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Abstract. A high-order nonlocal strain gradient model is developed for wave propagation analysis of porous FG nanoplates
resting on a gradient hybrid foundation in thermal environment, for the first time. Material properties are assumed to be
temperature-dependent and graded in the nanoplate thickness direction. To consider the thermal effects, uniform, linear,
nonlinear, exponential, and sinusoidal temperature distributions are considered for temperature-dependent FG material
properties. On the basis of the refined-higher order shear deformation plate theory (R-HSDT) in conjunction with the bi-
Helmholtz nonlocal strain gradient theory (B-H NSGT), Hamilton’s principle is used to derive the equations of wave motion.
Then the dispersion relation between frequency and wave number is solved analytically. The influences of various parameters
(such as temperature rise, volume fraction index, porosity volume fraction, lower and higher order nonlocal parameters, material
characteristic parameter, foundations components, and wave number) on the wave propagation behaviors of porous FG
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nanoplates are investigated in detail.
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1. Introduction

Functionally graded materials (FGMs) are viewed as a
new class of composite materials, in which material
properties continuously and smoothly change from the
surface of one side to the surface of the other side. Unlike
laminated composite materials, FGM removes the
delamination, stress concentration, and matrix cracking
phenomena. Recently, a new group of plates made of FGMs
(involving metal and ceramic phases) has attracted much
interest in engineering applications. Because the ceramic
component supports high thermal resistance while the metal
component gives a reliable mechanical performance in the
composite structural system for reduction of the probability
of fracture. As one of the pioneering studies on FG plates,
the static and dynamic responses of the FG plates by
varying the volume fraction of the metallic and ceramic
components using a simple power-law distribution function
were studied by (Praveen and Reddy 1998). (Huang and
Shen 2004) examined the influence of thermal environment
on the nonlinear frequency and dynamic displacement
behavior of FG plates using a higher-order shear
deformation plate theory in conjunction with perturbation
technique. It was shown that the environmental temperature
possesses considerable role on determining the behaviors of
FG plates. Thermo-mechanical dynamics response of
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perfect and imperfect microbeams with temperature-
dependent and size-dependent materials was investigated by
(Farokhi and Ghayesh 2015).

It is known that in the process of FGM fabrication,
micro-voids (so-called porosities) can occur inside the
materials during the sintering process (Zhu et al. 2001, Li et
al. 2003). This occurrence is relevant to the vast difference
in solidification temperatures between material components
(Zhu et al. 2001). In view of FG plates, a number of studies
were focused on the porosity effect. For example, (Yahia et
al. 2015) investigated the wave propagation in FG plates
with porosities in the absence of thermal effect based on
various higher-order shear deformation plate theories.
(Gupta and Talha 2017) further investigated the influence of
porosity on the free vibration behavior of FG plates in the
presence of a thermal effect using a non-polynomial higher-
order shear and normal deformation theory. More recently,
(Shahsavari et al. 2018b) studied the vibrational behavior of
FG plates with three different porosity patterns using a
novel quasi-3D shear deformation theory.

In order to reduce the number of variables used in the
equilibrium equations (in comparison of higher-order shear
deformation theories (HSDTs)) and satisfy the shear
deformation effects on the bottom and top surfaces of plate
structures (in comparison of classical plate theory (CPT)), a
refined theory with only two variables was presented by
(Mechab et al. 2010) under the name of the refined-plate
theory (RPT) for studying the mechanical behavior of
isotropic plates. Furthermore, the RPT does not have any
shear correction factor, as used in the first-order shear
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deformation plate theory (FSDT).

Based on the RPT, different mechanical investigations
were presented for micro/nano-scale isotropic (Shimpi and
Patel 2006a, Klouche et al. 2017, Shahsavari and
Janghorban 2017, Shahsavari et al. 2017, 2018a), FGMs
(Zidi et al. 2017, Elmossouess et al. 2017, Hachemi et al.
2017, Sekkal et al. 2017, Bellifa et al. 2017, Meftah et al.
2017, Karami et al. 2018e), and laminated microplates
(Thai and Kim 2012, Sehoul et al. 2017, Merdaci et al.
2016). Then, the various models of the RPT under the
influence of different shape functions by dividing the
transverse displacement into bending and shear parts for
plate structures were developed.

