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1. Introduction 
 

To increase the mechanical strength of structures against 

dynamic and shock loadings, structures made of the 

reinforced composite materials are often applied. For the 

reinforcement of composite structures, it is beneficial to 

employ carbon nanotubes (CNTs), which are dispersed 

uniformly or non-uniformly within the matrix of composite 

materials. There are some recent research works in which 

the reinforced composite structures by CNTs have been 

studied using various numerical methods. Ghayumizadeh et 

al. (2013) studied the elastic wave propagation in a 

functionally graded nanocomposite cylinder reinforced by 

carbon nanotubes using the meshless local Petrov-Galerkin 

(MLPG) method. They assumed that the CNTs were 

distributed non-uniformly across the thickness of the 

cylinder along the radial direction. In another work, 

Ghouhestani et al. (2014) employed the MLPG method for 

dynamic analysis of multilayer functionally graded 

nanocomposite cylinders reinforced by carbon nanotubes 

subjected to shock loading. Hosseini (2013, 2014a) studied 

the effects of the reinforcement by CNTs on the natural 
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frequencies and elastic wave propagation in a functionally 

graded nanocomposite cylinder reinforced by carbon 

nanotubes, respectively. He used a hybrid meshless method 

based on the generalized finite difference (GFD) and 

Newmark finite difference methods. 

In recent years, some research works on the carbon 

nanotube reinforced-functionally graded (CNTR-FG) 

composite structures have been reported in literature. Some 

of them were focused on the geometrically nonlinear 

analysis (Zhang et al. 2016, Lei et al. 2017), buckling and 

stability analysis (Kiani 2016, Duc et al. 2017 and Shokravi 

2017), bending characteristic of SWCNT-reinforced FG 

composite plates (Chavan and Lal 2017), dynamic analysis 

and size-dependence analysis of the CNTR-FG composite 

structures (Zhang 2017, Zhang et al. 2017a, b, Allahkarami 

et al. 2017 and Kiani 2017). In the above research works, 

various computational methods have been used to solve the 

corresponding problems such as the element-free IMLS-

Ritz method and the isogeometric analysis (IGA). The 

material properties of the CNTR-FG composite structures 

were usually considered as effective material properties 

based on the rule of mixture. 

Recently, the graphene platelets (GPLs) are also used as 

the reinforcement of composite structures. Verma et al. 

(2014) presented a review and discussed the different 

methods of manufacturing reinforced composites with 

graphene and also their properties (such as electrical, 
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mechanical and thermal properties). Many references to the 

previous works on the material properties and processing 

were given in this review. The intrinsic tensile strength of 

graphene is about 130 GPa and its elastic modulus is about 

1 TPa, and also there is another specific characteristic, 

which is called the specific surface area with a value up to 

2630 m2g -1 (Yang et al. 2017). In the previously published 

works, it was reported that the GPLs have excellent 

mechanical and physical properties (Verma et al. 2014 and 

Yang et al. 2017). Furthermore, some recent research works 

were carried out to study the effects of the reinforced 

composite structures by GPLs on the static and dynamic 

behaviors of the structures using various solution 

techniques, such as the nonlinear free vibration (Feng et al. 

2017a), nonlinear bending (Feng et al. 2017b), post-

buckling (Chen et al. 2017), elastic buckling (Kitipornchai 

et al. 2017a), free and forced vibration (Song et al. 2017) 

and the nonlinear elastic moduli (Elmarakbi et al. 2016). To 

evaluate some elastic properties of the reinforced 

nanocomposites by CNT and graphene, Kumar and 

Srivastava (2016) employed the continuum based 3D 

representative volume element (RVE). One of the most 

important issues in the above cited research works is the 

determination of the effective mechanical properties of the 

nanocomposite structures reinforced by GPLs. To do this, 

two main micromechanical models were used in the above 

referenced papers, which are the Halpin-Tsai micro-

mechanical model for the elastic moduli and the rule of 

mixture. In both micromechanical models, the volume 

fraction of GPLS was assumed to be uniform or vary 

linearly along certain directions (e.g., along the thickness 

direction of nanocomposite plates or cylinders). 

In the above addressed research works, various solution 

techniques have been employed to solve the governing 

equations of the problems. One of the effective solution 

techniques is the GFD method. The GFD method has been 

successfully used by one of the authors for the study of the 

natural frequencies and the elastic wave propagation 

analysis in a functionally graded nanocomposite cylinder 

reinforced by carbon nanotubes (Hosseini 2013, 2014a). 

