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Abstract. In this work, transient heat transfer analysis of functionally graded (FG) carbon nanotube reinforced nanocomposite
(CNTRC) cylinders with various essential and natural boundary conditions is investigated by a mesh-free method. The cylinders
are subjected to thermal flux, convection environments and constant temperature faces. The material properties of the
nanocomposite are estimated by an extended micro mechanical model in volume fraction form. The distribution of carbon
nanotube (CNT) has a linear variation along the radial direction of axisymmetric cylinder. In the mesh-free analysis, moving
least squares shape functions are used for approximation of temperature field in the weak form of heat transform equation and
the transformation method is used for the imposition of essential boundary conditions. Newmark method is applied for solution
time depended problem. The effects of CNT distribution pattern and volume fraction, cylinder thickness and boundary
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conditions are investigated on the transient temperature field of the nanocomposite cylinders.
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1. Introduction

Because of noticeable thermal conductivity of CNTs in
comparing of other nanoparticles, CNT-reinforced
composites structures have gained various applications
potential. So, many researchers have been investigated on
the thermal conductivity behavior of CNT/fluids or
CNT/polymer because of reduction in device size and
weight (Pradhan et al. 2009, Han and Fina 2011, Di Blasi et
al. 2013, Di Blasi and Galgano 2013, Esfe et al. 2016,
Kshirsagar and Shrivastava 2015, Xing et al. 2016). Also,
addition of CNT in their matrix has been applied
successfully to improve mechanical (Liu and Wang 2007,
Mokashi et al. 2007, zZhu et al. 2007) and thermal
(Kundalwal et al. 2014a, b, Kundalwal and Ray 2014)
properties of CNT base nanocomposite.

Functionally graded materials (FGMs) are novel multi-
phase composite materials with gradient the phase volume
fractions variation in space, in specific profile(s). Transient
heat transfer analysis of FGM structure had been examined
in some researches. (Sladek et al. 2003a, b) used a meshless
method based on the local boundary integral equations for
analysis of transient heat conduction in FGM cylinders and
finite strip. Also, they used meshless local Petrov-Galerkin
method (MLPG) for the same analysis of FGM cylinders
(Sladek et al. 2007). (Haghighi et al. 2009) presented a
procedure for 3-D transient inverse heat conduction to
estimate the unknown boundary heat flux of FGM plates.
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The nonlinear thermo-elastic, vibration, and stress wave
propagation behaviors of FGM cylinders are analyzed by
(Shariyat et al. 2010) based on a third-order Hermitian
finite element formulation.

About nonlinear heat conduction analysis in CNT based
nanocomposite, Singh et al.’s work (Singh et al. 2007) can
be mentioned. They used element free Galerkin (EFG)
method and Picard and quasi-linearization schemes for
nonlinear heat conduction analysis of CNTRC cylindrical
representative volume element. (Imtiaz et al. 2016) studied
on the flow and heat transfer effects of the single-walled
carbon nanotubes (SWCNTs) and multi-walled carbon
nanotubes (MWCNTSs) with water as based fluid between
two rotating and stretchable disks. They found that water
based SWCNTs produce high heat transfer rate when
compared with the water based MWCNTSs. Moreover, some
investigations are on active constrained layer damping
(ACLD) of the smart laminated fuzzy fiber reinforced
composite (FFRC) structures (Kundalwal et al. 2013,
Kundalwal and Meguid 2015, Kundalwal et al. 2016).

