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Abstract. Recent advances in scientific computing enable the full atomistic simulation of DNA
molecules. However, there exists length and time scale limitations in molecular dynamics (MD) simulation
for large DNA molecules. In this work, a two-level homogenization of DNA molecules is proposed. A
wavelet projection method is first introduced to form a coarse-grained DNA molecule represented with
superatoms. The coarsened MD model offers a simplified molecular structure for the continuum
description of DNA molecules. The coarsened DNA molecular structure is then homogenized into a three-
dimensional beam with embedded molecular properties. The methods to determine the elasticity constants
in the continuum model are also presented. The proposed continuum model is adopted for the study of
mechanical behavior of DNA loop. 

Keywords: multiscale homogenization; wavelet projection method; coarse-graining; DNA molecules;
molecular dynamics.

1. Introduction

Over the past two decades, rapid development of experimental approaches of single molecule

manipulation of DNA molecules has offered researchers the opportunity to control and manipulate

DNA molecules and to directly measure the basic physical properties in biological reactions (Cluzel

et al. 1996, Clausen-Schaumann et al. 2000, Smith et al. 1992, Smith et al. 1996). However,

relatively less work has been successfully conducted to fully understand the protein-mediated

processes of DNA, such as DNA loop formation, in vivo and in vitro (Dunn et al. 1984, Edelman et

al. 2003, Krämer et al. 1987, Müller et al. 1996). Alternatively, mathematical and computational

modeling techniques provide the means to study the interactions between DNA and protein/enzymes

in DNA loop formation processes. 

The DNA loop formation induced by the binding of proteins at DNA sites plays the central role

in many biological processes and living organisms to control gene expression, such as

transcriptional regulation (RNA synthesis), replication, repression, and recombination (Adhya 1989,
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Schleif 1992). Typical examples of protein-mediated DNA looping are the gal, ara, lac, and deo

operons in Escherichia (E.) coli, the λ repressor-operator system, the eukaryotic enhancers, and the

transcription of the human β-globin locus (Adhya 1989, Crossley and Orkin 1993, Serfling et al.

1985). In the DNA looping process, the structural and mechanical properties of DNAs govern the

optimal spacing of operators for functionality. The distance between operators determines the length

of DNA loop and it also affects the repression level through the changes in the looping free energy

(Coleman and Swigon 2004, Saiz et al. 2005).

Wadati and Tsuru (1986) employed the Kirchhoff elastic thin rod model to study the topological

and energetic features of the looped DNA with various linking numbers Lk. This model was also

applied by Marko and Siggia (1994) to explain how the competition between the thermal fluctuation

and the elastic energy determines the supercoiling radius and pitch. Purohit and Nelson (2006)

investigated the supercoiling effect on the protein-mediated DNA loops via the elastic thin rod

model, and numerically calculated the looped free energies versus DNA contour lengths at three

different levels of DNA supercoiling. The effects of non-uniformly distributed intrinsic curvatures

(Garrivier and Fourcade 2000), the base-pair sequence-dependence (Wadati and Tsuru 1986), the

salt-dependent mechanical properties (White et al. 1999), and the self-contact effects (Chamekh et

al. 2009, Coleman and Swigon 2004), have been taken into account in this elastic rod model.

Balaeff et al. (1999, 2004, 2006) adopted the elastic rod model to examine the DNA loop formation

during the interaction with the lac repressor in E. coli, and this computational framework has been

applied to the multi-scale studies of protein-DNA complexes (Villa et al. 2004).

In this work, we construct a continuum beam formulation with embedded intrinsic molecular

properties based on a two-level homogenization by considering a multi-scale wavelet type coarse-

graining and a Cauchy-Born type homogenization under the three-dimensional thin rod framework.

The content of this paper is organized as follows. The biological aspects of DNA loop formation is

introduced in Section 2. The formulation of the proposed hyperelastic continuum model for DNAs

based on the two-level hierarchical homogenization is presented in Section 3. In this section, the

wavelet projection method for construction of potential functions for the coarse-grained DNA

molecule and its homogenization into hyperelastic continuum model based on the Cauchy-Born rule

are discussed. In Section 4, we review the three-dimensional thin rod theory which serves as the

foundation of our continuum formulation of DNA molecules. In Section 5, numerical studies of the

mechanical behavior of DNA molecules, such as the stretching of DNA molecule and DNA loop

formation in the lac repressor system, are performed. Concluding remarks are outlined in Section 6.