Also, the GFD method has been used for various types of 

engineering problems (Benito et al. 2013, Gavete et al. 

2013, Hosseini 2014b and 2015). Furthermore, the meshless 

GFD method has been applied to inverse problems such as 

inverse biharmonic boundary value problems (Fan et al. 

2014) and Cauchy problem for various kinds of partial 

differential equations (Fan 2015). Recently, Gu et al. (2017) 

employed the meshless GFD method for solving the inverse 

heat source problem associated with the steady-state heat 

conduction. 

This paper presents the first attempt for the application 

of a modified micromechanical model to the elastic wave 

propagation analysis in a FG graphene platelets-reinforced 

thick hollow cylinder using the meshless GFD method. The 

present micromechanical model considers the nonlinear 

distributions of the GPLs along the radial direction of 

cylinder. Using the three different nonlinear functions for 

the volume fraction of the GPLs, various nonlinear grading 

patterns can be applied for the nonlinear distributions of the 

GPLs across the thickness of the thick hollow cylinder 

along the radial direction. The wave propagation 

characteristics in both the displacement and the stress fields 

are obtained and discussed in detail. 

A modified micromechanical model is proposed to 

simulate the various nonlinear grading patterns of GPLs 

distributions in the reinforced nanocomposite structures, 

which can be considered as one of the originalities and 

novelties of the present research. In the previous published 

works, the distributions of GPLs in nanocomposite 

structures were considered to vary linearly through certain 

direction in the reinforced structures. Recently, using the 

linear distributions of GPLs in the FG multilayer reinforced 

nanocomposite beam, the buckling and postbuckling 

analysis and nonlinear free vibration were carried out (Feng 

et al. 2017a, Yang et al. 2017). The proposed nonlinear 

micromechanical model in this paper furnishes a ground for 

considering the nonlinear distributions of GPLs in various 

engineering analysis of reinforced nanocomposite 

structures. 

Also, the modified micromechanical model, which is 

proposed in this paper, is successfully employed for elastic 

wave propagation analysis in the GPLs-reinforced 

nanocomposite cylinder with various nonlinear grading 

patterns of GPLs distributions. The governing equations are 

derived considering the nonlinearity in the GPLs 

distributions and then solved by developing the meshless 

GFD method. The effects of various nonlinear grading 

patterns of GPLs distributions on the elastic wave 

propagation are obtained and studied in a shock-induced 

reinforced nanocomposite cylinder. 
 

 

2. Modified micromechanical model 
 

A thick hollow cylinder with a finite length L, an inner 

radius rin and an outer radius rout is considered in this 

analysis, which is reinforced by the GPLs under 

axisymmetric conditions (see Fig. 1). It is assumed that the 

GPLs are non-uniformly distributed within the polymer 

matrix along the radial direction of the cylinder with a 

nonlinear distribution. Also, it is assumed that the 

distribution of the GPLs is varied from inner surface of 

cylinder to outer surface along the radial direction. Hence, 

the considered cylinder has a functionally graded 

distribution of the GPLs, which varies nonlinearly along the 

radial direction. 

Based on the Halpin-Tsai micromechanical model, the 

elastic modulus of the composites with randomly oriented 

fillers can be approximated by (Yang et al. 2017) as 
 

3 5

8 8
L TE E E 

 
(1) 

 

where the terms EL and ET stand for the longitudinal and 

transverse moduli for a unidirectional lamina. The terms EL 

and ET can be calculated by the Halpin-Tsai model as (Yang 

et al. 2017) 

in 
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Fig. 1 The sketch of the FGGPLs-reinforced thick hollow 

cylinder with a finite length 
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where the filler volume fraction is defined by Vf. Eq. (1) can 

be modified for the considered problem as 
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in which r is the radius of the thick hollow cylinder. So, the 

longitudinal and transverse moduli determined by Eqs. (2) 

and (3) can also be written as 
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Thus, we have 
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where VGPL(r) is the volume fraction of the GPLs that is 

dependent on the radius. The terms ηL and ηT can be 

calculated as (Yang et al. 2017) 
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The modulus of elasticity for the GPL and the matrix is 

EGPL and Em, respectively. The terms ξL and ξT are the 

geometry factors of the GPLs, which are obtained as (Yang 

et al. 2017) 
 

 2L GPL GPLa t 
 

(10) 

 

 2T GPL GPLb t 
 

(11) 

 

where aGPL, bGPL and tGPL are the length, width and 

thickness of the GPLs, respectively. To find the GPL 

volume fraction, it is needed to describe the nonlinear 

variation of the GPLs distribution. 

