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1. Introduction 

 

In this study, the governing equations of motion for a 

sandwich curved nanobeam are derived. The model is 

including an elastic core and two integrated piezomagnetic 

face-sheets as sensor and actuator. The integrated face-

sheets can be utilized as sensor and actuator to control 

deflection or stress of curved beam. The piezomagnetic 

face-sheets are loaded to applied electric and magnetic 

potentials to measure or control the electro-mechanical 

parameter such as displacement, rotation, electric and 

magnetic potentials distributions. These behaviors have 

been extensively studied by various researchers for beam 

and plates. Our study indicates that this subject has not been 

applied for curved structures such as curved beam. The 

literature review is presented to mention the necessity of 

this subject. 

Sun and Tong (2001) investigated vibration control of a 

beam integrated with curved piezoelectric fibers. Once 

again, Sun and Tong (2002) discussed an analytical method 

to investigate the effect of debonding of piezoelectric 

actuator/sensor patches. Shi (2005) presented bending 

response of functionally graded material (FGM) 

piezoelectric curved actuator under an external voltage by 

using theory of piezo-elasticity. The influence of power 

                                          

Corresponding author, Ph.D., Professor, 

E-mail: zenkour@kau.edu.sa; zenkour@sci.kfs.edu.eg 
a Ph.D., E-mail: arefi@kashanu.ac.ir 

 

 

index of FGM has been investigated on the obtained results 

which have been approved by comparison with finite 

element method. Ebrahimi and Beni (2016) presented the 

free vibrations of a short cylindrical piezoelectric nanotube 

are studied based on the consistent couple stress theory and 

using the shear deformable cylindrical theory. 

Mohammadimehr and Shahedi (2016) presented the 

nonlinear magneto-electro-mechanical free vibration 

behavior of rectangular double-bonded sandwich micro-

beams based on the modified strain gradient theory. Amar et 

al. (2018) investigated a new plate formulation and a 

modified couple stress theory to introduce a variable length 

scale parameter and discuss the static and dynamic of FG 

microplates. 

Koutsawa and Daya (2007) investigated static and free 

vibration behaviors of laminated glass beam rest on visco-

Pasternak foundation. For free vibration analysis, finite 

element method has been used. Kuang et al. (2007) 

investigated static behavior of a circular piezoelectric 

curved beam. Bending response of a FG piezoelectric 

curved beam under an electric potential has been presented 

by Shi and Zhang (2008). Also, Susanto (2009) discussed 

piezoelectric curved beams due to a model including 

computation of natural frequencies, mode shapes and 

transfer function formulation using the distributed transfer 

function method. 

Zhou et al. (2016) studied transient response analysis of 

piezoelectric curved beam. The influence of surface effect 

has been employed on electromechanical behavior of a 

piezoelectric curved nanobeam under electromechanical 
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loadings by Yan and Jiang (2011) based on Euler–Bernoulli 

curved beam theory. They mentioned some usefulness of 

the current model as nano/switches/actuators for control of 

displacement. Hajianmaleki and Qatu (2013) employed 

vibration response of composite beams using various 

analytical and numerical methods. Arefi and Rahimi (2014) 

studied piezomagnetic response of thicker FG shell of 

revolution with the aid of tensor curvilinear coordinates. 

Kakar and Kakar (2014, 2015) introduced a combined 

effect of electric field, magnetic field and thermal field on 

edge wave propagating in a non-homogeneous orthotropic 

granular half space and a homogeneous isotropic 

prestressed plate. 

Arslan and Usta (2014) employed theory of elasticity for 

electrical and mechanical behaviors of curved bars. Bahadur 

et al. (2018) studied an analytical solution for the static 

analysis of laminated FG and sandwich singly and doubly 

curved panels on the rectangular plan-form. Rahmani et al. 

(2017) presented a new model based on nonlocal higher-

order theory to study the size-effect on the bending of 

sandwich nanobeams with a compliance core. Arefi (2015) 

presented elastic solution of a FG curved beam with various 

cross sections. Zhou et al. (2010) presented piezoelectric 

response of curved nanobeams with variable curvature as an 

element of electromechanical systems. Arefi and Zenkour 

(2017a, b, d, e) studied on the influence of applied electric 

and magnetic potentials on the free vibration and bending 

results of sandwich nanoplates and nanobeams. Wave 

propagation analysis of nanorod model was studied based 

on couple stress and surface elasticity theory by Arefi and 

Zenkour (2017c, f). Shao et al. (2016) analyzed transient 

response of composite laminated curved beams with general 

lamination and boundary conditions using Laplace 

transformation. They studied the influence of shear 

deformation, rotary inertia, various laminations and 

boundary conditions on the transient responses of the 

curved beam. Ebrahimi and Barati (2017) investigate 

buckling problem of a curved FG nanobeam. The problem 

has been formulated due to strain gradient theory and a 

higher-order refined beam theory. Finally, the governing 

equations have been solved for simply-supported and 

clamped-clamped beams. Pydah and Sabale (2017) studied 

static response of a FG circular curved beam via Euler–

Bernoulli theory. 

In this paper, the first-order theory is employed to obtain 

governing equations of motion for a three-layer curved 

nanobeam integrated with piezomagnetic face-sheets. The 

electric and magnetic potential is assumed as combination 

of a linear function along the thickness direction that 

reflects applied electric and magnetic potentials and a 

cosine function that reflects electric and magnetic boundary 

conditions. Combination of curved nanobeam problem with 

piezomagnetic materials leads to an important and novel 

subject that can be applicable in electro-mechanical systems 

as sensor and actuator for control of deflections or stresses. 
 

 

2. Basic relations 
 

In this section, the formulation of a curved beam is 

presented. Fig. 1 plots the schematic of the present three- 

 

Fig. 1 The schematic of a three-layer curved nanobeam 

 

 

layer curved nanobeam. 

