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Abstract.  This paper presents a contribution to improving an analytical thermo-mechanical modeling of 
Oxley’s machining theory of orthogonal metals cutting, which objective is the prediction of the cutting 
forces, the average stresses, temperatures and the geometric quantities in primary and secondary shear zones. 
These parameters will then be injected into the developed model of Karas et al. (2013) to predict 
temperature distributions at the tool-chip-workpiece interface. The amendment to Oxley’s modified model is 
the reduction of the estimation of time-related variables cutting process such as cutting forces, temperatures 
in primary and secondary shear zones and geometric variables by the introduction the constitutive equation 
of Johnson-Cook model. The model-modified validation is performed by comparing some experimental 
results with the predictions for machining of 0.38% carbon steel. 
 
Keywords:    orthogonal metals cutting; Oxley’s theory; analytical modeling; Johnson-Cook model; 
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1. Introduction 

 
Cutting metals is a complex phenomenon to model because of the strong nonlinearities induced 

as well as mechanical and thermal effects that are extremely linked. From a mechanical point of 
view, this complexity is related to large deformations and strain rates and nature of contacts with 
tool-chip and tool-workpiece interfaces. In addition to these mechanical effects, local heat 
generation and strong temperature gradient added due to the conversion of plastic deformation and 
friction energy. 

Since the work of Merchant (1945), several modeling of the formation chips in orthogonal 
cutting were developed in order to understand the physical phenomena involved and to determine 
the mechanical, thermal and geometrical quantities associated with the deformation zones. The 
thermomechanical model most commonly encountered is that of Oxley (1989); it allows, from the 
knowledge of cutting conditions and the rheological law milled material, the prediction of cutting 
forces, mean stresses, strains, strain rates, average temperatures and geometric quantities such as 
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shear angle, chip thickness and its tool-chip interface length, and the undeformed chip thickness. 
Despite the average values of the temperature provided by Oxley’s model, determination of its 

maximum value and its distribution is of particular interest to ensure the longevity of tools and 
ensure the quality of manufactured product; but its knowledge is very difficult analytically and 
experimentally. For this purpose, different analytical models and measuring methods have been 
developed to characterize the heat transfer in the deformation zones. Pioneering studies were 
performed by Hahn (1951), Trigger and Chao (1951), Loewen and Shaw (1954), Chao and Trigger 
(1995), Komanduri and Hou (2001, 2001a, b), Karpat and Özel (2006), Karas et al. (2013), Klocke 
et al. (2014), Gierlings and Brockmann (2013, 2014) and Bogdan and Milan (2014). 

Adibi-Sedeh et al. (2003) extended Oxley’s machining theory for prediction of cutting forces 
and temperatures with few different assumptions for various material models namely 
Johnson–Cook material model, history dependent power law model and mechanical threshold 
stress model. Lalwani et al. (2009) and Liangshan et al. (2014) simply inherited original algorithm 
in their extended models. Some Improvements to the Oxley’s model were subsequently made 
while changing, for example, the rheological law of the machined material to use it in the 
simulation of High Speed Cutting. Due to this, the rheological law, which is currently the most 
used, is that of Johnson-Cook (1983) that makes it easy to predict and more realistically the 
rheological behavior of a variety of materials in machining. Determining the parameters A, B, C, n 
and m is performed using the dynamic tests generally based on the technique of Split Hopkinson 
Pressure Bar (SHPB). 

As from the use of the test results on the orthogonal section whose contents included cutting 
forces Fc and thrust force Ft values and the chip thickness; it is proposed in this work to determine 
the constants in the constitutive equation of Johnson-Cook model by applying the analysis of 
Oxley slip lines of field. 

In this study, the constants of Johnson-Cook model are determined by using a nonlinear 
regression solution based on the Gauss-Newton algorithm with Levenberg-Marquardt modifications 
Bates and Wattes (1988) for better global convergence. 

What is also interesting and original in this work is that it is use of the Oxley’s model while 
integrating rheological law of Johnson-Cook model to predict the cutting forces, the average 
stresses, temperatures and the geometric quantities; the amendment also made to the Oxley model 
concerns the reduction of time estimation variables related to cutting process such as cutting forces, 
temperatures at the primary and secondary shear zones and geometry of the chip; subsequently 
these estimates will be injected into the developed model of Karas et al. (2013) based on the 
principle of a moving heat source for developing the temperature distributions in the tool-chip- 
workpiece interface. 
 
