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Abstract.   Ratcheting deformation of pressurized Z2CND18.12N stainless steel 90° elbow pipe with local wall 
thinning subjected to constant internal pressure and reversed bending was studied using finite element analysis. 
Chen-Jiao-Kim (CJK) kinematic hardening model, which was used to simulate ratcheting behavior of pressurized 90° 
elbow pipe with local wall thinning at extrados, flanks and intrados, was implemented into finite element software 
ANSYS. The local wall thinning was located at extrados, flanks and intrados of 90° elbow pipe, whose geometry 
was rectangular cross-section. The effect of depth, axial length and circumferential angle of local wall thinning at 
extrados, flanks and intrados on the ratcheting behaviors of 90° elbow pipe were studied in this paper. Three-
dimensional elastic-plastic analysis with Chen-Jiao-Kim (CJK) kinematic hardening model was carried out to 
evaluate structural ratcheting behaviors. The results indicated that ratcheting strain was generated mainly along the 
hoop direction, while axial ratcheting strain was relatively small. 
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1. Introduction 
 

When subjected to internal pressure and cyclic loading, pipelines may face progressive 
deformation, so-called ratcheting effect. The ratcheting effect has been considered in several 
standards, such as ASME (2007), KTA (1995) and RCC-MR (1985). Aged pipings of nuclear 
power plants may have defects such as stress corrosion cracking and local thinning. Local wall 
thinning due to flow-accelerated corrosion was the main degradation mechanism of carbon steel 
piping components in nuclear power plants. Local wall thinning reduced the failure pressure, load-
carrying capacity, deformation ability, and fatigue resistance of piping components. Therefore, it is 
important to evaluate ratcheting behavior of pressurized piping with local wall thinning in order to 
maintain the safety of the piping systems. 

The wall thinning induced by corrosion was exacerbated at elbows because of stress 
concentration. Some researchers had studied low cyclic fatigue of elbows with local wall thinning 
(Kim et al. 2009, Takahashi et al. 2010). However, the ratcheting behavior of elbows with local 
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wall thinning was not yet clear. A lot of experiments on ratcheting deformation topic of pressurized 
elbow under cyclic bending focused on the sound elbow. Chen et al. (2013) presented an overview 
of recent progresses in experimental investigation and finite element analysis (FEA) of ratcheting 
behavior of pressurized piping. Based on experimental and FEA research, ratcheting boundaries 
have been determined with the final aim of aiding the safety design and assessment of engineering 
piping structures. The number of experiments on the ratcheting behavior of pressurized pipes was 
limited because these experiments were expensive, laborious, and time consuming. It was 
preferable to establish finite element method to simulate the experimental procedure. 
Vishnuvardhan et al. (2013) studied ratcheting deformation of Type 304LN stainless elbows 
subjected to steady internal pressure and cyclic bending. Results indicated that ratcheting strain 
occurred in the hoop direction at intrados, flanks and at a few other locations other than the 
extrados. No significant ratcheting strain was observed in both the axial and circumferential 
directions at the extrados location for all the specimens. It was also found that the elbows failed by 
the occurrence of through-wall axial crack in the curved portion, at one of the flank locations, 
accompanied by simultaneous bulging. Li et al. (2013) investigated the ratcheting and fatigue 
behavior of 90° single unreinforced mitred pipe bends subjected to constant internal pressure and a 
cyclic in-plane closing moment with a non-zero mean value. Both experiments and finite element 
analysis were used in that study. It was found that the main cause of mitre failure was ratcheting-
fatigue interaction with the low cycle fatigue. Chen et al. (2015) studied the ratcheting behavior of 
pressurized straight pipe made of Z2CND18.12 austenitic stainless steel under loading control and 
displacement control conditions. Finite element analysis was adopted to predict ratcheting strain of 
straight pipe. Results found that CJK model showed reasonable simulation. Hassan et al. (2015) 
studied low-cycle fatigue and ratcheting responses of SS 304L 90 deg long-radius elbows 
subjected to repeated reversal force or displacement loading through experimental and analytical 
methods. It was indicated that all elbow specimens tested had failed by axial crack at flanks. 
Finally, Hassan et al. (2015) proposed that the scholars are still far from clearly understanding 
elbow failure responses. 

