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Abstract. Limit load of pressure bearing structures was reviewed in this article. By means of the finite element
analysis, limit load of pressurized cylinder with nozzle was taken as an example. Stress classification method and
Elastic-plastic finite element analysis combining with limit load determination methods were used to determine limit
load of cylinder with nozzle. Comparison of limit load determined by different methods, the results indicated that
limit load determined by linearization method was the smallest. Limit load determined by twice elastic slope criterion
was the nearest than experimental results. Elastic-plastic finite element analysis had comparably computational
precision, but required time consuming. And then the requirements of computer processing and storage capacity by
power system became higher and higher. Most of criteria for limit load estimation included any human factors based
on a certain substantive characteristics of experimental results. The reasonable criterion should be objective and
operational.
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1. Introduction

Structural and mechanical integrity assessment played an important role in many industry
efforts relating to fitness-for-service evaluation of components or structures. Fitness-for-service
assessments evaluated the structural integrity of components and their suitability for continuous
service. The fitness of components or structures for service can be evaluated, and safety margins
determined at operating conditions by having an understanding of these parameters. In the past
decades, the integrity assessment had been carried out by some of the available standards such as
ASME (1986), R5 (1990), EN13445 (2002), API 579/ASME FFSI fitness for service code, and so
on. Standards used to carry out these assessments provided guidelines which can be used to make
run-repair-replace decisions, assisting plant management in identifying appropriate mitigation
actions to ensure that the component can be operated safely. A comprehensive overview of existing
assessment methods and comparison of various acceptance criteria was presented in (Brighenti
2001, Cosham et al. 2007). These studies highlighted the use of plastic instability and buckling as
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governing failure criteria to evaluate the burst pressure for thin piping with metal loss defects.
Furthermore, they outlined the role of assumed flow stress on the assessment results. Simplified
assessment rules commonly employed limit load analysis to evaluate the burst pressure assuming
elastic perfectly-plastic material models BS 7910 2005. In contrast, plastic collapse load analysis
using nonlinear stress—strain material data and advanced numerical techniques such as FEA yields
more realistic and less conservative results (Chiodo and Ruggieri 2009, Kamaya et al. 2008,
Khyabani and Sadrnejad 2009). This can be explained due to the non-zero post-yield stiffness,
which allowed an entirely plastic region to sustain some of the increase in post yield load. Similar
to limit load evaluation technique, the plastic collapse load was evaluated as the highest
convergent load increment in a well-configured finite element analysis with sufficiently small load
increments.

Limit analysis can provide an assessment of the integrity of a mechanical component during
operation by applying the appropriate boundary conditions and geometrical behavior. Limit load
analysis, which determined plastic collapse load of mechanical structures or components, was an
important tool during design process of mechanical structures or components to ensure their
functionality within operating conditions. Moreover, limit load analysis had contributed to provide
an assessment of structures or components behaviors for other failure modes.

Limit load of components or structures was mainly determined using experimental methods,
analytical techniques and elastic-plastic finite element analysis. Analytical approaches can
determine the exact limit load for simple loading cases and geometrical configurations. For
complex problems, some assumptions were made to obtain an approximate analytical solution.
Such procedures were categorized into lower bound and upper-bound solutions. For more complex
problems, numerical methods such as the elastic-plastic analysis were used to solve limit load of
components or structures by means of iterative calculation. The ASME code had some guidelines
for calculating the limit load from elastic-plastic analysis results. The elastic-plastic analysis can
yield a relatively accurate solution, but huge amount of time and advanced computing resources
were required. Moreover, considerable input and experience were required in defining the
convergence criteria of the solution and the limit load conditions. In addition, the ASME code,
EN13445 code, and so on, had set some guidelines to interpret a linear elastic analysis results and
categorized the stresses into primary, secondary and peak stresses. These categories were used to
find a design load to avoid most of the failure modes.

The purpose of this research was to summarize and compare these limit load methods.
Experimental methods and analytical techniques were firstly reviewed. Limit pressures of a
cylindrical pressure vessel with nozzle were then estimated and results of different criteria were
compared and assessed.

2. Limit load determination methods

In this study, the available methods for limit load analysis were reviewed in detail including
analytical techniques, numerical procedures and criteria for limit load estimation.

2.1 Analytical techniques

The analytical techniques for limit analysis, which were used to determine component load
carrying capacity with mathematical formulations from plasticity theory, included variational
tlmethods and slip lines methods.
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2.1.1 Variational methods

Variational principles were proposed by Mura et al. (Mura et al. 1964, Mura and Lee 1965),
with one of the most important applications in plasticity theory to be the limit load analysis. In
plasticity theory, variational principles stated that the material of a body was elastic-perfectly
plastic.

