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Abstract.  This paper summarises the results of a numerical study on the non linear response of steel 
concentric braced frames under monotonic and cyclic loads, using force-based finite elements with section 
fibre discretisation. The first part of the study is addressed to analyse the single brace response. A parametric 
analysis was carried out and discussed to evaluate the accuracy of the model, examining the influence of the 
initial camber, the material modelling, the type of force-based element, the number of integration points and 
the number of fibers. The second part of the paper is concerned with the modelling issues of whole braced 
structures. The effectiveness of the modelling approach is verified against the nonlinear static and dynamic 
behaviour of different type of bracing configurations. The model sensitivity to brace-to-brace interaction and 
the capability of the model to mimic the response of complex bracing systems is analyzed. The influence of 
different approaches for modelling the inertia, the equivalent viscous damping and the brace hysteretic 
response on the overall structural response are also investigated. Finally, on the basis of the performed 
numerical study general modelling recommendations are proposed. 
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1. Introduction 

 
In conventional concentrically braced steel frames the seismic performance is primarily 

dependent on the behaviour of the bracing elements, which are the members devoted to dissipate 
the input energy according to the philosophy of capacity design implemented in current codes. As 
it is well known, differently from eccentric bracing and buckling restrained braces (D’Aniello et al. 
2006a, b, 2008, Mazzolani et al. 2009, Della Corte et al. 2013) where the bracing elements do not 
show overall buckling, the hysteretic behaviour of steel concentric braces is characterized by the 
buckling in compression, the yielding in tension, moderate hardening and significant pinching 
when the deformation reverses. As a matter of fact this nonlinear performance is very complex to 
be simulated. On the other hand, an accurate model for braces is essential for an effective 
estimation of both interstorey drift ratios and ductility demand of concentrically braced frames 
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under seismic conditions. 
In general, the hysteretic models used to simulate the brace nonlinear response introduce 

significant simplifications if compared to the experimental behaviour. These simplifications could 
lead to incorrect prediction of the peak responses or even behaviour modes. The hysteretic 
behaviour of steel concentric braces has been experimentally and theoretically investigated by a 
number of authors in the last thirty years (Jain and Goel 1978, Black et al. 1980, Shibata 1982, 
Ikeda and Mahin 1986, Tremblay 2002, Uriz 2005, Goggins et al. 2006, 2008, Dicleli and Mehta 
2007, Dicleli and Calik 2008, Lee and Noh 2010). In particular, three different modelling 
approaches may be recognized (Uriz et al. 2008): (i) phenomenological models (PM); (ii) 
continuum finite element models (FEM); (iii) physical-theory models (PTM). 

PMs are based on equivalent one-dimensional truss elements with hysteretic behaviour 
simulating the experimental response (Jain and Goel 1978, Ikeda and Mahin 1986). The hysteretic 
properties are defined using a set of empirical rules for the shape of hysteretic loops without 
representing the physical phenomena (e.g., the out-of-plane displacement induced by buckling) 
that characterize the brace response. Although this approach allows simulating the overall 
behaviour of such braces, there are some disadvantages limiting their effective use. 

Indeed, the reliability and accuracy of these models depend on the availability of experimental 
data, which are necessary to determine the appropriate modelling parameters. Moreover, these 
models do not provide any information on damage produced by the lateral buckling of braces. 
Hence, in performance-based assessment it is not possible to evaluate the lateral displacements 
which can damage non-structural elements and interfere with the operation of adjacent mechanical 
components, such as elevators. 

Contrary to PMs, FEM is the most accurate approach to simulate the brace behaviour. Indeed, 
general purpose finite element programs capable of large displacement analysis allow to overcome 
the modelling limitations previously illustrated. In FEM approach braces and their connections can 
be simulated using shell or solid elements characterized by appropriate material models. Several 
studies of this type have been carried out recently (Fell et al. 2009, Takeuchi and Matsui 2011, 
Serra et al. 2012). However, because of the huge time amount requested for the preparation of 
input files and for calculations, such detailed finite element models can be mainly used to simulate 
local details. Being the application to seismic analysis of whole building frame very difficult, FE 
models are not convenient for structural engineering practice and even research in seismic 
assessment of whole structures. 

In PTM approach the brace hysteretic behaviour is usually modelled with two elements 
connected by a generalized plastic hinge for braces simply pinned. Inelastic hinges concentrated at 
the element ends and mid-span are used in the case of fixed-end braces (Jin and El-Tawil 2003, 
Uriz et al. 2008). In this type of models geometric nonlinearities (namely an initial camber) are 
usually introduced to account for buckling of braces. 

PTMs can generally overcome the disadvantages and the application limits of PMs and FEMs. 
The main advantage of PTMs consists in the number of experimental parameters to be specified, 
which is less than the case of PMs. The basic input data to be implemented are the material 
properties, the brace geometry and the distribution of fibers at critical sections. Moreover, 
although PTMs need a computational effort increased respect to PMs, the complexity in preparing 
input files and the computational time expense typically necessary in FEMs are overcome. Only 
few factors are not taken into account as initial stresses and variations of the shape of the cross 
section due to local/distortional buckling. 

A large number of research studies on the application of PTMs for pushover and time history 
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analyses of various bracing shapes and configurations can be found in the literature (e.g., Dicleli 
and Mehta 2007, Dicleli and Calik 2008, Uriz 2005, Wijesundara 2009, Goggins and Salawdeh 
2012, Salawdeh and Goggins 2013). 

In these studies different modelling assumptions are used, including the initial camber (e.g., 
camber amplitude obtained by means of analytical formulations or simply assumed as a fixed 
percentage of the brace total length), the material model (e.g., monotonic and hysteretic) and the 
type of inelasticity element (e.g., distributed and concentrated plasticity). 

It is known that the modelling of buckling, post-buckling and cyclic behaviour of braces is 
sensitive to these parameters, which have been set differently among the literature studies. 

As a consequence, it is interesting to verify the accuracy and the suitability of the existing 
formulations in predicting the monotonic and cyclic response of braced structures under static and 
dynamic loading conditions. To this aim, in the present paper the comparison of the response 
which can be obtained for the formulations proposed in the literature has been carried out, 
extending the analysis to structural configurations and loading conditions different from those used 
for validation in the relevant original studies. 