Ratcheting behavior of structures has been simulated using the commercial finite element code 
ANSYS. The plasticity models with bilinear, multilinear and Chaboche kinematic hardening rule 
(Chaboche et al. 1979, Chaboche 1986) are currently available in the ANSYS code. The advanced 
plasticity models with modified Chaboche (Chaboche 1986, Chaboche et al. 1979), Ohno-Wang 
(1993a, b), Abdel Karim-Ohno (Abdel Karim and Ohno 2000) and modified Ohno-Wang (Chen et 
al. 2005) kinematic hardening rules were customized with ANSYS9.0 through the option of user 
programmable features. Shi et al. (2013) studied ratcheting deformation in elbow pipe made of 
Z2CND18.12N stainless steel with local wall thinning subjected to constant internal pressure and 
reversed in-plane bending under loading control. Three-dimensional elastic-plastic analyses using 
ANSYS incorporated with Chaboche and Chen-Jiao-Kim (CJK) kinematic hardening models were 
carried out to evaluate structural ratcheting behaviors. 

In this paper, ratcheting behavior of pressurized 90° elbow pipe of Z2CND18.12N austenitic 
stainless steel with local wall thinning subjected to reversed bending was studied. The local wall 
thinning was located at inside and outside wall of 90° elbow pipe at extrados, flanks and intrados. 
Modified Ohno-Wang model (CJK model) was implemented into ANSYS by means of Euler 
backward scheme, implicit stress integration algorithm and Newton-Raphson iteration. Ratcheting 
simulation was performed by elastic-plastic finite element analyses with ANSYS where modified 
Ohno-Wang model (CJK model) was applied. The effect of geometric dimensioning such as depth, 
axial length and circumferential angle of local inside and outside wall thinning on the ratcheting 
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behavior of 90° elbow at extrados, flanks and intrados was indicated respectively. 
 
 
2. Finite element model implementation 
 

2.1 Finite element model implementation of advanced constitutive model 
 
Constitutive model defined the material stress-strain relationship in finite element analysis. The 

rate independent plasticity models considered in this study share the following common features: 
 
(1) von-Mises yield criterion (yield surface) 
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where σ was the stress tensor, εe was the elastic strain tensor, εp was the plastic strain tensor, s was 
the deviatoric stress tensor, α was the current center of the yield surface in total stress space, σy 
was the size of the yield surface, v was the poisson’s ratio, E was the elastic modulus and λ was 
plastic multiplier which was determined by consistent condition. The plastic multiplier λ was 
replaced by accumulated plastic strain rate p which was expressed in the following. 
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Eq. (1) was derived, and then substitution it into Eq. (4) provides 
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N was the normal direction of yield surface which gave the direction plastic flow. 
Substitution of Eq. (7) into Eq. (6) provided 
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(4) With the von-Mises yield criterion, the most important feature of a plasticity model in 
simulating ratcheting responses was the kinematic hardening rule, which determinesd the 
back stress increment 
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A kinematic hardening rule dictated the translation of the yield surface during plastic loading 

and thereby influencing non-linear stress-strain and ratcheting responses. 
 
2.2 Kinematic hardening rule 
 
Chen et al. (2005) proposed a modified Ohno-Wang model for multiaxial ratcheting simulation 

(Abbr. CJK model), which stated as follows 
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where χi was a multiaxial parameter, 
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proportional loading effects on ratcheting. 