So, in this work, three types of the nonlinear functions 

are used for VGPL(r). The three nonlinear functions for 

VGPL(r) and the first derivative of VGPL(r) with respect to r 

can be stated as follows: 
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where 

 

 

 

(a) 
 

 

(b) 
 

 

(c) 

Fig. 2 The variations of three types of VGPL (r) for various 

values of the volume fraction index: (a) n < 1; (b) n 

= 1; (c) n > 1 
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in which WGPL is the GPL weight fraction, and ρGPL and ρm 

are the mass densities of the GPLs and the polymer matrix, 

respectively. The variations of the three types of WGPL are 

demonstrated in Fig. 2 for three values of the volume 

fraction index. To describe the density ρ(r) and Poisson’s 

ratio v(r) of the FGGPLs-reinforced composite thick hollow 

cylinder, the rule of mixture is used as follows 
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3. Governing equations 
 

The governing equations for the FGGPLs-reinforced 

composite thick hollow cylinder with a finite length and an 

axisymmetric deformation can be written as (see Fig. 1) 
 

 

 

(a) 
 

 

(b) 

Fig. 3 The comparisons between the present results and 

those obtained from analytical solution: 

(a) Non-dimensional radial displacement; 

(b) Non-dimensional radial stress 
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where σr(r, z, t), σz(r, z, t) and σθ(r, z, t) are the radial, axial 

and hoop stresses, respectively. The terms ur and uz stand 

for the radial and axial displacements. The governing 

equations can also be rewritten in terms of the 

displacements as 
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in which the factors C1(r), C2(r) and C(r) are given by 
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The first derivatives of G1(r), G2(r) and G(r) with 

respect to r are obtained as 
 

  
2

' ' 2 3 ' 2
1 1( ) ( ) ( ) 1 2 ( ) ( ) 2 ( ) 2 ( ) ( ) ( ) 2 ( ) 1 ( ) 2 ( )                  

   

d
C r C r E r r r r E r r r r r r

dr  
(29) 

  
2

' ' 2 3 ' 2
1 1( ) ( ) ( ) 1 2 ( ) ( ) 2 ( ) 2 ( ) ( ) ( ) 2 ( ) 1 ( ) 2 ( )                  

   

d
C r C r E r r r r E r r r r r r

dr  
(29) 

 

 
2

' ' 2 ' 2 2
2 2( ) ( ) ( ) ( ) 1 ( ) 2 ( ) ( ) ( ) 1 2 ( ) 1 ( ) 2 ( )

d
C r C r E r r r r E r r r r r

dr
                  

     
 

 
2

' ' 2 ' 2 2
2 2( ) ( ) ( ) ( ) 1 ( ) 2 ( ) ( ) ( ) 1 2 ( ) 1 ( ) 2 ( )

d
C r C r E r r r r E r r r r r

dr
                  

     
 

(30) 

 

    

'

2' '

( ) ( )

( ) 1 ( ) ( ) ( ) 2 1 ( )  



   

d
G r G r

dr

E r r E r r r
 

(31) 

 

where 
 

 

 

 

 

'

'

2 2

( ) ( )

3 1 5 1
( )

8 1 ( ) 8 1 ( )

   

 



   
  

   

L L T T
GPL

L GPL T GPL

d
E r E r

dr

V r
V r V r

 

(32) 

 

 ' '( ) ( ) ( )GPL GPL m
d

r r V r
dr

     
 

(33) 

 

The first derivative of the GPLs volume fraction with 

respect to the radius V′GPL(r) can be calculated by using 

Eqs. (13), (15) and (17). 
 

 

4. Meshless generalized finite difference (GFD) 
method 
 

4.1 General formulations 
 

In the GFD method, the partial derivatives of the field 

quantities are linearly approximated by the Taylor-series 

expansion on some nodes (center nodes) in the analyzed 

domain, where each center node is surrounded by some 

other nodes. The nodes can be regularly or randomly 

distributed in the analyzed domain. Consequently, the 

partial derivatives are obtained at the rest of the center 

nodes, and the group of nodes with a center node and other 

surrounding nodes is called a star in this method. 

For differentiable displacement functions ur = ur(r, z, t) 

and uz = uz(r, z, t) in a 2D domain, the Taylor-series 

expansion around an arbitrary point (r0, z0, t) can be 

expressed as follows 
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Eqs. (34) and (35) are limited to the second-order 

approximations and two-dimensional cases, which are 

assumed in the present analysis. It is also possible to 

develop the extensions of the formulation to 3D problems. 