Two displacement components are considered including 

radial and circumferential displacements. First-order shear 

deformation theory is used for circumferential displace-

ment. 

According to this theory, two displacements can be 

represented by (Shi and Zhang 2008, Arefi and Rahimi 

2014) 
 

𝑢𝑟 𝑟,𝜃 = 𝑢𝑟 𝜃 , 

𝑢𝜃 𝑟,𝜃 = 𝑢𝜃 𝜃 + 휁𝜒 𝜃 , 
(1) 

 

in which 휁 = 𝑟 − 𝑅 . The strain-displacement equations 

based on polar coordinate are represented as 

 

휀𝑟 =
𝜕𝑢𝑟
𝜕𝑟

= 0, 

휀𝜃 =
𝑢𝑟
𝑟

+
1

𝑟

𝜕𝑢𝜃
𝜕𝜃

=
𝑢𝑟

𝑅 + 휁
+

1

𝑅 + 휁

𝑑𝑢𝜃
𝑑𝜃

+
휁

𝑅 + 휁

𝑑𝜒

𝑑𝜃
, 

𝛾𝑟𝜃 =
1

𝑟

𝜕𝑢𝑟
𝜕𝜃

+
𝜕𝑢𝜃
𝜕𝑟

−
𝑢𝜃
𝑟

 

=
1

𝑅 + 휁

𝑑𝑢𝑟
𝑑𝜃

+ 𝜒 −
𝑢𝜃
𝑅 + 휁

−
휁

𝑅 + 휁
𝜒. 

(2) 

 

In this stage, the stress components including 

circumferential and shear stresses for elastic core can be 

represented by (Arefi et al. 2018, Arefi and Zenkour 2017a, 

b) 

 1− 𝜉2𝛻2 𝜍𝜃
𝑐 = 𝐶𝜃𝜃

𝑐 휀𝜃 , 

 1− 𝜉2𝛻2 𝜏𝑟𝜃
𝑐 = 𝐶𝑟𝜃

𝑐 𝛾𝑟𝜃 , 
(3) 

 

in which 𝐶𝑖𝑗
𝑐  are stiffness coefficients of elastic core and 

∇2 denotes Laplace operator in polar coordinate system. 

Small scale coefficient is defined by 𝜉 = 𝑒0𝑎 in which 𝑒0 

is nonlocal material constant and determined from 

experimental or by dynamics simulations results and 𝑎 

define internal characteristic scale (Arefi et al. 2018, Arefi 

and Zenkour 2017e). The constitutive equations for 

piezomagnetic face-sheets are expressed as (Shi and Zhang 

2008, Arefi 2014, Arefi and Zenkour 2017a, b) 

 

 1− 𝜉2𝛻2 𝜍𝜃
𝑝

= 𝐶𝜃𝜃
𝑝
휀𝜃 − 𝑒𝜃𝜃𝑟

𝑝
𝐸𝑟 − 𝑞𝜃𝜃𝑟

𝑝
𝐻𝑟 , 

 1− 𝜉2𝛻2 𝜏𝑟𝜃
𝑝

= 𝐶𝑟𝜃
𝑝
𝛾𝑟𝜃 − 𝑒𝑟𝜃𝜃

𝑝
𝐸𝜃 − 𝑞𝑟𝜃𝜃

𝑝
𝐻𝜃 , 

(4) 
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in which 𝐶𝑖𝑗
𝑝

 are stiffness coefficients of elastic core. Also, 

𝑒𝑖𝑗  represent piezoelectric coefficients, 𝑞𝑖𝑗  are piezo-

magnetic coefficients, 𝐸𝑖  and 𝐻𝑖  denote electric and 

magnetic field components, respectively. 

For calculation of stress in piezo-magnetic face-sheets, 

it is necessary to calculate electric and magnetic fields. 

Electric and magnetic fields are derived using electric and 

magnetic potentials as (Arefi 2014, Arefi and Zenkour 

2017a, b, c) 
 

𝐸𝑟 = −
𝜕𝜓 

𝜕𝑟
,     𝐸𝜃 = −

1

𝑟

𝜕𝜓 

𝜕𝜃
,

𝐻𝑟 = −
𝜕𝜙 

𝜕𝑟
,     𝐻𝜃 = −

1

𝑟

𝜕𝜙 

𝜕𝜃
.

 (5) 

 

The electric and magnetic components are given by 

(Arefi 2014, Arefi and Zenkour 2017a, b, c) 

 

𝜓  𝑟,𝜃 = −𝜓 𝜃 cos 
𝜋

ℎ𝑝
𝜌 +

2𝜓0

ℎ𝑝
𝜌,

𝜙  𝑟,𝜃 = −𝜙 𝜃 cos 
𝜋

ℎ𝑝
𝜌 +

2𝜙0

ℎ𝑝
𝜌,

 (6) 

 

in which 𝜓0  and 𝜙0  represent applied electric and 

magnetic potentials, 𝜌 = 휁 ±
ℎ𝑒

2
±

ℎ𝑝

2
 for upper and lower 

piezo-magnetic face-sheets. The substitution of electric and 

magnetic potentials into Eq. (6) yields 

 

𝐸𝑟 = − 
𝜋

ℎ𝑝
𝜓 sin 

𝜋

ℎ𝑝
𝜌 +

2𝜓0

ℎ𝑝
 , 

𝐸𝜃 =
1

𝑟

𝜕𝜓

𝜕𝜃
cos 

𝜋

ℎ𝑝
𝜌  

𝐻𝑟 = − 
𝜋

ℎ𝑝
𝜙 sin 

𝜋

ℎ𝑝
𝜌 +

2𝜙0

ℎ𝑝
 , 

𝐻𝜃 =
1

𝑟

𝜕𝜙

𝜕𝜃
cos 

𝜋

ℎ𝑝
𝜌 . 

