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Abstract.  Shale gas formations exhibit strong mechanical and strength anisotropies. Thus, it is necessary 
to study the effect of anisotropy on the hydraulic fracture initiation pressure. The calculation model for the 
in-situ stress of the bedding formation is improved according to the effective stress theory. An analytical 
model of the stresses around wellbore in shale gas reservoirs, in consideration of stratum dip direction, dip 
angle, and in-situ stress azimuth, has been built. Besides, this work established a calculation model for the 
stress around the perforation holes. In combination with the tensile failure criterion, a prediction model for 
the hydraulic fracture initiation pressure in the shale gas reservoirs is put forward. The error between the 
prediction result and the measured value for the shale gas reservoir in the southern Sichuan Province is only 
3.5%. Specifically, effects of factors including elasticity modulus, Poisson’s ratio, in-situ stress ratio, tensile 
strength, perforation angle (the angle between perforation direction and the maximum principal stress) of 
anisotropic formations on hydraulic fracture initiation pressure have been investigated. The perforation angle 
has the largest effect on the fracture initiation pressure, followed by the in-situ stress ratio, ratio of tensile 
strength to pore pressure, and the anisotropy ratio of elasticity moduli as the last. The effect of the anisotropy 
ratio of the Poisson’s ratio on the fracture initiation pressure can be ignored. This study provides a reference 
for the hydraulic fracturing design in shale gas wells. 
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1. Introduction 
 

Nowadays, it has been difficult for conventional resources to meet the oil and gas demand and 
shale reservoirs have been extensively arousing the public attention as a typical unconventional 
resource (Bowker 2003). Compared to conventional reservoirs, the porosity and permeability of 
shale gas reservoirs are very low, with gas being stored in both adsorbed and free state in the 
organic rich rock. Based on the estimation of the US Energy Information Administration (EIA), 
the geological reserve of shale gas is up to 623 trillion cubic meters and the recoverable reserve is 
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up to 163 trillion cubic meters, indicating a prosperous development prospect (EIA 2011). 
Generally, all shale gas reservoirs need fracturing treatment to achieve commercial production 

due to its ultra-low permeability and various gas occurrence states, except that a minority with 
existing fracture-developed zones may have a high natural production capacity (Mathews et al. 
2007). The stress around the shale gas well also differs from that of the homogeneous sandstone 
reservoir due to the severe anisotropy. Lekhnitskii (1981) established the mechanical foundation of 
anisotropic formations. Amadei (1983) calculated the stress distributions around various types of 
wells in formations with different magnitude of anisotropy based on the plane strain assumption. 
The analytical solutions derived by Amadei (1983), including three coordination systems (in-situ 
stress, well-hole, and stratum), are very complex and seldom applied. Aadnøy and høgskole (1987) 
computed the stress field around the wellbore in transverse isotropic media, and set up the collapse 
pressure model and fracture initiation pressure model of the borehole wall in anisotropic strata 
utilizing the anisotropic elastomer model proposed by Lekhnitskii (1981). He suggested that the 
zero tensile strength and the tensile strength of rock without cracks should be separately 
substituted into the fracture initiation pressure models to solve for the upper and lower bounds of 
the fracture initiation pressure of the borehole wall. Ong (1994) added the non-linear and porous 
media effects into the model of Aadnøy and høgskole (1987). Later, Ong and Roegiers (1995) 
presented the fracture initiation model for directional openhole wells in anisotropic formations. 
Suarez-Rivera et al. (2009) predicted the fracture initiation pressure of the wall of the shale well 
using anisotropic failure criterion given by Pariseau (1968). Suarez-Rivera et al. (2006) and Khan 
et al. (2011) calculated the stress distribution around the horizontal well in anisotropic formations 
and studied the effect of anisotropy factors on shale fracture initiation pressure based on the failure 
criterion proposed by Jaeger and Cook (1979). 