The norm functions 𝐵𝑟
𝑢  and 𝐵𝑧

𝑢
 can be defined in the 

following forms: 

where wi(hi, ki) is the weight function, and N stands for 

the number of nearest nodes surround the central node (r0, 

z0, t) in each star. In this paper, the weight function is 

defined by 
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By minimizing the norms 𝐵𝑟
𝑢  and 𝐵𝑧

𝑢
  with respect to 

the partial derivatives, the following linear equations can be 

derived 
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In the following, the solution procedures for 𝑢𝑟
0

  are 

developed, and the similar procedures can be applied for 

𝑢𝑧
0. For each node, the five equations can be obtained for 

the five unknowns as follows 

 
0 0

2 2 2

1 1

3 22 0 2 0
2 2

2 2
1 1

2 0
2 2 0 2

1 1

2

1

2 2

0,

 

 

 



 


 

 
 
 


 
 

 

 

 

 



N N
r r

i i i i i

i i

N N
i i ir r

i i

i i

N N
r

i i i r i i

i i

N
i

i i r

i

u u
w h w h k

r z

h h ku u
w w

r z

u
w h k u w h

z r

w h u

 

(43) 

 
0 0

2 2 2

1 1

2 32 0 2 0
2 2

2 2
1 1

2 0
2 2 0 2

1 1

2

1

2 2

0,

 

 

 



 


 

 
 
 


 
 

 

 

 

 



N N
r r

i i i i i

i i

N N
i i ir r

i i

i i

N N
r

i i i r i i

i i

N
i

i i r

i

u u
w h k w k

r z

h k ku u
w w

r z

u
w h k u w k

z r

w k u

 

(44) 

 
3 20 0

2 2

1 1

4 2 22 0 2 0
2 2

2 2
1 1

3 22 0
2 0 2

1 1

2

2

1

2 2

4 4

2 2

0,
2

 

 

 



 


 

 
 
 


 
 

 

 

 

 



N N
i i ir r

i i

i i

N N
i i ir r

i i

i i

N N
i i ir

i r i

i i

N
i i

i r

i

h h ku u
w w

r z

h k hu u
w w

r z

h k hu
w u w

z r

h
w u

 

(45) 

 
2 30 0

2 2

1 1

2 2 42 0 2 0
2 2

2 2
1 1

3 22 0
2 0 2

1 1

2

2

1

2 2

4 4

2 2

0,
2

 

 

 



 


 

 
 
 


 
 

 

 

 

 



N N
i i ir r

i i

i i

N N
i i ir r

i i

i i

N N
i i ir

i r i

i i

N
i i

i r

i

h k ku u
w w

r z

h k ku u
w w

r z

h k ku
w u w

z r

k
w u

 

(46) 

 

260



 

Elastodynamic and wave propagation analysis in a FG graphene platelets-reinforced nanocomposite cylinder... 

0 0
2 2 2 2

1 1

3 32 0 2 0
2 2

2 2
1 1

2 0
2 2 2 0 2

1 1

2

1

2 2

0.

 

 

 



 


 

 
 
 


 
 

 

 

 

 



N N
r r

i i i i i i

i i

N N
i i i ir r

i i

i i

N N
r

i i i r i i i

i i

N
i

i i i r

i

u u
w h k w h k

r z

h k h ku u
w w

r z

u
w h k u w h k

z r

w h k u

 

(47) 

 

The above equations can be given in the matrix form as 
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The solution of Eq. (48) can be given as 
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By using the similar way, other derivatives of 𝑢𝑟
0 can 

be obtained as 
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The terms Bij are the components of the matrix B. The 

derivatives of 𝑢𝑧
0 can be obtained by employing the similar 

procedures as 
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The above obtained equations for the derivatives of 𝑢𝑟
0 

and 𝑢𝑧
0 are the so called star forms. By substituting the 

obtained relations in star forms for the derivatives of the 

displacements into the governing Eqs. (24) and (25) at an 

arbitrary center node (r0, z0, t), the governing equations can 

be obtained in the discretized forms for the GFD method, 

which will be presented in the following. 
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The above equations can be rewritten as: 

 

The following system of linear equations is obtained for 

the distributed nodes on the analyzed domain 

 
     

 

 
   

 
 

 
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1 * 1 1 *1

1 *11 * 1 1 *1





  
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 

N N N

NN N N

M

K f
 

(78) 

 

where 
 

   0 0 1 1 2 2 .... .... ,
T

N N

r z r z r z r zu u u u u u u u 
 

   
   0 0 1 1 2 2 .... .... ,

T
N N

r z r z r z r zu u u u u u u u   
(79) 

 

   0 0 1 1 2 2 .... .... .
T

N N

r z r z r z r zu u u u u u u u 
 

   
   0 0 1 1 2 2 .... .... .