(7) 

 

The electric displacement and magnetic induction along 

radial and circumferential directions are obtained by (Arefi 

2014, Arefi and Zenkour 2017a, b, c, d) 

 

 1− 𝜉2𝛻2 𝐷𝑟
𝑝

= 𝑒𝑟𝜃𝜃
𝑝
휀𝜃 + 𝜖𝑟𝑟

𝑝
𝐸𝑟 +𝑚𝑟𝑟

𝑝
𝐻𝑟 , 

 1− 𝜉2𝛻2 𝐷𝜃
𝑝

= 𝑒𝜃𝑟𝜃
𝑝
𝛾𝑟𝜃 + 𝜖𝜃𝜃

𝑝
𝐸𝜃 +𝑚𝜃𝜃

𝑝
𝐻𝜃 , 

 1− 𝜉2𝛻2 𝐵𝑟
𝑝

= 𝑞𝑟𝜃𝜃
𝑝
휀𝜃 +𝑚𝑟𝑟

𝑝
𝐸𝑟 + 𝜇𝑟𝑟

𝑝
𝐻𝑟 , 

 1− 𝜉2𝛻2 𝐵𝜃
𝑝

= 𝑞𝜃𝑟𝜃
𝑝
𝛾𝑟𝜃 +𝑚𝜃𝜃

𝑝
𝐸𝜃 + 𝜇𝜃𝜃

𝑝
𝐻𝜃 , 

(8) 

 

in which 𝑚𝑖𝑗  and 𝜇𝑖𝑗  are dielectric and electromagnetic 

coefficients. In this stage and applying Hamilton’s principle 

 𝛿(𝑇 − 𝑈 + 𝑉)d𝑡 = 0  to obtain equations of motion. 

Variation of strain energy 𝛿𝑈 is given by 

 

𝛿𝑈 =   𝜍𝜃𝜃𝛿휀𝜃𝜃 + 𝜍𝑟𝜃𝛿𝛾𝑟𝜃  
𝑣

− 𝐷𝑟𝛿𝐸𝑟  

 −𝐷𝜃𝛿𝐸𝜃 − 𝐵𝑟𝛿𝐻𝑟 − 𝐵𝜃𝛿𝐻𝜃   d𝑉. 

(9) 

Setting the volume element dV = brdrdθ = b(R +
ζ)dζdθ in the above equations gives 

 

𝛿𝑈 =   𝜍𝜃𝜃  
𝛿𝑢𝑟
𝑅 + 휁

+
1

𝑅 + 휁

𝑑𝛿𝑢𝜃
𝑑𝜃

+
휁

𝑅 + 휁

𝑑𝛿𝜒

𝑑𝜃
 

𝐴

+ 𝜍𝑟𝜃  
1

𝑅 + 휁

𝑑𝛿𝑢𝑟
𝑑𝜃

+ 𝛿𝜒 −
𝛿𝑢𝜃
𝑅 + 휁

−
휁

𝑅 + 휁
𝛿𝜒 + 𝐷𝑟

𝜋

ℎ𝑝
𝛿𝜓 𝑠𝑖𝑛  

𝜋

ℎ𝑝
𝜌 

− 𝐷𝜃
1

𝑟

𝑑𝛿𝜓

𝑑𝜃
cos 

𝜋

ℎ𝑝
𝜌 

+ 𝐵𝑟
𝜋

ℎ𝑝
𝛿𝜙 sin 

𝜋

ℎ𝑝
𝜌 

− 𝐵𝜃
1

𝑟

𝑑𝛿𝜙

𝑑𝜃
𝑐𝑜𝑠  

𝜋

ℎ𝑝
𝜌   𝑅

+ 휁 d휁d𝜃, 

(10) 

 

or 

 

𝛿𝑈 =   𝑁𝜃𝜃𝛿𝑢𝑟 − 𝑁𝑟𝜃𝛿𝑢𝜃 + (𝑅𝑁𝑟𝜃 +𝑀𝑟𝜃 )𝛿𝜒

−𝑀𝑟𝜃𝛿𝜒 + 𝐷 𝑟𝛿𝜓

+ 𝐵 𝑟𝛿𝜙  +𝑁𝜃𝜃
𝑑𝛿𝑢𝜃
𝑑𝜃

+ 𝑁𝑟𝜃
𝑑𝛿𝑢𝑟
𝑑𝜃

+𝑀𝜃𝜃

𝑑𝛿𝜒

𝑑𝜃
− 𝐷 𝜃

𝑑𝛿𝜓

𝑑𝜃
− 𝐵 𝜃

𝑑𝛿𝜙

𝑑𝜃
 d𝜃,  

(11) 

 

where resultant components may be expressed by (Arefi 

2014, Arefi and Zenkour 2017a, b, c) 

 

 𝑁𝜃𝜃 ,𝑁𝑟𝜃  =   𝜍𝜃𝜃 ,𝜍𝑟𝜃  𝑑휁
−
ℎ𝑒
2

−
ℎ𝑒
2
−ℎ𝑝

+  𝜍𝜃𝜃 ,𝜍𝑟𝜃  𝑑휁

ℎ𝑒
2

−
ℎ𝑒
2

+  𝜍𝜃𝜃 ,𝜍𝑟𝜃  𝑑휁

ℎ𝑒
2

+ℎ𝑝

ℎ𝑒
2

, 

(12a) 

 

 𝑀𝜃𝜃 ,𝑀𝑟𝜃  =  휁 𝜍𝜃𝜃 ,𝜍𝑟𝜃  𝑑휁
−
ℎ𝑒
2

−
ℎ𝑒
2
−ℎ𝑝

+ 휁 𝜍𝜃𝜃 ,𝜍𝑟𝜃  𝑑휁

ℎ𝑒
2

−
ℎ𝑒
2

+ 휁 𝜍𝜃𝜃 ,𝜍𝑟𝜃  𝑑휁

ℎ𝑒
2

+ℎ𝑝

ℎ𝑒
2

, 

(12b) 