Despite the wide capacity of classical continuum
theories (e.g., CPT, FSDT, HSDT, and R-HSDTs) for
determining the behaviors of plates, the characteristics of
micro/-nanoplates cannot be predicted accurately using
these theories since the interactions between atoms are not
ignorable. That is, we should take into account the size-
dependent effects on the mechanical behavior of structures
at small scales. Recently, size-dependent continuum
theories are proposed by introducing various length-scale
parameters in their constitutive relations. Up to now, a great
deal of attention has been devoting to the size effects of
mechanical characteristics of microscale structures (such as
beams, plates, and shells) (Ghayesh et al. 2013a, b, ¢, d,
2014, 2017, Gholipour et al. 2015, Farokhi et al. 2013,
Ghayesh 2018a, b, c, d, Shimpi and Patel 2006b, Narendar
and Gopalakrishnan 2012, Karami et al. 2018d). Recently,
the size-dependent oscillations of functionally graded
microbeams were investigated using the modified couple
stress theory along with the Mori—Tanaka homogenisation
technique by Ghayesh et al. (2017). However, there are few
models concerning these structures whose scales tend to
nanosize. Among non-classical continuum theories, the
nonlocal elasticity theory (NET) has been proposed by
(Eringen 1983) to consider the size-dependent effects by
defining that the stress at a point of the domain is dependent
on the stress in neighboring points in that domain. It is
worth emphasizing that in this theory, the influence of long-
range inter-atomic forces is described explicitly by only one
small-scale parameter (so-called the nonlocal parameter).
As a popular model, the NET has been largely used for the
modeling of different nanostructures because of its
simplicity (Karami et al. 2018a, j). However, with the
increasing expansion of nanotechnology, the need for
precise mechanical measurement at the nanoscale is
becoming to an important challenge. So, the applicability of
bi-Helmholtz nonlocal elasticity theory (B-H NET) (Lazar
et al. 2006) including two distinct nonlocal parameters
(lower and higher order nonlocal parameters) was examined
by Koutsoumaris et al. (2015). It was shown that the B-H
NET can produce a larger softening-stiffness effect than
NET with increasing the nonlocal parameters. Hence, B-H
NET model is more suitable than one parameter nonlocal
model (NET) in dealing with softening predicaments in
nanoscaled structures (see, e.g., carbon nanotubes).
However, the capability of the nonlocal models (NET and
B-H NET ) for predicting other size-dependent mechanisms
may exist some limited problems (Lim et al. 2015). For

example, by applying a nonlocal model, the stiffness-
enhancement mechanism that has been seen via the strain
gradient elasticity theory (SGT) (Lam et al. 2003) and as
well as experimental researches (Lin et al. 2013) cannot be
predicted well. To fix this drawback, (Askes and Aifantis
2009) proposed a nonlocal strain gradient theory (NSGT)
for the analysis of the size-dependent wave propagation
behavior of carbon nanotubes. When rewritten Hooke’s law
corresponding to the NSGT, the nonlocal parameter as the
representative of NET is used on the Laplacian of stress on
the left side of the constitutive equations to capture the
softening-stiffness ~ mechanism and the  material
characteristic parameter as the representative of SGT is
considered on the right side of the equations on the
Laplacian of strains to capture the stiffness-enhancement
mechanism. Accordingly, the size-dependent effects such
like softening-stiffness and stiffness-enhancement are
estimated with two small-scale parameters using NSGT.
Next (Lim et al. 2015) proposed a higher-order NSGT
relying on the thermodynamics framework. The matching
between ready results with this theory in comparison with
experimental data and molecular simulation (MD) results
has been more than both of the NET and SGT (Lim et al.
2015). Later, the NSGT has been widely used for capturing
the size-dependencies response of nanostructures systems
(Karami et al. 2018b, c, f, g, h, i, 2017, Barati 2017b,
Ebrahimi and Dabbagh 2018, She et al. 2017, 2018). The
works are studied based on the NSGT of Helmholtz type. In
the case of the NSGT bi-Helmholtz type, it is more likely to
have a better match with experimental data due to its high-
order terms. More recently, on the basis of the NSGT bi-
Helmholtz type, Barati and Zenkour examined the wave
behavior of porous double-nanobeam systems for nanobeam
structures without (Barati and Zenkour 2017) and with
considering of the uniform thermal loads (Barati 2017a).
With respond to open literature, up to now, no study has
been carried out to use a model of bi-Helmholtz nonlocal
strain gradient elasticity theory (B-H NSGT) for research on
plates. Also, in view of all that has been reviewed so far,
very few studies have tried to provide the analytical
solution for analysis of FG nanoplates including porosities
embedded in a gradient hybrid foundation. To eliminate
mentioned limitations, in this study, we consider porous FG
nanoplates embedded within gradient hybrid foundation
substrate and thermal environment. The presented paper
will be focused on the size-dependent wave propagation
analysis. The size-dependent effects are taken into account
by employing a high-order nonlocal strain gradient theory
(or bi-Helmholtz nonlocal elasticity theory (B-H NET))
containing three small-scale parameters for more accurate
analysis. Furthermore, to consider the thermal effects on the
wave behavior of graded nanoplates, uniform, linear,
nonlinear, exponential, and sinusoidal temperature
distributions are considered for temperature-dependent FG
material properties. The displacement form of the governing
equations will be derived based on a refined higher-order
shear deformation plate theory in conjunction with the B-H
NSGT, and will be solved by using an analytical method.
Finally, different parameter effects (such as temperature
rise, volume fraction index, porosity volume fraction, lower
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and higher order nonlocal parameters, material charac-
teristic parameter, foundations components, and wave
number) on the wave characteristics of porous nanoplates
will be investigated in detail.