In previous studies, some scholars have established or improved the models of fracture 
initiation pressure for the directional wells in bedding formations, but few scholars have studied 
the prediction model for that of the perforated well. These studies focused on the anisotropy of the 
shale strength and all of the in-situ stress is treated as occurred in a homogeneous isotropic body. 
Apparently, this is unreasonable for the transverse isotropic body of shale and the conventional 
model for in-situ stress is no longer applicable to the shale formations due to the difference 
between the elastic parameters perpendicular to and parallel to the direction of bedding plane. In 
response to these restrictions, Wang et al. (1999) proposed a model for transverse isotropic body, 
which improved the in-situ stress calculation in bedding formation, by taking the effective stress 
and stratum dipping into consideration. In this paper, a hydraulic fracture initiation pressure model 
was established upon the calculation of the stress around the perforation in shale gas wells. Their 
case study of the model in the shale gas reservoir in southern Sichuan Province further verified the 
effect of the shale strength parameters and in-situ stress on the fracture initiation pressure. 

 
 

2. Prediction model of fracture initiation pressure in anisotropic shale 
 
2.1 Calculation model for in-situ stress in bedding formation 
 
Currently, the quantitative studies mostly deal with homogeneous and isotropic formations, 

where the prediction models for in-situ stress, such as Terzaghi model, Anderson model and 
“Six-Five” model and “Seven-Five” model proposed by Huang and Zhuang (1986), are 
widely-used. However, the shale formation is a type of transverse isotropic body and it is 
obviously unreasonable to apply the homogeneous model to evaluate the wellbore stability 
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problem. Thiercelin and Plumb (1994) discussed the calculation model for the linear elastic in-situ 
stress of transverse isotropic strata considering the effects of overlying stratum pressure and 
tectonic stress. Prioul et al. (2011) gave a theoretical expression regarding the effects of stratum 
uplift, pore pressure, and tectonic pressure levels on the horizontal in-situ stress. Based on the 
structural mechanical principles of the composite material, Wang and Li (1999) proposed a 
calculation model for in-situ stress in transverse isotropic strata under different bedding 
occurrences. 

It is opined that, excluding any abnormal high pressure caused by tectonic movement, the 
tectonic movement and shale anisotropy only affect the frame stress but will not affect the pore 
pressure. Besides, according to the effective stress theory of porous media, and referring to 
Wang’s and Huang’s Models, the above two factors and the Biot’s coefficient are selected as the 
weight values of the effective stress and pore pressure, respectively. Then stratum dipping is 
integrated to calculate the horizontal principal stress 
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where, A and B are tectonic stress coefficients, E, Ev, υ and vv are elastic parameters of the 
transverse isotropic body, αr and βr are the dip direction and dip angle of the bedding plane, σV is 
the vertical stress, α is the effective stress coefficient, Pp is the pore pressure, and wo is the 
maximum horizontal principal stress orientation. 

 
2.2 Analytical model for stresses around wellbore in anisotropic shale reservoirs 
 
In general, a horizontal section or high-inclination section is drilled in the shale formation and 

the calculation model for stresses around wellbore is shown in Fig. 1. Fig. 2 presents the 
 
 

 

Fig. 1 Calculation model for stresses around wellbore in shale formation 
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(a) Wellbore coordinate system 
 

(b) In-situ stress coordinate 
system 

(c) Bedding plane coordinate 
system 

Fig. 2 Corresponding relationship between local coordinate system and geomagnetic coordinate system 

 
 
coordinate transform relationship in the stresses analysis of shale borehole wall: (1) geomagnetic 
coordinate system [X Y Z] (X, Y and Z correspond to the due east, due north, and the 
magneticdipole directions respectively); (2) well coordinate system [x y z], βb is the well deviation 
angle and αb is the well azimuth angle; (3) in-situ stress system [Xs Ys Zs], Xs, Ys and Zs correspond 
to the three primary stresses, σH, σh and σv; and the orientation of maximum horizontal in-situ 
stress is W; (4) bedding plane coordinate system [s t n]. 