 
2. Description of Oxley’s machining theory 

 
The thermomechanical model of Oxley (1989) is the combination of two parts: the first part is 

mechanically using the slip-set method; the second part is thermal after work to Boothroyd (1963). 
Following earlier developments, Oxley considers that the primary shear occurs in the zone of a 
certain thickness and not abruptly, and the contact conditions at the tool-chip interface corresponds 
to a sticky contact; the latter case leads to the formation of a secondary shear zone. The Fig. 1 
shows the primary and secondary shear zones. 
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Fig. 1 Chip formation model (Oxley 1989) 
 
 
We must determine the flow stress in each of these zones, which amounts to estimating the 

strain, strain rate and temperature, and then write two equilibrium relations (forces and moments) 
and energy relationship for the minimization of the power loss in order to obtain the unknowns of 
the problem; namely, the primary shear angle (ϕ), strain rate constant proposed by Oxley (Co) and 
ratio of tool-chip interface plastic zone thickness to chip thickness (δ) Gilormini (1982). 

The basic of the theory is to analyze the tress the stress distribution along shear plane AB and at 
the tool-chip interface in terms of the shear angle ϕ and workpiece material properties. Then, to 
select ϕ so that the resultant forces transmitted by shear plane AB and the tool-chip interface are in 
equilibrium once ϕ is known then the chip thickness and force components can be determined 
from the geometric relations 

 

   sin/cos12  tt  (1)
 

   cosRFc  (2)
 

   sinRFt  (3)
 

sinRF   (4)
 

cosRN   (5)
 

 cossincos
1wtkF

R ABs   (6)

 
By applying the appropriate stress equilibrium equation along shear plane AB, it can be shown 

that the angle θ between resultant force R and AB is as follows 
 

nC  0)25.0(21)tan(   (7)
 
The constant C0 obtained from the empirical strain-rate relation 
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lVC sAB /0  (8)
 
The angle θ is can also be related to other angles as shown in the geometry of Fig. 1. 
 

   (9)
 
Therefore, the equivalent strain and strain-rate using von Mises criterion are 
 

3ABAB    (10)
 

3ABAB     (11)
 
The temperature at shear plane AB to determine flow stress at shear plane together with the 

strain-rate and strain is found from the equation 
 

)cos(

cos)1(

1 






wtC

F
TT

p

s
wAB  (12)

 
Where β is a portion of heat conducted to the workpiece from the shear zone and is given by 

the equations 
 
 

0 5 0 35 0 04 10 0

0 5 0 15 10 0

   

  

T T

T T

. . log R tan . R tan .

. . log R tan R tan .

  

  
 (13)

 
With RT a non-dimensional thermal number given by 
 

1T p CR = C V t K  (14)
 
The limits, 0 ≤ β ≤ 1, are also imposed. The strain at AB is given by 
 

1

2


AB

cos

sin cos( )


  

 (15)

 
The average temperature at the tool-chip interface from which the average shear flow stress at 

the interface is determined as 
 

 1

1
  


s

int w M
p

F cos( )
T T T

C t w cos

  
  

 (16)

 
Tint being an average value. If the thickness of the plastic zone is taken as δt2, where δ is the 

ratio of this thickness to the chip thickness t2, then 
 

2 20 5
       

  
M T T

C

T R t R t
log =0.06 0.195 . log

T h h

 


 (17)

 
Where ΔTC is the average temperature rise in the chip is given by 
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 1


C

p

F sin
T

C t wcos


  

 (18)

 
The tool-chip contact length h is given by 
 

01

0

1
1

3 1 2
4

 
 
  
            

C nt sin
h

cos sin
C n


   

 (19)

 
The average shear strain rate and shear strain are considered constant and can be estimated 

from Eqs. (20)-(21) in the secondary zone 
 

2int V t   (20)
 

2int h t   (21)
 

The equivalent maximum strain and strain-rate at tool–chip interface using Von Mises 
Criterion are 

3int int   (22)
 

3 
int int   (23)

 
After that point a range of shear angle ϕ is tried out until the resolved shear stress at the 

tool-chip interface that is expressed at Eq. (24) and the shear flow stress, kchip, with the calculated 
strain rate int  and temperature Tint are in equilibrium (i.e., τint = kchip). 