In the opinion of Authors, this comparison is a key issue for the numerical simulation using 
PTMs, considering that this type of models have been used to perform numerical analyses devoted 
to determine the ductility demand and design parameters, such as the behaviour factors, the 
post-buckling strength of brace in compression for capacity design and overall over-strength. On 
the other hand, being nonlinear analyses introduced in modern seismic codes, nowadays apart 
from researchers it is fundamental to provide adequate numerical modelling instructions also to FE 
analysts (D’Aniello et al. 2010), because the accuracy and effectiveness of numerical models 
strongly influence the assessment of demands imposed on structural elements and the global 
ductility demands, as well. 

These concerns motivated the study presented herein, which is also addressed at providing 
recommendations for modelling of conventional concentric braced frames within the context of a 
specific computational platform, by examining the capability of handling different geometries as 
well as material and geometric nonlinearities. Besides, it should be noted that some phenomena 
such as the plastic local buckling and the low-cycle fatigue effects were not considered in this 
study. Indeed, fibre PTMs do not allow accounting for local buckling and computing the actual 
local distribution and the amplitude of strains in the plastified zones due to local nonlinear 
geometric effects. Although the former aspect cannot be accounted for in PTMs, as early 
demonstrated by Uriz et al. (2008) the plastic local buckling is poorly significant on the overall 
hysteretic force-displacement response of braces made of compact sections, as those examined in 
the present study and generally adopted in seismic design according to modern codes (e.g., 
EN1998-1). For what concerns the evaluation of low-cycle fatigue capacity of braces, it is known 
that this aspect is physically dependent on the accumulation of damage, namely the strains. This 
implies that, using such a kind of modelling strategy, it could be convenient to verify a-posteriori 
the fracture life of braces by means of refined analytical equations proposed by a number of 
researchers (Lee and Goel 1987, Tang and Goel 1989, Archambault et al. 1995, Tremblay 2002, 
Shaback and Brown 2003, Tremblay et al. 2003) and recently updated on a large database of 
experimental results, thus proposing predictive expressions as function of both the global and the 
local slenderness of braces (Nip et al. 2010). 

It is worth of mentioning that recent studies have proposed novel fibre elements accounting for 
low-cycle fatigue (Uriz 2005, Wijesundara 2009, Salawdeh and Goggins 2013), but as noted by 
the proposers all parameters used in the model should be calibrated to compensate the fact that 
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PTMs do not allow computing the actual strains. The application to low-cycle fatigue might be 
developed in a further study. 

On the basis of the motivations previously discussed, a wide systematic study has been carried 
out by varying the fundamental numerical parameters at the same set of case studies, which have 
been selected to be representative of a wide range of structural configurations, in order to evaluate 
the accuracy and the suitability of the existing formulations to predict the monotonic and cyclic 
response of braced structures under static and dynamic loading conditions. 

The paper is organized into two main parts. After a brief introduction on the basic features of 
the generated models, the results of the parametric analysis on single braces are presented and 
discussed. The effectiveness of modelling assumptions are validated against experimental results 
available from tests by Black et al. (1980). In the second part the modelling aspects of braced 
frames are investigated and the accuracy has been verified against experimental results on different 
building prototypes under pseudo-static (Wakawayashi et al. 1970, Yang et al. 2008) and dynamic 
(Uang and Bertero 1986) conditions. 
 
 

2. Numerical model for conventional concentric bracing 
 

The numerical models implemented in this study were generated using the nonlinear finite 
element based software “Seismostruct”. The models were developed using the distributed 
inelasticity elements (e.g., Filippou and Fenves 2004, Scott and Fenves 2006, Fragiadakis and 
Papadrakakis 2008). These elements account for distributed inelasticity through integration of 
material response over the cross section and integration of the section response along the length of 
the element. The cross-section behaviour is reproduced by means of the fibre approach, assigning 
a uniaxial stress-strain relationship at each fibre. 

For the use of distributed inelasticity elements it is not necessary to carry out a specific 
calibration of the response curve parameters, thus resulting more advantageous respect to the more 
common lumped-plasticity models. 

Distributed inelasticity frame elements can be formulated with either displacement-based (DB) 
approach or the more recent force-based (FB) approach (Spacone et al. 1996, Calabrese et al. 
2010). In the former case displacement shape functions are used, instead in the second approach, 
equilibrium is strictly imposed, namely it is perfectly dual of previous approach. In this study FB 
formulated elements are used. This choice is due to the fact that FB formulation can be considered 
as “exact” as respect to DB formulation (Calabrese et al. 2010), because satisfying equilibrium the 
force field is always exact for any level of inelastic deformation, even in the presence of strength 
softening (which is typically the case of buckling in steel braces). 

The numerical integration method used is based on the Gauss-Lobatto distribution 
(Abramowitz and Stegun 1964, Szabó and Babuška 1991), which includes, at a minimum, 
monitoring points at each end of the element. Such feature allows each structural member to be 
modelled with a single FE element, thus requiring no meshing for each element. In the 
Gauss-Lobatto integration scheme the first and last integration points always coincide with the end 
sections. This is very advantageous for the case of braces because the maximum internal forces (N, 
M) develop at the end of the element. 

Second order effects have been accounted in all analyses presented in this paper, by assuming 
large displacements/rotations and large independent deformations relative to the chord of the 
frame element through the employment of the co‐rotational formulation given by Correia and 
Virtuoso (2006). 
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Fig. 1 The implemented model to mimic the brace behaviour 
 
 
Table 1 Characteristics of the brace specimens (from Black et al. 1980) 

Test ID Type of section Size fym L Ls λ = kL/r

(-) (-) (-) (MPa) (mm) (mm) (-) 

1 W 203 × 508 × 6.4 × 10.2 278 3810 3188 120 

15 CHS 113.64 × 6.02 327 3070 2448 80 

17 SHS 101.60 × 101.60 × 6.35 407 3050 2428 80 

 
 

In the present study, the braces were modelled with frame elements arranged to have a lateral 
(either bilinear or sinusoidal) shape with an initial camber (Δo). Indeed, the presence of this initial 
out-of-plane imperfection allows reproducing the transverse deformation of the brace. 

Uriz et al. (2008) proposed to use an initial camber equal to 0.05-0.1% of the brace length 
applied at brace mid-span. The problem of the calculation of initial camber was differently 
addressed herein. Indeed, in order to reproduce the buckling response as close as possible to the 
experimental behaviour, the accuracy of some theoretical models was investigated, as described in 
Section 3.2.2 in more detail. 