Within the in-situ stress coordinate system, the original stress state is 
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Based on the transformation relations among coordinate systems, the transformation matrix 

between the in-situ stress coordinate system and the well coordinate system is 
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where, α′ = W ‒ αb 
In the well coordinate system, the initial stress state is 
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Without considering the gravity, the stresses around wellbore in the rectangular coordinate 

system of well should meet the equilibrium differential equation 
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The strain component is independent of z in accordance with the plane strain principles in the 

broad sense. Then, the consistent equation can be expressed as 
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Under the small deformation conditions, the geometric equation is 

 

 ijjiij uu ,,2

1
                               (7) 

 
where, is εi, j the strain component of the stratum, ui, j and uj, i are displacement components, 
respectively. 

Based on the Biot effective stress theory, the following can be obtained (Zhu et al. 2013a) 

 
ijpijij P                                 (8) 

 
where, σ′ij is the effective stress component, and δij is the Kronecker symbol (when i = j, δij = 1; 
otherwise, δij = 0). 

Shale is characteristic of transverse isotropy and its constitutive equation can be expressed with 
the modified Hooke’s law (Sayers 2005) 

 
ijij  TD                               (9) 
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where, Ev is the elasticity modulus in the perpendicular direction; Eh is the elasticity modulus in 
the horizontal direction; vv is the Poisson’s ratio of the horizontal strain when vertical strain is 
applied; vh is the Poisson’s ratio of the horizontal strain when horizontal normal strain is applied; 
Gv is the shear modulus in the vertical plane; Gh is the shear modulus in the horizontal plane. Only 
five of the six elastic parameters above are independent (Ev, Eh, vv, and Gv), as can either be 
obtained by a core mechanical test directly or a acoustic wave test indirectly (Sinha et al. 2006, 
Walsh et al. 2007). It is isotropic in the horizontal direction, Gh and Gv are 
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The elasticity matrix given above is defined in the local coordinate system in the bedding plane, 

whereas in the wellbore stability analysis, the stress and deformation occur under the well 
coordinate system. Therefore, the elasticity matrix under the bedding plane coordinate system 
needs to be transformed into the well coordinate system. 

Based on the transformation relationship among coordinate systems given in Fig. 1, the 
elasticity matrix D under the well coordinate system is 
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where, γ is the included angle between the normal direction of the bedding plane and the well axis. 
Based on the solutions to the anisotropic plane problem by Lekhnitskii (1981), Amadei (1983), 

Aadnøy and høgskole (1987) and Ong (1994), the analytical model for the stresses around 
wellbore in the bedding shale reservoir is obtained by superimposing the far field in-situ stress and 
the stress arising from the boundary conditions of the well and borehole wall. 
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The expression of the variable zk is: zk = x + μk y (k = 1, 2, 3) and the analytical function ϕk (zk) is 

determined by the boundary conditions. On the borehole wall x = R cos θ, y = R sin θ, according to 
the study by Lekhnistskii, the partial derivative of the analytical function around the borehole wall 
is (Ong 1994) 
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where 























cossinsincos

sincos)(cossin)(

cossin)(sincos)(

0,0,0,0,

0,0,0,0,

0,0,0,0,

12

xzxzxzxz

xyywxyyw

xyxwxyxw

iiF

iPiPE

iPiPD
         (17) 

 
where, σx, σy, σz, τxy, τxz and τyz are the components of the stresses around wellbore, MPa; σx,0, σy,0, 
σz,0, τxy,0, τxz,0 and τyz,0 are the far field in-situ stress around the wellbore, MPa; Pw is the pressure of 
the fluid column in the wellbore, MPa; μk is the characteristic root of the characteristic equation 
corresponding to the equation of strain compatibility; a31, a32, and a33 are the elements in the 
flexibility coefficient matrix A. The model can be used to solve for the stress distribution around 
wellbore in anisotropic strata with any well deviation angle, well azimuth angle, principal stress 
field, stratum dip angle, etc. 

