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1. Introduction 

 

It is well known that laminated composite structures 

have been widely applied in a variety of engineering fields, 

such as aerospace, marine, automotive and building 

structures, because of the specific advantages of being 

lightweight with high stiffness. Of these, rectangular 

laminated composite plates and panels are becoming 

increasingly used in industrial fields as load carrying 

elements. It is essential to analyze and consider the local 

buckling problem of rectangular laminated composite plates 

and panels to ensure reliably designed and safe applications. 

Based on Timoshenko and Gere’s thin plate theory 

(Timoshenko and Gere 1936), the buckling problems of 

laminated composite plates have been studied by a number 

of researchers. Kosteletos (1992) studied the initial buckling 

of a finite long thin laminated composite plate subjected to 

compressive and in-plane shear loading. Nemeth 

investigated the buckling of a long symmetrically laminated 

composite plate subjected to compressive and in-plane 

shear loading (Nemeth 1992) and linearly varying axial 

edge and in-plane shear loading (Nemeth 1997). Weaver 

(2004) analyzed the local buckling of a long rectangular 

plate under in-plane shear. Darvizeh et al. (2002) used the 

differential quadrature method to analyse the buckling of 

composite plates. Ashour (2003) investigated the effect of 

edges elastically restrained on buckling of laminated 

composite plate. Qiao and Huo (2011) illustrated the 
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buckling analysis of an infinite thin rectangular orthotropic 

restrained plate for different edges conditions under 

uniform shear forces. Altunsaray and Bayer (2014) studied 

the buckling problem of symmetrically laminated plate 

using Galerkin and finite difference method. The nth-order 

shear deformation theory (Bechri et al. 2016) and higher 

order shear deformation plate theory (Baseri et al. 2016) 

were considered to study the buckling of laminated plates. 

In industrial practise, the laminated plate can be 

employed as skin elements when combined with relative 

soft core materials to form new structural composite 

components. When subjected to compression and/or shear 

loads, the skin element might buckle together with the core 

materials if there is sufficient bonding strength between the 

skin and the core material. This phenomenon is a kind of 

bilateral buckling, where a general eigenvalue solution can 

be achieved through finite element analysis. However, if 

delamination occurs between the skin and the core 

materials, parts of the skin might buckle away, while other 

parts still remain contact with the core material. This 

phenomenon is named unilateral contact buckling, also 

known as delamination buckling. The analysis is more 

complicated due to the unknown boundary conditions in the 

system, i.e., the unknown contact or noncontact zones. 

For contact buckling problems, quite a few researches 

have been done on flat isotropic plate and profiles plate 

elements. It is accepted that Seide (1958) was the first 

person to study the contact buckling problem of a thin plate 

on tensionless elastic foundations. Since then, researchers 

have extensively investigated the contact buckling 

phenomenon of plates on elastic and/or rigid foundations. 

The local buckling of plates constrained by rigid 

foundations was analysed (Uy and Bradford 1996, Wright 

1993). Smith et al. conducted several studies, e.g., 

rectangular plates on rigid foundation under combined 
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loadings (Smith et al. 1999b, c, Bradford et al. 2000) and 

flat rectangular plates on rigid foundations under only in-

plane shear (Smith et al. 1999a, d). In a further study, a 

spectral method was applied to study the unilateral buckling 

problem of plates in elastic foundations (Muradova and 

Stavroulakis 2012). Arabzade et al. (2011) analysed the 

buckling of shear walls with bolts. Ma et al. carried out 

some researches on the contact buckling behaviour for 

rectangular plates in composite structures, e.g., local 

compressive buckling of thin flat plates (Ma et al. 2008a, b, 

2007, Li et al. 2016, Keage et al. 2011); local shear 

buckling of thin infinite flat rectangular plates (Ma et al. 

2011); thin infinite profiled rectangular plates (Ma et al. 

2008c, Dong et al. 2016a, b). 

However, regarding the contact buckling analysis of 

laminated plates, the research in current literature is 

relatively rare. The compressive buckling behaviour of 

laminated composite plates resting on one-sided 

foundations was analyse using finite elements and 

hierarchical Rayleigh–Ritz methods (Vaseghi et al. 2013). 

The compressive buckling of laminated composite curved 

panels on a Winkler foundation was studied using 

Rayleigh–Ritz method (Panahandeh-Shahraki et al. 2013). 

Compared with compression loading, less attention has 

been drawn to the contact buckling study of laminated 

plates subjected to in-plane shear loads. To the authors’ 

knowledge, there has not been an analytical solution to this 

topic to date. The objective of the current study is to 

analyze the contact effect of foundation and ply angle on 

the local buckling of an infinite long laminated composite 

plate under uniform in-plane shear forces. In the current 

study, the contact delamination buckling of long laminated 

composite structures under in-plane shear loading is 

presented. Based on classical lamination plate theory, a one-

dimensional mathematical analytic method was used to 

investigate the analytical solution of the local buckling of a 

long thin laminated composite plate constrained by Winkler 

foundations and imposed by pure uniform in-plane shear 

loading. In addition, FE analysis (using ABAQUS) was 

performed to validate the analytical solution. The current 

method and FE method were then applied to an example to 

further validate their effectiveness of the current method. 

The one-dimensional mathematical method has been used 

in the analysis of isotropic plate (Ma et al. 2011) and 

profiled plate (Dong et al. 2016a) resting on elastic 

tensionless foundation under in-plane shear load. However, 

because of the significantly different governing equation 

form in the case of laminated plates, solutions from 

literature Dong et al. (2016a) or Ma et al. (2011) are not 

applicable to composite plates. Meanwhile, it can be seen 

from the presenting here theoretical and numerical 

procedures, that the isotropic plate and profiled plate may 

be considered as special cases of laminated composite 

plates, meaning that solutions in this paper have more 

general applications than those from previous literature 

(Dong et al. 2016a and Ma et al. 2011). 

This study is organized as following: In Section 2, the 

governing mathematical formulation is given, based on the 

classical lamination plate theory. In Section 3, numerical 

examples and parametric study are investigated. In Section 

 

 

(a) (b) 

 

 

 

 

(c) (d) 

Fig. 1 Geometry of local shear buckling model: 

(a) symmetrical laminated composite plate on 

elastic foundation; (b) schematic diagram of 

symmetrical laminated composite plate, θ is fiber 

orientation angle to axis x and t is the whole plate 

thickness; (c) simplified model with the springs; 

(d) shear buckling mode of a long laminated 

composite plate 
 

 

4, an application example of orthotropic clamped plate 

resting on a tensionless elastic foundation is analyzed. In 

Section 5, some concluding remarks are presented. 
 