2. Biological aspects of DNA loop formation

Protein-mediated DNA loops play a significant role in many biological processes, such as

regulation of prokaryotic and eukaryotic gene expression, DNA replication, site-specific DNA

recombination, and chromosome segregation (Adhya 1989, Crossley and Orkin 1993, Purohit and

Nelson 2006, Schleif 1992). In the genetic system, such as the lac repressor in E. coli, the

transcription can be blocked by the bindings of proteins at two distinct sites of specific gene

sequences of DNA molecule which leads to the formation of a DNA loop as illustrated in Fig. 1.

The sizes of DNA looping may vary from fifty to several thousands of base pairs (20~700 nm). The

two binding sites of the gal repressor are at a distance of 113 base pairs (bp); 76 bp (or 385 bp)

between binding sites O1 and O3 (or between O1 and O2) in the lactose repressing, as depicted in
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Figs. 1(b) and 1(c), and the λ repressor switch binding operation can form a DNA loop with a

sequence of roughly 2300 bp (Allemand et al. 2006). Depending on the specific protein and DNA

sequences involved, the DNA loop can affect the transcription by either preventing or enhancing the

RNA polymerase binding to the promoter (Schleif 1992). Moreover, the DNA length and its

mechanical properties, such as bending and torsional stiffness, have influence on the bio-molecular

activities while forming the protein-mediated DNA loops.

3. Two-level homogenization of DNA molecules

The proposed homogenization from a atomistic model to a continnuum model can be viewed as a

discrete to continuum homogenization. The discrete-continum coupling method has been proposed

for extracting constitutive properties from discrete microstructures (Rojek and Oñate 2008) or from

micristructures with discontinuities (de Borst et al. 2008). The present continuum formulation for

DNA molecules is developed based on a two-level homogenization framework. The wavelet based

coarse-grained DNA model which has been proposed by Chen et al. (2007, 2011) is first introdced

as the 1st level homogenization (c.f. Figs. 2(a) and 2(b)). The coarse-grained DNA model is then

used as the basis model for the construction of a continuum model for the following reasons: (a) the

Fig. 1 Schematic representation of the lac operon and binding sites of DNA loops. (a) DNA of E. coli, shown
as thick black segment, and locations of the main (O1) and the two auxiliary (O2 and O3) operators, (b)
and (c) simultaneous binding of the lac repressor to the main operator and one of the two auxiliary
operators which inhibits the transcription of genes by mRNA.
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coarse-grained model contains much fewer degrees of freedom, (b) the coarsen DNA model is a

more regular molecular structure compared to the original molecular structure making it easier to

transform to a continuum model, and (c) the potential functions are smoother in the coarse-grained

model which allows a coarser temporal discretization as well. In the second level homogenization,

as illustrated in Figs. 2(b) and 2(c), the coarse-grained DNA model is utilized to construct a three-

dimensional beam for continuum modeling of DNAs.

3.1 Overview of multi-scale coarse-graining of DNAs based on the wavelet projection

method – 1st level homogenization

The multi-scale homogenization based on the wavelet projection method (Mehraeen and Chen

2004) has been applied to construct the coarse-grained DNA model (Chen et al. 2007, 2011) as

depicted in Figs. 2(a) and 2(b). The key step of the wavelet-based multi-scale homogenization (Chui

1992, Daubechies 1992) is the wavelet projection to transform functions at different scales via the

projection matrices,  and 

(1)

such that

(2)

where the function  at scale j + 1 is separated into a low-scale component  as the

Pj Qj

Pj: Vj 1+ Vj→

Qj: Vj 1+ Wj→⎩
⎨
⎧

Qj
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Uj 1+

Uj 1+
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Uj 1+
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=

Uj 1+ Uj 1+
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Uj=

Fig. 2 Schematic of the multi-scale two-level homogenization of DNA molecules, (a) full atomistic DNA
model and its basic building blocks, (b) coarse-grained DNA model, and (c) 3D nonlinear elasticity
beam model.
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projection onto  space, and a high-scale component  as the projection onto  space, and

 and  are the subspaces spanned by the saling functions  and wavelet functions

, respectively.