Limit load was determined by the variational principles according to plasticity theory, which
was used to determine the limit load multipliers 7 at the impending plastic limit state of a body.
However, variational principles were only feasible for some simple geometries and boundary
conditions. For complicated problems it may be very difficult to find the exact limit load. In order
to solve these problems, the classical upper bound and lower bound theories (Calladine 2000) were
employed to estimate the limit load directly without considering the entire loading history.

2.1.2 Slip lines methods

Slip line method which was widely used in metal forming and soil mechanics was proposed by
Hencky (1923), Prandtl (1923) and Caratheodory and Schmidt (1923). The method estimated limit
load in a component or structure in plane condition. Detailed studies of the slip line method had
been done by Hill (1950) and Prager and Hodge (1951).

Davis and Selvadurai (2002) thought that the aim of slip line method was to define a coordinate
system that lied on a potential failure surfaces in a given component. The axis of the new
coordinate system, said o and f, needed to be defined in such a way that at each point they aligned
on the potential failure surfaces. In other words, the direction of the new axis was on the direction
of maximum shear stress when plastic flow occurred. The definition of the parameters a and S can
be illustrated with Mohr diagram, as shown in Fig. 1. The a-line and f-line were located at two
maximum shear stress failure lines (potential failure surface). Therefore, these two lines were
orthogonal. In a two-dimensional system the potential failure surfaces became slip lines, and
combinations of these lines form a network that covered the failing regions.

2.2 Linear and nonlinear numerical methods

For simple structures or components and boundary conditions, the analytical techniques can
obtain the exact limit load. For more complicated problems, numerical methods were proposed to

a — Line
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(a) (b)
Fig. 1 Definition of slip line on Mohr diagram
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determine the limit load. The numerical procedures included programming method and robust
methods with elastic modulus adjustment procedure. Moreover, stress classification method and
elastic-plastic finite element analysis were developed to determine limit load of components or
structures. These methods were reviewed in detail as follows.

2.2.1 Programming method

Charnes and Greenberg (1951) proposed programming methods to determine limit load. The
programming methods can be divided into two approaches, linear programming and nonlinear
programming. The nonlinear programming approach was more accurate and difficult than the
linear programming approach.

The limit load analysis using programming method was realized by minimizing or maximizing
a function subjected to certain constrains. Limit load was determined by finite element method
combined with programming methods. Therefore, limit load analysis was a standard optimization
problem. The objective function was the maximization or minimization of lower or upper bound
limit load multiplier subjected to set of equality and inequality constraints.

So far, the programming method had only been used for two-dimensional components and
some simple three-dimensional components. For three-dimensional components using finite
element method, only simple element type was used by Lyamin and Sloan (2002a, b) and Zouain
et al. (1993). Moreover, the programming method required large computer memory and a
considerable amount of computational time, which was attributed to the huge number of constraint
equations and the degree of freedom. Thus, the programming method was not easily implemented
into available commercial finite element software.

2.2.2 Stress classification method

Stress classification method was mainly the equivalent linearization method, including stress
classification points (He 1995), lines (Kroenke 1973) and planes (Hechmer and Hollinger 1989).
So far, stress classification lines method which had been widely applied was used to determine
limit load of structures or components. Thus only stress classification lines were employed in this
study.

2.2.2.1 Linearization method

According to ASME Section III, the stress fields were obtained by linear elastic finite element
analysis based on the combined applied load and the reaction forces. The basic stress classification
procedure based on the location, origin and type was given in ASME Section III. The stresses were
divided into several parts according to ASME Section III, including general primary membrane
stress P, local primary membrane stress P;, primary membrane plus primary bending stress P, +
Py, primary plus secondary stress P, + P, + Q and total stress P, + P, + O + F. Each type of stress
was compared to an allowable stress limit S, or S,.

£, =S, (M
P, <158, )
P, +P <158, A3)

B +E+0<3S, “)
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where, S,, was the basic allowable stress calculated according to the material.

The generated stresses during stress linearization procedure must be interpreted according to
ASME Section III. In many pressure vessel structures, it was difficult to obtain P, + P, due to the
lack of information about primary bending stress. Based on the superposition principle, Gao et al.
(2010) proposed a method of multistep applied load for primary bending stress and corresponding
stress intensity P, + P, for a wide range of axisymmetric problems in the pressure vessel. This
would provide a reasonable alternative for some typical pressure vessel component design.

According to the stress categories, limit load of pressure vessel component was determined as
follows. The stress intensities were proportional to internal pressure within the elasticity range.
Therefore, the maximum allowable load could be deduced from Eq. (12).