T
N N

r z r z r z r zu u u u u u u u   
(80) 

 

The double-dot super scripts stand for the second 

derivatives of the field variables with respect to time. 

The components of the matrix [f](N+1)×1 are determined 

by employing the boundary conditions of the considered 

problem. The unknown nodal values of the field variables in 

Eq. (78) can be solved by using a proper numerical method. 

In this paper, the Newmark finite difference method is 

employed to solve the Eq. (78). Also, it is possible to solve 

the Eq. (78) using other methods such as the Laplace-

transform technique. 
 

 

5. Numerical results and discussions 
 

We consider a FGGPLs-reinforced thick hollow cylinder 

made of a mixture of the epoxy and GPLs, which are 

distributed with various nonlinear grading patterns. The 

length, width and thickness of the GPLs are assumed to be 

aGPL = 2.5 μm, bGPL = 1.5 μm and tGPL = 1.5 nm, 

respectively (Yang et al. 2017). The material properties 

including the elastic modulus, mass density and Poisson’s 

ratio of the epoxy matrix are assumed to be Em = 3.0 GPa, 

ρm = 1200 kg/m3 and vm = 0.34, respectively (Yang et al. 

2017). The material properties of the GPLs are EGPL = 1.01 

TPa, ρGPL = 1062.5 kg/m3 and vGPL = 0.186, as reported 

Yang et al. (2017). The boundary conditions of the 

considered FGGPLs-reinforced thick hollow cylinder, 

which is shown in Fig. 1, can be formulated as follows 

 

 , , ( )r inr z t F t  ,
   

 , , 0rz inr z t  ,
 

(81) 

 

 , , 0r outr z t  ,
   

 , , 0rz outr z t  ,
 

(82) 

 

 ,0, 0zu r t  ,
   

 ,0, 0rz r t  ,
 

(83) 

 

 , , 0zu r L t  ,
   

 , , 0rz r L t  .
 

(84) 

 

To verify the present method and results, it is assumed 

that the volume fraction index of the GPLs takes a big value 

such as n = 1000. It means that the thick hollow cylinder is 

made of a fully isotropic polymer. Also, it is assumed that 

the hollow cylinder is very long (plane-strain condition) 

with an axisymmetric deformation. The loading function 
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F(t) is taken as 
 

 0( ) 1 ctF t e  
 

(85) 

 

where it is assumed that σ0 = ‒Em = ‒3.1×10-9 Pa or σ0 = Em 

= ‒1 and c = 100. In the long-time limit, the inside pressure 

of the thick hollow cylinder converges to a hydrostatic 

pressure equal to σ0. Then, it is possible to compare the 

obtained results in the long-time limit with those obtained 

from the static analysis of an isotropic hollow cylinder 

under an internal hydrostatic pressure. The analytical 

solution for the radial stress and radial displacement of an 

isotropic hollow cylinder under internal hydrostatic loading 

are given by (Vullo 2014) 
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(86) 
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r
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(87) 

 

The constants C1 and C2 can be obtained as 
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(88) 

 

A good agreement can be found in Figs. 3(a) and (b) by 

the comparisons between the obtained non-dimensional 

radial displacement and radial stress in long times and those 

obtained from the analytical solutions (86) and (87). In 

order to evaluate the performance of the present method in 

this example, the following error norm is defined as 
 

( ) ( , )
( , ) *100

( )

analytical GFD
j j

j j analytical
j

u r u r t
Err Err r t

u r


 

 

(89) 

 

The effects of the total node number on the error norm 

for three values of the radius of the cylinder (j = 1, 2, 3) are 

 

 

 

Fig. 4 The effects of the total node number on the error 

norm for three different radii of the cylinder 

illustrated in Fig. 4. It can be seen that when the node 

number is increased the value of the error norm is decreased 

and converged to a constant value. It illustrates that the 

increase of the total node number doesn’t affect the 

numerical results significantly when the number of the 

nodes is larger than 100. 