As illustrated in Fig. 2, the coarse-grained superatom is chosen to represent the center of mass of

each building block. Therefore, via wavelet projection of fine-scale potentials, the effective (coarse-

grained) interaction potentials or force fields  among these superatoms can be expressed in terms

of the valence and non-bonded potentials as follows

(3)

(4)

(5)

where  is the distance between superatoms i and j,  and  denotes the effective

(coarse-grained) bonded and non-bonded potential functions, respectively,  and  are the

effective equilibrium distance and angle of the coarse-grained model, respectively,  and  are

the effective force constants, and  and  are the effective paramters of the van der Waals

interaction for the coarse-grained DNA model. 

These parameters of the effective force fields for the coarse-grained DNA model are characterized

after performing the multi-scale wavelet projection of the fine-scale solutoins obtained from the full

MD simulation onto a coarse-scale space. The procedures of the wavelet-based hierarchical

homogenization for constructing the coarse-grained DNA model are summarized in Table 1. The

detailed procedures and results on the characterization of effective potential parameters are not

presented in this paper and can be found in Chen et al. (2007, 2011).

3.2 Continuum description of DNA deformations – 2nd level homogenization

In this level of homogenization, we select each turn of DNA double helix as a representative cell,

which contains about 10-11 base pairs, and adopt the classical Cauchy-Born rule (Born and Huang

1954, Ericksen 1984) to describe the continuum deformation as
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Table 1 Characterization of effective force fields for the coarse-grained model based on the multi-scale
wavelet projection method

 Step 1 Perform a full MD simulation of DNA stretching in the NVT ensemble*

 Step 2 Obtain the probability distributions of distance and angle functions based on the fine-scale simulation 
results 

 Step 3 Transform the probability distributions to the fine-scale inter-atomic potentials

 Step 4 Homogenize the fine-scale potentials via the multi-scale wavelet projection method 

 Step 5 Characterize parameters of the effective force fields

 Step 6 Repeat Steps 1-5 for different combinations of bonds, bond angles, and non-bonded pairs 

* In the NVT ensemble, the moles (N), volume (V), and temperature (T) are conserved. The temperature T at
310 K is considered in the simulation of stretching double-stranded (ds-) DNA.
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(6)

where  and  are bond vectors connecting superatoms i and j in the deformed and undeformed

(reference) configurations, respectively,  denotes the deformation gradient of a material

point in a continuum, and X and x are the position vectors in the undeformed and the deformed

configurations, respectively.

We start with the two-body bond stretching energy given as (Fig. 3)

(7)

Define a unit vector conneting two atoms

,     ,      (8)

Similarly, . For simplicity, we omit the superscripts “i, j” in the rest of

derivation. Under deformation, the stretch ratio of the bond can be expressed by the Green-

Lagrangian strain tensor E as

(9)

where  is the right-Cauchy deformation tensor. Therefore, the strain energy

density for the two-body bond stretching potential  can be expressed as

(10)

where  is the volume of the representative cell in the undeformed configuration. It can be seen

from Eq. (10) that the energy density extracted from the atomistic potential contains the continuum

measures such as E and N, the atomistic potential constant such as kb, and the atomistic structure

information such as r0. Eq. (10) essentially provides a continuum strain energy description with

atomistic information included. We then assume a hyperelasticity material behavior for describing

the deformation of DNA molecule, where the corresponding stress-strain relationship based on the

atomistic potential can be obtained by
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Fig. 3 Schematic of orientations of a bond vector in the (a) initial (undeformed) configuration, and (b) current
(deformed) configuration
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(11)

where  is the 2nd Piola-Kirchhoff stress associated with the bond potential, and

(12)

Here Ni is the ith component of the initial bond orientation N.

Similarly, we obtain the continuum descriptions and stress-strain relations associated with three-

body and four-body potentials as
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 (19)

(20)

and N(m) is the bond orientation of the bond connecting two superatoms m + 1 and m.

The non-bonded interactions are obtained from the grouped interatomic potentials between the

groups of atoms in the same molecule and those groups in other molecules. The general form of the

non-bonded energy of the atomistic system can be written as

 (21)

where Vnb is the non-bonded potential, rij is the distance between superatom groups i and j. For

DNA molecules, the non-bonded interactions include the van der Waals and Coulomb interactions.

Consider interactions of two unit cells with volume V0, each contains n superatoms. The continuum

energy density for non-bonded interactions is given as (Arroyo and Belytschko 2004).