P : Pniax S 1)7)1 : Sm (5)
Namely
PS
PI — m 6
max P ( )

m

Similarly, the maximum allowable load could also be deduced from Egs. (13)-(15) as follows

1.5PS
PII — m
max PL (7)
1.5P
R =1 ®)
B +F,
3PS
P =515 ©)
B +F+0
The maximum allowable load based on stress categories could be expressed as follows
[P]:min{Pnllax’Prrll[ax’Pn]lé]x’Pn[l:x} (10)

ASME B&PV Code VIII-2 (2010) Appendix 4-136.3 stated that the limits of the general
primary membrane stress intensity, local primary membrane stress intensity, and primary
membrane plus primary bending stress intensity did not necessarily to be satisfied at a specific
location if the specified loadings did not exceed two-thirds of the collapse load P;. If the above
requirement was met, the allowable load was expressed as follows, corresponding to the limit load
requirement.

[P1==P (11)
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2.2.2.2 Gloss R-node method

Seshadri and Marriott (1993), Fanous and Seshadri (2007) extended the application of R-Node
method to stress classification. The analysis procedure was proposed as follows to illustrate the R-
node method.

Firstly, a linear elastic finite element analysis was carried out to find out the load corresponding
to initial yielding.

Secondly, the results of the linear analysis was carried out in conjunction with the stress
linearization tool in finite element software ANSYS or ABAQUS to find out P,,, P, and F.

Thirdly, another linear elastic analysis was carried out in conjunction with elastic modulus
adjustment procedure to locate R-node in the pressure component. The maximum R-node
equivalent stress was identified and need to be less than allowable stress S,. This ensured the
satisfaction of both P,, and P,,.

Lastly, a complete elastic-plastic analysis was carried out in order to compare the results
obtained by the foregoing methods.

2.2.2.3 m! method

Adibi-Asl and Seshadri (2007) proposed the m. method for stress categorization which was
applicable to both mechanical and thermal loads. Similar to stress linearization method, linear
elastic finite element analysis was performed, and the results of finite element analysis were used
to evaluate classical lower bounder m; and upper bound multiplier 7°. The multiplier m! was
calculated using Eq. (18).

0
T_ m

’ _1+(1—j§j(gf—1) (12)

m

0

where, (; was obtained from ¢; = (1 + C) £4/(1+ C)* =1, C=0.2929(¢; — 1) and ¢, =
m

L
If m°m; was less than 1+\/§, only primary and secondary stresses were considered in the
structure or component. If m®m, was greater than 1442 , all three categories of stresses were
expected to be present in the structure or component. The magnitude of peak stresses was either
zero or negligible for the two cases.

2.2.3 Elastic-plastic finite element method

Although experimental methods determined limit load based on actual behavior of a structure
or component, limit load analysis using experimental methods was expensive and time consuming.
With the development of finite element method, the assumptions of ideal conditions, strain
hardening or larger deformations were considered. In order to determine the limit load of a
structure or component, bilinear or multilinear kinematic hardening rule which was available in
finite element software ANSYS or ABAQUS was used to determine limit load combined with the
assumption of larger displacement formulation. Loading-strain curve was obtained by means of
nonlinear finite element analysis, and then limit load determination criteria in Section 2.3 were
used to determine limit load of a structure or component. Compared to experimental methods,
finite element method was low cost and can realize all kinds of loading or load combinations. A lot
of researches indicated that finite element analysis determining limit load can obtain reliable
approximate solution. Therefore, finite element analysis was till a common analytical tool.
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2.3 Criteria for limit load estimation

Criteria for limit load estimation which represented the assumption of ideal conditions were
used to determine limit load based on actual behavior of a component (i.e., real material like strain
hardening, and large deformation). The loading versus strain or displacement curve was firstly
measured by experimental techniques and finite element analysis. And then limit load was
determined by the following criteria based on the loading versus strain or displacement curve.
Experimental techniques were the best estimate, but its cost was not particularly economical.
Therefore, with only few experiments carried out, inelastic finite element analysis with strain
hardening or large deformations were employed based on loading versus strain or displacement
curve and combined with the following criterions.

(1) Tangent intersection criterion

Tangent intersection criterion was proposed by Save (1972), as shown in Fig. 2. The tangent of
elastic and plastic parts of loading-deformation curve was drawn, and the tangent point
corresponding to loading value was defined as limit load P,.

(2) 1% plastic strain criterion
Townley et al. (1971) put forward 1% plastic strain criterion. The load corresponding to 1%
plastic strain on loading—strain curve was called limit loading.