For monotonic and cyclic static analysis, it was applied an incremental horizontal displacement 
history equal to that experimentally applied during each test. In particular, the geometric 
nonlinearity formulation (i.e., “large displacements and small strains”) was adopted and the 
Skyline solver was used for each displacement-step to ensure the equilibrium of the internal 
member forces and overall frame base shear at each iteration. 

For dynamic time history analysis the numerical response was calculated using the Newmark 
numerical integration scheme. 

Fig. 1 schematically shows the type of model investigated in this study, where integration 
points (IP) per element and the end joints (J) are clearly highlighted. 
 
 
3. Characterization of single brace model: Parametric study 
 

3.1 Generality 
 
In order to characterize the response of the single brace model, the following parameters were 

investigated: the type of material model, the initial camber (Δo), the type of FB inelasticity 
(distributed or concentrated) elements, the number of IPs used along each of these line elements, 
the number of elements and shape of the initial camber, the number of fibers. 
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To investigate the influence of different parameters, the numerical curves were compared to the 
experimental tests on strut specimens indicated as No. 1, 15 and 17 in Black et al. (1980). For each 
brace specimen, Fig. 2 depicts the configuration of the specimens, while Table 1 reports the 
reference of the test ID, the member size, the average yield stress of the steel (fym), the total length 
(L), the specimen length (Ls) and the brace effective slenderness ratio (λ = kL/r). 

 
3.2 Investigated parameters 

 
3.2.1 Material models 
The influence of two different type of steel models were investigated, namely: 
(a) Menegotto-Pinto (MP) hysteretic model; 
(b) Bi-linear kinematic (BLK) model. 

 
Except for the elastic modulus (E) and the yield stress (fy), the parameters used for the 

monotonic and cyclic response have been calibrated on the basis of the average stress-strain 
relationship derived from cyclic coupon tests performed by Black et al. (1980). 

It is worth noting that the material library of the software used for the analysis (namely 
Seismostruct) implements the Menegotto and Pinto (1973) modified by Filippou et al. (1983) to 
include isotropic strain hardening. In the examined cases the parameters accounting for isotropic 
strain hardening have been set equal to zero, thus practically obtaining the same results of those 
given by the original MP formulation. This choice has been taken in order to simulate faithfully 
the overall force-displacement response of braces. Indeed, the experimental evidence showed that 
the cyclic behaviour of bracings do not appreciably experience isotropic hardening at overall level, 
because this material effect is counterbalanced by the deterioration due to the buckling and 
corresponding plastic hinging in the brace. Since PTMs cannot simulate the plastic local buckling, 
neglecting the isotropic component of material model allowed to fictitiously compensate this effect 
at global level. 

In order to clarify the role of each parameters in case of MP model, the material parameters are 
described hereinafter as follows: 
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Table 2 Calibrated parameters of steel hysteretic models 

Steel model Eh R0 A1 A2 A3 A4 

MP 0.025 20.00 18.50 0.15 0.00 1.00 

BLK 0.025 - - - - - 

 
 

 The kinematic hardening Eh; 
 The curvature parameters R0, which characterize the shape of the transition curve between 

initial and post-yield stiffness allowing a representation of the Bauschinger effect; 
 A1 and A2, which affect the shape of the hysteretic curve and hence the representation of the 

transition from the elastic and hardening branch and also the pinching of the hysteretic 
loops. 

 A3 and A4, which quantify isotropic hardening. 
 For the BLK model the post-yield stiffness (Eh) is the only parameter to be fixed. 
 The calibrated material parameters are reported in Table 2, while the comparison of the 

numerical response and the experimental average envelope is plot in Fig. 3. 
 
3.2.2 Initial camber 
It is well known that the sensitivity of the buckling strength to initial camber has practical 

implications for design and modelling. It was observed that using a camber amplitude arbitrarily 
selected in the range of 0.05% - 0.1% of brace length may lead to different results. Analyzing the 
existing literature a large number of existing studies addressed this issue differently. Jin and 
El-Tawil (2003) utilized an initial imperfection empirically calibrated and equal to 0.2% to 
simulate the experimental response from shake table test of 0.6 scale three-story X-braced steel 
frame. In the NIST GCR 10-917-5 guidelines Deierlein et al. (2010) indicate initial geometric 
imperfection amplitude of 0.05 % to 0.1 % of the brace length according to the study provided by 
Uriz et al. (2008). Cho et al. (2011) proposed to adjust the width of the initial imperfection on the 
basis of a trial-and-error procedure in order to match the target buckling strength of the brace. 
More recently Wijesundara et al. (2011) proposed to use an initial camber equal to L/350, while 
Goggins and Salawdeh (2012) proposed to use an initial camber of 1% of the length of the brace. 
The differences seem to be due to the fact that different types of bracing configurations have been 
examined in each study. On the other hand theoretical formulations (Maquoi and Rondal 1978, 
Georgescu 1996, Dicleli and Mehta 2007, Dicleli and Calik 2008) have been also developed to 
solve this matter. 

With the aim to clarify this issue, the influence of the amplitude of Δo on the brace response 
will be investigated and the main results are shown in Section 3.3.2. The out-of-plane 
imperfections have been calculated using the following formulations: 

 

(1) ECCS (1978). On the basis of Ayrton-Perry theory, the initial deflection is obtained from 
the condition corresponding to the achievement of the yield stress in the outermost fibre 
under the combined presence of the buckling load Nb and the related bending moment M 
(Nb), obtained having assumed an initial sinusoidal shape, thus leading to the following 
Equation 

04.02
0  

A

W
                           (1) 
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being W the section modulus in the buckling plane, A the cross section area, λ̄ the 
dimensionless slenderness and α takes into account the element imperfections and 
characterized the buckling curves adopted in ECCS (1978). 

(2) Georgescu (1996). Starting from the same hypotheses, the camber is given by the 
following 

A

Wxf

x E

y 
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0                           (2) 

where χ is the buckling reduction factor and σE is the critical Eulerian stress. The buckling 
reduction factor can be obtained according to EN 1993:1-1(2005) as function of λ̄ and α. 

(3) EN 1993:1-1 (2005). For structural analysis EN 1993:1-1(2005) recommends to introduce 
initial local bow imperfections of members in frames sensitive to buckling in a sway mode. 
The code provides the values of such imperfections in terms of Δo/L, where L is the 
member length. 

