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Buckling of aboveground oil storage tanks under
internal pressure

Shoichi Yoshida†

Formerly Koyo Iron Works & Construction Company Tokyo, Japan

Abstract.  Overpressurization can occur due to the ignition of flammable vapors existing ins
aboveground oil storage tanks. Such accidents could happen more frequently than other typ
accident. In the tank design, when the internal pressure increases, the sidewall-to-roof join
expected to fail before failure occurs in the sidewall-to-bottom joint. This design concept is the 
called “frangible roof joint” introduced in API Standard 650. The major failure mode is bifurcatio
buckling in this case. This paper presents the bifurcation buckling pressures in both joints u
internal pressure. Elastic and elastic-plastic axisymmetric shell finite element analysis was perfo
involving large deformation in the prebuckling state. Results show that API Standard 650 does
evaluate the frangible roof joint design conservatively in small diameter tanks.

Key words: finite element method; axisymmetric shell; structural analysis; bifurcation bucklin
elastic-plastic problem; large deformation; oil storage tank; internal pressure; frangible roof design.

1. Introduction

Aboveground oil storage tanks can be divided into two basic types as shown in Fig. 1:
 fixed roof tanks and floating roof tanks. Fixed roof tanks are the subject of this paper an

usually used for small capacity storage. One type of accident with fixed roof tank
overpressurization, which can occur due to the ignition of flammable vapors existing insid
tank. Overpressurization has occurred more frequently than other types of accident.

When the internal pressure exceeds the capability of the pressure relief vents attached to th
roof, the tank may fail. There are two failure types: the failure of the sidewall-to-bottom joint
that of the sidewall-to-roof joint, as shown in Fig. 2(a) and (b). The former can result in spillage of
the tank’s contents and fire outside the tank. For this reason, it is much better for failure to oc
the sidewall-to-roof joint before the sidewall-to-bottom joint during overpressurization. This con
was introduced into a design rule in the API (American Petroleum Institute) standard 650, App
F as a “frangib1e roof joint” (Lu et al. 1996). However, experience has shown that the rule does
always perform as intended, especially for small diameter tanks (Morgenegg 1978).

When the tank is subjected to internal pressure, the sidewall-to-bottom joint is uplifted, and
the sidewall-to-bottom joint and the sidewall-to-roof joint deform greatly as they are pulled ra
inward and compressed circumferentially as illustrated in Fig. 2(c). Stresses in both joints could 
the material’s yield stress. As a result, this pressure could cause bifurcation buckling with a
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circumferential wave number in either joint. The frangible roof joint is designed so that the stren
the sidewall-to-roof joint is weaker than that of the sidewall-to-bottom joint under internal pressur

This paper presents the bifurcation buckling pressures in both joints under internal pre
Elastic buckling pressures in the sidewall-to-roof joint and elastic-plastic buckling pressures 
sidewall-to-bottom joint are obtained separately using the axisymmetric finite element method
effect of roof slope, tank diameter, plate thickness and liquid pressure on the buckling pres
discussed. The frangible roof joint design can be evaluated for the buckling pressure in the sidew
to-roof joint to be less than that in the sidewall-to-bottom joint.

2. Finite element analysis

The elastic-plastic bifurcation buckling of axisymmetric shells subjected to axisymmetric load
involving large prebuckling deformation has been investigated by many researchers. Bu
(1976) developed the finite difference computer code BOSOR5, and applied it to various 
Finite element analyses (FEA) has also been used (e.g., Miyazaki et al. 1988). The FEA computer
code used in this paper was developed by the author. This analysis consists of preb
deformation analysis and bifurcation buckling analysis.