 

int F h w  (24)
 
Order to determine constant C0, a stress boundary condition at the cutting edge B is considered 

and the average normal stress at the interface is given by 
 

N N h w (25)
 
By using another stress boundary condition at B by working from A along AB, this stress can be 

expressed as 

01 0 5 2 2    N ABk . C n    (26)
 

C0 can now be determined from the condition that N  and N  must be equal. The constant δ 
that gives a combination of strain rate and temperature that minimizes the shear flow stress kchip is 
found by satisfying both minimum frictional and deformation work conditions 

In support of their developments, Oxley and Hastings (1975) used an empirical representation 
of the yield stress or the behavior law of the machined material given by 

 

1  modn( T )
mod(T )    (27)
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Note that uniaxial flow stress at ε = 1, (σ1) and strain-hardening index (n) have nonlinear 
evolution according to the velocity-modified temperature (Tmod). Hastings et al. (1980) suggested 
the concept of the latter; the expression of velocity-modified temperature is given by 

 

0

1
  

        



modT T log



 (28)

 
ν and 0  are constant for a given material. 
The changes in the uniaxial flow stress (σ1) and strain hardening index (n) depending on the 

velocity-modified temperature from compression tests on carbon steel (0.16 to 0.55% C) led by 
Oyane and co-authors (Hastings et al. (1980)), for a strain of 1, a strain rate of 450 s-1 and a 
temperature of 1100°C. Therefore, the concept of the velocity-modified temperature allowed an 
extrapolation of results for the compression tests of conditions for machining. 

Oxley and co-workers developed a computer program to carry out the above analysis. It is 
found that the analysis yields results in good agreement with experiments. Typical values of these 
parameters used by Oxley and co-workers range from 0.5 to 1.0 for carbon steel. 

In recent years, an extensive amount of characterization of material properties at high strain 
rate and temperature has been carried out for use in simulation of high velocity impacts. The 
Johnson-Cook model we widely used constitutive model for which the coefficients are available 
for a variety of materials. 

 
 

3. Description of the material model used 
 

During machining, the machined material undergoes deformations to the order of 200% and 
strain rates up to 105 s-1, while Hopkinson Pressure Bar (SHPB) testing achieve deformations of 
the order of 100% and 103 s-1 strain rate; thus, it is difficult to arrive at a very satisfactory result 
because many physical phenomena generated in the deformation zones are coupled (shear and 
friction in the secondary shear zone, for example) and it is difficult to access all size (strain, strain 
rates, temperature,...) during machining. Some authors propose to use the machining process itself 
to characterize the behavior of the machined material. 

The flow stress models that describe the work material behavior as a function of temperature, 
strain and strain rate are considered highly necessary to represent work material constitutive 
behavior under high-speed cutting conditions for work materials. Unfortunately, sound theoretical 
models based on atomic level material behavior are far from being materialized as reported by 
Jaspers and Dautzenberg (2002). Therefore, semi empirical constitutive models are widely utilized. 
Among such models, the constitutive model proposed by Johnson and Cook (1983) describes the 
flow stress of a material with the product of strain, strain rate, and temperature effects that are 
individually determined as given in Eq. (29). 

 

0

0 0

1 1
m

n

m

T T
A B C ln

T T

 


                             




 (29)

 
In the Johnson-Cook constitutive model (Jaspers and Dautzenberg 2002), the parameter A is the 

initial yield strength of the material at room temperature and a strain rate of 1 s−1 and  represents 　
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the plastic equivalent strain. The equivalent plastic strain rate   is normalized with a reference 
strain rate .0  The temperature term in the Johnson-Cook model reduces the flow stress to zero at 
the melting temperature of the work material Tm, leaving the constitutive model with no 
temperature effect. In general, the constants A, B, C, n, and m of the model are fitted to the data 
obtained by several material tests conducted at low strains and strain rates and at room temperature 
as well as the split Hopkinson pressure bar (SHPB) tests at strain rates up to 104 s−1 and at 
temperatures up to 600°C. 