(4) Dicleli and Mehta (2007). The initial camber Δo is derived assuming along the length of 
the brace a linear variation of the second-order bending moment generated by the axial 
force in the deflected bi-linear configuration of the strut, by imposing the equilibrium state 
at the mid-brace the second-order transverse displacement Δb of the brace at buckling load 
Nb. Hence, Δo is obtained as follows 
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(5) Dicleli and Calik (2008). The initial camber Δo is derived assuming that the sinusoidal 
deformed shape of the brace prior to buckling and the imposing the second order flexural 
equilibrium in the section located at the mid-length of the buckling semi-wave, Δo is 
obtained as follows 
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3.2.3 FB inelasticity element types 
Two types of FB inelasticity elements were used, namely the “infrmFB” and “infrmFBPH”. 

The former are formulated to take into account the plasticity along the element, while in the 
second the inelasticity is concentrating within a fixed length of the element (Scott and Fenves 
2006). 

Both types of FB elements were examined to highlight the differences in terms of accuracy and 
computational time. 

 
3.2.4 Number of integration points 
This parameter has a key role owing to the fact that the element response is reproduced by 

integrating the nonlinear uniaxial material response of the individual fibers in which each section 
has been subdivided, fully accounting for the spread of inelasticity along the member length. In 
general, the numerical integration of the element integrals may lead to deformation localization at 
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the end integration points (Coleman and Spacone 2001). In case of material strain hardening 
negligible localization problems should be expected being necessary a certain number of IPs 
(Coleman and Spacone 2001). Hence, in order to evaluate the sufficient number of IPs to 
guarantee accurate integration and to avoid immediate stiffness changes in the response it was 
examined their effects varying the number from 3 to 10 per element. 

 
3.2.5 Number of elements and shape of the initial camber 
In case of FB elements with distributed plasticity the numerical response of straight structural 

members is not dependant on the number of elements. This is not the case of concentrated 
plasticity elements, which need calibration of the hinge length changing the length of element. In 
case of structural elements having curved shape or not-straight axis it is necessary to mesh the 
model by subdividing the member in a number of FB elements. This is the case of braces 
simulated imposing a sinusoidal axis as those assumed in some theoretical models (ECCS 1978, 
Georgescu 1996, Dicleli and Calik 2008). In order to examine the role of both the mesh sizing and 
the shape of the brace axis, this parameter has been varied from 2 to 32 sub-elements as illustrated 
in Fig. 4. In addition, this aspect has been investigated for both distributed and concentrated FB 
elements. 

 
3.2.6 Number of integration fibers 
The number of fibers to be used to discretize the element sections is very important to simulate 

the stress-strain distribution across the element cross-section. The ideal number of section fibers 
depends on the shape and material characteristics of the latter and on the level of inelastic 
deformation imposed to the element. A sensitivity study is carried out to establish the optimum 
number of section fibers. The number of fibers was assigned in the range 10-400. 

 
3.3 Outcomes of parametric analysis 
 
3.3.1 Influence of material model 
The results of the analyses carried out to assess the influence of steel model are presented in 

Fig. 5 with axial force-axial deformation curves. These curves are obtained assuming the camber 
calculated by Eq. (4), 5 IPs and 100 fibers per element. 

It can be observed that the model is capable to predict the typical phases of brace response, 
namely the buckling, the plastic mechanism with the loss of axial strength, the elastic unloading in 
compression and the reloading in tension up to the axial yielding. 

 
 

Fig. 4 Discretisation of bracing for both sinusoidal and bilinear shape of the initial camber 
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The effect of steel model can be observed in the three different phase of brace response that 
are: (i) the part in large tensile deformation, (ii) the residual post-buckling strength and (iii) the 
compressive strength and the transition zone beyond the first buckling when the axial compressive 
load gradually increased up to buckling initiates again. 

In tension part the model with steel MP fits well the experimental response, while models with 
steel BLK slightly underestimates the experimental tensile strength. This result is due to the fact 
that in BLK the isotropic hardening is neglected. Anyway, for steel BLK the scatter is not 
significant, being roughly 2% lesser the peak experimental strength. 

In residual post-buckling strength the analyses clearly show that the effect of steel model is 
negligible. 

For the camber formulations in Section 3.2.2, both MP and BLK models are able to predict the 
degradation of the buckling load related to the number of loading cycles as well as the lateral 
deflection of the brace resulting from the plastic hinge rotations during the previous cycles. 
Anyway, in the transition zone the models with steel BLK overestimate the buckling strength after 
the first cycle. As it can be clearly recognized comparing Figs. 5(a) to 5(b) and 5(c), in this phase 
of the brace response the influence of the material model differs with the type of cross section 
shape. Indeed, for truss 1 having wide flange section the model with steel BLK give the larger 
scatter (approximately the 55%) between numerical and experimental values of buckling strength 
after the first cycle than those given by models with MP (approximately the 32%). In case of 
braces made of hollow sections (as the case of truss 15 and 17) the models with steel BLK widely 
overestimated (approximately more than 100%) the compression strength beyond the first 
buckling, while models with steel MP give an excellent prediction (slightly larger than 5%). These 
results are due to different reasons. First, BLK model does not take into account the Bauschinger 
effect, which is characterized by a gradual transition in reloading part of hysteretic loops. In 
addition, since PTM approach cannot take into account any local buckling phenomena which 
typically affect the response of hollow sections, a smooth transition from the elastic to the 
hardening branch of the material stress-strain response allow to compensate fictitiously this lack of 
the modelling. 
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Fig. 6 Influence of camber under monotonic loading 

 
 

At the light of the considerations shown in this Section, it can be concluded that the numerical 
prediction of MP material models matches better the experimental curves. Therefore, the parametric 
analysis shown hereinafter was carried out using this type of steel model. 
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3.3.2 Influence of camber 
According to the hypotheses of the examined formulations for the camber Δo, for these analyses 

the geometric imperfection was placed where the brace buckled shape experiences the peak 
transverse displacement. For example, in case of pinned braces the camber was located at 0.5 L. 