The stresses around wellbore in isotropic and transverse isotropic strata are compared with the 
input parameters in Table 1. The former is calculated using Zhu et al.’s model (2013a). As can be 

409



 
 
 
 
 
 

Haiyan Zhu, Jianchun Guo, Xing Zhao, Qianli Lu, Bo Luo and Yong-cun Feng 

Table 1 Input parameters and values 

Isotropic strata Transverse isotropy 

Pw (MPa) 32 σz (MPa) 66  Pw (MPa) 32 σz (MPa) 66 

∂b (°) 0 Eh (GPa) 12 ∂b (°) 0 Eh (GPa) 36 

βb (°) 45 Ez (GPa) 12 βb (°) 45 Ez (GPa) 12 

W (°) 45 vh 0.25 W (°) 45 vh 0.125 

σH (MPa) 55 vz 0.25 σH (MPa) 55 vz 0.25 

σh (MPa) 46.2 R (m) 0.108 σh (MPa) 46.2 R (m) 0.108 

 

Fig. 3 Comparison of radial stresses around wellbore in isotropic and transverse isotropic strata 
 

Fig. 4 Comparison of circumferential stresses around wellbore in isotropic and transverse isotropic strata

 
 
seen in Figs. 3 and 4, the mechanical anisotropy of strata, i.e., the anisotropy of stratum elasticity 
modulus and Poisson’s ratio has a significant effect on the stresses distribution around wellbore. 
Thus, the isotropic model, disregarding the anisotropy of stratum elasticity modulus and Poisson’s 
ratio, is inaccurate for the stress calculation in shale gas reservoirs. 

 
2.3 Model of stress around perforation 
 
For an isotropic formation, the perforation is assumed as a cylindrical micro-hole perpendicular 

to the borehole axis, the stresses around which can be treated as a plane problem (Fig. 5) (Zhu et al. 
2013b). The fracture initiation pressure from Hossain’s model has a relative error of less than 2% 
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compared with the value obtained by micro-fracture test (Hossain et al. 2000). The stress 
distribution around the perforation tunnel is expressed as (Fallahzadeh et al. 2010) 
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where, σθ, σrθ, σrz, and σzz are the components of stresses around wellbore in the cylindrical 
coordinate system; σ′r′, σ′θ′, σ′z′, σ′r′θ′, σ′z′r′ and σ′θ′z′ are the stress distribution around the perforation in 
the cylindrical coordinate system, and θ′ is the circumferential angle of the perforation. 

In anisotropic reservoirs, the inclination angle between the perforation and the geodetic 
coordinate is π / 2 ‒ αb with the perforation angle of θ. The anisotropic flexibility coefficient matrix 
of the stratum [A] is first transformed into the perforation coordinate system by that of the stratum 
[Ab] in the perforation coordinate system; then the six stress components at the intersection of the 
perforation and wellbore are used as the original in-situ stress to calculate the stress components 
around the perforation. It is assumed that the stress fields of adjacent perforations do not interfere 
with each other. The r, θ, and z stresses on the borehole wall in anisotropic strata are assigned to 
the z′, θ′ and r′ stresses in the perforation cylindrical coordinate system, respectively, and then the 
original in-situ stress around the perforation can be expressed as σr′ = σz, σθ′ = σθ, σz′ = σr, σθ′z′ = σθr, 
 
 

 
Fig. 5 Geometric model of a perforated wellbore and redistributed stress system 
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θσ

σz Perforation

zσ

σθ
P

rσ
Wellbore

Fig. 6 Model of stresses around perforation 
 
 
σr′z′ = σzr and σr′θ′ = σzθ, shown in Fig. 6. Based on the stress field around the perforation, which is 
reckoned as a small open hole, the stress around it can be obtained. 