Different approaches have been used to identify the parameters for the rheology of the 
machined material expressed by the of Johnson-Cook model. Tounsi et al. (2002) applied the 
method of least squares estimation. Özel and Zeren (2006) used a nonlinear regression based on 
the Gauss-Newton algorithm. Aviral and Martin (2012) in their work an inverse identification 
method for Johnson–Cook model parameters is proposed. Chip shapes and cutting forces are used 
to define the error function. Parameters (A, B, n) are re-identified for two different starting points. 
Chip shapes, cutting forces and adiabatic stress–strain curves match very well. 

 
 

4. Comparison of simulations to experiments 
 
4.1 Determining the constants A, B, C, m, n to the constitutive equation 

to the Johnson Cook model 
 
From the use of the test results on the orthogonal cutting whose contents included cutting force 

Fc and thrust force Ft values as well as the chip thickness t1, we have programmed in MATLAB, 
the Johnson-Cook model by using nonlinear regression to solution based on the Levenberg- 
Marquardt algorithm change Bates and Watts (1988) for a better convergence, to determine the 

 
 

Fc, Ft, t2, V, α , w, t1

C0=1.5

Flow stress data 
from SHPB tests

Compute Parameters of JC model
 A, B, C, n, m 

pA  ,pB

Compute C0 value

Constants of JC model
A, B, C, n, m

yes

no

Fig. 2 Flow chart for the methodology to determine the constants of Johnson-Cook constitutive model 
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Table 1 Computed constants of Johnson-Cook flow stress model 

 A B C n m 

Experimental parameters 
(Jaspers and Dautzenberg 2002) 

553.100 600.800 0.0134 0.2340 1.0000 

Computed parameters 522.6828 750.9419 0.0111 0.2152 0.7762 

 
 

constants A, B, C, m, n constitutive equation of this model. The proposed methodology has been 
tested for the machining of to 0.38% carbon steel. Necessary parameters for the simulation are 
taken from Tounsi et al. (2002). Stress fields data SHPB tests adopted by Jasper and Dautzenberg 
(2002) is determined under the conditions of orthogonal cutting. An iterative process solves C0 
parameter and the constants of Johnson-Cook constitutive model are calculated using the flowchart 
presented in Fig. 2. 

Table 1, reports the constants of Johnson-Cook material model for work flow stress for 0.38% 
carbon steel obtained experimentally by testing to Hopkinson Pressure Bar of Jaspers and 
Dautzenberg (2002), and the computed parametersd. 

There has been a good prediction of the constants of Johnson-Cook coefficients versus data 
experimentally. 

 
4.2 Comparison of modified model with Oxley’s original model for 0.38 % carbon steel 
 
To improve the Oxley’s model (1989), we followed in our modeling the following steps: 

Initially, we considered the Oxley’s algorithm in its original version Oxley (1989) under the 
MATLAB and then it was simulated for orthogonal cutting conditions shown in Table 2. Note that 
the uniaxial flow stress (σ1) and strain-hardening index (n) were introduced into the program as 
numerical tables because their evolutions are given by Oxley in the form of graphs. 

The developed flowchart uses three main nested loops: the first relates to the thickness of the 
secondary shear zone, the second to the strain rate constant, and the third loop is for the 
determination of shear angle. In a second step and once the simulation, results were obtained and 
compared with those obtained by Oxley’s model; we substituted in the same program by the 
constitutive equation of Johnson-Cook model Eq. (29), expressed by the equation empirical law 
Eq. (27). To reduce the computation time, the determination of average temperatures in primary 
and secondary shear zones and the constant of the strain rate constant uses the Newton-Raphson. 

 
 

Table 2 Orthogonal cutting conditions and measured process variables for 0.38% carbon steel Oxley (1989) 

Tool rake angle (α) -5° 

Cutting velocity (V) 100, 200, 300 and 400 m/min 

Undeformed chip thickness (t1) 0,125 ; 0,25 and 0,5 mm/tr 

Width of cut (w) 4 mm 

Machined material 

0.38% carbon steel 
ν = 0,09; 0 = 1 s-1; T0 = 25 °C; ρ = 7862 kg/m3 

A = 553,1 MPa; B = 600,8 MPa; C = 0,0134 
n = 0,234; m = 1; Tm = 1460°C 
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i=1
δ=δmin

