𝑖

𝑒
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 (10) 

 

where the convolution operator 𝐻  is based on the distance 

to neighborhood elements as 𝐻 𝑒𝑖 = 𝑟min − 𝑑𝑖𝑠𝑡(𝑒, {𝑓 ∈
𝑁|𝑑𝑖𝑠𝑡(𝑒, 𝑓) ≤ 𝑟min }). As shown in Fig. 3, dist(e, f) is the 

distance between the center of the considered element f and 

the neighborhood element e. The neighborhood elements 

are defined within a circle with the filter radius rmin. This 

filter has a role as the physical length scale which is 

independent on the discretization mesh, as shown in Fig. 3. 
 

 

4. Numerical examples 
 

In this section, models of beam-column joint with 

stationary cracks under a lateral impact load in two cases 

dividing based on the position of external connection in the 

concrete frame are considered as shown in Fig. 4. Each 

node has horizontal and vertical degrees of freedom, which 

 

 

 

Fig. 3 Radius filter rmin and its influence region 
 

 

can be imposed with loads and/or restrained to create 

boundary conditions. In all examples, Poisson‟s ratio of 

CFRP is chosen to be 0.3. Filter radius rmin is set equal to 

3.0, and the parameter penalization for interpolating 

elasticity properties of 3.0 is used. According to the material 

properties in Section 2, this study considers CFRP with the 

intermediate modulus (E0 = 200 GPa) and ultra-high 

modulus (E0 = 600, 1800, 2400 GPa). The four types of 

CFRPs have a huge difference in the modulus to observe 

clearly the impact of the multi-material on topology 

optimization. The material properties of the structures are 

given in Table 1, wherein the indicators r, b, g and y denote 

red, blue, green and yellow colors, respectively. Note that 

Young‟s modulus and volume fraction of void material are 

selected E = 10 and 𝑉𝑣 = 1−  𝑉𝑘𝑘≠𝑣  for all examples. 

The total volume fraction is fixed to be 50% during every 

optimization iteration. 
 

4.1 Case 1: L-lateral exterior joint 
 

In first case, the non-scaled design domain is modeled 

as a lateral -L-shape with the length L(40) and the width 

H(30), as shown in Fig. 5. The optimized results are 

surveyed for one, two and three various materials. The 

design domain is discretized by 3168 finite elements. As the 

input data, the length of crack lc = 4.15, the magnitude of 

force F = 200 and the angle of crack θ = 75° are used. 

All detailed optimal topologies results for one to three 

various material of case 1 are presented in Figs. 6, 8 and 10, 

respectively. The multi-materials volume sensitivity filter 

(MVSF) that is the filtering method in the study of Banh 

and Lee (2018c) is also investigated in this paper for 

verification. The surveys point out the reliability of using 

MRHF through the similar results in both filters. Moreover, 
 

 

 

Fig. 4 Target joints in concrete frame 
 

 

Table 1 Multi-material properties 

Material properties 
Number of materials 

(a) One (b) Two (c) Three (d) Four 

Young‟s modulus 
0

rE = 2e5 

0

rE  = 2e5, 

0

bE  = 6e5 

0

rE = 2e5, 0

bE = 6e5  

0

gE = 18e5 

0

rE = 2e5, 0

bE = 6e5 

0

gE = 18e5, 0

yE = 24e5 

Volume fraction (50%) rV = 50% 
rV = 30%, 

bV = 20% 

rV =25%, bV = 15% 

gV = 10% 

rV =20%, bV = 15% 

gV = 10%, 
yV = 5% 
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Fig. 5 Case 1: L-type exterior joint 
 

 

optimized structure model tends to more suitable with 

MRHF than MVSF. Indeed, in Fig. 6, MRHF(1) and 

MRHF(4) give more smooth and stiff results than MVSF. 

Especially, MRHF(1) and MRHF(4) provide more clear 

configuration in cases of multiple materials as in Figs. 8 and 

10. Among them, MRHF(2) produces the least change of 

compliance and MRHF(3) results in the most change, in 

comparisons with the material distribution of the result 

without MRHF. MRHF(1) and (4) tend to be more stable 

and better than other cases in terms of convergence and 

 

 

  

(a) Original (b) MVSF 
 

  

(c) MRHF(1) (d) MRHF(2) 
 

  

(e) MRHF(3) (f) MRHF(4) 

Fig. 6 Distribution of material densities by using single 

material according to different filters 

optimal topology. MRHF(2) tends to be close to the 

standard convergence line (without MRHF) and MRHF(3) 

takes more curved lines than the other lines. It shows that 

optimal topologies are not only varied depending on the 

number of material, but also depending on filters with the 

MRHF. They exhibit a major change in compared to the 

standard ones. Furthermore, the converged compliance 

 

 

 

Fig. 7 Convergence histories of objective functions of 

single material in case 1 

 

 

  

(a) Original (b) MVSF 

 

  

(c) MRHF(1) (d) MRHF(2) 

 

  

(e) MRHF(3) (f) MRHF(4) 

Fig. 8 Distribution of material densities by using two 

materials according to different filters 
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Fig. 9 Convergence histories of objective functions of 

two materials in case 1 

 

 

  

(a) Original (b) MVSF 

 

  

(c) MRHF(1) (d) MRHF(2) 

 

  

(e) MRHF(3) (f) MRHF(4) 

Fig. 10 Distribution of material densities by using three 

materials according to different filters 

 

 

values with MRFH filter tend to be smaller than that 

without MRHF, as shown in Figs. 7, 9 and 11. Especially, in 

case of MRHF(4), the material density distribution is more 

stable and yields faster convergence than  the rest ones. 