 
2.4 Criteria for hydraulic fracture initiation pressure 
 
Hossain et al. (2000) had proved that given the constant in-situ stresses, the hydraulic fracture 

initiation pressure based on the tensile stress criterion is more accurate than other models. The 
plane of fracture initiation is not exactly along the perforation axis, deviating by an angle of β. 
According to the LEFM theory, the hydraulic fracture initiates when the maximum principal stress 
in the β direction exceeds the rock tensile strength, which is (Weng 1993) 
 

tS)(                                (19) 
 

In the previous section, stress distributions around wellbore surface and the perforation hole 
have been calculated. The three principal stresses around the perforation holes are 
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Calculating these three stresses at any angle θ′, if the formation maximum effective stress 

equals the rock tension strength, the hydraulic fracture initiates. 
 

tp SP   )(3                           (21) 

 
where Pp is the formation pore pressure. Angle β can be used to choose the best perforation 
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orientation in order to lessen the near-wellbore fracture tortuosity, consequently decreasing the risk 
of screening out (Fallahzadeh et al. 2010) 
 


















z

z






2
tan5.0 1                         (22) 

 
 

3. Field application 
 
The shale gas formation in southern Sichuan Province possesses a good layered structure, with 

a gradual inclination of less than 5° (Fig. 7). The scanning electron microscope (SEM) image 
shows that the shale sample contains many micro-cracks which are unanimously oriented (Fig. 8; 
Yan et al. 2013). Under deep burial, the shale composition and structure change with significant 
 
 

Fig. 7 Photo of Sichuan gas shale 

 

Fig. 8 SEM image of Sichuan shale 
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variation at the bedding planes, presenting a characteristic of transverse isotropy. The effective 
porosity of the reservoir is about 2%‒5% and its permeability is around 200 nd. 

Experiments were conducted for the core sample of the formation on the rock strength 
apparatus (Zhu et al. 2012). The experimental procedures are: (1) Core a cylindrical specimen with 
the diameter of 25mm and length of 50mm from the formation core sample, as shown in Fig. 9, 
and place it into a sealing bore after both the ends of the specimen are well ground; (2) The sealing 
bore containing the specimen is then put into a high-pressure autoclave, which is equipped with a 
data acquisition system; (3) The liquid in the high-pressure autoclave is steadily pressurized to the 
designed value to simulate a uniform confining pressure; (4) Afterwards, the axial strain is exerted 
progressively at a constant speed until the rock specimen fails. The experimental data are collected 
and analyzed. To study the effect of the weak bedding plane on the shale strength, different angles 
(Ψ) between core axis and the normal direction of bedding plane are selected, which are 0°, 15°, 
30°, 45°, 60°, 75° and 90° respectively. 

Shale presents significant strength anisotropy, which varies with the included angle between 
the direction of the maximum horizontal principal stress and the normal direction of the bedding 
plane. The shale strength reached the maximum when the principal stress is perpendicular to the 
bedding plane. While, the compressive strength reduces to the minimum when the included angle 
is around 50° (Fig. 10). The typical radial and axial strains of the core are depicted in Fig. 11, with 
 
 

Fig. 9 Coring along different included angles with respect to the normal direction of the bedding 
plane 
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Fig. 10 Relationship between triaxial strength and the included angle Ψ 
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Fig. 11 Radial strain (left) and axial strain (right) of shale (Ψ = 0) 

 
 
the maximum radial strain of 0.68%. The brittle failure of the core sample indicates the hard brittle 
characteristics of the shale gas formation. The vertical elasticity modulus of the reservoir is 30 
GPa, and the transverse elasticity modulus is 33 GPa, with the same Poisson’s ratio of 0.15. The 
uniaxial strength is 132.3 MPa and the tensile strength is 15.6 MPa. 

The maximum horizontal principal stress of the reservoir is 35 MPa, the minimum is 15 MPa, 
the vertical stress is 21 MPa, and the pore pressure is 7.8 MPa. The wellbore diameter of a certain 
vertical well from the shale gas reservoir in the southern Sichuan Province is 215.9 mm; oriented 
perforating was performed along the direction of maximum horizontal principal stress. The 
perforation diameter is 16 mm and the density is 40 perforations/m. The reservoir properties are 
substituted into the prediction model of the fracture initiation pressure for anisotropic reservoirs. 
The fracture initiation pressure computed with the Matlab codes of the prediction model here is 20 
MPa. Fig. 12 presents the test curves for micro-fracture test, where the actual bottom hole pressure 
is 20.7 MPa when fracture initiation occurred. The error between the predicted result and the 
measured value is only 3.5%. 
 