The strut was initially analyzed under monotonically increasing axial compression 
displacements. The monotonic response curves in terms of axial force−axial displacement and 
axial force-lateral deflections for strut 1 are shown in Fig. 6. This plot clearly illustrates the 
sensitivity of the initial buckling load to the assumed initial camber, where differences in 
load-carrying capacity diminish as axial displacements increase. As it can be observed, each 
theoretical formulation gives different amplitudes of initial camber and the value of initial camber 
varies if the brace section and the brace slenderness change. It should be also noted that the plots 
depicted in Fig. 6 have been obtained assuming two beam-column elements with distributed 
plasticity and five IPs each. Increasing the number of sub-elements for each formulation of the 
camper amplitude leads to a small reduction of the buckling load, but negligible differences in the 
post-buckling response can be recognized. The influence of the number of sub-elements on the 
numerical prediction of braces has been deepened in Section 3.3.5. 
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Fig. 7 Accuracy of the models with Dicleli and Calik (2008) formulation under cyclic loading 
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Fig. 7 Continued 

 
 

The scatter between numerical and experimental buckling loads and the corresponding 
statistical parameters (namely mean value, standard deviation “Std.Dev” and coefficient of 
variation “CV”) are reported in Table 3 for each model. As, it can be easily recognized that models 
with the camber calculated according to Dicleli and Calik (2008) provides the better accuracy to 
test results. 

The influence of camber under cyclic conditions has been also investigated. Also in cyclic 
conditions the model of Dicleli and Calik (2008) leads to the better resemblance between the test 
and analysis result (Fig. 7). The results obtained using the other camber formulations lead to a 
non-negligible misestimate of buckling strength. For all examined formulations the calculated 
residual post-buckling strength was larger than the experimental value. This outcome highlights 
one of the limit of PTMs, which is the impossibility to take into account the deterioration 
phenomena due to the accumulation of plastic deformation in locally buckled parts of plastic hinge 
zones. 

Another important aspect to be highlighted is the influence on the shape and on the area 
variations of the hysteretic envelopes for each camber formulation and material model, considering 
the effects on energy absorption. In Table 4 the differences of hysteretic areas (namely dissipated 

 
 
Table 3 Differences between experimental and numerical buckling load 

Strut 
Camber formulation 

ECCS-78 Georgescu EN1993:1-1 Dicleli and Mehta (2007) Dicleli and Calik (2008) 

1 18.56% 17.54% -10.77% -14.92% 0.94% 

15 1.63% 1.24% 17.06% 10.55% 1.94% 

17 14.39% 11.65% -7.14% -8.51% 1.03% 

Mean 11.53% 10.14% 11.66% 11.33% 1.30% 

Std.Dev 8.82% 8.25% 5.02% 3.27% 0.55% 

CV 0.77 0.81 0.43 0.29 0.42 
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Table 4 Differences between experimental and numerical hysteretic envelope areas 

Strut 
Steel  

model 
Camber formulation 

ECCS-78 Georgescu EN1993:1-1 Dicleli and Mehta (2007) Dicleli and Calik (2008)

1 
MP 4.30% 3.86% 3.19% 3.13% 3.59% 

BLK 9.24% 8.71% 7.55% 7.46% 7.76% 

15 
MP 4.29% 3.88% 2.93% 1.74% 1.55% 

BLK 23.02% 21.91% 17.37% 10.35% 10.04% 

17 
MP 5.59% 5.30% 2.70% 1.48% 1.39% 

BLK 30.11% 29.74% 16.61% 15.90% 17.43% 

 
 
energy) among the examined models is given considering also the influence of the type of steel 
model. As it can be observed the best approximation to experimental hysteretic areas is given 
using steel MP. 

At the light of the considerations shown in this Section, it can be noted that the better 
agreements to experimental curves were obtained using the formulation by Dicleli and Calik 
(2008) and MP material model (Menegotto and Pinto 1973). Therefore, in the following the 
parametric analysis is shown under these hypotheses. 

 
3.3.3 Distributed vs. concentrated plasticity FB elements 
In this Section a comparison of response obtained with distributed and concentrated FB 

plasticity elements is shown. For concentrated plasticity FB elements the examined plastic hinge 
lengths range as 10%, 15%, 20%, 25% and 30% of the element length. Referring the strut 1, the 
monotonic response curves for both concentrated and distributed plasticity elements are depicted 
in Fig. 8. 
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Fig. 9 Sensitivity to number of IPs: (a) axial force-axial displacement; (b) axial force-lateral deflection 

 
 

As it can be easily noted, the prediction of buckling load is strongly affected by hinge length. 
Indeed, if concentrated plasticity elements are used, the reduction of the plastic length produces an 
increase of strength. For what concerns the transverse displacements, a good agreement for all 
cases was obtained for high deformation demand. For the case shown the model with plastic hinge 
equal to 30% L gives the better response as compared to that given by distributed FB elements. 
Anyway, this result cannot be generalized, since it depends on the length of plastic zone which 
should be noted a-priori and it varies case by case. Therefore, it is more reliable and effective to 
use distributed elements, because it is possible to overcome the need to define the plastic hinge 
length. It is interesting to note that the sensitivity analyses performed varying the type of plasticity 
element showed that the elapsed time for the analysis with concentrated plasticity elements is 
lower than in the analysis with distributed plasticity. This is due to the fact that numerical 
integration of fibers is carried out for the two end sections of the plastic length only. 

 
3.3.4 Influence of number of integration points 
Figs. 9(a), (b) show the results for monotonic shortening of the brace varying the number of IPs 

per element. Owing to under-integration, the model with three IPs per element exhibits the more 
soften response in the post-buckling regime (about the 8% in the final stage) was recognized. The 
models with four to ten IPs present similar results, thus highlighting that PTMs of bracing are less 
affected by localization problems. In addition, it was recognized that reducing the number of IPs 
leads to minimize the time analysis, but increasing the number of IPs leads to improve the 
accuracy of the predicted response in nonlinear range. 

 
3.3.5 Influence of the number of elements and of the shape of the initial camber 
The analyses showed that increasing the number of distributed plasticity elements in both 

models with bilinear or sinusoidal shape of the initial camber lead slightly underestimating the 
brace buckling strength, even though no significant differences can be recognized in post-buckling 
range, as depicted in Figs. 10(a), (b). 

In case of concentrated plasticity elements the computational results are strongly sensitive to 
the number of sub-elements. As it can be noted in Figs. 10(c), (d) increasing the number of sub- 
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Fig. 10 Sensitivity to number of elements for bilinear and sinusoidal shape of the initial camber 

 
 
elements does not correspond an improvement of the model predictive response capability. Indeed, 
a stiffening effect in the descending post-buckling branch can be recognized in both cases with 
bilinear and sinusoidal shape. As it can be easily foreseen, the computational time is also affected 
by the number of sub-elements, increasing more than linearly with the number of elements up to 
11 times the period elapsed for models with two elements only. 