2. Preliminary concepts and definitions

Consider a rectangular nanoplate made of FGMs,
referred to the Cartesian coordinate (X, y, z), shown in Fig.
1. Let the length of the nanoplate along the x-direction, the
width along the y-direction and the thickness along z-
direction be a, b and h, respectively. Furthermore, we
consider a nanoplate resting on a gradient hybrid
foundation.

2.1 Porosity-dependent functionally graded
materials

The material composition is assumed to be varied along
the thickness direction of nanoplate as follow (Li and Hu
2016a)

P(z)=PV,+PV, (1)

in which P, and P, are, respectively, the effective material
properties of the metal and ceramic phases; V., and V. are
the volume fraction of the metal and ceramic phases,
respectively. Note that the through-thickness distribution of
a material property P(z) (i.e., Young’s modulus E, Poisson’s
ratio v, shear modulus G, and mass density p) can be
defined by using the modified rule of mixture (Eqg. (1)). It
has been shown that, for an Al/SiC FG material, composite,
the modified rule of the mixture can be applied for
accurately predicting Young’s modulus (Bhattacharyya et
al. 2007).

On the basis of the power-law distribution function for
FGM (P-FGM model), we obtain the distribution of volume
fraction of the ceramic and metal phases (Wattanasakulpong
and Ungbhakorn 2014)
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Fig. 1 The configuration of an imperfect FG nanoplate with
porosities resting on gradient hybrid foundation
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in which Z is the direction from the mid-plane of the FG
plate. Here the FG power index p is related to the change of
volume fraction in the material composition, and & is the
volume fraction of porosity. Noting that, without porosity,
the power-law distribution function was found to be
consistent for different volume fractions of two-phase FG
material by using experiment data (Kapuria et al. 2008).

Based on the assumptions mentioned above, the material
properties of the porous FG plates are obtained as

P(z)=P,+(P, —Pm)(%+%jp —%(PC P @)

In the case of p = 0, the material of the plate is pure
ceramic, and a pure metal is recovered when p — +o.
Moreover, the increment of p increases the metal volume
fraction (Azadi et al. 2014). Thus, Young’s modulus E,
Poisson’s ratio v, thermal distribution «, thermal
conductivity x, shear modulus G, and mass density p of the
nanoscale plate can be expressed by Eq. (3).

2.2 Temperature-dependent material properties

In the case of nonlinear thermo-elasticity, temperature-
dependent material property P (metal or ceramic phase) can
be written as (Touloukian and Ho 1970)

P=P,(P,T "+PT +PT *+PT °+1) @)

Here Po, P4, Py, P, and P; are the temperature-
dependent coefficients, which are need to be uniquely
determined for a specified material (see Ref. Reddy and
Chin 1998). In the case of most materials, P.; = 0. Thus, the
previous equation can be reduced to P = Po(1 + P;T + P,T?
+ P,T).

Generally, three cases of temperature rise across the
thickness are presented for FG plates (i.e. uniform, linear
and nonlinear temperature rises). Also, two interested cases
(exponential and sinusoidal models) have been added for
presenting a comprehensive study in FG plates accounting
for the influence of thermal change.

2.2.1 Uniform temperature rise
The uniform case temperature rise can be defined by (Li
et al. 2009)

T (2)=T,+AT (2) (5)

Often the initial temperature T, is the temperature of the
surface with pure metal T,, and equals the room temperature
(ie., To = T, = 300 K), and AT(z) = T, — T,, where T,
denotes the temperature of the surface with pure ceramic.

2.2.2 Linear temperature rise

According to the assumptions of the previous section,
the temperature distribution along the thickness direction
can be expressed as the following form with linear
temperature rise from T, to T, (Li et al. 2009).

r(2)=02Tn) 7 )2 ©)
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2.2.3 Nonlinear temperature rise

This section is based on the assumption that temperature
distribution is only in the thickness direction and the
temperature field in the x-y plane of the plate is assumed to
be constant. In this non-linear case, one-dimensional
steady-state heat conduction equation is applied for the
temperature field in the thickness direction and can be given
by (Li et al. 2009)

2 xS0 )

On the basis of power-law distribution and under the
temperature boundary conditions T = Tc at z = % and T =

Tnat z= —g, the solution of Eq. (7) can be expressed as a
series of polynomials

T(z)=T,+(T,~T,)n(z) ®
in which
n(z ):Ci[[zzz;\rhj’(,\, ,f;)’(m [ZZzgth

N K2 (22 +h jZN - K [22 +h TN "
(2N +1)2 2 (3N +1)x3 | 2h ©)

N o [22 +h jAN " K (22 +h JSN "
4N +1)<% | 2h BN +1)x2 | 2h
(4N +1)x;, "

C =1-— Kem + Kczm _ Kgm
7 (N +D)x, (2N +1)x2 (3N +1)&3
K'4 K'5 (10)

cm cm

TN )< (5N +1)x

Here xen = x; — x;n In Which x, and x, are thermal
conductivity of the bottom and top surfaces, respectively.