As another verification of the present method and 

results, we consider a cylinder which is made of aluminum 

(Em = 70 GPa, ρm = 2707 kg/m3, vm = 0.3). By choosing a 

big value for the volume fraction index n, the mechanical 

properties of the cylinder approach the properties of the 

matrix. To compare the obtained results using the present 

meshless GFD method with those obtained from FEM 

(Hosseini et al. 2007), the following mechanical shock 

loading is considered for the problem 
 

 , , 0, 0,

1, 0.

r in

m

r z t t

tE

 
 

  

(90) 

 

Figs. 5-7 show the comparisons between the obtained 

time histories of the non-dimensional radial displacement, 

radial and hoop stresses, respectively, with those obtained 

from FEM. The good agreements can be found in Figs. 5-7. 

In order to show the performance of the present GFD 

method, the following error norm is defined for the non-

dimensional radial stress field as 
 

( , ) ( , )
( , ) *100

( , )

FEM GFD
r j r j

j j FEM
r j

r t r t
Err Err r t

r t

 




 

 

(91) 

 

 

 

Fig. 5 The comparison between the non-dimensional 

radial displacements obtained from the GFD 

method with those obtained from FEM 
 
 

 

Fig. 6 The comparison between the non-dimensional 

radial stresses obtained from the GFD method 

with those obtained from FEM 
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Fig. 7 The comparison between the non-dimensional 

hoop stresses obtained from the GFD method with 

those obtained from FEM 

 

 

The effects of the total node number on the error norm 

are shown in Fig. 8 for three time instants (j = 1, 2, 3) for 

the middle point of the thickness of the cylinder (r = rm = 

(rout ‒ rin) / 2). It can be seen that when the total node is 

increased the value of the numerical error is decreased to 

less than 4%. To show the calculation efficiency of the 

presented meshless GFD method, the CPU time of meshless 

GFD method is compared to the CPU time of FEM 

presented by Hosseini et al. (2007). Both codes were run by 

the same PC and software. It is obtained that the CPU time 

of GFD code is about 3.2576s with considering the total 

number of nodes to be equal to 100 and the CPU time of 

FEM is about 20.8067s with considering 400 elements. It 

means that the CPU time of GFD code is much less than the 

CPU time of FEM with the acceptable numerical error, 

which was discussed in Fig. 8. Also, the effect of total 

number of nodes in GFD method on the CPU time is shown 

in Fig. 9. It can be clearly observed that the CPU time of 

GFD method is increased by increasing the total number of 

nodes. In the presented problem, it is no needed to increase 

the total number of nodes more than 100 in the GFD 

method because the accuracy of the results doesn’t 

significantly increase for number of nodes more than 100. 

To continue the analysis, it is assumed that the inner 

surface of the FGGPLs-reinforced thick hollow cylinder is 

excited by an axisymmetric shock loading as follows 
 

0

0
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(92) 

 

where ts is an arbitrary reference time, which is assumed to 

be ts = 25×10-6s. It is further assumed that σ0 is equal to Em, 

which is given as 
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(93) 

 

Also, the length of the cylinder is considered to be very 

long. Consequently, at the middle point of the cylinder, the 

plane-strain condition can be assumed. The field variables 

are studied in detail in two parts including the wave 

 

Fig. 8 The effects of the total node number on the error 

norm at three time instants for the middle point of 

the thickness of the cylinder 

 
 

 

Fig. 9 The effect of total number of nodes on the CPU 

time of GFD method 

 
 

propagation analysis and the time history analysis. 
 

5.1 Wave propagation analysis 
 

The wave propagation in terms of the non-dimensional 

radial displacement field can be found in Fig. 10. It can be 

observed that the wave front propagates with a finite speed 

along the radial direction. The variations of the non-

dimensional radial displacement at various time instants can 

be seen in Fig. 10 for the type V of VGPL, n = 2, z/L = 0.5 

and WGPL = 0.3%. The non-dimensional stress wave 

propagation along the radial direction of the FGGPLs-

reinforced thick hollow cylinder is demonstrated in Fig. 11. 
 

 

 

Fig. 10 The variations of the non-dimensional radial 

displacement along the radial direction at various 

time instants 
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Fig. 11 The variations of the non-dimensional radial stress 

along the radial direction at various time instants 

 

 

 

Fig. 12 The variations of the non-dimensional hoop stress 

along the radial direction at various time instants 

 

 
The wave front can be tracked at various time instants. 