 

2. Mathematical formulation 
 

In the current study, the local buckling problem of an 

infinite long symmetrically laminated composite plate 

restrained on a tensionless elastic foundation under uniform 

in-plane shear loading is studied (Fig. 1). The foundation is 

simplified as the springs (elastic tensionless foundation) 

(Fig. 1(c)). As shown in Fig. 1(d), between laminated 

composite plates and tensionless elastic foundations, two 

local coordinate systems  𝑥1,𝑦,𝑤1  and  𝑥2,𝑦,𝑤2  are 

used to demonstrate the unknown non-contact and contact 

zones, respectively. 

Based on the classical lamination plate theory and Fig. 

1, for a symmetrically laminated composite plate on 

foundation subjected to in-plane shear loading can be 

written as Eq. (1) (Ma et al. 2008b, Khalili et al. 2013, 

Leissa 1983, Reddy 2004, Paliwal and Ghosh 2000) 
 

𝐷11𝑤𝑖,𝑥𝑖𝑥𝑖𝑥𝑖𝑥𝑖
+ 2 𝐷12 + 2𝐷66 𝑤𝑖,𝑥𝑖𝑥𝑖𝑦𝑦

 

+𝐷22𝑤𝑖,𝑦𝑦𝑦𝑦 + 4𝐷16𝑤𝑖 ,𝑥𝑖𝑥𝑖𝑥𝑖𝑦
 

+4𝐷26𝑤𝑖 ,𝑥𝑖𝑦𝑦𝑦
+ 2𝑁𝑥𝑦𝑤𝑖 ,𝑥𝑖𝑦

= 𝑞𝑖  

 𝑥𝑖 ≤ 𝑎𝑖 2  

(1) 

 

where wi is the plate deflection (i = 1 and 2); 𝐷11, 𝐷12, 

𝐷22 ,𝐷16 , 𝐷26  and 𝐷66  are the plate flexural stiffnesses, 

the definition of Dij, (i, j = 1, 2, 6) is given in Appendix A 

(Jones 1998, Reddy 2004). The shear force Nxy is 
 

𝑁𝑥𝑦 = 𝜏𝑥𝑦 𝑡 (2) 
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where 𝜏𝑥𝑦  is the shear stress and t is the plate thickness. 

 

𝑞𝑖 = 

 
0  𝑥1 ≤ 𝑎1 2 for non − contact zone

𝑞2 𝑥2 ,𝑦  𝑥2 ≤ 𝑎2 2 for contact zone
  

(3) 

 

Specially, if 𝐷16 and 𝐷26 can be neglected, i.e., 𝐷16 = 

𝐷26 = 0 and 𝐷11 = 𝐷𝑥 =
𝐸𝑠𝐼11

𝑏
,𝐷22 = 𝐷𝑦 =

𝐸𝑠𝑏𝑡3

12𝑠
, 2(𝐷12 + 

2𝐷66) = 𝐷𝑥𝑦 =
𝐸𝑠𝑡3𝑠

6 1+𝑣𝑠 𝑏
, Eq. (1) can be simplified as the 

governing equation of a profiled plate in (Dong et al. 

2016a), where 𝐸𝑠 ,  𝐼11 , b, t, s and 𝑣𝑠  are the elastic 

modulus, the second moment of the profiled cross-section 

about its neutral axis, width, thickness, arc length measured 

along the profiled cross section and Poisson’s ratio of the 

skin sheet, respectively. For an even simpler case, if 

𝐷16 = 𝐷26 = 0,
𝐷12 +2𝐷66

 𝐷11𝐷22 
1 2 = 1 and 𝐷11 = 𝐷22 = 𝐷𝑠 =

𝐸𝑠𝑡3

12 1−𝜈𝑠
2
 
, Eq. (1) changes to the governing equation for an 

isotropic plate in (Ma et al. 2011), where 𝐷𝑠, 𝐸𝑠, t and 𝜈𝑠 
are the bending stiffness, Young’s modulus, Poisson’s ratio 

and thickness of the isotropic plate, respectively. The 

isotropic plate and the profiled plate are special cases of 

laminated plates from the view of mathematical modelling. 

Assuming the following equations (Weaver and Nemeth 

2007, Liu et al. 2014, Nemeth 1997) 

 

𝛼 =  
𝐷11

𝐷22
 

1 4 

;    𝛽 =
𝐷12 + 2𝐷66

 𝐷11𝐷22 
1 2 

;    𝛾 =
𝐷16

 𝐷11
3 𝐷22 

1 4 
; 

𝛿 =
𝐷26

 𝐷11𝐷22
3  1 4 

;      𝐾 =
𝑏2𝑡𝜏𝑥𝑦

𝜋2 𝐷11𝐷22
3  1 4 

 

(4) 

 

Substituting Eqs. (2)-(4) into (1), yields  

 

 𝛼2𝑤𝑖 ,𝑥𝑖𝑥𝑖𝑥𝑖𝑥𝑖
+ 2𝛽𝑤𝑖 ,𝑥𝑖𝑥𝑖𝑦𝑦

+
1

𝛼2
𝑤𝑖 ,𝑦𝑦𝑦𝑦  

+4𝛼𝛾𝑤𝑖 ,𝑥𝑖𝑥𝑖𝑥𝑖𝑦
+ 4𝛿

1

𝛼
𝑤𝑖 ,𝑥𝑖𝑦𝑦𝑦

+ 2𝐾
1

𝛼

𝜋2

𝑏2
𝑤𝑖 ,𝑥𝑖𝑦

 

= 𝑞𝑖  𝐷11𝐷22 
1 2      𝑥𝑖 ≤ 𝑎𝑖 2  

(5) 

 

Assuming 𝑤𝑖 𝑥𝑖 ,𝑦 = 𝑓𝑖 𝑥 𝑖 𝑔 𝑦 ,  Eq. (3) may be 

written as 

 

𝑞𝑖 𝑥𝑖 ,𝑦 = −𝑘𝑖𝑤𝑖 𝑥𝑖 ,𝑦 = −𝑘𝑖𝑓𝑖 𝑥 𝑖 𝑔 (6) 

 

where i = 1 and 2, g and fi are the lateral direction and the 

longitudinal direction deflection function, respectively; ki is 

the factor of stiffness, k1 = 0 for non-contact areas and k2 ≠ 

0 for contact areas. 