2.2.4 Exponential temperature rise
The exponentially temperature rise along the thickness
direction can be expressed as (Gupta and Talha 2017)

T (Z ) :Tc |:e 7(1/2)|09(Tc/rm)(17(21/h))j| (11)

with T (5) =T, T(=3) =T

2.2.5 Sinusoidal temperature rise

In the case of sinusoidal temperature rise, the
temperature rise can be defined as follow (Gupta and Talha
2017)

T (Z)=(T°2Tm)—(T° ;Tm)cos(%+%j (12)

with T(3) =T, T(=3) =Ty

3. Size-dependent equations of wave motion

For consideration of the small-scale effects on the
nanostructure systems, size-dependent equations of wave
motion will be derived on the basis of the bi-Helmholtz
nonlocal strain gradient elasticity theory. For the purposes
of taking into account the shear deformation, it is necessary
to consider the higher-order shear deformation plate theory.

3.1 Kinematic relation

The refined-higher-order shear deformation plate theory
(R-HSDT) adopted in the present work which yields the
following displacement field (Shimpi 2002)

ow _ (Z)awS
oX oX

_ ow ow ¢ (13)
Y.z t)=vex,y,t)—z ——f -
V(><yZ)V(><y)zay (Z)ay

u(x,y,z,t)=uy(x,y,t)-z

w(x,y,t)y=w,(xX,y,t)+w (x,y,t)

where up and v, are respectively the displacements on the
middle surface along x and y directions; wp, Ws are
respectively the bending and shear displacements. f(z) is the
shape function which denotes the distribution of transverse
shear stress or strain along the thickness direction. In this
study, we assume algebraical shape function as f(z) = g(z) +
X(z) (Sarangan and Singh 2016)

where

272 8mh’
g(z):h[mhi +1j and N(z)=-

(m3h3+8h3)

in whichm = 2.
By using the well-known geometric relations, non-zero
strain—displacement relations can be written as

Eyx gxx K XX K ><’><
0 ’
gy p =16 r+Z Ky T (2)1Ky,
7xy }/By K Xy K x’y (14)

0
Yy Vye
Loz
Vxz Vxz
here (g, &,) are the normal strains, and (yy, 7y yx) are the
shear strains. They can be defined by

au, _62W2b
0 OX K OX
0 — aVO K — _aZ\Nb
yy ! yy 2
o oy < oy
d au_0+% _2 azvvb
oy ox ox oy 15
ow, o
ox 2
K., 0o |2
K ’ _ _62WS |:7YZ :| ay
K):y 8y2 J/Sz a\NS
o 5 ow OX
ox oy




A high-order gradient model for wave propagation analysis of porous FG nanoplates 57

and
(16)

Within the framework of linear thermoelasticity, the
Euler-Lagrange equations of FG nanoplate in the thermal
environment are described as the following form based on
Hamilton’s principles.

jé(u ~K +W Yt =0 (17)

in which 6U, oK and W are the variations of strain energy,
kinetic energy and work done by external (applied) forces,
respectively. The variation of strain energy is defined by

0,08, +0,0¢, +1,,07,
M = [0, 5,0V = o y}dv (18)

+Tyz 57yz + Ty 57)(2

Substituting Eqgs. (14) and (15) into Eq. (18) yields

B 2 2
N, aéuo_M;,a&va_M:a&/\zls
ox ox oX
2 2
+Ny65V°—M;’a§Wb—Mja&2/5
L OX y oy
U =] a8u, oV oo, [X39)
Ol 4N, | —/—2+—2 |-2M b
oy OX OX oy
2
—2M :ym_FQyz a&NS +sz a&NS
OX oy oy ox |

where the stress resultants are defined as
{Ni ,Mf’,Mf}zJ.{l,z f(2)lodA i =(x,y.xy) (20)

Q, :fg(z)aidA,i =(xz,yz) (21)

The variation of external work caused by the applied
forces on the FG nanoplates can be defined by the following
equation

N © oW, +w,) o5 (W, +w )
g ox OX
NO o(w, +w ) 05w, +w )
SN = oy oy
ow, +w ) o(w, +w,)
OX oy

_+ (q Hybrid foundation ) 5 (W b +Ww s )

—r

dx (22)

o

0
+26N 0,

inwhich N} =N? =N" and NJ, =0 and

N = [ E@ T () 23)

The distributed reaction between gradient hybrid
foundation and the low surface of FG nanoplate can be
expressed by Rad (2015)

L
k, +k,

k k k_k
:(—kl'ﬂ“(u)(wb+WS)—(—kI5+liu)v2(wb+ws)