On the basis of these results it can be recognized that the more suitable manner to implement 
PTMs for bracing is to use distributed plasticity elements with bilinear shape and two elements 
only, thus providing both sufficient adequate accuracy and reduced computational effort. 

 
3.3.6 Influence of number of fibers 
Figs. 11(a), (b) show the results obtained using a number of fibers in cross section varying in 

the range 10 ÷ 400. 
As it can be observed the sensitivity to this parameter is small. Only in the case with 10 fibers 

the hysteretic behaviour and the lateral deflection are not accurately represented. This is due to the 
reduced flexural stiffness and increased sensitivity to the interaction between moment and axial 
loads. The case with 25 fibers slightly underestimates the buckling strength, being not enough to 
represent the interaction between moment and axial loads. This result is mainly related to the 
numerical integration which determines the second moment of area of brace cross section. Indeed, 
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Fig. 11 Sensitivity to number of fibers: (a) axial force-axial displacement; (b) axial force-lateral 
deflection 

 
 
as also observed by Uriz (2005) and Salawdeh and Goggins (2013) using fewer fibres to discretize 
the brace area may lead having lower distance of the centroid for the fibres, thus resulting in a 
smaller equivalent moment of inertia than that calculated by assuming a larger number of fibres. In 
addition, the analyses for the examined set of braces showed that some convergence problems may 
be observed for such a small number of fibers, especially in cases of the presence of biaxial 
bending moment interaction with axial load. 

From 50 to 400 fibers it is observed that the axial hysteretic and monotonic response become 
independent from the accuracy of the mesh. This result may be explained by the fact that 
increasing the number of fibers allow to mesh better the section by subdividing the thickness of the 
plates constituting the cross section. For the examined cases, the analyses showed that it is 
sufficient to have at least 2 fibers across the thickness to improve the accuracy and the stability of 
the analysis. In general, increasing the number of fibers makes more stable the computational 
effort, although it leads increasing the computational time increases. Using 100 fibers with at least 
two of them across the thickness of the plate components (namely flange, web or walls) is a 
satisfactory compromise among computational stability and time effort. 
 
 

4. Nonlinear static analysis of CBFs 
 
4.1 Generality 
 
In order to assess the accuracy of the adopted modelling approach in predicting the nonlinear 

static response of different braced frame configurations, a X-CBF (Wakawayashi et al. 1970) and 
an inverted V zipper CBF (Yang et al. 2008) were analyzed. These bracing configurations were 
chosen for the complex behaviour if compared to the typical brace schemes used in building. 

In particular, for what concerns X-CBFs it is important to analyse the model sensitivity to 
brace-to-brace interaction, because the brace buckling capacity is influenced by the twin diagonal 
brace in tension. The case of inverted V zipper CBF is very different, because the presence of tie 
elements connecting all beams of the braced bays at brace-to-beam intersection points leads all 
compression braces to buckle simultaneously. This implies that overall instability and collapse can 
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occur once the full-height zipper mechanism forms, because of the reduced lateral capacity of the 
frame after a full mechanism has formed. 

 
4.2 Nonlinear static behaviour of X-CBFs 
 
Wakawayashi et al. (1970) tested four nominally identical one-storey dual X-braced portal 

frames, whose geometry is shown in Fig. 12. Different loading conditions were considered for the 
specimens. In particular, specimens BM0 and BM5 were tested under monotonic pushover, but 
with different vertical load applied to columns (namely 0 kN and 700 kN, respectively). Specimens 
BC0 and BC5 were tested under cyclic pushover, but with different vertical load applied to 
columns (namely 0 kN and 700 kN, respectively). 

In the numerical model, full strength and full rigid beam-to-column joints have been considered. 
Both beam and columns were modelled as distributed plasticity elements with 5 IPs per element 
and 100 fibers per section, as indicated in Section 3.3.6. The braces have been modelled as 
perfectly pinned. The restraint effect of the diagonal in tension has been taken into account in the 
calculation of the geometrical slenderness λ of X-diagonal braces. This effect halves the brace 
in-plane buckling length, while it is taken as inefficient for out-of-plane buckling. Hence, the 
geometrical in-plane slenderness has been calculated considering the half brace length, while the 
out-of-plane ones considering the entire brace length. In this case the in-plane slenderness is 
maximum and the corresponding camber is calculated with Dicleli and Calik formulation 
considering the half brace length, thus resulting equal to 0.30% Lo, being Lo the brace buckling 
length, assumed equal to the length between the brace intersection point and the end working 
point. 

The MP steel has been used for all members, considering for the parameters the values given in 
Table 2 with the exception of the yield stress (given by experimental tests and equal to 260MPa 
for columns, 310 MPa for beam and 340 MPa for braces) and post-yield stiffness (equal to 1%). 

In monotonic and cyclic analysis, it is applied an incremental horizontal displacement history 
equal to the experimental protocol. 

As shown in Fig. 13, both the monotonic and cyclic performances of the X-CBF specimens 
have been satisfactorily simulated. Some differences can be recognized at high displacement 

 
 

Fig. 12 Geometry of frame tested by Wakawayashi et al. (1970) 
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Fig. 13 X-CBFs: numerical vs. experimental response: (a) monotonic; and (b) cyclic condition 
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demands where some damages in connections were experimentally observed and, as expected, the 
models cannot reproduce this phenomena. 

 
4.3 Nonlinear static behaviour of inverted V-CBFs with zipper struts 
 
Yang et al. (2008) performed a pushover test on a 1/3 scaled model of a 2D zipper frame, 

which consisted in three storey one zipper braced bay, as shown in Fig. 14(a). The braces and the 
zipper struts were cold-formed welded and seamless HSS made of ASTM A500 Grade B steel (fy = 
317 MPa and fu = 400 MPa). The rest of the members were made of A572 Grade 50 (fy = 345 MPa 
and fu = 448 MPa). Gusset plate connections were used for braces and zipper struts, while fully 
welded column-to-base connections were made in order to obtain fixed restraints. The 
beam-to-column connections were made to transfer shear and axial forces but not bending 
moments. However, owing to the considerable in-plane stiffness of the gusset plates connecting 
the brace, beam and column, the beam end connections can be considered as flexurally rigid 
restrained. 