(22)

where ρatom = n / V0 denotes the number density of superatoms per representative cell volume V0,

and r is the distance between the centroids of two groups of superatoms in the deformed
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where ΩX is the sphere of region centered at X with a cutoff radius to exclude the bonded

interactions, and Ω0 is the domain of the representative cell.

3.3 Hyperelastic continuum model for DNA molecules

Based on hyperelasticity, the material response tensor is first obtained by

 (24)

where  is the DNA energy density function constructed in the

previous section. Note that since the contribution of the 4-body dihedral angle potential to both

shear and Young’s modulus is only 0.1% of that associated with the bond stretching potential, the 4-

body potential is ignored in the potential function for the coarse-grained DNA model. By setting

 in C, the Young’s modulus and shear modulus can be extracted. For pure poly(dG)-

poly(dC) sequence ds-DNA, we obtained

 and (25)

The above numerically characterized Young's modulus agrees fairly well with the experimental

measured quantities, i.e.  Pa by Gevorkian and Khudaverdian (1990). Note that

in the current DNA model we do not consider the solution effect and sequence-dependent variation,

the predicted Young’s modulus should be regarded as an upper bound. From Eq. (25), we obtain the

Poisson’s ration as

(26)

This negative Poisson's ratio is also observed experimentally by Manning (1985) and Baumann et

al. (1997), with the experimentally measured Poisson’s ratios of −0.7 and −0.4 ~0, respectively. To

gain a better insight into this mechanical property, consider only the 2-body bond stretching

potential for a coarse-grained DNA molecule, which gives the following property
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According to the coarse-grained DNA helical structure, it can be shown that , hence

, and thus a negative Poisson's ratio. The above characterized elasticity constants are

adopted in the three-dimensional beam formulation for the continuum modeling of DNAs as

introduced in the next section.
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constructed by a varying orthonormal triad  (e1 = normal, e2 = binormal, e3 = tangent) as

depicted in Fig. 4, with the origins of the frames located at the line of centroid of the rod .

The material point at any location of the cross section (on the e1 − e2 plane) is defined by means

of the triplet , where S is the parametric coordinate of cross section location on the

centerline, and  represents the position vector of the point away from the centroid on a

cross section.

Let x be the coordinate of a material point in the deformed configuration. The rod in the

deformed configuration is parameterized by S as

(28)

where r(S) is the deformed centerline position vector, R(S) is the rotation matrix of the rod’s axis

which relates the undeformed orthogonal triad  to the deformed ones .

The derivative of the orthonormal triad  with respect to S is 

(29)

where the curvature vector  contains the centerline curvature components  and

, and the twist component . The term K is the corresponding skew-symmetric tensor

which can be expressed in terms of the rotation matrix R

 (30)

In the Reissner rod theory (Reissner 1973), the strain vector ε that contains the axial deformation

of the centerline and the transverse shear deformations of the cross section can be expressed as

(31)
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Fig. 4 Geometric representation of 3D elastic rod model
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where  and  are the initial curvatures and the initial twist of the rod, respectively.

For an isotropic material with homogeneous circular cross section, the force and moment vectors

can then be written as

(33)

(34)

where EA, GA, EI, and GJ are the axial, shearing, bending, and torsional rigidities, respectively, E

and G are the Young’s and shear modulus characterized from the coarse-grained DNA model,

respectively, and I and J are the moment of inertia and polar moment of inertia, respectively. Eqs.

(33) and (34) imply that the strain energy of the elastic rod has the following quadratic form

 (35)

where , , and L is the contour length of the rod.

The work done by the external loading is expressed by

(36)

where  is the vector of centerline displacements, r0 is the undeformed position vector,

p(Si) and t(Si) are the concentrated force and moment vectors, respectively, acting on the cross

section Si, and  and  are the distributed force and moment vectors, respectively. 

In the present study, we introduce a three-dimensional beam model whose total energy is given by

 (37)

where the internal energy and external work are defined in Eqs. (35) and (36), respectively. The

elasticity constants are obtained from the homogenized continuum model discussed in Section 3.

Given appropriate boundary and loading conditions, a finite element discrete equation can be

obtained by taking the stationary condition of Eq. (37), which has the form

 (38)

Eq. (38) is generally nonlinear, so standard linearization with the Newton-Raphson method is

adopted for solving the incremental displacement and rotation vectors. The finite element

approximations of the trial and test functions are introduced as follows
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(39)

where superscript prime denotes the derivative with respect to S,  and  are the shape functions

associated with node I for the approximations of the displacement vector and rotational vector,

respectively, and NEN is the number of nodes in each element. In the continuum modeling of DNA

molecules as presented in Section 5, a linear approximation with C0 continuity is introduced for

both translational and rotational degrees of freedom, and selective reduced integration, in which

reduced integration is used for the shear and membrane energy while full integration is employed

for the bending energy, is adopted to resolve the shear and membrane locking resulting from the

equal-order interpolations (Hughes and Liu 1981a, 1981b).