The variation of Kinetic energy based on the R-HSDT
can be obtained as

2
q Hybrid foundation — [ j \% q Hybrid foundation

(24)

K = [{[ugduiy +V 0V, +W oW ] p(2 )}dV
lo[UgdUy +V,Vy +(W, +W ) (W, +dW )]
-1, UO%+Mb Sy +V, oW, +%5\/0}
| OX oX oy oy
C0SW, W, . . 00w aww.o}

=J, | U O, +V S 4
100X+6X ooay oy

[o6w, oow, , 00, 0o, dAdx
| Ox Ox oy oy
OON | DN | D | D
+K, +
x x ¥y oy
[owi, aow LW, 00W, , oW, 0w, oW, a(mb}
o oy oy oy

| Ox 0OX ox  OX

(25)

Il
Sy m—

+l,

+J,

in which the mass moments of inertias defined by

{IO’Il’IZ'Jl’JZ'KZ}

(26)

V[T

{1,2 z2,f (z),zf (z).f ?(z )}p(z )dz

N T

Noting that, in Eg. (25), the dot-superscript represents
the differentiation with respect to time. Equilibrium
equations in conjunction with Euler—Lagrange equations for
a FG plate consists of metal and ceramic materials can be
obtained as the following forms by substituting the
expressions for oU, oK and 6T from Egs. (15), (22), and
(25) into Eq. (17). Euler—Lagrange equations corresponding
to the coefficients of dug, dvg and ow, and Sws are listed as
below

ON, ON, ) oW, W,
+ =1lu, -1, -J; 27)
OX oy OX OX
ON ON B oW oW
P L+ 2 =|0V0—|1 b_Jl > (28)
X oy oy oy
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oM, +262M:‘Jy +62M3 [ Kkiky (W, +w, )
2 2 b s
ox ox oy oy k, +k,
—{NT _[%j}vz(wb W, ) (29)
1 u

Mo No |\ vaw, - 3,7
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3.2 Bi-Helmholtz nonlocal strain gradient elasticity
theory

The nonlocal strain gradient theory can be applied for
investigating the size-dependent effects of both the long-
range force and microstructural deformation mechanism.
According to the nonlocal strain gradient theory, the total
stress can be expressed as (Lim et al. 2015)

oy = O'i(jo) —VO'i(jl) (31)
where the classical stress ¢ and the higher-order stress
05.1) are related to the work conjugate of strain (g;) and the
work conjugate of strain gradient (Ve;), respectively. They
can be described as convolution integrals in a reference
domain V over some nonlocal kernel functions

L
oV = Cmern (rox @)l ()
O-l(ll) =1 2J‘OLC:ijkl a, (X ' X ,,ela)vgél (X ’)dX !

Here a (X, X', @) and a; (X, X, e;a) are the nonlocal
kernel functions that given by Eringen (1983). | represents a
material characteristic parameter (in some available
literature known as the length-scale parameter or gradient
parameter (Karami and Janghorban, 2016, Nami and
Janghorban, 2014)). e,a and e;a denote the lower and
higher order nonlocal parameters. Here a is an internal
characteristic length (e.g., lattice constant), and the material
constants ey and e; are often determined experimentally or
approximated by matching the dispersion relation of atomic
lattice dynamics (Li and Hu 2016b, Li et al. 2016, Zhu and
Li 2017). For the two-dimension (2D) problem, the linear
nonlocal differential operator, which is written as the
following form, is applied to the both sides of Eq. (31).

L, =1—-(e;,a)’V?  for i=0,1 (33)
where, V2 = &%/ox? + &*0y? is the Laplacian operator for 2D
problems in Cartesian coordinate.

Next, by applying Eg. (32) into Eq. (31), a general
constitutive model for the size-dependent FG nanoplate can
be defined as

[1— (ea)' v? } [1— (e,a)’ V2 } oy =Ciq [1— (ea) v? } &

34
—Cijk,l2[1—(e0a)zvz}vzekI 34
or
(1_ﬂozvz)(1_ﬂlzvz)5ij =Ciju (1_#12V2)5k| (35)

—Cijal ’ (l_ﬂgvz )Vzgkl

Here for the sack of simplicity, we assume that uo =
(e0d) and u; = (eq@). The previous equation is the
constitutive equation of the bi-Helmholtz nonlocal strain
gradient theory (B-H NSGT).

By using the strains of R-HSDT, we have

UXX
Oy
(1—ﬂ02V2)(1—,u12V2) Oy :(1—M2V2—|2(1—y02V2)V2)
o,
i el (36)
Qu Q. 0 0 0]¢
Q, Qp O 0 &
0 0 Q% 0 0|y,
0 0 0 Q. 0fry,
L 0 0 O O QSS_ _yxz J

in which Qj; are defined as follows

-0 = E@)
Qll - QZZ - (1—1/2)
E(z)
Qn = (1_‘/2‘/) 37)
0 -0 -_E@)
Q44 _Q55 _Q66 - (2(1+V))

3.3 Governing equation

To calculate the force-strain and moment-strain of the
imperfect (with porosity) FG plates, we get the following
relations by the integration of Eq. (36) across the cross-
section area of the plate.