 

 𝐷 𝑟 ,𝐵 𝑟 =   𝑅 + 휁 
𝜋

ℎ𝑝
𝑠𝑖𝑛  

𝜋

ℎ𝑝
𝜌  𝐷𝑟 ,𝐵𝑟 𝑑휁

−
ℎ𝑒
2

−
ℎ𝑒
2
−ℎ𝑝

+  𝑅

ℎ𝑒
2

+ℎ𝑝

ℎ𝑒
2

+ 휁 
𝜋

ℎ𝑝
𝑠𝑖𝑛  

𝜋

ℎ𝑝
𝜌  𝐷𝑟 ,𝐵𝑟 𝑑휁, 

(12c) 

 

 𝐷 𝜃 ,𝐵 𝜃 =  𝑐𝑜𝑠  
𝜋

ℎ𝑝
𝜌  𝐷𝑟 ,𝐵𝑟 𝑑휁

−
ℎ𝑒
2

−
ℎ𝑒
2
−ℎ𝑝

 (12d) 
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+ 𝑐𝑜𝑠  
𝜋

ℎ𝑝
𝜌  𝐷𝑟 ,𝐵𝑟 𝑑휁

ℎ𝑒
2

+ℎ𝑝

ℎ𝑒
2

 

. (12d) 

 

Applying the integration by part yields on Eq. (11) leads 

to 

𝛿𝑈 =  

 
 
 
 
 
 
  𝑁𝜃𝜃 −

𝑑𝑁𝑟𝜃
𝑑𝜃

 𝛿𝑢𝑟 −  𝑁𝑟𝜃 +
𝑑𝑁𝜃𝜃
𝑑𝜃

 𝛿𝑢𝜃

+  𝑅𝑁𝑟𝜃 −
𝑑𝑀𝜃𝜃

𝑑𝜃
 𝛿𝜒 +  𝐷 𝑟 +

𝑑𝐷 𝜃
𝑑𝜃

 𝛿𝜓

+ 𝐵 𝑟 +
𝑑𝐵 𝜃
𝑑𝜃

 𝛿𝜙
 
 
 
 
 
 
 

𝑑𝜃. (13) 

 

Also, variation of energy due to external works is 

expressed as 
 

𝛿𝑉 =   𝑅𝑓 − 𝑞 𝛿𝑢𝑟𝑑𝐴,
𝐴

 (14) 

 

in which 𝑅𝑓  is reaction of Pasternak’s foundation 

represented by 
 

𝑅𝑓 = 𝐾1𝑢𝑟 − 𝐾2𝛻
2𝑢𝑟 , (15) 

 

where 𝐾1 and 𝐾2 represent spring and shear parameters 

of foundation. Applying ∇2=
1

𝑟2

𝜕2

𝜕𝜃2 into above equation, 

we will have the reaction of foundation as follows 

 

𝑅𝑓 = 𝐾1𝑢𝑟 − 𝐾2

1

𝑟2

𝜕2𝑢𝑟
𝜕𝜃2

. (16) 

 

Also, the variation of kinetic energy is represented by 

 
𝛿𝑇 = 

 𝜌 𝑢 𝑟𝛿𝑢 𝑟 +  𝑢 𝜃 + 휁𝜒   𝛿𝑢 𝜃 + 휁𝛿𝜒   𝑏 𝑅 + 휁 𝑑휁𝑑𝜃.
𝐴

 
(17) 

 

Integration by part yields 

 

𝛿𝑇 =   
−𝐴1𝑢 𝑟𝛿𝑢𝑟 − 𝐴1𝑢 𝜃𝛿𝑢𝜃

−𝐴2𝜒 𝛿𝑢𝜃 − 𝐴2𝑢 𝜃𝛿𝜒 − 𝐴3𝜒 𝛿𝜒
 𝑑𝜃, (18) 

 

in which the integration constants 𝐴𝑖  are expressed in 

Appendix. 

The formula of Hamilton’s principle  𝛿(𝑇 − 𝑈 +
𝑉)d𝑡 = 0 leads to five governing equations of motion 

 

𝛿𝑢𝑟 :   −𝑁𝜃𝜃 +
𝑑𝑁𝑟𝜃
𝑑𝜃

 

+ 𝐾1𝑢𝑟 − 𝐾2

1

 𝑅 −
ℎ𝑒

2
− ℎ𝑝 

2

𝑑2𝑢𝑟
𝑑𝜃2

− 𝑞 = 𝐴1𝑢 𝑟 , 
(19a) 

 

𝛿𝑢𝜃 :    
𝑑𝑁𝜃𝜃
𝑑𝜃

+ 𝑁𝑟𝜃 = 𝐴1𝑢 𝜃 + 𝐴2𝜒 , (19b) 

 

𝛿𝜒:    
𝑑𝑀𝜃𝜃

𝑑𝜃
− 𝑅𝑁𝑟𝜃 = 𝐴2𝑢 𝜃 + 𝐴3𝜒 , (19c) 

𝛿𝜓:    𝐷 𝑟 +
𝑑𝐷 𝜃
𝑑𝜃

= 0, (19d) 

 

𝛿𝜙:   𝐵 𝑟 +
𝑑𝐵 𝜃
𝑑𝜃

= 0. (19e) 

 