5. Applications

5.1 Simulation of DNA stretching

A segment of ds-DNA molecule with pure G–C sequences as shown in Fig. 5 is considered. The

Verlet velocity time integration algorithm with 1 fs time step size and the AMBER (Cornell et al.

1996) force field are used in the MD simulation of stretching the DNA molecule. The DNA model

is first relaxed to yield the thermal equilibrium position at the temperature of 310 K. We then

impose a slightly increased length on the DNA and perform energy minimization accordingly. This

allows the DNA to be stretched gradually in equilibrium. The energy-extension and force-extension

curves are shown in Figs. 6(a) and 6(b), respectively. The numerical result of force-extension is

consistent with the single molecule experiments on DNA molecules under extension (Cluzel et al.

1996, Smith et al. 1992, 1996). Fig. 7(a) illustrates the progressive deformed configurations during

δϑ
h

N̂I S( )δϑI

I 1=

NEN

∑=

δε
h

δd′h δϑ
h

d′h×–=

δk
h

δϑ′h=

NI N̂I

Fig. 5 Molecular structure of the G-C rich double-stranded DNA molecule
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the stretching process, and the results show that the ds-DNA is unzipped and leads to a significant

DNA molecular structural change. This numerically observed ladder form which corresponds to the

Fig. 6 Full MD simulation results of stretching ds-DNA: (a) energy versus length curve, and (b) force versus
relative length curves (MD simulation in blue and experiment by Smith et al. in red cross (Smith et al.
1996))

Fig. 7 Progressive DNA configurations of (a) full atomistic DNA model, and (b) coarse-grained DNA model
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overstretching transition region in the force-extension curve agrees with the experimental

observation (Cluzel et al. 1996, Smith et al. 1996).

For comparison between the fine-scale and the coarse-grained simulation results, in the following

study the solution effect is not considered in the DNA molecular model. The coarse-grained model

is constructed following the procedures introduced in Section 3.1 where the corresponding force

fields of the coarse-grained DNA model are determined by performing the multi-scale wavelet

projection. The corresponding energy-extension and force-extension curves and the deformed

configurations are compared in Figs. 8(a), 8(b) and 7(b), respectively, where good results in the

coarse-grained DNA model are shown. The homogenized coarse-grained model allows a large time

step size and reduces large numbers of degrees of freedom leading to three orders of CPU speed-up.

Next, we model the DNA stretching process by using the proposed continuum beam model

through the multi-scale two-level homogenization as illustrated in Sections 3 and 4. To take into

account the molecular structural change from B-DNA to S-DNA in the overstretching transition, a

continuum strain energy function is proposed as

(40)

where s is the stretch ratio,  is a transition function with  for  and  for

, W1 is the strain energy function derived from the coarse-grained B-DNA model, and W2 is

a phenomenological strain energy function representing the strain hardening behavior of the S-form

DNA after overstretching transition (Gent 1996).

(41)

where G is the shear modulus,  is the principal invariant, and  is a parameter taking into

account the limiting molecule extensibility. The values of  (Ogden et al. 2008) and

G = 8.7 × 108 Pa are employed in the continuum modeling. Fig. 9 shows the effectiveness of the

proposed continuum model.
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Fig. 8 (a) Predicted energy versus extension curve of the coarse-grained DNA model, and (b) the
corresponding predicted force versus extension curve. (Note that full MD results are fit by polynomial
functions.)
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5.2 Modeling of DNA loop formation

Loop formation of DNA molecule is an important protein-DNA interaction processe in many

biological systems. We apply the proposed three-dimensional beam to the simulation of the DNA

Fig. 9 Comparison of force-extension curve between MD simulation and the continuum model

Fig. 10 Crystal structure of the lac repressor binding to DNA molecule4

4LBI pdb file for the lac repressor is obtained from Protein Data Bank.
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looping formed by a sequence-specific DNA-binding protein, the lac repressor (LacI), which

inhibits the gene coding in the metabolism of lactose in bacteria. The lac repressor functions as a

tetramer, where the four subunits form a V-shaped molecule as depicted in Fig. 10. The lac

repressor protein has three distinct regions: (a) a core domain that binds to the lactose and other

similar molecules, which is divided into N and C subdomains, (b) a tetramerization domain joining

four monomers in an alpha-helix bundle, and (c) a headpiece domain in which two LacI proteins

bind to the DNA.