(3) Twice elastic deformation criterion

ASME (1974) proposed twice elastic deformation criterion where the location of elastic and
inelastic behavior of a component was determined on load-deformation curve (say ¢ on
deformation axis). Elastic deformation ¢ was assigned to initial yield loading. Then a vertical line
at the distance of 26 was drawn as depicted in Fig. 4. The load corresponded to the intersection of
this line and load-deformation curve was considered as limit load. In 1974, twice elastic
deformation criterion was employed by ASME.

(4) Twice elastic slope criterion
Since 1975, ASME code had been used to determine limit load of pressurized equipment with

Loading

Deformation 0

Fig. 2 Tangent intersection criterion
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twice elastic slope criterion. Twice elastic slope criterion (ASME 1986) which was based on an
empirical procedure was used for calculating collapse loads in experimental stress analysis of
pressure vessels, as illustrated in Fig. 5. The plastic load P, corresponded to the intersection of the
load-deformation curve and a straight line called the collapse limit line which emanated from the
origin of the load deformation curve at angle ® = tan(2 tand). In this procedure stresses were
allowed to exceed yield limits. Hence thinner materials could be used, resulting in economical
design. The twice elastic slope criterion of plastic collapse was shown in Fig. 5.

(5) 0.2% offset strain criterion (ASME 1971)
In 1971, ASME code defined limit load which resulted from 0.2% offset strain, as shown in Fig.
6. This method was influenced by the definition of yield stress oy 5.
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Fig. 5 Twice elastic slope criterion of plastic collapse
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Fig. 6 0.2% residual strain criterion

(6) Demir and Drueker criterion
Demir and Drucker (1963) proposed that the intersection of a vertical line from the distance of
30 and load-deformation curve was considered as limit load, as drawn in Fig. 4. This method was
called as thrice elastic deformation criterion, the same as twice elastic deformation criterion,

namely tan y = 3 tan 6.
(7) Thrice o criterion
Schroeder (1985) proposed that the vertical axis value on loading-deformation curve where the
horizontal axis was 3 J was defined as limit load, as drawn in Fig. 2.
(8) Plastic work criterion
In 1979, Gerdeen (1979) proposed the suitable ratio of elastic work W, and plastic work Wp
whose corresponding vertical axis value was called limit load. The elastic work W, and plastic
work W, was defined by the shaded area, respectively.
It was difficult to find the separation point, namely the suitable ratio of elastic work W, and

plastic work W,. Muscat et al. (1979) introduced a loading coefficient 2 (0 <4 < 1) as vertical axis
and the plastic work as horizontal axis. Like the tangent intersection criterion, the intersection 4, of
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Fig. 7 Thrice J criterion
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Fig. 8 Plastic work criterion

the tangent of plastic part of .V, curve and the vertical axis was called limit load, as given in Fig.
8(b). The limit load was expressed as

P, =A"P (13)

(9) Zero curvature criterion
In 1989, Zhang et al. (1989) modified tangent intersection criterion and presented zero

curvature criterion which determined component limit load similar as tangent intersection criterion,
as shown in Fig. 9(a). Zero curvature point corresponded to the point where the tangent of plastic
part on the loading-deformation curve started to deviate. Moreover, if the loading-deformation
curve had yielded plateau as given in Fig. 9(b), zero curvature point corresponded to the point
where the tangent of yield plateau started to deviate. The vertical axis value corresponding to zero

curvature point was seen as limit load P,.
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Fig. 9 Zero curvature criterion

(10) Five times elastic slope criterion
According to ideal material and small deformation assumption, Kirkwood (1986, 1989) stated
that the intersection of five times elastic slope line and load-deformation curve was considered as

limit load point, as drawn in Fig. 5.

(11) Fifteen times elastic slope criterion
Like five times elastic slope criterion, according to ideal material and small deformation

assumption, in 2000 Lynch and Moffat (2000) proposed that the intersection of fifteen times
elastic slope line and load-deformation curve was considered as limit load point, as drawn in Fig. 5.

(12) Plastic modulus criterion
Schroeder (1980) proposed the next equation which was used to determine plastic slope.

E
b= (14)

where, k and k, were the elastic and plastic slope of the loading-deformation curve of the structure,
respectively. £ and E, were the elastic and plastic modulus of the loading-deformation curve,
respectively. Limit load point was determined as the intersection of the slope of elastic and plastic
part of the loading-deformation curve.

(13) Linear limit criterion (Miklus and Kosel 1991)
The load corresponding to the end of the linear part of loading-displacement curve loading was
called limit load. Load determined from this criterion was the smallest among all the criteria.