N X
(1- V) (1- 2V?)| N, |= (1—ﬂfv2 —12(1- 4,7V )vz)
N,
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A, A, O ox B, B ot | (39
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in which the cross-sectional rigidities are obtained as
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By substituting Egs. (38)-(41) into Egs. (27)-(30), the
governing equations for a FG nanoplate under the influence
of thermal loading and gradient hybrid foundation can be
expressed in terms of displacements (U, Vo, Wy, Ws) as
follow

o o o
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They are the equations of wave motion deduced based
on refined-higher order shear deformation plate theory and
the bi-Helmholtz nonlocal strain gradient theory (B-H
NSGT).

4. Solution method

In this section, an exact solution will be presented to
solve the equatuons of wave motion for study the wave
propagation beahvior of porous FG nanoplates. Here we
assume the wave length is relative short and the wave
cannot reach the boundary of the nanoplates. That is to say,
the boundary conditions will not be considered here. Thus,
the solutions with satisfying the displacement fields of the
waves propagating in the x-y plane can be assumed to be the
following form

0, Aexpli(k,x +k,y —at)]
v | A expli(k,x +k y —at)]

wy [ Asexpli(k x +k,y —at)] (49)

W A4exp[i (k,x +kyy—a>t)]

in which i = vV=1; A;, A, A;, and A, are the wave
amplitudes; k, and k, are the wave numbers of wave
propagation along the x- and y- directions respectively; and
w is the wave frequency. Substituting Eq. (49) into Egs.
(45)-(48), we obtain the governing equations in terms of
matrix formula as

Ku = @*Mu (50)

where K, M, and u are the stiffness matrix, mass matrices,
and the unknown amplitude vector, respectively. Once the
wave frequency is calculated, the phase velocity can be
defined as

c=— (51)

5. Results and discussion

In this section, the FGM is made of SizN, and SUS304
with porosities. Using bi-Helmholtz nonlocal strain gradient

theory (B-H NSGT) as well as refined-higher order shear
deformation plate theory (R-HSDT), numerical results are
presented for size-dependent wave propagation of FG
nanoplates resting on a gradient hybrid foundation in the
thermal environment.

A parametric investigation will be carried out to
demonstrate the effects of small-scale parameters (lower
and higher order nonlocal parameters and material
characteristic parameter), distribution thermal loads
(uniform / linear / non-linear / exponential / sinusoidal
temperature rise), elastic foundation (gradient hybrid
foundation), material distribution index (volume fraction
index) on the wave propagation of the perfect and imperfect
FG nanoplates. For this purpose, the following
dimensionless parameters are used.

@=wa’\/p,h/D,,

a2
a_):a)Fme (1—v§)/Em

4 4
:k,a ,Ku:k“a K.
Dll Dll Dll

D, :(Ech3)/(12(1—vcz))

A comparison investigation between the proposed
formulations and the open literature is carried out for free
vibration of simply supported square FG plate under the
influence of thermal load. These results are listed in Table 1.
For this purpose, the materials are considered to be
temperature dependent, the geometry data are assumed as a
=b=02m h=0.025 m. The dimensionless circular
frequency is calculated with the increment of volume
fraction index (p) and the temperature of the top surface of
the FG plate (T.). The results obtained using the R-HSDT
are compared with those reported by Fazzolari (2016) and
Huang and Shen (2004), and an excellent agreement can be
observed for the results between the proposed formulations
and the open literature.

Table 2 lists the nonlocal dimensionless frequency of
imperfect FG plate with porosities (&) effect using the
present formulation (it is interesting to know that the
nonlocal equations are obtained by setting 4 = 1 = 0 in
constitutive equations of B-H NSGT). These results are
compared with those based on the nonlocal models with
CPT, FPT, TPT, SPT and EPT. As can be observed from
Table 2, the results of B-H NSGT are in excellent
agreement with those reported by Mechab et al. (2016).

Hereinafter, the geometry of the FG nanoplates is fixed
ath =2 nm, a=b =10 nm (Panyatong et al. 2016).