According to Fig. 1(d), 𝑥 𝑖  can be expressed as 

 

𝑥 𝑖 = 𝑥𝑖 + 𝑦
1

tan𝜑
= 𝑥𝑖 + 𝑦 ∙ 𝑐 (7) 

 

where 𝜑 is the skewed angle and c = 1/ tan φ (Fig. 1(d)), it 

is noted that 𝑥 𝑖 = 𝑥𝑖 − 𝑦 ∙ 𝑐 for the positive shear loading 

(See Appendix B), yields 

 

(a) 
 

 

(b) 

Fig. 2 Boundary conditions of the symmetrical 

laminated composite plate: (a) clamped edges; 

(b) simply supported edges 

 

 

 

 𝛼2 + 2𝛽𝑐2 +
1

𝛼2
𝑐4 + 4𝛼𝛾𝑐 + 4

1

𝛼
𝛿𝑐3 𝑓𝑖

′′′′ 𝑔 

+  4𝛽𝑐 + 4
1

𝛼2
𝑐3 + 4𝛼𝛾 + 12

1

𝛼
𝛿𝑐2 𝑓𝑖

′′′ 𝑔′  

+  2𝛽 + 6
1

𝛼2
𝑐2 + 12

1

𝛼
𝛿𝑐 𝑓𝑖

′′ 𝑔′′  

+  4
1

𝛼2
𝑐 + 4

1

𝛼
𝛿 𝑓𝑖

′𝑔′′′ +
1

𝛼2
𝑓𝑖𝑔

′′′′  

+2𝐾
1

𝛼

𝜋2

𝑏2
 𝑐𝑓𝑖

′′𝑔+𝑓𝑖
′𝑔′ + 𝑘𝑖𝑓𝑖𝑔  𝐷11𝐷22 

1 2   = 0 

(8) 

 

Consider the boundary conditions for Eq. (8) (Fig. 2), 

the lateral deflection function g(y) can be assumed as (Ma et 

al. 2007, 2011, Jones and Milne 1976, Dalaei and Kerr 

1995) 
 

𝑔 𝑦 =  
1

4
−  

𝑦

𝑏
 

2

 
2

  for the clamped edges (9a) 

 

𝑔 𝑦 = cos
𝜋𝑦

𝑏
   for the simply supported edges (9b) 

 

Multiplying the lateral deflection function g(y) on both 

sides of Eq. (8) and taking the integral, yields: 

For the laterally clamped edges 
 

 𝛼2 + 2𝛽𝑐2 +
1

𝛼2
𝑐4 + 4𝛼𝛾𝑐 + 4

1

𝛼
𝛿𝑐3 𝑓𝑖

′′′′  

−
1

𝑏2
 24𝛽 + 72

1

𝛼2
𝑐2 + 144

1

𝛼
𝛿𝑐 − 2

1

𝛼
𝑐𝜋2𝐾 𝑓𝑖

′′  

+
504

𝑏4
  

1

𝛼2
+

𝑏4𝑘𝑖
504 𝐷11𝐷22 

1 2 
 𝑓𝑖 = 0 

(10a) 

 

For the laterally simply supported edges 
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 𝛼2 + 2𝛽𝑐2 +
1

𝛼2
𝑐4 + 4𝛼𝛾𝑐 + 4

1

𝛼
𝛿𝑐3 𝑓𝑖

′′′′  

−
1

𝑏2
 2𝜋2𝛽 + 6

1

𝛼2
𝑐2𝜋2   

 +12
1

𝛼
𝛿𝑐𝜋2 − 2

1

𝛼
𝑐𝜋2𝐾 𝑓𝑖

′′  

+
𝜋4

𝑏4
  

1

𝛼2
+

𝑏4𝑘𝑖
𝜋4 𝐷11𝐷22 

1 2 
 𝑓𝑖 = 0 

(10b) 

 

Assuming 𝑓𝑖 𝑥 𝑖 = 𝑓 𝑖 𝜉𝑖 , 𝜉𝑖 = 𝑥 𝑖 𝑎𝑖 ,𝜙𝑖 = 𝑎𝑖 𝑏 , 𝐵1 = 

 𝛼2 + 2𝛽𝑐2 +
1

𝛼2 𝑐
4 + 4𝛼𝛾𝑐 + 4

1

𝛼
𝛿𝑐3 , 𝑘 1 = 0, we obtain 

 

𝐵1𝑓 𝑖
′′′′  𝜉𝑖 − 𝜙𝑖

2𝐵2𝑓 𝑖
′′  𝜉𝑖  

+𝐵3𝜙𝑖
4𝑓 𝑖 𝜉𝑖  

1

𝛼2
+ 𝑘 𝑖 = 0 

(11) 

 

where 𝐵2 = 24𝛽 + 72
1

𝛼2 𝑐
2 + 144

1

𝛼
𝛿𝑐 − 2

1

𝛼
𝑐𝜋2𝐾, 𝐵3 =

504, 𝑘 2 = 𝑘𝑟 =
𝑏4𝑘2

504 𝐷11𝐷22 
1 2 , for a clamped edges; 𝐵2 =  

2𝜋2𝛽 + 6
1

𝛼2 𝑐
2𝜋2 + 12

1

𝛼
𝛿𝑐𝜋2 − 2

1

𝛼
𝑐𝜋2𝐾, 𝐵3 = 𝜋4,  𝑘 2  

= 𝑘𝑟 =
𝑏4𝑘2

𝜋4 𝐷11𝐷22 
1 2  for a simply supported edges. 

The lowest value of K is the shear buckling coefficient 

Kcr. The shear buckling coefficient Kcr can be obtained by 

using the continuous conditions between noncontact and 

contact areas and boundary conditions. The procedure of 

obtaining was illustrated in the previous studies (Ma et al. 

2008b, 2011, Dong et al. 2016a, b). The general contact 

buckling solution of the laminated composite plate can be 

obtained based on Eq. (11). 
 