(14) Ultimate strength criterion (Miklus and Kosel 1991)

Based on loading-displacement curve, the load corresponding to asymptote position was
defined as limit load. The loading-displacement curve after the point was approximate to linear,
but the slope of the loading-displacement curve was far smaller than that of initial linear elastic

part.
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(15) Maximum principal strain criterion
Su et al. (2005) proposed that the load corresponding to the maximum principal strain 5% on
loading-maximum principal strain curve was seen as limit load.

2.4 Brief summary

The analytical techniques were only applicable for some simple geometries and boundary
conditions. However, it can lead to good estimation of limit load or even the exact solution. For
more complicated conditions, numerical procedures including linear and nonlinear methods were
developed to determine limit load of structures or components. Inelastic finite element method
were often required for engineering designs.

Experimental methods were used to determine the limit load of structures or components.
However, it was expensive and time-consuming. Li et al. (2008) identified the plastic limit load of
cylindrical vessels with different lateral angles under increasing internal loadings by means of
experimental testing. Moreover, a three-dimensional nonlinear finite element numerical simulation
was also performed. The limit load of cylindrical vessels with nozzles was obtained using a twice-
elastic-slope criterion. It was found that the limit loads determined by experiment and numerical
simulation methods were in good agreement. Patel and Kumat (2014) obtained limit load of
pressure vessel with different inlet and outlet openings by means of experiment methods such as
twice elastic slope method, tangent intersection method and nonlinear finite element method. The
tangent intersection method used to estimate the lower value of limit pressure was more effective
for higher elastic slope of limit pressure vs strain.

3. Application and discussion

Taking a cylinder with nozzle (Chen 2005) as an example in this paper, the limit load of a
cylinder with nozzle was identified by stress classification method, elastic-plastic finite element

,%H
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| EAVAR
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Fig. 10 Schematic diagram of cylinder with nozzle

Table 1 Structure parameters

Di/mm L/mm L1/mm T/mm do/mm //mm t/mm
400 800 240 54 133 300 43
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Table 2 Material properties parameters

Structure Material Elastic modulus Poisson ratio Yield stress Ultimate stress
E / GPa v o,/ MPa o, / MPa

Nozzle 20 212 0.300 332 472

Cylinder Q235-A 201 0.300 320 485

analysis and elastic finite element method in conjunction with robust methods by mean of finite
element software ANSYS.

3.1 Geometrical model

Fig. 10 depicted the structure of a cylinder with nozzle. The dimensions of cylinder with nozzle
considered under analysis were shown in Table 1. The cylinder and nozzle material used for
analysis was Q235-A. Since, the main purpose of this work was to find the limit pressure of the
shell intersection, the yield stress, ultimate stress of the material were important parameters. The
material properties were shown in Table 2.

The true stress - strain curves of Q235-A and 20 steel were shown in Figs. 11 and 12,
respectively.

Chen (2005) measured the strains of a cylinder with nozzle by mean of experimental method.
Locations of strain gages for testing models were given in Fig. 13. Experimental results indicated
that dangerous sections were horizontal and longitudinal plane of symmetry of the cylinder with
nozzle.

Twice elastic slope criterion and tangent intersection criterion were used to determine limit
inner pressure of the cylinder with nozzle, as shown in Fig. 14. Limit inner pressure of test point 7
determined by twice elastic slope criterion and tangent intersection criterion was respectively P4 =
4.72 MPa andP, = 5.79 MPa. Limit inner pressure of test point 8 was respectively P4 = 5.05 MPa
and P;7=5.58 MPa.

600
550
500
430
400
350
300
250
200
150
100

50

S ( MPa)

40000 80000 120000 160000 200000 0 40000 80000 120000 160000 200000 240000
€ (ue) e (Ue)

Fig. 11 The curve of true stress-strain for Q235-A Fig. 12 The curve of true stress-strain for 20
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(a) Test point 7 (b) Test point 8
Fig. 14 Limit inner pressure from test (Chen 2005)

3.2 Finite element simulation

Three dimensional isoparametric element solid45 which was defined by eight nodal points were
used to generate the finite element method mesh of the cylinder with nozzle. Due to the symmetry
of the structure, a quarter of the cylinder with nozzle was modeled as shown in Fig. 15. Four
elements were modeled throughout the thickness. Fig. 16 indicated the mesh for the cylinder with
nozzle. The total number of elements was 40960. The intersection of the cylinder and nozzle had a
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Fig. 15 Finite element model Fig. 16 Finite element mesh

very fine mesh with large number of elements. The accuracy of results was also studied by means
of double meshes (Lu and Xu 2006). Comparison of the results of twice finite element analysis,
the error of both results was 3%-5%. The results indicated that the first element number was
suitable.