To improve the reinforcement behavior of CNTs in
nanocomposites and by considering of the concept of
functionally graded material, the CNTs can be distributed
along a certain direction as some grading patterns. So, the
functionally graded carbon nanotube reinforced composites
(FG-CNTRCs) are regarded as the substitute for the
available functional materials (Mehar and Panda 2016).
(Shen and Xiang 2012) presented nonlinear vibrational
behavior of FG-CNTRC cylindrical shells in thermal
environment by considering of temperature-dependent
material properties of the nanocomposite. Moreover,
dynamic analysis of straight, wavy or aggregated CNT/
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polymer composite cylinders and plates were carried out
using a moving least square (MLS) based mesh-free method
(Moradi-Dastjerdi et al. 2013, Moradi-Dastjerdi 2016,
Moradi-Dastjerdi and Momeni-Khabisi 2016, Moradi-
Dastjerdi and Pourasghar 2016). Lei et al. (2013) presented
free vibration analysis of FG-CNTRC plates in thermal
environment by element-free kp-Ritz method. Also, based
on 3-D theory of elasticity, thermo-elastic analysis of FG-
CNTRC cylindrical panel is investigated (Alibeigloo 2016,
Pourasghar et al. 2016). Finally, (Moradi-Dastjerdi et al.
2016, Moradi-Dastjerdi and Payganeh 2017) presented
thermoelastic static and vibration analyses of FG cylinders
reinforced by single-walled wavy CNTs subjected to
thermal gradient and mechanical loading. They used a
micro mechanical model in volume fraction form to
estimate temperature-dependent mechanical properties of
the nanocomposite.

It can be seen that transient heat transfer analysis of FG-
CNTRC axisymmetric cylinders has not been yet
considered and the present work attempts to consider
transient heat transfer analysis for functionally graded CNT-
reinforced nanocomposite cylinders in presence of heat flux
or convection environment using a mesh-free method. In
the mesh-free method, MLS shape functions are used for
approximation of temperature field in the weak form of heat
conduction equation for the UD and FG distribution of CNT
along the radial direction and the transformation method is
used for imposition of essential boundary conditions.
Because of the using of the transformation method, the
applied mesh-free method doesn’t increase the calculations
against EFG. Material properties of nanocomposite are
estimated by a micro mechanical based model which used
some CNT efficiency parameters. An uniformly and four
linear types of FG distributions for nanotubes along the
radial direction of axisymmetric cylinder are considered and
the effects of cylinder thickness, thermal boundary
condition and also volume fraction and distribution pattern
of CNTs are investigated on transient heat transfer behavior
of FG-CNTRC cylinders.

2. Material properties in FG-CNTRC cylinders
In this paper, the applied CNTRC cylinders are assumed

made from a mixture of SWCNT and an isotropic matrix.
The SWCNT reinforcement is either uniformly distributed
(UD) or functionally graded in the radial direction. To
obtain mechanical properties of polymer nanotube
composites a new rule of mixture equation assumes that the
fibers have uniform dispersion in the polymer matrix. The
effective material properties of the CNTRC cylinders are
obtained based on a micromechanical model according to
(Shen 2009)

Ky =73V kiy" +Vik" (1)
c, =Von Gy +V,Cp €)
P =Ny o™ +V, p" 4)

where ¢S, p®™ and ki are specific heat conduction,
mass density, and thermal conductivity in the longitudinal (i
= 1) and transverse (i = 2) directions, respectively, of the
carbon nanotube. ¢, p™ and k™ are corresponding
properties for the matrix. V., and V, are the fiber (CNT)
and matrix volume fractions and are related by
Ven +Vin =1 ; (j=1,2) are the CNT efficiency para-
Table 1 (Shen 2009).

The profile of the variation of the fiber volume fraction
has important effects on the cylinder behavior. In this paper
four linear types (FG-V, FG-/\, FG-X and FG-O) are
assumed for the distribution of CNT reinforcements along
the radial direction in FG-CNTRC cylinder. An UD-
CNTRC cylinder with the same thickness, referred to as
UD, is also considered as a comparator. These distributions

Table 1(10,10) SWCNT efficiency parameter (Shen 2009)
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Fig. 1 (@) Schematic of CNT distributions; (b) FG-V, FG-/\, FG-X, FG-0 and UD variations of CNT volume

fraction (Vcy) along the radial direction
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along the radial direction are shown in Figs. 1 as follows

*
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where
Vor = P+ (pc”/;\r/nvc'“) - p (10

and w°N is the mass fraction of nanotube.