 
2.3 Application of radial return method 
 
Simo and Taylor (1985, 1986) proposed tangent line which was used to predict radial return 

mapping, as shown in Fig. 1. The material was assumed as isotropic deformation and plastic 
incompressibility. Euler backward scheme combined with implicit integration algorithm was 
applied to updating stress of rate independent constitutive model. The relevant algorithm was 
given in the algorithm flowchart. The description of constitutive model of austenitic stainless steel 
ZCCND18.12N was studied in the paper. 

 
2.3.1 Euler backward scheme 
For each strain increment, the function of Euler backward scheme was that all state variables at 

the current n moment can be updated to the next n + 1 moment, as expressed in the following 
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Fig. 1 Sketch of radial return mapping 
 
 
Discrete version of Eqs. (1)~(11) was expressed as in the following 
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Total strain increment Δεn+1 was assumed as elastic strain. Trial stress 
trial
n 1  was obtained by 

convergence solution σn when t = tn. 
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where, C: Δεn+1 and C: 

p
n 1  represented respectively predicted stress increment and plastic 

correction term. According to isotropy hypothesis and plastic incompressibility, Eq. (21) was 
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obtained 
p
n

p
n G 11 2   εε:C  (21)

 

where G was shear elastic modulus, namely 
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According to Eqs. (20)-(22), the relationship of stress tensor and deviatoric stress tensor was 
considered simultaneously. Deviatoric stress tensor can be written as 
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According to Eq. (24), evolutionary relationship of back stress of CJK model can be written as 
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Eq. (27) was to discretize, as expressed in the following 
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• CJK model 
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Combined with Eqs. (18), (23) and (28) provided 
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Substitution of Eq. (17) into Eq. (32) provided 
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According to Eq. (19) consistency condition was 
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Plasticity multiplier was obtained from the above nonlinear algebraic equation which was 
solved by Newton-Raphson iteration. Moreover, all internal variables at n+1 moment were 
obtained. The detailed algorithm flow was given in Fig. 2. 

 

(1) Firstly, strain increment could be updated according to given the conditions. 
(2) Strain increment was assumed as elastic strain, trial stress was obtained from Hooke’s law. 

Considering yield condition Eq. (1), if F < 0 that the algebraic process could go back to 
the first step, otherwise, the third step. 
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n  was calculated, 1 np  was obtained. Comparison of 1 np  and

,1 np  if the difference between 1 np  and 1 np  was in the range of the allowable error, 
the values of all internal variables of third step were at n+1 moment. 

(5) Whether total strain had achieved a set value. If not achieved, returned to the first step, 
otherwise enter into the next step. 

(6) Terminator. 
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Fig. 2 Flowchart of radial return mapping algorithm for rate-independent model 

 
 
2.3.2 Consistent tangent matrix 
Algorithm modulus was used to determine trial strain increment of Newton-Raphson iteration, 

and then trial stress was determined. Therefore, algorithm modulus was calculated by local 
iteration carried out by radial return algorithm. According to Eq. (20), stress increment provided 
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where Hp was plastic modulus. The above two equations was derived as 
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Consistent tangent condition was derived as 
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Substitution of Eq. (44) into Eq. (41) provided 
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where   represented tensor product. Eq. (45) was called as the general type of consistent tangent 
matrix of plasticity constitutive model. 

 
2.4 Determination of material parameters 
 
The parameters of the modified Ohno-Wang model (2015) were determined from uniaxial 

hysteresis loop, uniaxial and ratcheting experiments of straight pipe of Z2CND18.12N austenitic 
stainless steel, according to the method in reference (2000). The parameters γi and ri were 
determined through the stress- strain curve of uniaxial tension test, as shown in Figs. 3(a) and (c).  