2.1 Axisymmetric shell finite element

The axisymmetric shell finite elements used in this study are conical frustum elements, as 
in Fig. 3. The tangential displacement u and the circumferential displacement v are assumed to be
linear and the normal displacement w to be cubic with regard to s, where s is the meridional

Fig. 1 Oil storage tank roof types

Fig. 2 Deformation and failure types of oil storage tank under internal pressure
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tion
coordinate of the shell element. The strain on neutral surface of the shell {e} consists of linear and
nonlinear terms, as follows:

(1)

where superscripts (L) and (N) denote linear and nonlinear terms. The strain-displacement rela
based on the Kirchhoff-Love’s assumption is given by the Novozhilov’s equation (Stricklin et al.
1968) in the following form:

(2)
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Fig. 3 Axisymmetric shell finite element
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where ei and χi(i=s, θ, sθ) are the strain and the curvature change on the neutral surface o
shell. The strains at a distance z from the neutral surface in shell are defined by the followi
formula.

(4)

The constitutive equation is based on the J2 flow theory with the isotropic strain hardening rul
(Marcal et al. 1967), and is written as follows:

(5)

where ∆{ σ} is the stress increment vector, ∆{ ε} is the strain increment vector, and [D e], [D p] are
the stress-strain matrices, which are defined by Eq. (6a) to Eq. (6d), respectively.

(6a)

(6b)

(6c)

(6d)

In Eq. (6a) to Eq. (6d), σi(i=s, θ) is the normal stress component, τsθ is the shear stress, E is the
Young’s modulus and v is the Poisson’s ratio. The notation ∆ denotes the increment. S1, S2, S3 and S
in Eq. (6d) can be written as follows:

(7a)

(7b)

(7c)

(7d)

where σeq and H' are the von Mises equivalent stress and the strain hardening paramete
σi'(i=s, θ ) is the deviatoric stress component. σeq is defined by the following formula:
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In the shell, the membrane forces Ns and Nθ , the shear force Nsθ , the bending moments Ms and
Mθ , and twisting moment Msθ  are given by the following expressions:

(9a)

(9b)

where t is the shell thickness. The applied loads are handled using the incremental method.

2.2. Prebuckling deformation analysis

Prebuckling deformation analysis is equivalent to elastic-plastic large deformation analy
axisymmetric shells subjected to axisymmetric load. In this analysis, the updated Lagra
formulation (Bathe et al. 1976) is used. It is assumed that the solution obtained at the curren
under axisymmetric loading satisfies equilibrium, and that deformation is also axisymmetric in the
next step. The displacement vector {d} can be expressed as:

(10)

The components of the vector {d0} are expressed as follows:

(11)

where subscript 0 denotes the axisymmetric deformation, the notations dz0, dr0 and β0 are the
vertical displacement, the radial displacement and rotational angle, respectively. In axisymmetric
deformation, the shear stress and strain are defined to equal zero as follows:

(12)

According to the virtual work principle, the following stiffness equation is derived:

(13)

where [K0], ∆{ F0} and {R0} are the stiffness matrix, the equivalent force increment vector and
residual force vector, respectively. [K0

(L)] is the small displacement stiffness matrix, and [K0
(σ )] is the

initial stress stiffness matrix. All variables in Eq. (13) refer to the current element configuration
order to derive the elemental stiffness matrix, integration along the meridian is accomplished us
Gauss-Legendre formula with 6 points, and integration through the thickness is accomplished using
the Simpson's formula with 20 layers. The nonlinear Eq. (13) is solved using the Newton-Ra
iteration method at each incremental step in this analysis.

To obtain stresses on the yield surface during all plastic deformation, the elastic-predictor radia
method (Schreyer et al. 1979) is used when the beginning-of-step stress at the integral poi
elastic or unloading. A trial state based on an elastic assumption is first obtained, and the s
then corrected with an adjustment in yield surface radius. The solutions of the elastic-plastic p
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(14d)

where f is the von Mises yield function, {ε p} is the plastic strain vector, εeq is the equivalent plastic
strain and ( )i and { }i express the variable or vector at the incremental step i. Eq. (14a) is the
constitutive equation, Eq. (14b) is the normality principle, Eq. (14c) is the material property
Eq. (14d) is the von Mises equivalent stress. If the strain increment ∆{ ε} i is assumed to be exact
the solution of the nonlinear simultaneous equations (14a) to (14d) gives the stress increment∆{ σ} i ,
the plastic strain increment ∆{ ε p} i, the equivalent stress (σeq)i and the equivalent plastic strain
increment ∆(εeq)i at the current step i.