All elements were modelled as distributed plasticity elements with 5 IPs per element and 100 
fibers per section, as indicated in Section 3.3.6. The braces and the zipper struts have been 
modelled as perfectly pinned. The brace cambers resulted equal to equal to 0.40%, 0.46% and 
0.55% of the brace buckling length assumed equal to the length between the working points, as in 
the previous case. Analogously to the case of X-CBFs, the MP steel has been used for all 
members. 

In pushover analysis, the nodes at each storey are translated horizontally in a series of 
incremental applied displacements equal to those experimentally applied to the frame specimen. 

As depicted in Fig. 14(b), the obtained numerical response strictly matches the experimental 
curve, reproducing a collapse mode close to that observed in the test. Indeed, the model catches the 
sequence of brace buckling at first and second storey, which corresponds to the first singularity in 
the numerical curve. 
 
 
5. Nonlinear dynamic analysis of CBFs 

 
5.1 Generality 
 
It is well known that the modelling of CBFs in dynamic conditions needs to take into account 

more aspects than those examined in static loading. In particular, the inertia effects, the equivalent 
viscous damping and the hysteretic response of nonlinear elements should be carefully addressed, 
because all of them could significantly affect the dynamic behaviour of the structure. As a 
consequence, the incorrect modelling of one of them leads to unrealistic and inaccurate numerical 
outcomes. 

Hereinafter, the influence of these aspects on the numerically predicted dynamic response of 
CBFs has been verified and validated on the basis of a shaking table test carried out by Uang and 
Bertero (1986). 

 
5.2 Structural details of the investigated frame 
 
The examined structure was a 3D prototype steel concentrically braced building, having six – 

storeys and a square plan with three frames in the both directions and a composite floor system. 
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The tested specimen was a reduced-scale prototype from a full-scale building designed according 
to U.S. Uniform Building Code (UBC) 1979 and Japanese design codes. The size of the prototype 
was obtained using a scale factor of 0.3048, which complied with the weight, height, and plan 
limitations of the shaking-table equipments. The model complied with all the material 
requirements except that of mass density. 

In Fig. 15 the building structural plan and elevations are illustrated. All beam-to-column joints 
of the frames A, B and C in X direction are moment-resisting, while the secondary beams and 
those belonging to the bays in Y direction are simply pinned. The cross sections of the structural 
members constituting the experimental mock-up are reported in Table 5. 

The structure was subjected to the Miyagi-Ken-Oki, 1978, earthquake (N-S component only) 
scaled several times. In the present study it is examined the record with P.G.A scaled to 0.33 g. 

 
5.3 FE model 
 
The beams and columns were modelled as distributed plasticity elements with 5 IPs per 

element and 100 fibers per section, as indicated in Section 3.3.6. All beam-to-column joints were 
simulated as full strength and full rigid. The braces were modelled as fixed at both ends and the 
initial camber calculated according to Dicleli and Calik formulation was equal to 0.11% L, being L 
the length between the brace working points. 

The MP steel was used for all members, whose parameters are given by Table 2 with the 
exception of the yield stress (experimentally obtained and equal to 296 MPa for columns, 317 MPa 
for beam and 407 MPa for braces) and post-yield stiffness (equal to 1%). 

At each floor all nodes are constrained by a rigid in-plane diaphragm allowing having only 
three dynamic degrees of freedom at each floor, i.e. two translations and one torsional rotation. 

The acceleration input is applied in X direction (see Fig. 15(a)) to all nodes at the basis of the 
model, which correspond to those physically attached to the shake table platform. The numerical 
response is calculated using the Newmark numerical integration scheme with a time-step of 0.005 
sec and internal iterations within each time-step. 

 
 

(a) (b) (c) 

Fig. 15 Test Uang and Bertero (1986): (a) the building structural plan; (b) the elevation 
frame B; and (c) elevation frame 1-2-3-A-C 
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Table 5 Cross sections of steel members of the mock-up tested by Uang and Bertero (1986) 

 Girders (*) Columns (*) Brace 

Storey G1 G2 G3 G4 C1 C2 C3 C4 C5  

(-) (-) (-) (-) (-) (-) (-) (-) (-) (-) (-) 

6 16W31 16W31 18W35 21W50 10W33 10W33 10W49 10W33 12W40 4 × 4 × 1 / 5.56

5 16W31 16W31

  

10W33 10W33 10W49 10W33 12W40 5 × 5 × 1 / 5.56

4 16W31 18W35 10W39 12W53 12W65 10W60 12W72 6 × 6 × 1 / 4 

3 18W35 18W35 10W39 12W53 12W65 10W60 12W72 6 × 6 × 1 / 4 

2 18W35 18W40 12W50 12W65 12W79 12W79 12W106 6 × 6 × 1 / 4 

1 18W40 18W40 12W65 12W87 12W87 12W106 12W136 6 × 6 × 1 / 2 
(*) see Fig. 15(a) 
 
Table 6 Experimental vs. numerical fundamental periods of vibration 

T1 (s) (T1,num–T1,exp)/T1,exp T2 (s) (T2,num–T1,exp)/T1,exp T3 (s) (T1,num–T1,exp)/T1,exp

experimental test (*) 0.365  0.126  0.071  

distributed mass 0.354 – 3.11% 0.127 1.20% 0.072 1.59% 

lumped mass 0.344 – 5.85% 0.124 – 1.20% 0.070 – 1.23% 
(*) average fundamental periods of vibration have been measured by Uang and Bertero (1986) 

 
 

5.4 Influence of inertia modelling 
 
In order to investigate the sensitivity to the inertia modelling, the masses were applied to the 

model in two different approaches, as follows: 
- The masses are distributed along each elements, namely applied by magnifying the self 

masses of each horizontal element up to the total mass corresponding to the relevant 
tributary area; 

- Masses are lumped at the centroid of inertias at each floor, namely the material models 
constituting the elements are simulated without mass. 

As reported in Table 6, the eigenvalue analysis showed that both approaches allow a good 
modelling of the inertia characteristics. Anyway, the former approach matches better the first 
period of vibration experimentally measured. Since the first mode dominates the dynamic response, 
having in this case a participating mass equal to 79% of total mass, the first approach is used in the 
following. 

 
5.5 Influence of equivalent viscous damping 
 
It is well known that to perform a nonlinear time-history analysis elastic damping should be 

specified in order to take into account the damping forces in the initial stages before the structural 
damage. The level of initial damping is normally specified as a percentage of critical damping, 
which is typically assumed equal to 5% for reinforced concrete structures and 2% for steel 
structures. 