In this stage, we can calculate the resultant components 

in terms of displacement and rotation components and 

electric and magnetic potentials. These resultants are 

defined as 
 

 1− 𝜉2𝛻2 𝑁𝜃𝜃 = 𝐴4𝑢𝑟 + 𝐴4

𝑑𝑢𝜃
𝑑𝜃

+ 𝐴5

𝑑𝜒

𝑑𝜃
+ 𝐴6𝜓

+ 𝑁𝜓 + 𝐴7𝜙 +𝑁𝜙 , 

 1− 𝜉2𝛻2 𝑀𝜃𝜃 = 𝐴5𝑢𝑟 + 𝐴5

𝑑𝑢𝜃
𝑑𝜃

+ 𝐴8

𝑑𝜒

𝑑𝜃
+ 𝐴9𝜓

+𝑀𝜓 + 𝐴10𝜙 +𝑀𝜙 , 

 1− 𝜉2𝛻2 𝑁𝑟𝜃 = 𝐴11

𝑑𝑢𝑟
𝑑𝜃

+ 𝐴12𝜒 − 𝐴11𝑢𝜃 − 𝐴13𝜒

− 𝐴14

𝑑𝜓

𝑑𝜃
− 𝐴15

𝑑𝜙

𝑑𝜃
, 

(20) 

 

 1 − 𝜉2𝛻2 𝐷 𝑟 = 𝐴16𝑢𝑟 + 𝐴16

𝑑𝑢𝜃
𝑑𝜃

+ 𝐴17

𝑑𝜒

𝑑𝜃
− 𝐴18𝜓

− 𝐷𝜓 − 𝐴19𝜙 − 𝐷𝜙 , 

 1− 𝜉2𝛻2 𝐷 𝜃 = 𝐴23

𝑑𝑢𝑟
𝑑𝜃

+ 𝐴24𝜒 − 𝐴23𝑢𝜃 − 𝐴25𝜒

+ 𝐴29

𝑑𝜓

𝑑𝜃
+ 𝐴30

𝑑𝜙

𝑑𝜃
, 

(21) 

 

 1− 𝜉2𝛻2 𝐵 𝑟 = 𝐴20𝑢𝑟 + 𝐴20

𝑑𝑢𝜃
𝑑𝜃

+ 𝐴21

𝑑𝜒

𝑑𝜃
− 𝐴19𝜓

− 𝐵𝜓 − 𝐴22𝜙 − 𝐵𝜙 , 

 1 − 𝜉2𝛻2 𝐵 𝜃 = 𝐴26

𝑑𝑢𝑟
𝑑𝜃

+ 𝐴27𝜒 − 𝐴26𝑢𝜃 − 𝐴28𝜒

+ 𝐴30

𝑑𝜓

𝑑𝜃
+ 𝐴31

𝑑𝜙

𝑑𝜃
, 

(22) 

 

in which the integration constants are expressed in 

Appendix. Using the above resultant components into the 

equations of motion gives 

 

𝛿𝑢𝑟 : 

𝐴11

𝑑2𝑢𝑟
𝑑𝜃2

− 𝐴4𝑢𝑟 −  𝐴4 + 𝐴11 
𝑑𝑢𝜃
𝑑𝜃

 

+ 𝐴12 − 𝐴13 − 𝐴5 
𝑑𝜒

𝑑𝜃
− 𝐴14

𝑑2𝜓

𝑑𝜃2
− 𝐴6𝜓 − 𝐴15

𝑑2𝜙

𝑑𝜃2
 

−𝐴7𝜙 +  1 − 𝜉2𝛻2  𝐾1𝑢𝑟 − 𝐾2

1

𝑟2

𝑑2𝑢𝑟
𝑑𝜃2

− 𝑞  

=  1− 𝜉2𝛻2  𝐴1𝑢 𝑟 +𝑁𝜓 +𝑁𝜙 , 

(23) 

 

𝛿𝑢𝜃 : 

 𝐴4 + 𝐴11 
𝑑𝑢𝑟
𝑑𝜃

+ 𝐴4

𝑑2𝑢𝜃
𝑑𝜃2

− 𝐴11𝑢𝜃 + 𝐴5

𝑑2𝜒

𝑑𝜃2
 

+ 𝐴12 − 𝐴13 𝜒+  𝐴6 − 𝐴14 
𝑑𝜓

𝑑𝜃
+  𝐴7 − 𝐴15 

𝑑𝜙

𝑑𝜃
 

= (1− 𝜉2𝛻2) 𝐴1𝑢 𝜃 + 𝐴2𝜒 −
𝑑𝑁𝜓

𝑑𝜃
−
𝑑𝑁𝜙

𝑑𝜃
 , 

(24) 
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𝛿𝜒: 

 𝐴5 − 𝑅𝐴11 
𝑑𝑢𝑟
𝑑𝜃

+ 𝐴5

𝑑2𝑢𝜃
𝑑𝜃2

+ 𝑅𝐴11𝑢𝜃  

+𝐴8

𝑑2𝜒

𝑑𝜃2
− 𝑅 𝐴12 − 𝐴13 𝜒 +  𝐴9 + 𝑅𝐴14 

𝑑𝜓

𝑑𝜃
 

+ 𝐴10 + 𝑅𝐴15 
𝑑𝜙

𝑑𝜃
 

=  1− 𝜉2𝛻2  𝐴2𝑢 𝜃 + 𝐴3𝜒 −
𝑑𝑀𝜓

𝑑𝜃
−
𝑑𝑀𝜙

𝑑𝜃
 , 

(25) 

 

𝛿𝜓: 

−𝐴23

𝑑2𝑢𝑟
𝑑𝜃2

− 𝐴16𝑢𝑟 +  𝐴23 − 𝐴16 
𝑑𝑢𝜃
𝑑𝜃

 

+ 𝐴25 − 𝐴17 − 𝐴24 
𝑑𝜒

𝑑𝜃
− 𝐴29

𝑑2𝜓

𝑑𝜃2
+ 𝐴18𝜓 

−𝐴30

𝑑2𝜙

𝑑𝜃2
+ 𝐴19𝜙 = − 1− 𝜉2𝛻2  𝐷 𝜓 + 𝐷 𝜙 , 

(26) 

 

−𝐴26

𝑑2𝑢𝑟
𝑑𝜃2

− 𝐴20𝑢𝑟 +  𝐴26 − 𝐴20 
𝑑𝑢𝜃
𝑑𝜃

 

+ 𝐴28 − 𝐴21 − 𝐴27 
𝑑𝜒

𝑑𝜃
− 𝐴30

𝑑2𝜓

𝑑𝜃2
+ 𝐴19𝜓 

−𝐴31

𝑑2𝜙

𝑑𝜃2
+ 𝐴22𝜙 = − 1− 𝜉2𝛻2  𝐵𝜓 + 𝐵𝜙 . 