 
 

 
(a) Uniaxial tension (b) Uniaxial ratcheting strain 

  

 

(c) Strain cycles (d) Ratcheting strain of elbow pipe 

Fig. 3 Simulation of ratcheting strain of straight pipe by CJK model 
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We thought that kinematic hardening rule was piecewise linearity. The more the piecewise 
number M of kinematic hardening rule, the closer stress-strain curve simulated than that of actual 
experimental data. For easier implementation, the piecewise number M should not be too many. In 
this study, the piecewise number M was six. The parameters γi and ri were determined through the 
following equations 

 
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i p i
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where σ(i) and ε(i) represented respectively stress and strain in the ith piecewise point, σ(i‒1) and ε(i‒1) 
represented respectively stress and strain in the (i ‒ 1)th piecewise point, σ(i+1) and ε(i+1) represented 
respectively stress and strain in the (i + 1)th piecewise point. Moreover, the parameter mi was 
determined by the number of cycles -ratcheting strain curve of uniaxial ratcheting test, as shown in 
Fig. 3(b). These parameters were σy = 100 MPa, M = 6, C1 = 400000 MPa, γ1 = 8000, C2 = 42000 
MPa, γ2 = 4000, C3 = 124000 MPa, γ3 = 2000, C4 = 10000 MPa, γ4 = 500, C5 = 4200 MPa, γ5 = 150, 
C6 = 2200 MPa, γ6 = 20, mi = 4.5. 

Note that only six decomposed rules were used for simulating the material responses. The 
material simulations with the determined parameters were shown in Fig. 3. The multiaxial 
parameter χi was determined by elbow pipe experiments (shown in Fig. 3(d)). 
 
 
3. Structural simulation 
 

3.1 Geometric model 
 
Ratcheting behavior of sound pressurized 90° elbow pipe subjected to reversed in-plane 

bending under force controlled was studied in the paper. The outer diameter and thickness of the 
elbow pipe were 76 mm and 4.5 mm, respectively. The sketch of 90° elbow pipe apparatus was 

 
 

 
  (a) Sketch of specimen (b) Setup of experiment apparatus (c) Gauges distribution 

Fig. 4 Sketch of 90° elbow pipe apparatus 
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shown in Fig. 4. Ratcheting deformation of pressurized 90° elbow pipe with local wall thinning 
subjected to reversed in-plane bending under force controlled was studied Local wall thinning 
occurred at inside and outside wall of 90° elbow pipe at extrados, flanks and intrados. According 
to the symmetry of structure and loading conditions, ratcheting strains at extrados, flanks and 
intrados (Fig. 4(c)) were mainly studied in this paper. 

 
 

(a) Inside surface (b) Outside surface 

Fig. 5 Schematic illustrations of 90° elbow with local wall thinning at extrados, flanks and intrados 
 
 

 
(a) Local wall thinning at outside surface at extrados 

  

 

(b) Local wall thinning of inside surface at flank 

Fig. 6 Finite element model and meshing of 90° elbow pipe with local wall thinning 
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(c) Local wall thinning of inside surface at intrados 

  

 
(d) Local wall thinning of outside surface at extrados 

  

 
(e) Local wall thinning of outside surface at flank 

  

 
(f) Local wall thinning of outside surface at intrados 

Fig. 6 Continued 
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3.2 Finite element model 
 
3.2.1 Finite element model 
Fig. 5 showed the schematic diagram of geometric dimensioning of 90° elbow pipe with local 

wall thinning. According to Figs. 5 and 4, finite element model and mesh of 90° elbow pipe with 
local inside and outside wall thinning at extrados, flanks and intrados was constructed by ANSYS 
software, as given in Fig. 6. Element type Solid45 in ANSYS and sweep mesh were used in the 
paper. A quarter of the structure was established due to symmetry of the 90° elbow pipe and 
loading conditions. In addition to the symmetric displacement constraints, internal pressure was 
applied to the inside surface of the pipe and end plate. In-plane reversed bending load was carried 
out by means of force controlled. Concentrated loading was applied in the in the y-direction at the 
center of the end plate. Ratcheting behavior of 90° elbow pipe subjected to 17.5 Mpa internal 
pressure and 20 kN bending loading was studied in this paper. 