δδmax

j=1
C0=6

j103

yes

k=1
=min

max

yes

save  

z=1
TAB=Tw

z<103

yes

CP, K, RT, Pec

save   

yes

Pec10

β1, dβ1

save  

no yes

z=103

z=z+1
TAB=TAB-err(TAB)

yes

no

no

save  

no

no

β2, dβ2

save  

k=k+1
step

z=min(errKchip)
update  

fobj(C0) = σN - σ’N

dθ, dN, dh, dfobj(C0)
errC0 = fobj(C0)/dfobj(C0)

|errC0|10-3

j=103j=j+1
C0=C0-errC0

ouinon

update δ 

z=min(W)

z=i
yes

Kchip, int, errC0

i=i+1
step

plot solutions END

no

Fig. 3 Flowchart for the Oxley modified model 
 
 
The flowchart summarizing these changes is presented in the Fig. 3. 
Figs. 4(a)-(b)-(c), shows a comparison of the simulation results obtained through the Oxley’s 

model and Oxley’s modified model using the Johnson-Cook model to those from experimentation 
to cutting force Fc and thrust force Ft. 

Despite measurement errors that can occur on the experimental results (wear of the cutting tool, 
for example), we note that the Oxley modified model provides a good prediction given that the 
average differences are low. 

We note that the Oxley modified model provides very good results compared to the experiment. 
In addition, we find that an increasing of the undeformed chip thickness leads to an increase of 
cutting force Fc, thrust force Ft and the chip thickness t2 for a fixed cutting velocity; by cons, 
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(a) (b) 
 

(c) 

Fig. 4 Comparison of predicted : (a) cutting force; (b) thrust force; (c) chip thickness and the experimental 
data of Oxley (1989) with the predicted of Oxley modified for 0.38% carbon steel (α = -5) 

 
 
 

Table 3 Computed results at primary and secondary deformation zones for 0.38% carbon steel 
(t1 = 0,125 mm/tr; w = 4 mm; α = −5°) 

V (m/min) σAB (MPa) σint (MPa) TAB (°C) Tint (°C) ϕ (°) h (mm)

100 1131,98 854,034 334,170 894,540 15,65 0,5087 

200 1138,40 808,744 324,439 1022,48 18,20 0,4181 

300 1145,55 778,324 315,261 1104,39 19,70 0,3766 

400 1150,86 753,141 310,333 1169,60 20,75 0,3515 
 
 
 

increased cutting velocity causes a decrease in these quantities for an undeformed chip thickness 
and width of cut by fixed step. 

Tables 2-3-4 refer to variations in average stresses, average temperatures and geometric 
quantities in terms of the cutting velocity and undeformed chip thickness. 
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Table 4 Computed results at primary and secondary deformation zones for 0.38% carbon steel 
(t1 = 0,125 mm/tr; w = 4 mm; α = −5°) 

V (m/min) σAB (MPa) σint (MPa) TAB (°C) Tint (°C) ϕ (°) h (mm)

100 1109,13 772,672 310,131 976,69 18,85 0,7985 

200 1121,40 715,529 297,495 1111,1400 21,45 0,6726 

300 1127,60 677,005 292,869 1201,94 22,85 0,6179 

400 1131,92 647,008 290,189 1277,78 23,85 0,5831 
 
 

Table 5 Computed results at primary and secondary deformation zones for 0.38% carbon steel 
(t1 = 0,5 mm/tr; w = 4 mm; α = −5°) 

V (m/min) σAB (MPa) σint (MPa) TAB (°C) Tint (°C) ϕ (°) h (mm)

100 1093,05 680,419 286,415 1059,55 22,05 1,2965 

200 1103,36 611,775 280,253 1212,93 24,45 1,1277 

300 1109,23 569,058 278,547 1312,97 25,75 1,0509 

400 1113,37 537,451 278,173 1389,17 26,60 1,0052 
 
 

 

Fig. 5 Temperature distributions for NE 9445 steel 
 
 
4.3 Simulation of the Komanduri and Hou developed model 
 
We will now proceed to the simulation of Komanduri and Hou modified model Karas et al. 