Wave propagation curves of perfect and imperfect FG
nanoplate on the basis of different theories are plotted in
Fig. 2. The wave numbers (k) change from 0.01 to 100
(1/nm). Here the classical elasticity theory (CET): 1o =0, 11
=0, I =0, nonlocal elasticity theory (NET): uo = 1.0, 41 = 0,
I = 0 nm, strain gradient theory (SGT): 1o =0, 4, =0,1=0.2
nm, and nonlocal strain gradient theory (NSGT): uo = 1.0,
11 =0,1=0.2 nm are taken into consideration. The similar
values of small-scale parameters for NET, SGT, and NSGT
were used by Li et al. (2015) for the wave propagation
study of FG nanobeams. Moreover, two groups of data are

K,
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Table 1 Dimensionless circular frequency @ parameter for SUS304-SisN, square plates in thermal environments

p Method T =300, T, =300 T, =300, T, =500 T =300, T, = 600 Error (%)T
(Huang and Shen 2004) 12.495 12.397 11.984 -
0 (Fazzolari 2016) 12.258 12.067 11.667 2.40
Present 12.3134 12.0607 11.5439 2.61
(Huang and Shen 2004) 8.675 8.615 8.269 -
0.5 (Fazzolari 2016) 8.505 8.354 8.031 2.62
Present 8.5340 8.3659 8.0247 2.49
(Huang and Shen 2004) 7.555 7.474 7.171 -
1 (Fazzolari 2016) 7.473 7.331 7.022 1.69
Present 7.5020 7.3554 7.0588 1.28
(Huang and Shen 2004) 6.777 6.693 6.398 -
2 (Fazzolari 2016) 6.716 6.579 6.275 1.51
Present 6.7514 6.6176 6.3478 0.76
(Huang and Shen 2004) 5.405 5.311 4,971 -
Inf (Fazzolari 2016) 5.411 5.270 4917 0.58
Present 5.4348 5.3188 5.0288 0.62

Table 2 Dimensionless circular frequency parameter @ for imperfect and perfect FG nanoplate

(ath =10, p = 3.5, (e0a)* = 1)

¢ (Mechab et al. 2016) (Mechab et al. 2016) (Mechab et al. 2016) (Mechab et al. 2016) (Mechab et al. 2016) Present
0 11.9045 11.6112 11.5690 11.5671 11.5741 11.6586
0.2 9.56084 9.38471 9.34623 9.34424 9.3508 9.4248

considered for bi-Helmholtz nonlocal strain gradient theory
(B-H NSGT) model, that is, B-H NSGT (1): xo = 1.0, y; =
0.5, 1 =0.2 nm, and B-H NSGT (2): yo = 1.0, iy = 1.5, 1 =
0.2 nm. As can be seen in Fig. 2, generally, the phase
velocity curves of CET, NET, SGT, NSGT and B-H NSGT
are approximately identical when the wave number is about
lesser than 1 (1/nm). It shows that, in small wave numbers
[k < 1 (1/nm)], the performing calculations by all size-
dependent continuum theories lead to almost similar results.
This means that wave behaviors of nanostructures (such like
nanoplates) are not dependent on their properties in the low
wave numbers. Though, in large wave numbers [k > 1
(1/nm)], modified size-dependent continuum theories offer
varying graphical trends of phase velocity. As expected, the
SGT presents higher values of phase velocity than CET due
to the increment in stiffness of nanoplate with considering
material characteristic parameter. In the opposite, the NET
(which accounts for the interaction between nanoplate
atoms on the support of softening-stiffness mechanism)
leads to lower phase velocity than CET. These are due to
the fact that, with increment in wave number, the
dependence of phase velocity to material properties and size
effects is increased. Moreover, we can see different trends
of phase velocity curves for distinct higher order nonlocal
parameters in B-H NSGT (1) and B-H NSGT (2). It is
found that, for both perfect and imperfect FG nanoplates,
the low value of higher order nonlocal parameter leads to
higher phase velocity than the high value of the higher order
nonlocal parameter. Besides, with considering porosity

volume fraction, the FG nanoplate becomes softer, and as
an evident result of that, the phase velocities are decreased.
It is important to note that, in comparison with the size
effects of small-scale parameters, the influence of porosities
can be ignored.

With considering thermal environments, the phase
velocities of pure metal/-ceramic, as well as perfect and
imperfect FG nanoplates under the influence of different
distributions of temperature rise, are calculated as a
function of wave number. These results are shown in Figs.
3(a)-(d). As a conclusion, both of temperature-dependent
isotropic and graded nanoplates without thermal effect have
larger phase velocities than the counterparts including
thermal effect. This effect in lower values of wave number
is evident, while a non-significant influence is observed on
the phase velocities for large wave numbers. As observed,
the sinusoidal model performs higher phase velocities than
other temperature rise distribution, followed by nonlinear,
linear, exponential, and uniform, respectively. It is clear that
the effect of temperature is more significant in fully ceramic
(p = 0) in comparison with the pure metal (p = ).
Moreover, in the high values of wave numbers, volume
fraction index p and porosity volume fraction & play a
dominant role in the results and lead to sharp decrement and
increment on phase velocities, respectively. Furthermore, an
increment in porosity volume fraction is proportional to the
decrement in the peak value of phase velocity. The
increment in material gradient index yields the decrease in
the volume fraction of ceramic phase that leads to the
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Fig. 2 Phase velocity response versus the wave number for room temperature (T, = T, = 300 K) based on classical
elasticity theory (CET), nonlocal elasticity theory (NET), strain gradient theory (SGT), nonlocal strain gradient
theory (NSGT), bi-Helmholtz nonlocal strain gradient theory (B-H NSGT) (1), and B-H NSGT (2) for: (a) perfect
FG nanoplate (p = 1, £ = 0); (b) imperfect FG nanoplate (p =1, £=0.2)
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Fig. 3 Influence of temperature rise distribution against wave number in T, = 500 K for: (a) fully ceramic nanoplate
(p =0, £=0); (b) perfect FG nanoplate (p = 1, £ = 0); (c) imperfect FG nanoplate (p = 1, £=0.2); and (d)