The radial-return method is also used when the stress at the integral point is already plast
trial stress {σ t} i is radially returned to the yield surface as follows:

(15)

where σeqt is the equivalent stress calculated from the trial stress {σt} i, and σeq is that from the
equivalent plastic strain (εeq)i.

2.3. Bifurcation buckling analysis

Bifurcation buckling analysis follows the prebuckling deformation analysis at each increm
step. The displacement increment at the next step is assumed to have the circumferentia
number m (m 1). The displacement vector can be defined by the following formula to investi
the occurrence of bifurcation buckling.

(16)

The subscript m denotes the circumferential wave number and θ is the circumferential angle. The
following stiffness equation is derived from the virtual work principle (Zienkiewicz et al. 1988).
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assumption is the so-called “consistent loading”, as defined by Bushnell (1976).
The stability criteria is given by a positive definition of [Km]. In other words, if the sign of the

determinant of [Km] is positive, stability exists. The eigenvector corresponding to the zero eigen
becomes the buckling mode.

3. Numerical results

3.1. Elastic buckling in the sidewall-to-roof joint

There are two types of fixed roof in oil storage tanks: cone roof tank (CRT) and dome roo
(DRT), as shown in Figs. 4(a) and (b). The roof slope tanα is usually 1/16~1/6 in CRT, and the roo
radius R is D~1.2D in DRT, where D is the tank diameter. Both the sidewall and roof are welded
the top angle of an L-sectioned beam as shown in Fig. 5. The weight on the roof, such as t
plate, equipment, and snow, is supported by the roof frame, which is not usually welded to th
plate because welding stiffens the sidewall-to-roof joint.

Minimum sizes of the sidewall-to-roof joint are stipulated by the Fire Service Law and JI
(Japanese Industrial Standard) B8501 in Japan. According to this law and standard, the m

Fig. 5 Compression ring area of sidewall-to-roof joint

Fig. 4 Types of fixed roof in oil storage tanks
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size of both the sidewall and the top angle are given in Table 1 and Table 2 respectively, a
minimum roof plate thickness is 4.5 mm. In existing tanks in Japan, the sidewall-to-roof joint i
these minimum sizes.

According to API Standard 650, Appendix F, the failure pressure of the sidewall-to-roof join
to internal pressure is derived in the following manner. Fig. 6 shows the equilibrium in the side
to-roof joint under internal pressure. The resultant vertical force WP due to the internal pressure P is
given by:

(18)

Equilibrium in the vertical direction at the joint gives the roof force per unit circumference T1 as
follows:

(19)

The horizontal component of the roof force can be written as: 

(20)

Equilibrium in the radial direction gives the circumferential stress σ of the compression ring:

(21)

where A is the ring area shaded in Fig. 5. Substituting both Eq. (20) and yield stress into Eq

WP
πD2P

4
--------------=

T1

WP

sinα πD⋅
----------------------- PD

4 αsin
---------------= =

T2 T1cosα PD
4 αtan
---------------= =

σ
T2D

2A
----------=

Table 1 Minimum sidewall thickness specified by
Fire Service Law of Japan

Tank diameter Sidewall thickness

D � 16 m
16 m < D � 35 m
35 m < D � 60 m
60 m < D

4.5 mm
6.0 mm
8.0 mm

10.0 mm0

Table 2 Minimum top angle size specified by JIS
B8501

Tank diameter Top angle size

D � 10 m
10 m < D � 18 m
18 m < D � 10 m
60 m < D

L65×65×6
L65×65×8
L75×75×9

0L90×90×10

Fig. 6 Equilibrium in the sidewall-to-roof joint under internal pressure
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the failure pressure in the sidewall-to-roof joint is derived in the following form:

(22)

where σy is the yield stress of mild steel and is 220 MPa in API Standard. The above API for
is based on the assumption that failure can be expected to occur when the stress in the com
ring reaches the yield stress. The frangible roof joint design in API Standard should satis
following formula.