Ideal elastic-plastic model, which was relatively safe for the actual engineering, thus was
usually used to determine limit load of structures or components in the actual engineering. The
bilinear (BISO) elastic-plastic material model in ANSYS software was employed in this paper, as
given in Fig. 17. Elastic slope was elastic modulus, plastic modulus was zero. BISO in ANSYS
need to input respectively elastic modulus and yield stress of the material by means of the
command ‘MP’ and ‘TB’. Material yielding was based on the von Mises yield criterion. The large
displacement theory was used during numerical simulation. The boundary conditions used in the
finite element numerical simulation were set as follows: all nodes on the symmetric section
(longitudinal plane and transverse plane of the vessel) were constrained against deformation in the
direction normal to the symmetric plane. The node located at the center of one saddle support was

400 400

360 360

320 320

280 280
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E 240 O z40
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5 200 & 200
v o

L 180 o 160
= =
A )

120 120

80 20

40 40

o 0

0 1.6 3.2 4.8 6.4 8 Q 1 2 3 4 5
.8 2.4 4 5.6 7.2 .5 1.5 2.5 3.5 4.5
Strain (x10**-3) Strain (x10**-3)
(a) 20 steel (b) Q235-A

Fig. 17 The simplified curve of true stress-strain for 20 steel and Q235-A in ANSYS
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Fig. 18 Load and boundary condition of finite element model

restricted in the vertical direction only. The internal pressure loading of the analysis model was
loaded incrementally inside the surface of the cylinder and nozzle. The axial equivalent tensile
forces of the ending of the cylinder and nozzle were applied according to Eq. (15).

RD;

B=— "
(D, +2t) =D’

(15)

4. Finite element results
4.1 Limit load of stress classification

4.1.1 Numerical example

According to Section 2.3.3, three stress categorization methods were described. Linearization
method was widely used for stress categorization. Stress contour and stress classification lines
were shown in Fig. 19. Table 3 listed stress classification and verification results. According to
reference (Gao et al. 2010), limit load was determined based on stress classification results.

Mackenzie and his co-worker (1994) observed that Gloss R-node method can be valid to
extract primary stress and secondary stress of simple structural elements. But for complex
structures such as axisymmetric cylinder and flat head, the results of Gloss R-node method were
inconsistent with those of ASME code. Therefore, linearization method was so far widely applied
for stress categorization. For the cylinder with nozzle in this study, Gloss R-node method was not
used.

For m! method, m®/m;, was greater than 1+ V2 in this study, primary stress, secondary stress
and peak stress were listed in Table 4.

For stress classification method, it can be concluded that when loading condition changed, the
maximum stress location might shift from its previous location. Therefore, for components having
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Fig. 19 Stress contour and stress classification line

Table 3 Stress classification and verification results

Position Py (Pr) P, (P)+Py+Q L P [P] P,
Pathl 222.9 286.6 2.98 3.48 2.98 3.50
Path2 241.7 298.7
Path3 215.2 265.5
Path4 64.78 65.40
Path5 25.48 43.12

Table 4 Stress classification of m| method

Stress P P+Q F P, Py, [P] B
122.4/127.7 172.8/244.8 35 3.68 3.84 3.68 5.52

non-uniform stress distribution for combined loading might lead to an improper selection of class
lines during the stress linearization process. Whereas the proposed m_ - tangent method gave one
value of the stress category irrespective of the loading condition. This was a very important
advantage of using the m - tangent method for combined loading cases.

4.1.2 Brief summary

The categorization of stresses by elastic FEA was a challenging task even with the finest
computing facilities and advanced numerical techniques. The categorization of elastic stresses in
complex pressure vessels was involved and demanded substantial skill. The purpose of the present
work was to introduce a new stress categorization method based only on linear elastic FEA and
demonstrate its application. The proposed method used limit load multiplier estimated to
decompose the elastic stresses into appropriate categories, using a single linear elastic FEA. The
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proposed method was able to identify the primary (P), primary plus secondary (P+Q) and peak (F)
stress components for mechanical and thermal loads within reasonable accuracy. The results were
directly comparable with the ASME B&PV Code (2007) limits. Notably, there was only a single
primary stress to be evaluated against S,,, as opposed to separate limits for membrane and bending
stress. Since the method delivered directly only a single bounding value for each stress category,
its application was very convenient and straightforward. Several example problems were worked
out to demonstrate the method, including typical two and three dimensional pressure vessel
components. The primary stresses obtained from the proposed method were in reasonably good
agreement with the elastic-plastic FEA results. For simple axisymmetric pressure vessel
(cylindrical vessel and torispherical head), the primary plus secondary stresses obtained from the
proposed method were compared with those obtained from stress linearization method. The results
were again in reasonably good agreement. The same approach was expected to work well for more
complicated structures e.g., oblique nozzle on a cylindrical vessel. The proposed method had
several potential benefits over conventional stress categorization approaches. This method made
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Fig. 20 Criterions of limit load determination
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Table 5 Numerical solution of limit load