 

3. Numerical examples and parametric study 
 

In the present work, the material properties and ply 

 

 

thickness of the laminated composite plate are given as 

below unless noted otherwise. The laminated composite 

plate has the material property: longitudinal modulus 𝐸11 

= 24.02 GPa; transverse modulus 𝐸22 = 3.42 GPa; shear 

modulus 𝐺12 = 2.17 GPa and Poisson’s ratio 𝜈12  = 0.35 

(Awad et al. 2014). Each ply thickness is 0.125 mm. 

ABAQUS was used to simulate the buckling behaviour 

of the laminated composite plates. In the current study, l = 

2000 mm (plate length) and b = 200 mm (plate width), so 

the aspect ratio of the composite plate is 10. The ratio of 

width to thickness of laminated plate is chosen to be no less 

than 100 in order to minimize the effects of transverse 

shear. The laminated composite plate was represented as 

S8R elements. The tensionless elastic Winkler foundation 

was represented as springs in the FE analysis. 

 

3.1 Convergence study of FE analysis mesh 
 

To determine the appropriate mesh size of the FE model, 

a convergence study was conducted and the analysis results 

are presented in Table 1. An orthotropic plate without 

foundation (unrestrained plate) and with the following 

stacking sequence [0°/90°/0°/90°]s was considered as one 

example to analyse for the convergence study. The 

configuration of the desktop computer used was: Intel Core 

i5-4590, 2 cores, 3.3 GHz, maximum memory 8 GB. From 

Table 1, the error reduces and calculation time increases as 

mesh size decreases, in other words, more accurate results 

of FE analysis can be obtained for the plate with more 

elements, which is obviously as expected. However, the 

more elements we have, the more calculation time the 

model takes. Both elements S4R and S8R were analysed in 

the convergence study (Table 1). For element S8R with 

mesh size 2 mm × 2 mm, the computer could not carry on 

the calculation because the memory allocation for 

calculation exceeded the memory in the current desktop. 

Based on the result of convergence analysis, with the 

 

 
Table 1 Result of convergence analysis 

Boundary 

condition 
𝐾𝑐𝑟   

Anal. 

FE method 

Mesh size 

(mm) 

Element S4R Element S8R 

𝐾𝑐𝑟  vs. anal. % Time (s) 𝐾𝑐𝑟  vs. anal. % Time (s) 

Clamped 

7.39 20×20 8.28 11.95 17 7.43 0.44 30 

7.39 10×10 7.61 2.98 31 7.53 1.87 99 

7.39 8×8 7.54 1.99 38 7.41 0.28 180 

7.39 5×5 7.46 0.93 92 7.41 0.27 468 

7.39 4×4 7.44 0.69 170 7.41 0.27 829 

7.39 2×2 7.42 0.37 1337 - - * 

Simply 

supported 

4.33 20×20 4.51 4.16 13 4.26 1.69 26 

4.33 10×10 4.32 0.34 27 4.25 1.75 79 

4.33 8×8 4.29 0.85 34 4.25 1.75 107 

4.33 5×5 4.27 1.42 77 4.25 1.77 286 

4.33 4×4 4.26 1.56 119 4.25 1.78 387 

4.33 2×2 4.25 1.75 502 - - * 
 

*Note The memory allocation exceeds 8 GB in the current desktop 
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Table 2 Flexural stiffness and parameter β for different lay-up 

sequence 

Laminated 

scheme 
D11 

(Nmm) 
𝐷12 

(Nmm) 
𝐷22  

(Nmm) 
𝐷66  

(Nmm) 
β 

[0°/90°]s 227.60 13.07 63.62 22.70 0.49 

[(0°/90°)2]s 1492.85 104.53 836.95 181.22 0.42 

[(0°/90°)3]s 4669.44 352.79 3193.66 611.61 0.41 
 

 

 

 

 

accuracy and time cost taken into account, the element S8R 

and mesh size 10 mm × 10 mm was chosen in the FE model 

for all FE analysis in this study. 
 

3.2 Orthotropic plate under in-plane shear 
 

In order to verify the effect of the lay-up sequence of 

composite materials on the shear critical stress, three 

combinations of the composite layers were considered, i.e., 

 

 

 

 

(a) 

 

 

 

 

(b) (c) 

Fig. 3 Critical shear stress load for different 𝑘𝑟 : (a) [0°/90°]s; (b) [(0°/90°)2]s; (c) [(0° /90°)3]s 

Table 3 Negative shear critical buckling coefficient Kcr for different symmetrical angles under foundation 

stiffness factor kr = 1 

[±θ]s β γ δ 
Kcr for clamped Kcr for simply supported 

Analytical FE method Difference % Analytical FE method Difference % 

0° 0.61 0.00 0.00 9.02 8.93 -0.95 5.29 5.25 -0.74 

10° 0.77 0.16 0.06 10.63 10.61 -0.28 6.23 6.20 -0.48 

20° 1.17 0.30 0.16 13.21 12.91 -2.27 7.82 7.75 -0.92 

30° 1.58 0.39 0.28 15.45 15.07 -2.45 9.38 9.14 -2.59 

40° 1.82 0.41 0.38 17.41 16.95 -2.65 10.32 10.05 -2.59 

45° 1.86 0.40 0.40 17.74 17.18 -3.14 10.49 10.19 -2.79 

50° 1.82 0.38 0.41 17.73 17.09 -3.57 10.45 10.14 -3.00 

60° 1.58 0.28 0.39 16.45 15.73 -4.39 9.77 9.48 -2.94 

70° 1.17 0.16 0.30 14.09 13.61 -3.44 8.34 8.05 -3.50 

80° 0.77 0.06 0.16 11.31 10.75 -4.97 6.58 6.34 -3.60 

90° 0.61 0.00 0.00 9.02 8.618 -4.41 5.29 5.11 -3.28 
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[0°/90°]s, [0°/90°/0°/90°]s and [0°/90°/0°/90°/0°/90°]s. 

Based on the classical lamination plate theory (Jones 1998 

and Reddy 2004), the plate flexural stiffness 𝐷11, 𝐷12, 𝐷22 

and 𝐷66 can be calculated, and 𝛽 =
𝐷12 +2𝐷66

 𝐷11𝐷22 
1 2 , leading to 

the calculation results shown in Table 2. 

Based on Eq. (4), 𝜏𝑥𝑦 =
𝐾𝑐𝑟 𝜋

2 𝐷11𝐷22
3  

1 4 

𝑏2𝑡
. As shown in 

Fig. 3, the analytical results of the three lay-up sequences 

are presented for both simply supported and clamped edges. 