3. Governing equations and

mesh-free numerical analysis

The transient axisymmetric heat conduction equation for
FG distribution of CNT along the radial direction is taken as

(Alibeigloo 2016)

o1 (r, z) ok, (r) oT(r,2)

k(1) or? or or (11)
k k. (r) o1 (r,z) 82T(r 7) _ aT(r 2)
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where T(r, z) is the temperature at point X = X,(r, z).

In this paper, moving least square (MLS) shape
functions are used for approximation of temperature vector
in the weak form of heat conduction equation (Lancaster
and Salkauskas 1981). Temperature vector, temp, can be
approximated by MLS shape functions as follows

temp = @t (12)

where t and @ are virtual nodal temperature vector and
shape functions matrix, respectively.

temp = [T, T,,..T,[,
t=fi . ] (13)
o=[D,0,,..0,[

n is the number of nodes in the support domain of the
approximated point and @; is MLS shape function of node
located at X =X;(r,z) and defined as follows

@;(X) = PT)MO)] WX~ X, )P(X;)

)

(14)

where, w is cubic Spline weight function, P(X) is base
vector and M(X) is moment matrix. For axisymmetric
problems, they are defied as

POX) =[Lr,2]", M(X)= [Zn:w(x—xi)P(xi)PT(xi) (15)

i=1

By considering the approximation of Eq. (12), the weak
form of heat transfer equation (Eq. (11)) is defined as (in
matrix form)

dT

Cort Kﬁ—.[qﬂ (-M, (Temp) + S)dI =0 (16)
T

I' is a part of boundary of domain Q with thermal flux,
g, or under convection environments (natural boundary
condition) where My = 0 and S = q, at the boundary with
thermal flux and M = h and S = hT,, at the boundary under
convection environments with convective heat transfer
coefficient of h and ambient temperature of T,. So, the Eq.
(16) can be changed as

C%—T+K T+K T= q @17

where
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Q Q (18)
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Temp =[T,,T,,..T, ], T= [rl, T,,..T, r (19)

N is total number of nodes and where
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For numerical integration, problem domain is
discretized to a set of background cells with gauss points
inside each cell. Then global matrixes of C, K; and Ky, are
obtained numerically by sweeping all gauss points inside Q.
Similarly global flux or convection vector g is formed
numerically in the same manner but by sweeping all gauss
pointson T

Imposition of essential boundary conditions (known
temperature edges) in the system of Eqg. (17) is not possible.
Because MLS shape functions don't satisfy the Kronecker
delta property. In this work transformation method is used
for imposition of essential boundary conditions. For this
purpose transformation matrix is formed by establishing
relation between nodal temperature vector, Temp, and
virtual temperature vector, t.

Temp=RT (21)
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R is the transformation matrix and is defined as

D,(X;) @p(X;) - . Dy(X))
D,(X;) @,(X,;) @, (X,)
R=| . S (22)

D,(Xy) Dy(Xy) - - Py(Xy)

By using Eq. (21), system of linear Eqg. (17) can be
rearranged to

1o d_(Tjtmp) + K, (Temp) +K,, (Temp) = § (23)
where
C=R".C-R?, q=T"
= (24)

Table 2 Material properties of (10,10) SWCNT and PMMA
(Pourasghar et al. 2016, Shen 2009)
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Fig. 2 Comparison of temperature distribution along the
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Fig. 3 Transient heat transfer responses of CNTRC cylinders with

Now the essential boundary conditions can be enforced
to the modified equations system Eq. (23) easily like the
finite element method. In this work, the Newmark (forward
difference) method is used for solution of Eq. (23) in time
domain.