 
3.2.2 Results and discussions 
Fig. 7 shows equivalent plastic strain contour in the fiftieth cycles of 90° elbow pipe subjected 

to 17.5 MPa internal pressure and 20 kN bending loading. The dimensions of local outside wall 
thinning at intrados were 1mm in depth, 10mm in axial length and 20° in circumferential angle. 

 
 

(a) (b) 

Fig. 7 Equivalent plastic strain contour 
 
 

 
(a) At intrados (b) At flank 

Fig. 8 Relationship between strain and stress 
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(a) Axial strain versus time (b) Hoop strain versus axial strain 

Fig. 9 The evaluation of axial and hoop strain 
 
 
Stress concentration resulted from structural discontinuity of local wall thinning. Maximum 

accumulation plastic strain occurred at intrados, and ratcheting strain at flanks was relatively 
smaller. 

Fig. 8 indicated the relationship of stress and strain at intrados and flanks. The relationship 
between timeand axial, radial and circumferential strain was shown in Fig. 9(a). Fig. 9(b) showed 
the curve of axial and circumferential ratcheting strain at intrados. It was found from Fig. 9 that the 
ratcheting strain was generated mainly in the axial and circumferential direction of 90° elbow pipe. 
The maximum ratcheting strain occurred in the circumferential direction of 90° elbow pipe, while 
axial ratcheting strain was relatively smaller and radial ratcheting strain the smalllest. 

Fig. 10 shows the evolution law of axial, radial and circumferential direction ratcheting strain at 
flanks and intrados. It was found that ratcheting strain accumulation rate of axial and 
circumferential ratcheting strain was close to each other, and radial ratcheting strain was not 
prominent, as given in Fig. 10(a). Ratcheting strain of the above three directions at intrados was 
larger than that of flanks, which was attributed to local wall thinning at intrados of 90° elbow pipe. 
Ratcheting strain of inside and outside wall of intrados was compared in Fig. 10(b). It was found 
that circumferential ratcheting strain of inside wall at intrados was larger than that of outside wall, 
and axial and radial ratcheting strain of inside wall at intrados was smaller than that of outside wall. 

 
 

 
(a) At flank and intrados (b) At intrados 

Fig. 10 Ratcheting strain 
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To sum up, the difference of ratcheting strain of inside and outside wall in the same direction was 
relatively small. 

 

3.3 The effect of geometric dimensioning and position on 
ratcheting behavior of 90° elbow pipe 

 

The effect of depth, axial length and circumferential angle of local wall thinning at extrados, 
 
 

Table 1 Numerical matrix for 90° elbow pipe with local wall thinning 

Num. 
Depth 

dt (mm) 
Axial length 

tl/2 (mm) 
Circumferential 

angle α (°) 
Positions 

(Flanks, intrados and extrados) 

1 1 10 10 Inside/Outside Wall 

2 2 10 10 Inside/Outside Wall 

3 0.5/3.6 10 10 Inside/Outside Wall 

4 1 10 10 Inside/Outside Wall 

5 1 20 10 Inside/Outside Wall 

6 1 40 10 Inside/Outside Wall 

7 1 10 10 Inside/Outside Wall 

8 1 10 20 Inside/Outside Wall 

9 1 10 40 Inside/Outside Wall 
 
 

 
(a) At extrados (b) Enlarged part at extrado 

  

 

(c) At flank (d) At intrado 

Fig. 11 Hoop ratcheting strain with different local wall thinning depth at different positions 

946



 
 
 
 
 
 

Effect of local wall thinning on ratcheting behavior of pressurized 90° elbow pipe under... 

 

 
(a) At extrados (b) At flank 

 

(c) At intrados 

Fig. 12 Hoop ratcheting strain with different local wall thinning axial length at different positions 
 
 

flanks and intrados on the ratcheting behavior of pressurized 90° elbow pipe subjected to reversed 
in-plane bending was also studied in the paper. The geometric dimensioning of local wall thinning 
was listed in Table 1. 