To validate the analytical solution, the FE analysis was 

conducted and the corresponding results were shown in Fig. 

 

 

 

 

3 as well. From Fig. 3, it can be observed that a good 

agreement was reached. It can also be seen that the number 

of layers have great influence on the shear critical stress. 

For the same ply thickness, the more layers, the larger the 

shear critical stress. In other words, the shear critical stress 

increases with increasing plate thickness. 
 

3.3 Anisotropic plate under in-plane shear 
 

In this section, the effects of 𝐷16 and 𝐷26 are taken 

into account, i.e., anisotropic parameters γ and δ are not 

equal to zero. Eleven types of laminated composite lay-up 

 

 

Table 4 Positive shear critical buckling coefficient Kcr for different symmetrical angles under foundation 

stiffness factor kr = 1 

[±θ]s β γ δ 
Kcr for clamped Kcr for simply supported 

Analytical FE Difference % Analytical FE Difference % 

0° 0.61 0.00 0.00 9.02 8.93 -0.95 5.29 5.25 -0.74 

10° 0.77 0.16 0.06 8.26 8.27 0.18 4.93 4.85 -1.59 

20° 1.17 0.30 0.16 7.88 7.86 -0.29 4.81 4.72 -1.92 

30° 1.58 0.39 0.28 7.50 7.45 -0.66 4.59 4.50 -2.10 

40° 1.82 0.41 0.38 7.40 7.29 -1.41 4.43 4.30 -2.83 

45° 1.86 0.40 0.40 7.24 7.05 -2.63 4.29 4.16 -3.04 

50° 1.82 0.38 0.41 7.24 7.03 -2.94 4.15 3.99 -3.78 

60° 1.58 0.28 0.39 7.02 6.77 -3.48 3.98 3.83 -3.77 

70° 1.17 0.16 0.30 7.02 6.77 -3.45 3.95 3.78 -4.27 

80° 0.77 0.06 0.16 7.47 7.20 -3.60 4.40 4.18 -4.90 

90° 0.61 0.00 0.00 9.02 8.62 -4.41 5.29 5.07 -4.16 
 

 
 

 

 
 

 

(a) (b) 
 

 
 

 

 

 
 

 

(c) (d) 
 

 
 

 

 

 
 

 

(e) (f) 

Fig. 4 Buckling mode of FE method under negative shear for 𝑘𝑟 = 1: (a) ply angle 30° with clamped edges; (b) ply 

angle 30° with simply supported edges; (c) ply angle 45° with clamped edges; (d) ply angle 45° with simply 

supported edges; (e) ply angle 60° with clamped edges; (f) ply angle 60° with simply supported edges 
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sequences were used to analyze the effect of ply angle on 

the shear critical buckling coefficient 𝐾𝑐𝑟  and seven types 

of foundation stiffness factors were used. For the 

orthotropic plate, the shear critical buckling coefficient Kcr  

is the same for the in-plane negative and positive shear 

loading. However, for the anisotropic plate, the shear 

critical buckling coefficient 𝐾𝑐𝑟  will be different for the in-

plane negative and positive shear loading. In fact, the shear 

critical buckling coefficient 𝐾𝑐𝑟  of positive loading is 

smaller than that of negative loading. 

When the foundation stiffness 𝑘𝑟  = 1, Tables 3 and 4 

give the calculation results of the orthotropic parameter β, 

anisotropic parameters (γ and δ) and the shear critical 

buckling coefficient 𝐾𝑐𝑟  under negative and positive in-

plane shear loading, respectively. To study the influence of 

edge conditions on shear critical buckling coefficient of 

laminated composite plate on the elastic tensionless founda-

tion, the results in Tables 3 and 4 include both simply 

supported and clamped edges. To verify the analytical 

solution, the results of the FE analysis are also presented in 

Tables 3 and 4. From Tables 3 and 4, it is clearly observed 

that the maximum error between the analytical solution and 

FE analysis result is smaller than 5%. For the anisotropic 

plate under positive shear loading, the maximum value of 

the shear critical buckling coefficient 𝐾𝑐𝑟  occurs at 0° and 

90°, and the minimum value occurs at angle between 60° 

and 70°. While for the anisotropic plate under negative 

shear loading, the maximum value of the shear critical 

buckling coefficient 𝐾𝑐𝑟  occurs at angle between 45° and 

50°, and the minimum value occurs at angle of 0° and 90°. 

The buckling modes of the FE analysis of the 

anisotropic plate for 𝑘𝑟  = 1 under negative and positive in- 

 

 

plane shear loading are presented in Figs. 4 and 5, 

respectively. To analyze the influence of the edge conditions 

on the shear critical buckling coefficient of an anisotropic 

plate restrained on an elastic tensionless foundation, both 

clamped and simply supported edge conditions were taken 

into account, with the results given in Figs. 4 and 5. As seen 

from Figs. 4 and 5, compared with clamped boundary 

condition, the number of buckling half waves with simply 

supported tends to have lesser half waves at the same 

conditions, like ply angle and foundation stiffness 

parameter. The number of the buckling half waves increases 

with the increase of ply angle θ. Namely, the buckling 

modes of the anisotropic plates with bigger ply angle θ tend 

to have more half waves than those with smaller ply angle 

θ. For a specific ply angle θ, the anisotropic plates under in-

plane positive shear loading tend to have more buckling 

half waves than those under in-plane negative shear 

loading. In other words, if the ply angle θ is same, one 

single outward buckling half wavelength of the anisotropic 

plates under in-plane negative shear loading will be longer 

than that under in-plane positive shear loading. 