4. Results and discussions

In this section, at first the accuracy of applied method is
examined. Then, effects of CNT distribution pattern and
volume fraction, cylinder thickness and boundary
conditions are investigated on the transient heat transfer
behavior of FG-CNTRC cylinders. In the following
simulations, the applied CNTRC cylinders are considered
made of Poly (methyl- methacrylate, referred as PMMA) as
an isotropic matrix and SWCNT as fiber. The material
properties of armchair (10, 10) configuration of SWCNTSs
and PMMA are taken same as Table 2 (Pourasghar et al.
2016, Shen 2009).
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Fig. 4 Schematic figure of an axisymmetric cylinder
with heat flux at top end, convection environment
at bottom end, inner temperature of T; and outer
temperature of T,
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rr=018m,r,=0.12m,L=0.2m, V5, =017, T; =

320 K, T, = 300 K and isolated ends: (a) time history of temperatures; (b) temperature along the radial direction
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4.1 Validation models

At first, the steady state one dimensional heat transfer
problem is investigated in a hollow cylinder with inside and
outside temperatures of T; and T,, respectively. The exact
solution of the problem is reported as (Hetnarski and Eslami
2009)

Fig. 2 shows an excellent agreement between the results
of the applied mesh-free method and exact solution
(Hetnarski and Eslami 2009).

Ti _To
T= m In(r, —r)+T, (25)
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Now, consider CNTRC cylinders with inner radius of, r;
= 0.18 m, outer radius of, r, = 0.12 m, length of, L = 0.2 m,

CNT volume fraction of, V, =0.17, initial temperatures,

T° =300 K, isolated top and bottom ends, inner temperature
of T; = 320 K and outer temperature of T, = 300 K. Fig. 3(a)
shows time histories of temperatures of the UD, X and O-
CNTRC cylinders at ri/r, = 0.9486. It’s observed UD and X
cylinders get stationary condition before t = 5 s while O-
type cylinder gets steady state after t = 15 s. Fig. 3(b)
compares the steady state results of the cylinders and
transient responses of them at t = 15 s. It can be seen that
UD and X cylinders has the same results in both cases of
steady state condition and transient at t = 15 s, but in O-
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Fig. 5 Transient heat transfer responses of first model CNTRC cylinders: (a) time history of temperatures; (b) temperature
along the radial direction; (c) temperature distribution of UD type; (d) temperature distribution of V type; (e) tempera-
ture distribution of X type (f) temperature distribution of O type
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CNTRC cylinder, the temperature transient condition at t =
15 s is a little less than steady state results.

4.2 Transient heat transfer in FG-CNTRC cylinders

After validation of the applied mesh-free method,
transient heat transfer analysis of FG-CNTRC cylinders
with various boundary conditions is investigated. At first
model, consider CNTRC cylinders with r; = 0.18 m, r, =
0.12 m, L = 0.2 m, VS, =0.17, initial temperatures, T° =

300 K. In these cylinders, T; = 320 K, T, = 300 K, top end is
under heat flux of q, = 10 kW/m? and bottom end is under

r/ r0:O.9486

UD, t=15s

307.4
307.2
307 4

TEMP (K)

306.8
306.6

environment with heat transfer by convection of h = 100
W/m?K and T, = 350 K (See Fig. 4). Fig. 5 shows the
transient heat transfer results of the UD and FG-CNTRC
cylinders. Fig. 5(a) illustrates temperatures of the CNTRC
cylinders (at radius of ri/r, = 0.9486 and mid length) get
steady state condition.

It can be seen that X-CNTRC cylinders, because of the
high value of CNT volume fraction in the surfaces and the
high value of CNT thermal conductivity, has the maximum
speed of convergency while O-CNTRC cylinder has the
minimum one. Fig. 5(b) reveals that distribution of CNTs,
because of the higher value of CNT thermal conductivity

(b)

FG-X, t=15s

/L 0 09 riv,

Fig. 6 Transient heat transfer responses of second model CNTRC cylinders: (a) time history of temperatures: (b) temperature
along the radial direction; (c) temperature distribution of UD type; (d) temperature distribution of X type; (e) tempera-
ture distribution of O type; (f) temperature distribution of O typeatt=7.5s
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than PMMA, has an important effect on the temperature
distribution of the CNTRC cylinders at t = 20 s. FG-/\ and
FG-V types of CNTRC cylinders have the biggest and
smallest mid values of cylinder temperatures, respectively.
So, N\ type cylinder has the best conductivity condition. Figs
5(c)-(f) show temperature distributions of the UD, V, X and
O types of CNTRC cylinders at t = 20 s, respectively. It can
be seen that the effect of heat flux and convection
environment in O-CNRTC cylinder is more than the other
types of cylinders.