 (23)

The uplifting force Pu is calculated by:

(24)

where W is the total tank weight excluding the bottom. The API frangible roof joint design is b
on static equilibrium, and ensures that yielding of the compression ring will occur before
sidewall-to-bottom joint uplifts in empty tanks.

In the FEA, elastic bifurcation buckling analysis is carried out for internally pressurized side
to-roof joints with the prescribed minimum sizes. The buckling pressure in elastic analysis, t
σy =�, is larger than that in elastic-plastic analysis. Therefore, the elastic buckling pressure gives
conservative evaluation in the frangible roof joint design. Young’s modulus E is 206 GPa and
Poisson’s ratio ν is 0.3 in the analysis.

The buckling pressure Pcr-u and the corresponding circumferential wave number m are obtained
for various sized tanks using FEA. Fig. 7 shows the relation between the buckling pressure Pcr-u and
the tank diameter D, and Fig. 8 shows the relation between the circumferential wave number m and
D. Pcr-u decreases rapidly with increasing D, and Pcr-u in DRT is greater than CRT if the diameter 
identical. This means that Pcr-u increases with increasing the roof slope tanα. The circumferential
wave number m increases with increasing D and the variation is nearly linear.

Fig. 9 shows the comparison with the buckling pressure Pcr-u obtained by FEA and the failure
pressure PAPI by API formula written in Eq. (22), and Pcr-u is greater than PAPI for small diameter
tanks. It is found that API Standard 650 does not evaluate conservatively in the frangible roo

PAPI P σ σy=( )
8σy A tanα⋅ ⋅

D2
---------------------------------= =

PAPI Pu≤

Pu
4W

πD2
----------=

Fig. 7 Elastic buckling pressure in sidewall-to-roof joint
Fig. 8 Circumferential wave number in sidewall-to

roof joint
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design for small diameter tanks. In all cases analyzed here, the buckling modes show local b
in the roof plate near the joint as shown in Fig. 10.

3.2. Elastic-plastic buckling in the sidewall-to-bottom joint

The elastic-plastic buckling in the sidewall-to-bottom joint for small diameter tanks is analy
Fig. 11 shows the analytical model. In this figure, the bottom plates rest on a rigid foundation
liquid pressure with height HL and density ρL acts on this joint, and the tank weight W including
sidewall, roof and roof flame is assumed to act at the corner point b. At the beginning o
analysis, the boundary conditions are as follows.

a~c: dz0=β0= 0;  a: dr0=0;  d: β0

The restriction of dz0=β0=0 on the bottom will be released when uplifting occurs due to liq
pressure or internal pressure.

The elastic-plastic buckling analysis in the sidewall-to-bottom joint consists of three stages. In the
first stage, the analysis is carried out for both the tank weight W and the bottom plate weight. The
second stage is the analysis for liquid pressure, and the third stage is the analysis for 

Fig. 9 Buckling pressure ratio in sidewall-to-roof joint Fig. 10 Buckling mode of sidewall-to-roof joint

Fig. 11 Sidewall-to-bottom joint model
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pressure including the nodal force increment ∆F0 at point d shown in Fig. 11. The internal pressu
increases until buckling occurs. The buckling pressure Pcr-L for the sidewall-to-bottom joint is
defined as follows:

(25)

where Pi is the internal pressure component of the buckling pressure, Pu is the uplifting pressure
expressed by Eq. (24) and is assumed to be 2.45 kPa in the analysis, and PL is the liquid pressure.
The sidewall thickness usually varies in the vertical direction in oil storage tanks. The 
sidewall is thicker than the upper.

The uplifting process is shown in Fig. 12 in this analysis. At a nodal point on the bottom, 
equivalent nodal force F due to internal pressure (Pi+Pu+PL) and bottom weight becomes less tha
the nodal reaction force R with an increase in pressure, the displacement restriction at this poin
be removed.