Also, it can be observed that the prescribed boundary 

conditions for the radial stresses are satisfied in a very good 

manner. The non-dimensional radial stress wave propagates 

with a finite speed along the radial direction. Also, Fig. 11 

demonstrates the variations of the non-dimensional radial 

stress along the radial direction of the FGGPLs-reinforced 

thick hollow cylinder. The variations of the hoop stresses 

along the radial direction are obtained at various time 

instants, which are demonstrated in Fig. 12 for the same 

parameters as in Fig. 10. Here, it is also possible to track the 

propagation of the non-dimensional hoop stress wave at 

various time instants. 

The effects of the volume fraction index n on the 

variations of the non-dimensional radial displacement, 

radial and hoop stresses can be revealed by using Figs. 13-

15, respectively. It can be observed that when the value of 
n  is increased, the values of the non-dimensional radial 

displacement, radial and hoop stresses are decreased for the 

type V of VGPL. The similar behaviors are observed for the 

types Λ and X of VGPL. It can be also concluded from Figs. 

14 and 15 that the wave propagation velocities of both the 

non-dimensional radial and hoop stresses fields decrease 

when the value of n increases. The figures clearly depict 

that the wave fronts for small values of n are located before 

the other wave fronts for bigger values of n. It means that 

the non-dimensional radial and hoop stress waves propagate 

faster when the value of n decreases. The similar behaviors 

 

Fig. 13 The variations of the non-dimensional radial 

displacement along the radial direction for various 

values of the volume fraction index 

 

 

 

Fig. 14 The variations of the non-dimensional radial stress 

along the radial direction for various values of the 

volume fraction index 

 

 

 

Fig. 15 The variations of the non-dimensional hoop stress 

along the radial direction for various values of the 

volume fraction index 

 

 

can be seen for the types Λ and X of VGPL. Fig. 16 shows the 

variations of the non-dimensional radial displacement along 

the radial direction for various types of VGPL such as types 

V, Λ and X. The variations are presented for n = 2, WGPL = 

0.3% and z/L = 0.5 at t = 100×10-6s. Also, it is possible to 

see the effects of various types of VGPL on the variations of 

the non-dimensional radial and hoop stresses, which are 

illustrated in Figs. 17 and 18, respectively. At the time 

instant t = 100×10-6, the maximum radial and hoop stresses 

are observed for the type X of VGPL. Furthermore, it is 
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Fig. 16 The variations of the non-dimensional radial 

displacement along the radial direction for various 

types of the GPLs volume fraction 
 

 

 

Fig. 17 The variations of the non-dimensional radial 

stress along the radial direction for various types 

of the GPLs volume fraction 
 

 

 

Fig. 18 The variations of the non-dimensional hoop stress 

along the radial direction for various types of the 

GPLs volume fraction 
 

 

possible to find the maximum stresses at various time 

instants for each type of VGPL using the present meshless 

method. 

The effects of the value of WGPL on the variations of the 

field variables along the radial direction can be assessed by 

using Figs. 19-21, in which the variations of the non-

dimensional radial displacement, radial and hoop stresses 

are illustrated for various values of WGPL. Figs. 19-21 are 

given for n = 2, z/L = 0.5 at t = 100×10-6s in the case of the 

type V of VGPL. It can be seen that the variation in the value 

of WGPL influences the non-dimensional radial and hoop 

 

Fig. 19 The variations of the non-dimensional radial 

displacement along the radial direction for various 

values of WGPL 

 

 

 

Fig. 20 The variations of the non-dimensional radial 

stress along the radial direction for various 

values of WGPL 
 

 

 

Fig. 21 The variations of the non-dimensional hoop 

stress along the radial direction for various 

values of WGPL 
 

 

stresses more than the radial displacement. Also, it can be 

concluded that when the value of WGPL is increased, the 

velocities of the non-dimensional radial and hoop stresses 

wave propagations are increased too. It means that the value 

of WGPL influences directly the velocity of the wave 

propagation in the FGGPLs-reinforced thick hollow 

cylinder. In addition, it is observed that when the value of 

WGPL is increased, the maximum values of the non-

dimensional radial and hoop stresses are increased. 