 
3.3.1 The effect of depth on ratcheting behavior of 90° elbow pipe 
The effect of different depth of local wall thinning on ratcheting strain of 90° elbow pipe was 

given in Fig. 11. The dimension with axial length of 10 mm and circumferential angle of 10° of 
local wall thinning was kept constant. Ratcheting strain of pressurized 90° elbow pipe with local 
inside or outside wall thinning under cyclic bending increased with the increasing of depth. The 
lower part of Fig. 11(a) was enlarged, which was shown in Fig. 11(b). For the same geometric 
dimensioning of local wall thinning at extrados and flanks, the effect of local outside wall thinning 
on ratcheting strain was larger than that of inside wall thinning, as shown in Figs. 11(a)-(c). Fig. 
11(d) indicated that ratcheting strain at inside wall was larger than that of outside wall for 
pressurized 90° elbow pipe with local wall thinning under cyclic bending. 

 
3.3.2 The effect of axial length on ratcheting behavior of 90° elbow pipe 
Fig. 12 showed the effect of different axial lengths of local wall thinning on ratcheting strain of 

90° elbow pipe with the depth of 1 mm and circumferential angle of 10° of local wall thinning kept 

947



 
 
 
 
 
 

Xiaohui Chen and Xu Chen 

constant. In general, ratcheting strain of 90° elbow pipe with local inside or outside wall thinning 
increased with the increasing of axial length at extrados, flanks and intrados, as given in Figs. 
12(a)-(c). The effect of axial length on ratcheting strain of 90° elbow pipe with local outside wall 
thinning was larger than that of inside wall at the same local wall thinning of flank and extrados. 
But Fig. 12(c) indicated that the effect of axial length on ratcheting strain of 90° elbow pipe with 
local inside wall thinning was larger than that of outside wall at intrados. 

 
3.3.3 The effect of circumferential angle on ratcheting behavior of 90° elbow pipe 
The effect of different circumferential angle of local wall thinning on ratcheting strain of 90° 

elbow pipe is shown in Fig. 13 with the axial length of 10 mm and depth of 1 mm of local wall 
thinning kept constant. Ratcheting strain of pressurized 90° elbow pipe with local inside or outside 
wall thinning under force controlled increased with the increasing of circumferential angle. For the 
same geometric dimensioning of local wall thinning, the effect of local outside wall thinning on 
ratcheting strain at extrados was smaller than that of inside wall thinning (Fig. 13(a)); the effect of 
local outside wall thinning on ratcheting strain at flanks was larger than that of inside wall thinning 
(Fig. 13(b)); the effect of local outside wall thinning with circumferential angle 10° on ratcheting 
strain at intrados was larger than that of inside wall thinning (Fig. 13(c)), and the effect of local 
outside wall thinning with circumferential angle 20° and 40° on ratcheting strain at intrados was 
smaller than that of inside wall thinning (Fig. 13(c)). 

 
 

 
(a) At extrados (b) At flank 

 

(c) At intrados 

Fig. 13 Hoop ratcheting strain with different local wall thinning circumferential angle at different positions
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4. Conclusions 
 

Ratcheting behavior of pressurized 90° elbow pipe with local wall thinning subjected to in-
plane reversed bending was studied by means of finite element analysis implemented with CJK 
model. Ratcheting strain of 90° elbow pipe with local inside or outside wall thinning at extrados, 
flanks and intrados were compared. In general, results indicated that for the same geometric 
dimensioning, the effect of local outside wall thinning on ratcheting strain at extrados and flanks 
was larger than that of inside wall thinning. It was just the opposite for that of intrados. Moreover, 
the effect of circumferential angle of local outside wall thinning on ratcheting strain at flanks was 
larger than that of inside wall. It was just the opposite for that of extrados and intrados. Not all 
ratcheting behavior of pressurized 90° elbow pipe subjected to in-plane reversed bending increased 
with the increasing of the size of local wall thinning at extrados, flanks and intrados. 
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