(2013), under the MATLAB, to the temperature map at the tool-chip-workpiece interface. 
The model input parameters such as shear angle (ϕ); the chip velocity (Vc); shear velocity (Vs); 

tool-chip interface length (h) and others geometric quantities in primary and secondary shear 
zones; cutting and thrust forces components (Fc, Ft), normal, friction forces at tool-chip interface 
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(F, N) are determined from the Oxley’s modified model to allow, for the plot following 
temperatures maps in the cutting zones. 

The temperature map Fig. 5, show the temperature distributions in the tool-chip-workpiece 
interface due to combined heat sources effects of in the primary and secondary shear zones. 

The temperature map, confronted with those provided by the developments of Komanduri and 
Hou (2001), seem very promising. 

 
 

5. Conclusions 
 
In this paper, we have changed in a first step, and simulated the Oxley’s original model by 

integrating the constitutive equation of Johnson-Cook model; it offers the possibility of its 
insertion in the adaptive control applications of the machining process. The calculations are more 
complex but then lead to better results. The comparative study showed reasonable deviations. The 
choice of the parameter C0 and variable calibrating convergence tests are difficult, therefore, the 
resolution of these drawbacks was used the method of Newton-Raphson. 

In this study, we also simulated the Komanduri and Hou’s thermal model modified by Karas et 
al. (2013) in order to predict the temperature maps in the tool-chip-workpiece interaction in one 
axis system under fixed machining conditions. The results obtained are very promising in the field 
of prediction of the temperature distribution in the cutting zones. 

 In addition to the separate validation of two modified models, we want a combination between 
the two models for the same machining conditions: the first allows the prediction of cutting forces 
and geometrical quantities; these results will then be injected into the second model to predict the 
temperature distributions in the tool-chip-workpiece interaction. 
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Nomenclature 
 

A  plastic equivalent strain in Johnson-Cook constitutive model 

B  strain related constant in Johnson-Cook constitutive model 

C  strain-rate sensitivity constant in Johnson-Cook constitutive model 

C0  strain rate constant proposed by Oxley 

Cp  specific heat of workpiece material 

F   friction force at the tool-chip interface 

FC, FT  cutting and thrust force components 

FF, FN  frictional and normal force components at tool rake face 

FS   shear force to the shear force components at AB 

fobj   objective function 

h   tool-chip interface length 

K  thermal conductivity 

kAB  shear flow stress on AB 

kchip  shear flow stress in chip at tool-chip interface 

l  length of shear plane AB 

m  thermal softening parameter in Johnson-Cook constitutive model 

n  strain-hardening parameter in Johnson-Cook constitutive model 

pA  hydrostatic pressure at the free surface of the nominal shear plane 

pB  hydrostatic pressure at the tool tip 

Pe   Peclet number 

N   normal force at tool-chip interface 

R  resultant cutting force 

RT  nondimensional thermal number of work material 

t1  undeformed chip thickness 

t2   chip thickness 

T   temperature 

TAB   temperature along AB 

Tint   average temperature along tool-chip interface 

Tm  melting temperature of the work material 

Tmod   velocity modified temperature 

T0  reference temperature 

Tw   temperature of the uncut work material 

V  cutting velocity, 

Vc  chip velocity 
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Vs  shear velocity 

W  equivalent mechanical energy 

Wc  shear energy per volume unit 

Wf  energy of friction per volume unit 

Tc   average temperature rise in chip 

TM  maximum temperature rise in chip 

TSZ  temperature rise in shear zone 

w   width of cut 

  tool rake angle 

  proportion of the heat conducted into work material 

  ratio of tool-chip interface plastic zone thickness to chip thickness 

  equivalent strain 

εAB  equivalent strain at AB 

AB   equivalent strain-rate at AB 

int   equivalent strain-rate at tool–chip interface 

0   reference strain-rate in Johnson and Cook flow stress model 

  shear angle 

AB   shear strain along AB 

AB   shear strain-rate along AB 

int   shear strain-rate at tool–chip interface 

  angle between the resultant cutting force, R and AB 

  average friction angle at tool–chip interface 

  density of workpiece material 

  flow stress 

  normal stress at tool–chip interface calculated from resultant force R 

N    normal stress calculated using stress boundary condition at B 

σAB  effective flow stress at AB 

σint  frictional shear stress at the tool-chip interface 

int  shear stress at tool-chip interface 
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