 

5.2 Time history analysis 
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Fig. 22 The time histories of the non-dimensional radial 

displacement for various values of the GPLs 

volume fraction index 
 

 

 

Fig. 23 The time histories of the non-dimensional radial 

stress for various values of the GPLs volume 

fraction index 
 

 

 

Fig. 24 The time histories of the non-dimensional hoop 

stress for various values of the GPLs volume 

fraction index 

 

 

The vibration behaviors of the considered cylinder can 

be observed in the time histories of the non-dimensional 

radial displacement, radial and hoop stresses, which are 

drawn in Figs. 22-24, respectively. Fig. 22 shows the time 

histories of the non-dimensional radial displacement for 

various values of the GPLs volume fraction index. The 

amplitude of the vibration in Fig. 22 increases with 

increasing value of n. The effects of the variation in the 

value of n on the time histories of the non-dimensional 

radial and hoop stresses can be analyzed by using Figs. 23 

and 24. It is clearly observed that when the value of the 

GPLs volume fraction index increases the amplitude of the 

 

Fig. 25 The time histories of the non-dimensional radial 

displacement for various types of the GPLs 

volume fraction 
 

 

 

Fig. 26 The time histories of the non-dimensional radial 

stress for various types of the GPLs volume fraction 
 

 

 

Fig. 27 The time histories of the non-dimensional hoop 

stress for various types of the GPLs volume fraction 
 

 

vibration and the maximum values of the non-dimensional 

radial and hoop stresses decrease. Figs. 22-24 are presented 

for r = rm, z/L = 0.5 and WGPL = 0.3% for the case of the 

type V of VGPL. The effects of various types of VGPL on the 

time histories of the field variables are presented in Figs. 

25-27. The type V of VGPL leads to the maximum values in 

the time histories of the non-dimensional radial 

displacement, radial and hoop stresses at a point with r = rm 

and z/L = 0.5. It can be observed that the various types of 

VGPL don’t have any significant effect on the vibration 

frequency in Figs. 25-27. 

Figs. 28-30 show the time histories of the non-

dimensional radial displacement, radial and hoop stresses, 

respectively, for various values of WGPL. Using Figs. 28-30, 
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Fig. 28 The time histories of the non-dimensional radial 

displacement for various values of WGPL 

 
 

 

Fig. 29 The time histories of the non-dimensional radial 

stress for various values of WGPL 
 

 

 

Fig. 30 The time histories of the non-dimensional hoop 

stress for various values of WGPL 

 

 

it is possible to study the effects of the variation in the value 

of WGPL on the time histories of the field variables. When 

the value of WGPL increases, the amplitude of the vibration 

and the peak values in the time history diagrams decreases 

for the non-dimensional radial displacement but increases in 

the time histories of the non-dimensional radial and hoop 

stresses. It can be concluded that when the value of WGPL 

increases, the vibration frequency increases too in Figs. 28-

30. The time histories of the non-dimensional radial 

displacement, radial and hoop stresses at various points of 

the FGGPLs-reinforced thick hollow cylinder are presented 

in Figs. 31-33. Here, three points are selected with z/L = 0.5 

on various positions in the radial or thickness direction of 

the cylinder. 

 

Fig. 31 The time histories of the non-dimensional radial 

displacement at several points in the thickness 

direction of the FGGPLs-reinforced composite 

cylinder 
 

 

 

Fig. 32 The time histories of the non-dimensional radial 

stress at several points in the thickness direction 

of the FGGPLs-reinforced composite cylinder 
 

 

 

Fig. 33 The time histories of the non-dimensional hoop 

stress at several points in the thickness direction 

of the FGGPLs-reinforced composite cylinder 
 

 

6. Conclusions 
 

This paper deals with the wave propagation and time 

history analysis of the field quantities in a functionally 

graded graphene platelets-reinforced composite thick 

hollow cylinder subjected to a shock loading. The present 

study can be considered as a first attempt to employ a 

modified micromechanical model based on the nonlinear 

functionally graded distribution of the GPLs along the 

thickness of the composite cylinder in shock-induced 

dynamic analysis by using the meshless GFD method. For 

this purpose, a meshless GFD method is developed and 
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applied. The main results of the paper can be outlined as 

follows: 
 

 A modified micromechanical model with various 

nonlinear grading patterns is presented to describe 

the nonlinear distribution of the GPLs along the 

radial direction of the nanocomposite thick hollow 

cylinders. 

 The dynamic governing equations of the problem are 

derived based on the modified micromechanical 

model and discretized by the GFD method. 

 The effects of several parameters on the wave 

propagation in both the displacement and stress 

fields are studied in detail. Using the modified 

micromechanical model and meshless GFD method, 

it is possible to track the wave fronts at an arbitrary 

time instant in both the displacement and stress 

fields. 

 The time histories of the field variables are obtained 

and discussed for various parameters such as the 

type of VGPL, GPLs volume fraction index and WGPL. 
 

The results show that the present meshless GFD method 

based on the modified micromechanical model has a high 

capability for wave propagation and dynamic analysis of the 

GPLs-reinforced cylinder structures. 
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