In order to highlight the effect of ply angle and 

foundation stiffness on the critical shear buckling 

coefficient 𝐾𝑐𝑟 , the critical shear buckling coefficient 𝐾𝑐𝑟  

versus the ply angle θ and the critical shear buckling 

coefficient 𝐾𝑐𝑟  versus foundation stiffness 𝑘𝑟  are plotted 

in Figs. 6 and 7, respectively. As expected, the critical shear 

buckling coefficient 𝐾𝑐𝑟  rises with the increase of 

foundation stiffness 𝑘𝑟 . Both clamped and simply supported 

conditions are presented in Figs. 6 and 7. As depicted, the 

critical shear buckling coefficient 𝐾𝑐𝑟  with clamped edges 

is larger than that with simply supported edges. For the ply 

 
 

 

 

 

 

(a) (b) 
 

 
 

 

 

 

 

 

(c) (d) 
 

 
 

 

 

 
 

 

(e) (f) 

Fig. 5 Buckling mode of FE method under positive shear for 𝑘𝑟 = 1: (a) ply angle 30º with clamped edges; (b) ply 

angle 30º with simply supported edges;  (c) ply angle 45º with clamped edges; (d) ply angle 45º with simply 

supported edges; (e) ply angle 60º with clamped edges; (f) ply angle 60º with simply supported edges 
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(a) (b) 
 

 

 

 

(b) (c) 

Fig. 6 Shear buckling coefficients versus  ± 𝜃 s: (a) clamped edges under positive shear; (b) simply supported edges under 

positive shear; (c) clamped edges under negative shear; (d) simply supported edges under negative shear 

  

(a) (b) 
 

 

 

 

(b) (c) 

Fig. 7 Shear critical buckling coefficient 𝐾𝑐𝑟  versus foundation stiffness 𝑘𝑟 : (a) clamped edges under positive shear; 

(b) simply supported edges under positive shear; (c) clamped edges under negative shear; (d) simply supported 

edges under negative shear 
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angle range between 0° and 45°, Fig. 7 shows that the 

critical shear buckling coefficient 𝐾𝑐𝑟  of the anisotropic 

plate decreases under positive shear loading and increases 

under negative shear loading with the increase of ply angle. 

In addition, to verify the analytical solutions, the results of 

the FE analysis were plotted in Figs. 6 and 7. From Figs. 6 

and 7, it could be observed that a good agreement was 

obtained between the FE analysis and analytical solution. 

 

3.4 Effect of orthotropic parameters (α and β) 
and anisotropic parameters (δ and γ) 

 

The orthotropic parameters (α and β) and anisotropic 

parameters (δ and γ) are defined in Eq. (4). If 𝐷16 and 

𝐷26  are not taken into account, i.e., 𝐷16 = 0, 𝐷26 = 0, the 

orthotropic laminated composite plate may be obtained. For 

infinitely laminated composite plates, the shear contact 

buckling coefficient is independent of the orthotropic 

parameter α (Nemeth 1992, 1997, Liu et al. 2014, Weaver 

and Nemeth 2007). Thus, the shear buckling coefficient of 

the orthotropic plates is only expressed by the orthotropic 

parameter β (Fig. 8). Fig. 8 illustrates that the shear critical 

buckling coefficient 𝐾𝑐𝑟  may increase with increase of 

foundation stiffness 𝑘𝑟  for a specific value of orthotropic 

parameter β. In addition, for a specific value of 𝑘𝑟 , the 

shear critical buckling coefficient 𝐾𝑐𝑟  may rise, caused by 

an increase of orthotropic parameter β. Additionally, for a 

specific value of 𝑘𝑟  and orthotropic parameter β compared 

with simply supported, the shear critical buckling coeffi-

cient 𝐾𝑐𝑟  of a plate with clamped is bigger. 

However, if 𝐷16  and 𝐷26  are considered, i.e., 𝐷16 ≠
0, 𝐷26 ≠ 0, the anisotropic laminated composite plate is 

obtained. The solutions of shear contact buckling 

coefficient for the anisotropic laminated composite plate are 

more complicated than those of the orthotropic plates. 

Besides the orthotropic parameter β, more parameters have 

to be considered for anisotropic laminated composite 

material, namely the anisotropic parameters (γ and δ). 

To further study the effect of anisotropic parameters (γ 

and δ) on the shear buckling coefficient for the anisotropic 

laminated composite plate on elastic foundation, one more 

example is given here. Consider that the thickness of the 

plate is constant and the number of layers increases until the 

 

 

shear buckling coefficient reaches the value of the 

orthotropic laminated composite plate. In the present 

example, the thickness of the plate is 0.5 mm, the lay-up 

sequences are [45°/-45°]s, [45°/-45°/45°/-45°]s, [45°/-

45°/45°/-45°/45°/-45°]s, [45°/-45°/45°/-45°…]s, …, [(45°/-

45)∞]s and the foundation stiffness 𝑘𝑟  = 1. Based on the CLT 

(Jones 1998, Reddy 2004), the plate flexural stiffness 𝐷11, 

𝐷12, 𝐷16 ,𝐷22, 𝐷26 and 𝐷66 can be calculated, and using 

Eq. (4) the corresponding orthotropic parameter β and 

anisotropic parameters (γ and δ) may be calculated, with the 

calculation results given in Table 5. The results of the shear 

buckling coefficient were obtained and plotted in Fig. 9, 

and the results of the corresponding FE analysis are shown 

in Fig. 9 as well. 

Again, for the laminated composite plate resting on a 

tensionless elastic foundation, to highlight the influence of 

edge conditions on the local buckling, two edge conditions 

are given in this example, i.e., clamped and simply 

supported edge conditions. Fig. 9 shows that the shear 

buckling coefficient of the anisotropic plate tends to the 

value of the orthotropic plate. The phenomenon also occurs 

for the finite laminated composite plate (Chen and Qiao 

2015). When the anisotropic plate is subjected to a positive 

shear force, the shear buckling coefficient increases with 

the decrease of anisotropic parameters γ = δ ≠ 0, until it 

reaches the value of the orthotropic plate, i.e., the 

anisotropic parameters γ = δ = 0. If the anisotropic plate is 

subjected to a negative shear force, the shear buckling 

coefficient decreases with the decrease of anisotropic 

parameters γ = δ ≠ 0, until it reaches the value of the 

orthotropic plate if the anisotropic parameters δ = γ = 0. Fig. 

9 demonstrates that this curve of shear buckling coefficient 

versus γ = δ varies approximately linearly. That means that 

the shear buckling coefficient can decrease or increase with 

the increase of the number of layers for negative or positive 

shear loading, respectively, until the shear buckling 

coefficients reach to the value of the orthotropic plate. 

Weaver and Nemeth presented the coupled dependence 

of the anisotropic parameters γ and δ for nine different 

laminated composite materials (Weaver and Nemeth 2007). 