(27) 

 

 

3. Solution procedure 
 

Here, the free vibration and electro-magneto-mechanical 

bending results are presented. The proposed solutions for a 

simply-supported curved sandwich beam are given by 

 

 
(𝑢𝜃 ,𝜒)
 𝑢𝑟 ,𝜓,𝜙 

 = e𝑖𝜔𝑡   
(𝑈𝜃 ,𝛸)cos(𝛽1𝜃)

(𝑈𝑟 ,𝛹,𝛷)sin(𝛽1𝜃)
 

𝑁

𝑚=1,3,5

, (28) 

 

in which 𝛽1 = 𝑚𝜋. The proposed solution will be used into 

the equations of motion to obtain 

 

 𝐾  𝑋 =  𝐹 +𝜔2 𝑀  𝑋 , (29) 

 

where  𝑋 = {𝑈𝑟 ,𝑈𝜃 ,𝛸,𝛹,𝛷}  represents an unknown 

vector. The symmetric elements of matrix  𝐾  and  𝑀  
are represented by 

 

𝐾11 = −𝐴11𝛽1
2 − 𝐴4 + 𝐾1 + 𝐾2

1

 𝑅 −
ℎ

2
−

ℎ𝑝

2
 

2 𝛽1
2 , 

𝐾12 =  𝐴4 + 𝐴11 𝛽1,         𝐾13 =  𝐴5 − 𝐴12 + 𝐴13 𝛽1, 

𝐾14 = 𝐴14𝛽1
2 − 𝐴6,            𝐾15 = 𝐴15𝛽1

2 − 𝐴7, 

𝑀11 = 𝐴1 ,                             𝐾21 =  𝐴4 + 𝐴11 𝛽1, 

𝐾22 = −𝐴4𝛽1
2 − 𝐴11 ,         𝐾23 = −𝐴5𝛽1

2 + 𝐴12 − 𝐴13 , 

𝐾24 =  𝐴6 − 𝐴14 𝛽1,         𝐾25 =  𝐴7 − 𝐴15 𝛽1, 

𝑀22 = 𝐴1 ,     𝑀23 = 𝐴2,     𝐾31 =  𝐴5 − 𝑅𝐴11 𝛽1, 

𝐾32 = −𝐴5𝛽1
2 + 𝑅𝐴11 , 

𝐾33 = −𝐴8𝛽1
2 − 𝑅 𝐴12 − 𝐴13 𝜒, 

𝐾34 =  𝐴9 + 𝑅𝐴14 𝛽1,       𝐾35 =  𝐴10 + 𝑅𝐴15 𝛽1 , 

(30) 

𝑀32 = 𝐴2,     𝑀33 = 𝐴3,     𝐾41 = 𝐴23𝛽1
2 − 𝐴16 , 

𝐾42 =  𝐴16 − 𝐴23 𝛽1,        𝐾43 =  𝐴17 + 𝐴24 − 𝐴25 𝛽1, 

𝐾44 = 𝐴29𝛽1
2 + 𝐴18 ,           𝐾45 = 𝐴30𝛽1

2 + 𝐴19, 

𝐾51 = 𝐴26𝛽1
2 − 𝐴20𝑢𝑟 ,      𝐾52 =  𝐴20 − 𝐴26 𝛽1, 

𝐾53 =  𝐴21 + 𝐴27 − 𝐴28 𝛽1, 

𝐾54 = 𝐴30𝛽1
2 + 𝐴19,            𝐾55 = 𝐴31𝛽1

2 + 𝐴22 . 

(30) 

 

Also, elements of force vector  𝐹  are given by 

 

𝐹1 = 𝑁𝜓 +𝑁𝜙 − 𝑅𝑓 + 𝑞,     𝐹2 = −
𝑑𝑁𝜓

𝑑𝜃
−
𝑑𝑁𝜙

𝑑𝜃
, 

𝐹3 = −
𝑑𝑀𝜓

𝑑𝜃
−
𝑑𝑀𝜙

𝑑𝜃
,           𝐹4 = −𝐷𝜓 − 𝐷𝜙 , 

 𝐹5 = −𝐵𝜓 − 𝐵𝜙 . 

(31) 

 

 

4. Results and discussions 
 
Here, numerical results of the current problem are 

presented. Material properties of elastic core and 

piezomagnetic layers must be introduced (Hou and Leung 

2004). 

Core 

 

𝐸 = 210 GPa,     𝑣 = 0.3. (32) 

 

Piezomagnetic face-sheets 

 

𝐶𝜃𝜃
𝑝

= 286 GPa,     𝐶𝑟𝜃
𝑝

= 45.3 GPa, 

𝑒𝜃𝜃𝑟
𝑝

= 𝑒𝑟𝜃𝜃
𝑝

= −4.4 (C/m2), 

𝑒𝜃𝜃𝜃
𝑝

= 𝑒𝜃𝑟𝜃
𝑝

= 11.6 (C/m2), 

𝑞𝜃𝜃𝑟
𝑝

= 𝑞𝑟𝜃𝜃
𝑝

= 580.3 (N/Am), 

𝑞𝜃𝜃𝜃
𝑝

= 𝑞𝜃𝑟𝜃
𝑝

= 550 (N/Am), 

𝜖𝑟𝑟
𝑝

= 9.3 × 10−11  (C/mV), 

𝜖𝜃𝜃
𝑝

= 8 × 10−11  (C/mV), 

𝑚𝑟𝑟
𝑝

= 3 × 10−12  (Ns/CV), 

𝑚𝜃𝜃
𝑝

= 5 × 10−12  (Ns/CV), 

𝜇𝑟𝑟
𝑝

= 1.57 × 10−4 (Ns2/C2), 

𝜇𝜃𝜃
𝑝

= −5.9 × 10−4 (Ns2/C2). 