Fig. 13 shows the relation between the internal pressure component Pi of the buckling pressure
Pcr-L or the corresponding circumferential wave number m and the tank diameter D with the bottom
thickness tb=4.5 mm and the sidewall thickness ts=6 mm. This figure indicates that Pi decreases and

Pcr L– Pi Pu PL+ +=

Fig. 12 Uplifted sidewall-to-bottom joint

Fig. 13 Internal pressure component of buckling pressure in sidewall-to bottom joint in terms of tank diar
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m increases with increasing D, which is similar in tendency to the sidewall-to-roof joint as shown
Fig. 7 and Fig. 8.

Fig. 14 shows the relation between Pi or m and the liquid height HL with tb=4.5 mm and ts=6 mm.
Pi and m increase with increasing HL. It can be seen that the liquid pressure PL amplifies Pcr-L. Fig.
15 shows the relation between Pi or m and tb with D=8,000 mm and ts=6 mm. No buckling occurs
when HL=5,000 mm and tb=8 mm. According to Fig. 15, Pi increases with increasing tb, and the
effect of tb on Pi is large. Also, an increase in tb increases m in the large tb region and decreases m
in the small tb region. Fig. 16 shows the relation between the Pi or m and ts in the case of D = 8,000
mm and tb= 4.5 mm. According to Fig. 16, an increase in ts increases Pi, but the effect of ts on both
Pi and m is smaller than the effect of other parameters.

The buckling mode is shown in Fig. 17, where D=6,000 mm, HL=0, tb=4.5 mm and ts=6.0 mm. In
all cases analyzed here, the buckling modes show local buckling at the bottom near the j
shown in Fig. 17. Fig. 18 shows the prebuckling deformation at the same conditions as Fig. 1

Fig. 14 Internal pressure component of buckling pressure in sidewall-to bottom joint in terms of l
pressure

Fig. 15 Internal pressure component of buckling pressure in sidewall-to bottom joint in terms of b
thickness
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Fig. 16 Internal pressure component of buckling pressure in sidewall-to bottom joint in terms of sid
thickness

uplift displacement at this joint is 60.7 mm and the uplift length at the bottom is 1,067 mm, and 
plastic area develops at the bottom near the joint before buckling occurs. Both the 
displacement and the uplift length of the bottom in liquid-filled tank is smaller than that o
empty tank if the internal pressure (Pi+Pu) is identical. The buckling internal pressure Pcr-L is 8.86 kPa in
this condition. Assuming that this tank is filled with water to the 10,000 mm level and no int
pressure exist, the pressure on the bottom is 98.07 kPa and the stress of the bottom calculat
the formula proposed by Denham et al. (1968) is about 30% of the yield stress. This shows that 
sidewall-to-bottom joint can adequately resist the liquid pressure, but is week against internal pr

The buckling pressure Pcr-L with no liquid pressure in the sidewall-to-bottom joint should 
greater than the buckling pressure Pcr-u in the sidewall-to-roof joint for a frangible roof joint design

4. Conclusions

This paper has presented the elastic buckling pressures of the sidewall-to-roof joint an
elastic-plastic buckling pressures of the sidewall-to-bottom joint of aboveground oil storage 

Fig. 17 Buckling mode of sidewall-to-bottom joint Fig. 18 Prebuckling deformation
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under internal pressure. Axisymmetric finite element analysis was carried out. The analysis yielde
the following conclusions.

1) The failure pressure PAPI given by API Standard 650 in the sidewall-to-roof joint is smaller th
the elastic buckling pressure Pcr-u obtained by FEA in small diameter tanks.

2) API Standard 650 does not evaluate the frangible roof joint design conservatively in 
diameter tanks.

3) The liquid pressure amplifies the buckling pressure in the sidewall-to-bottom joint.
4) The sidewall-to-bottom joint can adequately resist the liquid pressure, but is week a

internal pressure.
5) The buckling pressure Pcr-L with no liquid pressure in the sidewall-to-bottom joint should 

greater than the buckling pressure Pcr-u in the sidewall-to-roof joint for a frangible roof join
design.
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