Two different formulations of the Rayleigh damping were investigated and discussed in order 
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to assess the influence of the level of initial damping on the activation of hysteretic damping due 
to the structural damage in inelastic time-history analysis. The first formulation relates the 
damping to the initial elastic stiffness matrix, this implies that the damping coefficient is constant 
during the analysis, even in the inelastic range of structural response. The second type is relating 
the damping to the tangent stiffness matrix, where the damping coefficient is proportional to the 
instantaneous value of the structure stiffness matrix and it is updated when the stiffness matrix 
changes. Anyway, in both cases it is necessary to define initial damping values, specified as a 
percentage of critical damping, for the first and last mode of interest, which are modes 1 and 2 in 
the present case. Those experimentally measured were equal to 1.89 % (standard deviation = 0.366 
and coefficient of variation = 19.39%) for mode 1 and 1.93 % (standard deviation = 0.624 and 
coefficient of variation = 32.35%) for mode 2. For sake of simplicity, being also consistent with 
the value typically assumed for steel structures, an elastic damping ratio equal to 2% for mode 1 
and 2 was used. 

In Fig. 16 the response curves using initial and tangential stiffness damping are compared in 
terms of interstorey drift ratios at the 2nd and 5th floor where the braces buckle. As it can be 
observed using initial-stiffness elastic damping lead to displacement demands smaller than 30% of 
those obtained using tangent stiffness damping. This result confirmed what early observed in case 
of reinforce concrete structures by (Priestley and Grant 2005, Charney 2008). Indeed, using initial 
stiffness damping leads to large spurious damping forces when the structure gets into inelastic 
field. Indeed, the artificial damping forces are numerically given by the product of the post-event 
velocities of deformation multiplied by the initial stiffness and by the stiffness proportional 
damping constant (Charney 2008), being larger at high ductility demand and when hysteretic 
energy is low, which is the case of CBFs. The use of tangential stiffness damping does not produce 
this artificial damping. 

In the opinion of the authors, this aspect is very important, because the vast majority of 
previous researches on seismic analysis of CBFs have been carried out using initial stiffness 
damping. On the other hand, the most of existing commercial and research software still use 
Rayleigh damping with initial stiffness damping. 

In Fig. 17 the comparison of experimental curves and the numerical response obtained with 
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Fig. 16 Initial vs tangent stiffness damping: (a) 2nd floor; (b) 5th floor 
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Fig. 17 Experimental vs. numerical interstorey drift (model with tangent stiffness damping): 
(a) 2nd floor; (b) 5th floor 
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Fig. 18 Influence of initial camber on the dynamic response: (a) 2nd floor; (b) 5th floor 

 
 
tangent stiffness damping clearly highlights that the best prediction of displacement response 
isgiven by the tangential stiffness elastic damping, particularly up to T = 9.4 sec, where the 
buckling at 2nd and 5th storey occurred. After this time step the residual displacements are slightly 
underestimated. 

 
5.6 Influence of brace camber 
 
The correct definition of brace camber is even more important in dynamic analysis than in 

static conditions, because the amplitude of camber affects the numerical hysteretic behaviour and 
consequently the hysteretic damping. In order to show the sensitivity of CBF inelastic dynamic 
response on brace camber in Fig. 18, it is depicted the comparison between the numerical response 
obtained with camber by Dicleli and Calik (2008) and the one obtained with camber by EN 
1993:1-1 (2005). As it can be easily recognized the latter model widely missed the prediction of 
displacements. This is due to the larger value of brace camber (= 0.20 L) thus leading to anticipate 
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the brace buckling. Hence, the larger is the brace camber and the larger is stiffness decrease, 
resulting in larger damage concentration and residual drifts. 
 
 
6. Conclusions 

 
The main issues related to the numerical modelling for seismic analyses of steel concentric 

braced frames were highlighted and discussed. 
Physical-theory models (PTMs) of braces were implemented using force-based (FB) elements 

with distributed or concentrated inelasticity and fibre discretization of the cross section. The 
features of the nonlinear finite element based software Seismostruct were adopted. 

The accuracy of numerical prediction obtained using different assumptions for modelling 
parameters proposed in the literature is examined, extending the analysis to structural 
configurations and loading conditions different from those used for validation in the relevant 
original studies, considering the monotonic and cyclic response of braced structures under 
pseudo-static and dynamic loading conditions. 

The examined parameters are the initial camber to trigger brace buckling, the type of material 
model, the type of force-based element, the number of integration points and the number of fibers 
to discretize the cross section. 

On the basis of numerical investigation on a set of different struts experimentally tested by 
Black et al. (1980), the following considerations can be drawn; 

(1) the brace member should be subdivided into two FB distributed plasticity elements with a 
number of integrating section larger than 4. 

(2) the amplitude of initial camber calculated according to Dicleli and Calik (2008) gives the 
better accuracy. 

(3) the model of Menegotto and Pinto (1973) should be used to simulate the material model. 
(4) the cross section should be meshed with 100 fibers and at least two of them across the 

thickness of the plate components (namely flange, web or walls). 
 

Once examined the response of single brace, the modelling aspects of whole braced structures 
were investigated, as well. The effectiveness of the proposed modelling recommendations was 
verified in nonlinear static field for different type of bracing systems tested in literature 
(Wakawayashi et al. 1970, Yang et al. 2008, Uang and Bertero 1986). These configurations were 
selected to test the model sensitivity to brace-to-brace interaction in X-CBFs and to verify the 
versatility of the model also on more complex configuration as the case of inverted V zipper CBF. 
The comparison between numerical and experimental response curve showed an excellent 
agreement. 

Finally, the aspects related to the numerical modelling of CBFs in nonlinear dynamic 
conditions were investigated. The effectiveness of numerical results was verified on the basis of 
shaking table tests taken from literature. 

The influence of brace camber on the inelastic dynamic response was investigated. The 
amplitude of camber affects the numerical hysteretic behaviour and consequently the hysteretic 
damping, thus leading to miss the displacement demand and the residual drifts. Hence, it is crucial 
to calculate appropriately the entity of initial imperfection. 

Comparing the numerical curves to those experimentally obtained, it was observed that initial 
stiffness elastic damping can lead to underestimate the displacement demand owing to the 
presence of large artificial damping forces when the structure enters in the inelastic range. On the 
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contrary, the use of tangent stiffness damping is most appropriate, because it gives an excellent 
prediction of displacement response. 
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