Hence, MRHF significantly affects the topology results, 

especially in the multi-material topology optimization 

problem. 

 

Fig. 11 Convergence histories of objective functions of 

three materials in case 1 
 

 

 

Fig. 12 Convergence histories of objective functions 

between with MRHF(4) and without MRHF 
 

 

In the next examples, MRHF(4) filter is used to get the 

best optimal topology results. The benefit of MRHF(4) 

compares with original ones (without MRHF) within three 

kinds of materials is shown in Fig. 12. 

This numerical example also aims to investigate the 

effect of crack angle affecting the distribution of material 

and the compliance in topology optimization. Fig. 13 shows 

the influence of various angle of crack patterns θ = {0°, 15°, 

30°, 45°, 60°, 75°, 90°} on optimized topologies design 

through MRHF(4) filter by using three various materials 

types. As the results, the values of compliance in seven 

situations express the quadratic curve that reaches the peak 

at the angle of 45 degrees. In general, with whatever angle 

of crack as well as any type of MRHF, it can be seen that 

the distribution of material emphasizes areas around the 

cracks, especially near the top of the crack. Indeed, a big 

quantity of material and stiff materials settled at the head of 

crack tend to prevent the extension of crack pattern. 

Besides, results showed that edges along the beam and 

column should be also well retrofitted according to the 

stiffest material distribution. 
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(a) Single crack 

 

 

(b) Two cracks 

Fig. 14 Case 2: T-lateral exterior joint 

 

 

4.2 Case 2: T-lateral exterior joint 
 

In this case, the design domain is modeled as horizontal 

T-shape with geometric dimensions, load position and 

 

 

boundary conditions as shown in Fig. 14. In this example, 

two given crack pattern cases are considered: a single crack 

and two symmetrical cracks. Based on the example of 

previous L-type exterior joint, the cracks angle of 45 

degrees is chosen for the model to survey the distribution of 

multi-material. Actually, when considering concrete 

material, the diagonal shear crack with the angle of 45 

degrees is the most popular and dangerous signal of 

structure. Four cases various materials by using multi-

material topology optimization through MRHF(4) are 

investigated. The design domain is discretized by 4608 

finite elements. As the input data, the length of each crack lc 

= 5 and the magnitude of force F=200 are used. 

The results in Fig. 15 highlight the change in 

compliance values due to adjusting the number of materials 

and cracks in the surveyed model. Clearly, the multi-

material usage in optimization may provide the smallest 

converged compliance substantially. Particularly, the value 

of compliance in case of four materials is four-time lower in 

comparisons with that of single material. In contrast, adding 

one more crack pattern may lead to higher risk for the 

structure, as can be seen by the predominant value of 

compliance of the models having two cracks. Moreover, the 

converged compliance by applying multi-material tends to 

be smaller than that by only one material in both one and 

two cracks patterns, as shown in Fig. 16. Similar to the first 

example, stiffer material, as well as larger area of material, 

mostly reside in the region around cracks. 

Through the geometrical distribution of material density, 

the results may be considered as the shape of CFRP strips 

and sheets. For an ideal distribution, four kinds of carbon 

fiber locating on the frame as results of this study propose 

the optimal retrofitted structure of bearing capacity as well 

as saving material. However, it is hard to state that those 

topology optimization results become applied directly in 

real life for bonding CFRP. This study highlights the most 

significant areas in the beam-column joint that needs to take 

 

Fig. 13 The effects of crack angle for optimized topologies design with three materials and MRHF(4) filter 
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careful attention when designing and carrying out to retrofit 

through CFRP. Indeed, finding out regions that mostly 

absorption energy is the prerequisite work to improve 

ductility and longevity of a structure. For examples of a real 

application, as a serious drawback of retrofitting by CFRP, 

the intolerance to uneven bonding surfaces may cause 

peeling of the plate away from the concrete surface. To 

avoid the risk, based on material area obtained by 

computation of topology optimization procedure, those 

surfaces should be prepared excellently as well as special 

glue to bond. 

 

 

5. Conclusions 
 

This paper proposes topology optimization computation 

 

 

 

 

of multi-materials CFRP for retrofitting the concrete beam-

column joint with various cases of crack patterns. By 

finding out the vital area bearing force, the achieved results 

may inspire to improve the performance and endurance as 

well as the economic problem of external CFRP retrofit. In 

all example, the complex material strips located at the inner 

part of the beam and column of the structure are simulated 

for the real CFRP sheets. Especially, edges along the beam 

and column together with the area around crack are pointed 

out as the regions requiring the most significant 

reinforcement. Moreover, in case multi-material CFRP, the 

benefit and advantage of using MRHF filter are also 

generated in the present study. Numerical applications are 

conducted to investigate multi-material optimal topology 

depending on two cases of beam-column joint design within 

given crack information. It could be a new motivation for 

    

(a) Single material, Single crack (b) Single material, Two cracks (c) Two materials, Single crack (d) Two materials, Two cracks 

 

    

(e) Three materials, Single crack (f) Three materials, Two cracks (g) Four materials, Single crack (h) Four materials, Two cracks 

Fig. 15 Distribution of material densities of case 2 by using one to four materials and MRHF(4) filter 

  

(a) Single crack (b) Two cracks 

Fig. 16 Convergence histories of objective functions in both cases of single and two cracks using MRHF(4) 
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design of structural retrofit in the near future. 
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