(33) 

 

4.1 Free vibration responses 
 

Here, results of free vibration analysis are presented. For 

this purpose, the characteristic equation of Eq. (22) with 

ignore of force term is solved. Fig. 2 shows the fundamental 

natural frequencies of curved nanobeam in terms of two 

parameters of Pasternak’s foundation 𝐾1  and 𝐾2 . It is 

observed that increase of spring and shear parameters of 

foundation increases the fundamental natural frequencies of 

curved nanobeam because of increase of stiffness of 

foundation. 

Fig. 3 shows variation of fundamental natural 

frequencies of curved nanobeam in terms of nonlocal 

parameter for various values of radius of curvature. It can 
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Fig. 2 The fundamental natural frequencies of sandwich 

curved beam in terms of two parameters of 

Pasternak's foundation 𝐾1 and 𝐾2 

 

 

 

Fig. 3 The fundamental natural frequencies of sandwich 

curved beam in terms of nonlocal parameter for 

two values of radius of curvature 

 

 

be observed that the increase in nonlocal parameter reduces 

stiffness of nanobeam and consequently leads to lower 

natural frequencies. This conclusion is based on the results 

of previous works (Arefi and Zenkour 2017a, b, c) and is in 

good agreement. In addition, it is observed that natural 

frequencies are increased with increase of radius of 

curvature. It can be concluded that increase of radius of 

curvature leads to significant increase of stiffness of curved 

beam. 

 

4.2 The influence of radius of curvature 
 

The innovation of this paper is discussion on the 

influence of various radii of curvature 𝑅 on the bending 

electro-magnetic results of the curved beam. The current 

discussion can present important results to guide designer or 

engineers for selection and design of curved sensors and 

actuators. 

Fig. 4 depicts the variation of non-dimensional radial 

𝑢 𝑟 =
𝑢𝑟

ℎ
 and circumferential 𝑢 𝜃 =

𝑢𝜃

ℎ
 displacements and 

rotation 𝜒 in terms of various radii of curvature 𝑅. It can 

be concluded that the mentioned displacement and 

component rotations are decreased with increase of radius 

of curvature 𝑅. The reason of this decrease is increase of 

stiffness of curved beam due to increase of radius of 

curvature 𝑅. In addition, it is concluded that the magnitude 

of radial deformation is greater than circumferential 

displacement because of existence of direct radial force 

along the radial direction. 

Fig. 5 depicts the maximum electric 𝜓 and magnetic 

𝜙 = 103𝜙 potentials through thickness direction in terms 

of various radii of curvature 𝑅 . the numerical results 

indicate that increase of radii of curvature slightly decrease 

maximum electric and magnetic potentials. The author can 

conclude that increase of radius of curvature leads to 

increase of stiffness of curved beam and consequently 

decrease of maximum electric and magnetic potentials. 

 

 

 

Fig. 4 The non-dimensional radial 𝑢 𝑟  and circum-

ferential 𝑢 𝜃  displacements and rotation 𝜒 in 

terms of various radii of curvature 𝑅 

 

 

 

Fig. 5 The maximum electric 𝜓 and magnetic 𝜙  
potentials through thickness direction in terms of 

various radii of curvature 𝑅 
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4.3 The influence of nonlocal parameter 
 

The influence of nonlocal parameter 𝜉  can be 

investigated on the magneto-electro-elastic results of the 

curved beam. Fig. 6 shows that how non-dimensional radial 

𝑢 𝑟  and circumferential 𝑢 𝜃  displacements and rotation 𝜒 

changes with increase of nonlocal parameter 𝜉. We can 

conclude that increase of nonlocal parameter decreases 

stiffness of curved beam and finally increases non-

dimensional radial and circumferential displacements and 

rotation. Increase of displacement and then decrease of 

stiffness of curved beam with increase of nonlocal 

parameter is in accordance with conclusion of literatures 

(Arefi and Zenkour 2017a, b, c). 

Shown in Fig. 7 is maximum electric 𝜓 and magnetic 

𝜙  potentials through thickness direction in terms of 

nonlocal parameter 𝜉. The obtained results indicate that 

increase of nonlocal parameter of structure significantly 

increases maximum electric and magnetic potentials. One 
 

 

 

Fig. 6 The non-dimensional radial 𝑢 𝑟  and circum-

ferential 𝑢 𝜃  displacements and rotation 𝜒 in 

terms of nonlocal parameter 𝜉 
 

 

 

Fig. 7 The maximum electric 𝜓 and magnetic 𝜙  
potentials through thickness direction in terms of 

nonlocal parameter 𝜉 

can conclude that with increase of nonlocal parameter, the 

stiffness of nano materials are decreased that leads to 

increase of deformations and maximum electric and 

magnetic potentials. 