Fig. 10 gives the relationship between 𝛾 and δ on ply angle 

θ for the symmetrical [±θ]s laminated composite plates. The 

mathematical relationship between anisotropic parameters γ 

  

(b) (c) 

Fig. 8 Shear critical buckling coefficient 𝐾𝑐𝑟  versus orthotropic parameter 𝛽 for different 𝑘𝑟 : (a) clamped edges plate; 

(b) simply supported edges plate 
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Fig. 10 Relationship between anisotropic parameters γ 

and δ for symmetrical [±θ]s 
 

 

and δ also can be found. The function (γ and δ) on the top of 

the symmetric axis (γ = δ) may be defined as the inverse of 

the function (γ and δ) on the bottom of the symmetric axis 

(γ = δ). For example, for anisotropic parameters for θ=30º 

on the bottom of the symmetric axis (γ = δ), the anisotropic 

parameters may be expressed as [δ30, γ30], and if θ = 60°, the 

anisotropic parameters on the top of the symmetric axis 

may be expressed as [δ60, γ60], thus δ30 = γ60 and γ30 = δ60. 
 

 

4. An example 
 

Consider an orthotropic clamped plate resting on a 

tensionless elastic foundation under uniform in-plane shear 

 

 

 

 

 

Fig. 11 Geometry of the foundation 
 

 

loading. The dimension of the orthotropic plate is b = 200 

mm, l = 2000 mm, t = 1 mm. The material properties of the 

orthotropic plate are same as Section 3. The material 

property of the foundation is assumed as an isotropic elastic 

material in this study. The elastic modulus of the foundation 

material, 𝜈𝑓 = 0.2 and Ef varies between 3.93 × 10-05 

MPa and 39.27 MPa (i.e., 𝐸𝑓
 is 3.93 × 10-05 MPa, 3.93 × 

10-04 MPa, 3.93 × 10-03 MPa, 3.93 × 10-02 MPa, 3.93 × 

10-01 MPa, 3.93 MPa and 39.27 MPa, respectively). The 

relevant foundation dimensional parameters are: b = 200 

mm, l = 2000 mm and d = 100 mm (Fig. 11). 

For the clamped plate, the effective foundation stiffness 

can be calculated as 𝑘 2 = 𝑘𝑟 =
𝑏4𝑘2

504 𝐷11𝐷22 
1 2 . 𝑘2 =

𝐸𝑓

𝑏× 𝑑0
𝑓, 

the non-dimensional factor 𝑑0
𝑓
 is related to d/b and 𝜈𝑓  

(Ma et al. 2008b), 𝑑0
𝑓

= 0.81 in this example, so 

𝑘𝑟 =
𝑏3

504 𝐷11𝐷22 
1 2 

𝐸𝑓

𝑑0
𝑓  can be approximately calculated. The 

critical shear stress can be calculated by 𝜏𝑥𝑦 = 

𝐾𝑐𝑟 𝜋
2 𝐷11𝐷22

3  
1 4 

𝑏2𝑡
, the result is shown in Fig. 12. Thus, the 

relationship between foundation stiffness factor 𝑘𝑟  versus 

the critical shear stress 𝜏𝑥𝑦  may be plotted in Fig. 12. The 

curve also illustrates the relationship between elastic 

Table 5 Flexural stiffness and other parameters for different lay-up sequences 

Laminated 

scheme 
𝐷11 

(Nmm) 
𝐷12  

(Nmm) 
𝐷16 

(Nmm) 
𝐷22  

(Nmm) 
𝐷26  

(Nmm) 
𝐷66  

(Nmm) 
β γ δ 

[45°/-45°]s 101.99 56.69 40.99 101.99 40.99 66.27 1.86 0.40 0.40 

[(45°/-45°)2]s 101.99 56.69 20.50 101.99 20.50 66.27 1.86 0.20 0.20 

[(45°/-45°)3]s 101.99 56.69 12.15 101.99 12.15 66.27 1.86 0.12 0.12 

[(45°/-45°)4]s 101.99 56.69 10.25 101.99 10.25 66.27 1.86 0.10 0.10 

[(45°/-45°)∞]s 

(orthotropic) 
101.99 56.69 0.00 101.99 0.00 66.27 1.86 0.00 0.00 

 

  

(a) (b) 

Fig. 9 Shear critical buckling coefficient under 𝑘𝑟  = 1: (a) clamped; and (b) simply supported 
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Fig. 12 Critical shear stress load of the orthotropic plate 
 

 

 

modulus of the foundation material versus the critical shear 

stress. 

According to the above analysis, a FE model was 

created to validate the method of the proposed solution in 

the current example. The critical shear stresses of the FE 

method versus the foundation stiffness are plotted in Fig. 12 

and the buckling modes from FE method are presented in 

Fig. 13. From Fig. 12, it is clearly seen that a good 

agreement can be observed between the critical shear stress 

of the FE simulation and the analytical result. In addition, 

Fig. 13 demonstrates that the sizes of inward buckling half 

waves of the orthotropic plate become smaller than those of 

outward half waves with the increase of the stiffness factor 

of foundation. When the foundation stiffness parameter 𝑘𝑟  

= 0.001, the length of inward and outward half waves are 

nearly the same. While for foundation stiffness parameter 

𝑘𝑟  = 1000, there are only outward half waves left and there 

are no inward half waves. This phenomenon accords with 

the previous studies (Ma et al. 2008b, Dong et al. 2016a, b). 

Thus, it illustrates that it is effective and feasible to analyze 

the contact buckling of composite plates using the proposed 

method. 

 

 

5. Conclusions 
 

A numerical simulation procedure for predicting 

directional typhoon wind fields over complex terrain has 

been proposed in this study. 

This study has investigated the local buckling analysis 

of solution. Based on these analyses, conclusions co infinite 

thin rectangular symmetrically laminated composite plates 

restrained by tensionless elastic founda-tions under uniform 

in-plane shear loading. To derive the analytical solution of 

the contact buckling coefficient, a one-dimensional 

mathematical method was applied. Parametric studies and 

numerical examples were carried out to study the effect of 

the foundation stiffness and ply angle on the critical 

buckling loads. A series of FE analyses were conducted to 

verify the analytical solution of the examples in the 

parametric study, and the FE analysis result was in 

accordance with analytical uld be drawn as follows: 

 

(a) 
 

 

(b) 
 

 

(c) 

Fig. 13 Buckling mode of FE method for an orthotropic 

plate: (a) orthotropic plate with 𝑘𝑟 = 0.001; 

(b) 𝑘𝑟 = 1; (c) 𝑘𝑟 = 1000 

 

 

 The value of the shear critical buckling coefficient 

Kcr with simply supported edges is smaller than that 

with clamped edges. 