Methods Limit load/MPa

Experimental result 4.72/5.05
Stress classification 3.50
m! Stress classification 5.52
Twice elastic slope criterion 5.26
Triplex elastic slope criterion 5.49
Quintuple elastic slope criterion 5.63
Fifteenfold elastic slope criterion 5.89
Tangent intersection criterion 6.23
Triplex ¢ criterion 5.56
Zero curvature criterion 6.68
1% equivalent plastic strain criterion 5.85
0.2% residual strain criterion 5.57
5% maximum principal strain criterion 6.45
Linear deformation criterion 5.24
Twice elastic deformation criterion 5.72
ultimate strength criterion 7.10
Plastic work criterion 6.10
Plastic modulus criterion 6.34
Divergence point 7.62

use of available FEA codes and currently required a moderate amount of post-processing by the
user, which could be automated. As a result, the method gave three numbers, namely the primary
stress, primary plus secondary stress, and peak stress. The method directly delivered the bounding
values for the analyzed component. This sidestepped the potential difficulties encountered in
justifying the appropriate location and orientation of the SCLs. The method was applicable to a
wide range of pressure vessels including three dimensional vessel with complex geometry as
shown in Example 7.4 in this paper. The proposed method was able to categorize the stresses for
combined loading (pressure and thermal) without requiring two separate analyses. Therefore, the
proposed method could be used as a tool for simplified stress categorization of pressure vessels
with minimum computational effort.

4.2 Limit load determined by elastic-plastic finite element method

4.2.1 Numerical example

Variational principles were only feasible for some simple geometries and boundary conditions.
The slip lines method estimated limit load in a component or structure in plane condition.
Therefore, limit load of the cylinder with nozzle was determined by finite element analysis
combining with those criteria in Section 2.2, as listed in Table 5. Fig. 20(a) illustrated the crossing
point of twice elstic slope criterion, three times elastic slope criterion, five times elastic slope
criterion, fifteen times elastic slope criterion, 0.2% residual strain criterion, linear limit criterion
and twice elastic strain criterion and loading - strain curve. Fig. 20(b) showed the crossing point of
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tangent intersection criterion and Demir & Drueker criterion and loading-deformation curve. Fig.
20(c) indicated the crossing point of ultimate strength criterion and divergent point and loading-
strain curve.

4.2.2 Brief summary
The advantages and disadvantages of those criterions in Table 5 were described as follows:

(1

2)

)

4)

)

These criteria in Table 5 which were inequivalent with theoretical limit load were used to
determine limit load of structures that were called as actual limit load or engineering limit
load.
The definition of plastic collapse of actual structures was included in these criteria. These
criteria had human factors. The plastic collapse of actual structures was a definition of
engineering significance. The engineering backgrounds for these criterions were different.
Therefore, the maximum plastic limit load determined by one criterion cannot be seen as
the reasonable index.
The reasonable criterion should be objective and operational. The objective criterion can
not include any human factors based on a certain substantive characteristics of
experimental results. The operability criterion which should be convenient for engineering
application can obtain limit load of the conservatism that could satisfy the engineering
requirements. For the same relationship of loading versus deformation, different operator
may obtain the same limit load. Tangent intersection criterion among these criterions was
an objective criterion. If the plastic section of loading—deformation curve did not show
obvious plastic platform or steady section, the tangent point position of plastic section
would not be accurately determined. Therefore, EN13445 code (2002) suggested that if the
plastic section was larger than 5%, the corresponding maximum principal strain 5% point
was the tangent point of the plastic section. It was found that the maximum principal strain
can represent the eigenvalue of total plastic deformation of pressurized equipment.
Therefore, Su et al. (2005) proposed a 5% maximum principal strain criterion. Meanwhile,
5% maximum principal strain criterion was used to determine limit load of structures
which was easy to be realized in commercial finite element software ANSYS.
The other criteria were based on human factors except for tangent intersection criterion, as
shown below

P, <F <F and P; ~ F, (16)

The plastic work criterion had difficulty in determining limit load of structures, which was
attributed to the shape of plastic work and loading P-deformation w curve. For example,
twice elastic slope criterion cannot determine the split point between elastic work and
plastic work. Therefore, Muscat et al. (2003) presented loading parameter - plastic work
curve. According to EN13445 code (2002), the maximum principal strain 5% point was
tangent point of plastic section. The intersection between tangent line and vertical axis 4,
was obtained, thus limit load was determined.