 

4.4 The influence of electromagnetic loadings 
 

Shown in Fig. 8 is the non-dimensional value of radial 

displacement 𝑢 𝑟  in terms of applied electric and magnetic 

potentials 𝜓0 and 𝜙0. The numerical results in this figure 

indicates that increase of applied electric potential 𝜓0 

leads to increase of radial displacement while increase of 

applied magnetic potential 𝜙0 leads to decrease of radial 

displacement. The influences of applied electric and 

magnetic potentials 𝜓0 and 𝜙0 on the non-dimensional 

value of circumferential displacement 𝑢 𝜃  are depicted in 

Fig. 9. The similar behavior expressed for Fig. 8 can be 

presented for Fig. 9. Shown in Fig. 10 is rotation of curved 

nanobeam 𝜒 in terms of applied electric and magnetic 

potentials 𝜓0  and 𝜙0 . One can see that behavior of 

electro-magnetic structures due to applied electric and 

magnetic potentials are in good agreement with results of 

 

 

 

Fig. 8 The non-dimensional value of radial displacement 

𝑢 𝑟  in terms of applied electric 𝜓0 and magnetic 

𝜙0 potentials 

 

 

 

Fig. 9 The non-dimensional value of circumferential 

displacement 𝑢 𝜃  in terms of applied electric 𝜓0 

and magnetic 𝜙0 potentials 
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Fig. 10 The rotation 𝜒 of curved beam in terms of applied 

electric 𝜓0 and magnetic 𝜙0 potentials 
 

 

literature (Arefi and Zenkour 2017a, b, c). 

The maximum value of electric and magnetic potentials 

𝜓 and 𝜙 through thickness direction in terms of applied 

electric and magnetic potentials 𝜓0 and 𝜙0 is presented 

 

 

 

Fig. 11 Maximum electric potential 𝜓 through thickness 

direction in terms of applied electric 𝜓0 and 

magnetic 𝜙0 potentials 
 

 

 

Fig. 12 Maximum magnetic potential 𝜙 through 

thickness direction in terms of applied electric 

𝜓0 and magnetic 𝜙0 potentials 

in Figs. 11 and 12. It can be concluded that increase of 

applied electric potential and decrease of applied magnetic 

potential increases maximum electric and magnetic 

potentials of curved piezo-magnetic face-sheets. 

 

4.5 The influence of two parameters of Pasternak’s 
foundation 

 

Figs. 13 and 14 shows the variation of dimensionless 

value of radial 𝑢 𝑟  and circumferential 𝑢 𝜃  displacements 

in terms of two parameters of Pasternak’s foundation 𝐾1 

and 𝐾2 . It is observed that radial and circumferential 

displacements are decreasing uniformly with increase of 

both parameters. This decrease is due to increase of 

stiffness of foundation. Fig. 15 shows variation of rotation 

of nanobeam in terms of two parameters of foundation. 

Figs. 16 and 17 show the variation of maximum electric and 

magnetic potentials in terms of two parameters of 

foundation. It is concluded that maximum electric and 

magnetic potential are decreased with increasing the spring 

and shear parameters of foundation. 

 

 

 

Fig. 13 Dimensionless radial displacement 𝑢 𝑟  in terms of 

two parameters of Pasternak's foundation 𝐾1 and 

𝐾2 

 

 

 

Fig. 14 Dimensionless circumferential displacement 𝑢 𝜃  

in terms of two parameters of Pasternak's 

foundation 𝐾1 and 𝐾2 
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4.6 Two-dimensional presentation of results 
 

Two-dimensional distribution of dimensionless value of 

radial 𝑢 𝑟  and circumferential 𝑢 𝜃  displacements in terms 

 

 

 

Fig. 15 The rotation 𝜒 of curved beam in terms of two 

parameters of Pasternak's foundation 𝐾1 and 𝐾2 

 
 

 

Fig. 16 Maximum electric potential 𝜓 through thickness 

direction in terms of two parameters of Pasternak's 

foundation 𝐾1 and 𝐾2 

 
 

 

Fig. 17 Maximum magnetic potential 𝜙 through 

thickness direction in terms of two parameters of 

Pasternak's foundation 𝐾1 and 𝐾2 
 

 

Fig. 18 Two-dimensional distribution of the non-

dimensional radial displacement 𝑢 𝑟  in terms 

of nonlocal parameter 𝜉 and applied electric 

potential 𝜓0 

 

 

 

Fig. 19 Two-dimensional distribution of dimensionless 

circumferential displacement 𝑢 𝜃  in terms of 

nonlocal parameter 𝜉 and applied electric 

potential 𝜓0 

 

 

of applied electric potential and nonlocal parameter can be 

displayed in Figs. 18 and 19. 

 

 

5. Conclusions 
 

In this paper, based on first-order theory and nonlocal 

piezoelectricity, equations of motion for a curved three-

layer nanobeam including an elastic core and two curved 

piezo-magnetic face-sheets were presented. The piezo-

magnetic face-sheets under applied electric and magnetic 

potentials. The analytical solution was presented for a 

simply-supported curved nanobeam. The numerical results 

show that some important parameters have significant 

influence on vibration and bending behaviors of curved 

nanobeam. The important conclusions are expressed as: 
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(1) As most important parameter in analysis of curved 

nanobeam, the influence of radius of curvature was 

studied. The numerical results indicate that with 

increase of radius or curvature, the stiffness of 

curved nanobeam are increased. Due to this 

increasing, the fundamental frequencies are 

increased and bending results are decreased 

significantly. 

(2) Nonlocal parameter of nanobeam can significantly 

change the behavior of structure. It is concluded that 

with increase of nonlocal parameter, fundamental 

frequencies are decreased and bending results are 

decrease. This is due to decrease of stiffness with 

increase of nonlocal parameter. 

(3) The influence of spring and shear parameters of 

foundation was discussed on the fundamental 

frequencies and bending results of curved 

nanobeam. The numerical results indicate that 

fundamental frequencies are increased with increase 

of both parameters of foundation due to increase of 

foundation. Furthermore, the radial and circum-

ferential displacements, rotation and electric and 

magnetic potentials are decrease. 

(4) Piezomagnetic face-sheets can be subjected to 

applied electric and magnetic potential. These 

parameters of loading can control the displacements 

or stresses in curved beam. The numerical results 

indicate that increase of applied electric potential 

increases all mechanical, electrical and magnetic 

components. Furthermore, it can be concluded that 

increase of magnetic potential decrease electro-

magneto-mechanical components. 
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