fully metal nanoplate (p = oo, £=0)

decrement in bending rigidity and phase velocity of the FG
nanoplate.

To show the effect of foundation on the phase velocities,
a variation of phase velocities of embedded perfect and
imperfect FG nanoplate for different values of spring
constants and shear layer parameter is plotted in Fig. 4. For
the sake of simplicity, the stiffness of lower and upper
springs of gradient hybrid foundation are the same.
Generally, including a foundation grows the phase velocity
of the FG nanoplate. This increment is related to the
hardness effect of each foundation. So, a nanoplate with
foundation is stiffer than the counterpart without

foundation. As can be seen from Fig. 4, the low and high
values of springs and shear layer parameter have rising
effects on the phase velocities of imperfect and perfect FG
nanoplates. This efficiency is easily visible in low values of
wave number. Moreover, due to the figure, it is concluded
that, in the case of low wave numbers, the wave behavior of
imperfect FG nanoplates depends significantly on the values
of the foundation parameters, especially at the range of soft
and moderate stiffness for springs and shear layer. However,
the change trend of phase velocity for both soft and hard
foundations remains relatively constant.
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nanoplate (p = 1, £ = 0); (b) imperfect FG nanoplate (p =1, £=0.2)
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exposed to the nonlinear thermal loading (T, = 500 K) versus: (a) lower order nonlocal parameter; and (b)
higher order nonlocal parameter, (k= 2(1/nm) p=1, £=0.2, K, =10, K, =10, K= 5)

Fig. 5 depicts the variation of phase velocity for
imperfect and perfect FG nanoplates with increasing
volume fraction index and porosity volume fraction. It is
easily understood that with the enhancement in the value of
volume fraction index phase velocities will decrease. This is
due to the fact that the higher volume fraction index means
the nanoplate has more metal contents and stiffness will
reduce, and hence phase velocities will decrease. It is
noteworthy that when the wave number is very small [k <
0.1 (1/nm)], the effect of porosity is unimportant but its
effect keeps on increasing as the wave number increases.

In the case of a constant wave number [k = 2 (1/nm)]
and the nonlinear thermal loading, Fig. 6 shows the
influence of material characteristic parameter on the phase
velocity response of the imperfect FG nanoplate. Under the
circumstances, the impact factors of lower and higher order
nonlocal parameters are more significant than those in the
absence and presence of material parameter, respectively.
Despite that the lower order nonlocal parameter is an
independent parameter, the higher order nonlocal parameter
has no significant effect on the phase velocity in absence of
the material characteristic parameter.
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6. Conclusions

A high-order nonlocal strain gradient model was
developed to studying the wave propagation of functionally
graded (FG) nanoplates. The FG nanoplates considered here
is porous and supported by a gradient hybrid foundation
within thermal environment. On the basis of the refined-
higher order shear deformation plate theory (R-HSDT) in
conjunction with the bi-Helmholtz nonlocal strain gradient
theory (B-H NSGT), the equations of wave motion are
derived by using Hamilton’s principle. Then, the influences
of various parameters on the wave propagation behaviors of
porous FG nanoplates are investigated in detail. On the
basis of the parametric investigations, the following
conclusions can be notable.

e With the increment in nonlocal parameters (material
characteristic parameter), the FG nanoplate becomes
stiffer (softer).

e \When omitting the material characteristic parameter
from fundamental equations, the lower (higher)
order nonlocal parameter has (does not have)
important effect on the phase velocity results.

e The increment of temperature, volume fraction index
and porosity volume fraction (spring constants and
shear layer parameter) will lead to the lower (higher)
phase velocities.

® When the FG nanoplate is surrounded by a hard
foundation, as a paradox conclusion, the phase
velocity in low wave numbers increases with the
increase of the porosity volume fraction.

e The influence of environmental loading and
foundation components (small-scale parameters,
volume fraction index and porosity volume fraction)
on the phase velocities increase with the decrement
(increment) of the wave numbers, respectively.

e The sinusoidal scenario for determining temperature
rise distribution performs higher phase velocities
than other temperature rise distributions, followed by
nonlinear, linear, exponential, and uniform,
respectively.
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