The LacI-DNA system in solution contains millions of atoms with time scales spanning from

microseconds to milliseconds, and a full atomistic simulation is practically unaffordable to

investigate the DNA looping behaviors. Here, the proposed continuum descriptions are employed to

simulate the configuration and to compute the free energy of the DNA looping processes.

In this study, we construct a three-dimensional nonlinear elasticity beam model of the DNA

molecule composed of 76 base pairs long with repeating G-C sequences. The elasticity constants are

extracted from the multi-scale atomistic-continuum model introduced in Section 3.3, and the DNA is

modeled by 100 Hughes-Liu beam elements (Hughes and Liu 1981) in DYNA3D (Whirley and

Engelmann 1993). The lac repressor is treated as a rigid coupler and boundary conditions of the

beam are obtained from the crystal structure of the lac repressor DNA complex (Lewis et al. 1996).

In the simulation, the two ends of the beam are first moved to their predefined positions as illustrated

in Fig. 11(a), and the two ends are bent to satisfy the above-mentioned boundary conditions. The

right end of the beam is then rotated around its axial axis to investigate the DNA loop process.

The simulated configurations shown in Fig. 11(b) are consistent with Balaeff et al.'s work (Balaeff

et al. 1999). The calculated elastic energy presented in Fig. 11(c) agrees reasonably well with the

experimentally measured free energy of the DNA looping (Purohit and Nelson 2006). The predicted

periodicity of the free energy, which is consistent with the helical periodicity of DNA molecules, is

qualitatively captured by the continuum beam model. Since the protein-DNA interaction effect is

not considered in the numerical modeling, it results in the deviation of the calculated elastic energy

Fig. 11 Continuum modeling of DNA loop formation (a) boundary conditions for the continuum beam model,
(b) configurations of DNA looping, (c) numerically calculated elastic energy versus DNA length, and
(d) experimentally measured loop free-energy versus DNA length (Purohit and Nelson 2006)
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from the experimentally measured free energy for short DNA molecules. This will be improved in

the future by including the protein-DNA interactions while treating the lac repressor protein as

flexible bodies.

6. Conclusions

In this work, a continuum beam formulation of DNAs with embedded molecular properties has

been developed through the proposed two-level homogenization process. In the first level

homogenization, a wavelet projection approach was introduced to project the fine scale potential

function to a coarser scale for the superatoms representing the coarse-grained DNA molecules. The

coarsened molecules are then used as the reference in the second level homogenization using

continuum mechanics deformation measures to describe the motion of the coarsen molecules. Under

this construction, the strain energy density functions and stress-strain relationships were derived

from the coarse-grained DNA model based on a potential equivalence. The proposed multi-scale

DNA model enables systematic characterization of the fundamental mechanical properties of DNAs

and offers an effective computational framework for continuum modeling of DNA molecules. The

numerically characterized elasticity constants of DNA molecules agree well with the experimental

measurements. The calculated negative Poisson’s ratio has been shown as the consequence of the

unique geometry of DNA molecules. These materials constants were also adopted in the three-

dimensional beam formulation for the applications of continuum modeling of DNAs.

In this study, stretching of DNA molecules using the full MD simulation, coarse-grained

simulation, and continuum modeling have been performed and compared. The predicted force-

extension relation and the overall deformation response have been shown to have good agreement

between the homogenized continuum and the fine-scale MD models. Combined with the significant

reduction of the degrees of freedom in the spatial and temporal domains, the continuum DNA

model is demonstrated to be effective for modeling DNA loop formation. The numerically predicted

loop formation energies agree reasonably with the experimentally measured data for long DNA

molecules. Nevertheless, solution effects and DNA-protein interactions need to be considered for

further improvement of the current formulation to capture the more complicated responses in the

interaction between short DNAs and the lac repressor systems. The proposed computational

framework has been shown to be effective for modeling DNA-protein interactions, and it also

provides the means to better understand the protein-mediated biological processes in vivo and in

vitro.
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