 Compared with simply supported, the laminated 

composite clamped plates are inclined to have more 

half waves. 

 The buckling modes of the laminated composite 

plates with bigger ply angle θ tend to have more half 

waves than those with smaller ply angle θ. 

 The shear critical buckling coefficient Kcr of 

orthotropic plate is the same for the negative and 

positive shear loading. However, the shear critical 

buckling coefficient Kcr of anisotropic plate under 

positive shear loading tends to be smaller than that 

under negative shear loading. 

 For a specific ply angle θ, the anisotropic plates 

under in-plane positive shear loading tend to have 

more buckling half waves than those under in-plane 

negative shear loading. 

 For symmetrical [±θ]s laminated composite plates, 

the anisotropic parameters λ and δ may be expressed 

as a symmetric relationship about γ = δ. This means 

that the function (λ and δ) on the top of the 

symmetric axis (γ = δ) may be defined as the inverse 

function of the function (γ and δ) on the bottom of 

the symmetric axis (γ = δ). 

 In general, the critical shear buckling coefficient Kcr 

increases with the increase of the foundation 

stiffness kr. 
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Appendix A 
 

𝐷𝑖𝑗 =
1

3
 (𝑄 𝑖𝑗 )

𝑛

𝑘=1

 𝑧𝑘
3 − 𝑧𝑘−1

3       𝑖, 𝑗 = 1, 2, 6 (A1) 

 

𝑄 11 = 𝑄11 𝑐𝑜𝑠
4 𝜃 + 2 𝑄12 + 2𝑄66 𝑠𝑖𝑛

2 𝜃 𝑐𝑜𝑠2 𝜃 

+𝑄22𝑠𝑖𝑛
4 𝜃 

(A2) 

 

𝑄 12 =  𝑄11 + 𝑄22 − 4𝑄66 sin2 𝜃 cos2 𝜃 

+𝑄12(sin4 𝜃 + cos4 𝜃) 
(A3) 

 

𝑄 16 =  𝑄11 − 𝑄22 − 2𝑄66 sin𝜃 cos3 𝜃 

+ 𝑄11 − 𝑄22 + 2𝑄66 sin3 𝜃 cos𝜃 
(A4) 

 

𝑄 26 =  𝑄11 − 𝑄22 − 2𝑄66 sin3 𝜃 cos𝜃 

+ 𝑄11 − 𝑄22 + 2𝑄66 sin𝜃 cos3 𝜃 
(A5) 

 

𝑄 22 = 𝑄11 sin4 𝜃 + 2 𝑄12 + 2𝑄66 sin2 𝜃 cos2 𝜃 

+𝑄22cos4 𝜃 
(A6) 

 

𝑄 66 =  𝑄11 + 𝑄22 − 2𝑄12 − 2𝑄66 sin2 𝜃 cos2 𝜃 

+𝑄66(sin4 θ + cos4 θ) 
(A7) 

 

𝑄11 =
𝐸11

1 − 𝜐12𝜐21
 (A8) 

 

𝑄12 =
𝜐12𝐸22

1 − 𝜐12𝜐21
 (A9) 

 

𝑄22 =
𝐸22

1 − 𝜐12𝜐21
 (A10) 

 

𝑄66 = 𝐺12 (A11) 

 

𝜐12𝐸22 = 𝜐21𝐸11 (A12) 

 

where 𝐸11 , 𝐸22  and 𝐺12 are longitudinal modulus, 

transverse modulus and shear modulus, respectively; 𝜈12 

and ν21  are the corresponding Poisson’s ratios; 𝑧𝑘 is 

presented in Fig. 1(b) and θ is the fiber orientation angle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Appendix B 
 

For the positive shear loading, 𝑥 𝑖 = 𝑥𝑖 − 𝑦 ∙ 𝑐, where 𝜑 

is the skewed angle and c = 1/tanφ. 

Thus, the following equations could be obtained. 

 

  𝛼2 + 𝑐2 +
1

𝛼2
𝑐4 − 4𝛼𝛾𝑐 − 4

1

𝛼
𝛿𝑐3 𝑓𝑖

′′′′ 𝑔 

+  −4𝛽𝑐 − 4
1

𝛼2
𝑐3 + 4𝛼𝛾 + 12

1

𝛼
𝛿𝑐2 𝑓𝑖

′′′ 𝑔′  

+  2𝛽 + 6
1

𝛼2
𝑐2 − 12

1

𝛼
𝛿𝑐 𝑓𝑖

′′ 𝑔′′  

+  −4
1

𝛼2
𝑐 + 4

1

𝛼
𝛿 𝑓𝑖

′𝑔′′′ +
1

𝛼2
𝑓𝑖𝑔

′′′′  

+2𝐾
1

𝛼

𝜋2

𝑏2
 −𝑐𝑓𝑖

′′𝑔+𝑓𝑖
′𝑔′ + 𝑘𝑖𝑓𝑖𝑔  𝐷11𝐷22 

1 2   = 0 

(B1) 

 

And then, similar to Eq. (10), Eq. (B1) can be rewritten 

as 

𝐵1𝑓 𝑖
′′′′  𝜉𝑖 − 𝜙𝑖

2𝐵2𝑓 𝑖
′′  𝜉𝑖  

+𝐵3𝜙𝑖
4𝑓 𝑖 𝜉𝑖  

1

𝛼2
+ 𝑘 𝑖 = 0 

(B2) 

 

where 𝐵2 = 24𝛽 + 72
1

𝛼2 𝑐
2 − 144

1

𝛼
𝛿𝑐 + 2

1

𝛼
𝑐𝜋2𝐾, 𝐵3 =

504, 𝑘 2 = 𝑘𝑟 =
𝑏4𝑘2

504 𝐷11𝐷22 
1 2 , for the clamped edges; 𝐵2 = 

2𝜋2𝛽 + 6
1

𝛼2 𝑐
2𝜋2 − 12

1

𝛼
𝛿𝑐𝜋2 + 2

1

𝛼
𝑐𝜋2𝐾,  𝐵3 = 𝜋4,  𝑘 2 = 

𝑘𝑟 =
𝑏4𝑘2

𝜋4 𝐷11𝐷22 
1 2  for the simply supported edges. 
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