For second model, reconsider the previous CNTRC
cylinders with boundary conditions of outer convection
environment of h = 100 W/m’K and T, = 350 K, inner heat
flux of g = 10 kW/m? and isolated ends. Fig. 6 shows
responses of transient heat transfer of CNTRC cylinders.
Fig. 6(a) illustrates the cylinders don’t get steady state
condition in first 15 seconds. Fig. 6(b) reveals that the
temperatures of inner radius of the cylinders are more than
outer ones, so effect of the applied flux condition on
temperature transfer is more than the convection condition.
Also, O-CNTRC cylinder has the biggest values of inner
and outer temperatures and UD cylinder has a smooth
temperature variation along radial direction at t = 15 s.
These temperature distributions are obtained because of the

0 5 4 10 15

@

kind of CNT distributions and the high value of CNT
thermal conductivity. Figs. 6(c)-(e) illustrated temperature
distributions of UD, X and O types of cylinders at t = 15 s.
It can be seen that temperatures have no variation along the
axial direction because of the isolated ends. Fig 6(f) shows
temperature distribution of O-CNTRC cylindersatt=7.5s.
Comparing the results at two reported times shows that
temperature of the cylinder is raised by passing time.

The effect of CNT volume fraction is examined in third
model. So, consider O-CNTRC cylinders with r; = 0.18 m,
I, =0.2m, L = 0.2 m, initial temperatures of T° = 300 K and
with the boundary conditions as the second model. Fig. 7(a)
shows the temperatures of cylinders are increased by
passing time and the cylinders don’t have stationary
condition before t = 15 s. Fig. 7(b) reveals that increasing of
CNT volume fraction decreases temperatures around inner
radius but increases temperatures in remain areas.

Finally, reconsider the second model but with r; = 0.16
m as forth model. Fig. 8(a) shows time history of
temperature in the cylinders. A time delay about 2 seconds
can be seen in the temperatures rising of the thicker
cylinders. Also, the stationary condition cannot be seen until
t = 15 s. By comparing between Figs. 6(b) and 8(b), it can
be seen that the temperatures of the thicker cylinders are

310 \ T VCN:O']'Z
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Fig. 7 Transient heat transfer responses of third model CNTRC cylinders: (a) time history of temperatures;

(b) temperature along the radial direction
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Fig. 8 Transient heat transfer responses of forth model CNTRC cylinders: (a) time history of temperatures;

(b) temperature along the radial direction
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less than thinner ones even passing 20 seconds except inner
temperature of O-CNTRC.

5. Conclusions

In this work, transient heat transfer behaviors of
functionally graded CNT reinforced cylinders with various
essential (known temperature) and natural (heat flux or
convection environment) boundary conditions were
investigated by an MLS based mesh-free method. The
nanocomposite  material  properties were  assumed
functionally graded along the radius and estimated by a
micro mechanical based model. The effects of CNT
distribution pattern and volume fraction, cylinder thickness
and boundary conditions were investigated on the transient
temperature field of the nanocomposite cylinders and
following results were obtained from this analysis:

® The developed mesh-free method has an excellent
accuracy and convergency on transient heat transfer
analysis of the FG-CNTRC cylinders.

e The distribution of CNTs has an important effect on
the temperature distribution and convergency speed
of the CNTRC cylinders

e AandV types of CNTRC cylinders have the best and
worse conductivity conditions, respectively.

e Increasing of CNT volume fraction decreases
temperatures around inner radius but increases
temperatures in remain areas.

® The temperatures of the thicker cylinders are less
than thinner ones even passing more times, except
inner temperature of O-CNTRC.
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