Most of the criteria for limit load estimation in Section 2.2 determined limit load of
structures through loading P-deformation d curve. Sometimes loading P- angle of rotation
6 curve or loading P-strain ¢ curve was also used. The loading-strain curve was usually
applied for pressurized vessels and its components. For 0.2% residual strain criterion
including bending effect resulted from surface strain, if loading-maximum strain curve



(6)

(7

®)

)
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was determined by experiments, the maximum strain was not easy to be measured, and
residual strain was not directly measured. Therefore, the practicality of 0.2% residual
strain criterion was bad. But if finite element method was used such as ANSYS combined
with APDL parametric design language, it was easy to determine the limit load by 0.2%
residual strain criterion.

Zero curvature criterion was also an objective criterion and did not contain any human
factors. This criterion reflected the characteristic of the overall plastic flow of structures,
and sustained almost the effect of local geometrical shape. Thus, compared to
experimental results, the dispersibility of limit load determined by zero curvature criterion
was very small. Like tangent intersection criterion, because the transition part of loading —
displacement curve and tangent line of plastic flow zone was tangential and did not
intersect, zero curvature point was not easy to obtain through plotting contours. But by
means of nonlinear finite element method, the difference between back and forth sub-step
slope of loading-displacement curve was smaller than 10~: 10 the corresponding point
was zero curvature point.

In general, the results of zero curvature criterion was larger than those of theoretical
calculation, which indicated hardening effect of materials and the influence of large
deformation. Compared to tangent intersection criterion, the zero curvature criterion result
was even more approximate to actual limit load.

Twice elastic slope criterion had a strong operability. For the same loading-deformation
curve, the error of limit load determined by different people was very small. The result
was certified in the ASME code. Twice elastic slope criterion had reasonable conservatism
and was suitable for the engineering application. Quintuple and fifteenfold elastic slope
criterions were proposed based on ideal material and small deformation assumption. These
two criterions were suitable for material with longer yield platform from stress-strain
curve. If they were used for large deformation conditions, unreliable results might be
obtained.

1% equivalent plastic strain criterion was affected by the material and geometrical shape
of pressurized equipment. Strain at plastic hinge of pressurized equipment was larger than
those of other positions. Therefore, when the relationship between loading and
deformation was determined by experiments, limit load determined by 1% equivalent
plastic strain criterion had a strong relationship with measurement point of pressurized
equipment.

Twice elastic deformation criterion was combined with finite element method, and initial
yield loading can be predefined. Elastic deformation was obtained, and then the limit load
was determined. But the initial yield loading was difficult to be determined from the
loading-deformation curve. Therefore, the deformation corresponding to proportional limit
was defined as elastic deformation. The limit load error determined by twice elastic
deformation criterion was rather large.

(10) Limit load determined by linear deformation criterion which was less than other criterions

was widely recognized by the counterparts.

(11) Those criterions in Table 5 aimed at structure under simple loading conditions, i.e., limit

load of the structure was determined by simplify tension, compression, bending and
internal pressure, and so on. Gerden (1979) proposed plastic work criterion which
employed plastic work reflecting action effects of applied load. Gerden (1979) thought that
the plastic work criterion could be employed for complex loading conditions, but it was
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difficult during actual application. On one hand, it was difficult to determine the boundary
between elastic work and plastic work. On the other hand, plastic work criterion need be
several variant parameters that were corresponded to applied load and needed to reflect the
work of applied load which was not arbitrarily determined.

(12) It was feasible for single loading condition, the loading - displacement curve or loading -
angle of rotation curve was applied by these criteria in Table 5. It was difficult for complex
loading conditions, which was attributed to a coordinate system which cannot be used for
different loading type. Different variant parameters and measurement points affected the
accuracy of limit load.

5. Conclusions

The purpose of this research was to summarize and compare the application of these limit load
methods. The objectives were listed as follows. Analytical techniques, elastic and elastic-plastic
numerical methods were firstly reviewed. Then taking a cylinder with nozzle as an example, the
limit loads of a cylinder with nozzle were calculated and compared. The results indicated that limit
load determined by linearization method was the smallest. Limit load determined by twice elastic
slope criterion was the nearest than experimental results. Elastic-plastic finite element analysis had
comparably computational precision. But Elastic-plastic finite element analysis required
considerable amount of computation time and higher processing and storage capacity of the
computer. Moreover, most of criteria for limit load estimation included any human factors based
on a certain substantive characteristics of experimental results. The reasonable criterion should be
objective and operational. Therefore, the scholars had been trying to develop an objective and
operational determined limit load method.
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