 

 

Fig. 12 Micro-fracture test curve 
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4. Analysis of parametric sensitivity 
 

The anisotropy ratio k of the elasticity moduli is defined as 
 

vh EEk /                                 (23) 
 

The anisotropy ratio k′ of the Poisson’s ratio is defined as 
 

vh vvk /                                 (24) 
 

The in-situ stress ratio n is defined as 
 

hHn  /                                (25) 
 

Taking the shale gas reservoir in southern Sichuan Province as an example, the effects of the 
anisotropy of the elasticity moduli, the anisotropy of Poisson’s ratio, in-situ stress ratio, 
perforation orientation, and tensile strength of shale on the stress distribution around the wellbore 
and fracture initiation pressure have been studied. 

 
4.1 Effect of anisotropy on stress around borehole wall 
 
It is assumed that both the well deviation angle and azimuth angle are 45°, and the stratum dip 

angle and strike angle are 0°. Other parameters are kept constant when the effect of a certain 
parameter is being studied. 

As shown in Figs. 13-15, both the radial and axial stresses of the borehole wall reach the 
minimum when the perforation angle θ equals 0° or 180°, and the radial stress turns to be tensile. 
On the contrary, at the perforation angle of 90°, both of them achieve the maximum. The 
maximum value of the radial stress increases while the minim value decreases with the increasing 
anisotropy ratio of the elasticity moduli, the anisotropy ratio of Poisson’s ratio, and the in-situ 
stress ratio. The maximum radial stresses at the anisotropy ratios of the elasticity moduli k = 2.5 
and k = 1.5 are 5.1 MPa and 15.4 MPa greater than that at k = 1, respectively (Fig. 13). The 
anisotropy ratio of Poisson’s ratio has little effect on the radial stress and a minor effect on the 
axial stress of the borehole wall. The maximum axial stress at k′ = 1.5 is just 1.1 MPa greater than 
 
 

Fig. 13 Effect of the anisotropy ratio of elasticity moduli on stress around borehole wall 
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Fig. 14 Effect of anisotropy of Poisson’s ratio on stresses around wellbore 

 

Fig. 15 Effect of principal stress ratio on stresses around wellbore 

 
 
that at k′ = 1 (Fig. 14). The maximum radial stress at the in-situ stress ratio of n = 1.5 is 11.6 MPa 
greater than that at n = 1.5 (Fig. 15). It is thus clear that the in-situ stress ratio has the most 
substantial effect on the stress of the borehole wall, followed by the anisotropy ratio of the 
elasticity moduli, with the anisotropy ratio of the Poisson’s ratio the least. 

 
4.2 Effect of perforation angle on fracture initiation pressure 
 
A horizontal well drilled in the direction of the minimum horizontal principal stress is used as 

an example to discuss the effect of perforation angle on fracture initiation pressure. As shown in 
Fig. 16, at a constant anisotropy ratio of the elasticity moduli, the fracture initiation pressure 
increases with the perforation angle. The fracture initiation pressure reaches the minimum at the 
perforation angle of 0°, and attains the maximum when the perforation angle is 90°. The maximum 
difference between the maximum and minimum initiation pressure is 14.1 MPa with the 
anisotropy ratio of the elasticity moduli of 3. At the same perforation angle, the initiation pressure 
slightly decreases with the increasing anisotropy ratio of the elasticity moduli. The effect of the 
perforation angle is greater than that of the anisotropy ratio of the elasticity moduli on the fracture 
initiation pressure. The effect of the perforation angle in isotropic formation on the fracture 
initiation pressure is the same as that in the anisotropic formation. However, the effect of the 
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Fig. 16 Effect of perforation angle on fracture initiation pressure 

 

Fig. 17 Effect of the anisotropy ratio of Poisson’s ratio on the fracture initiation pressure 

 
 
elasticity moduli is entirely different, in that the elasticity moduli of the isotropic formation have 
little effect on the fracture initiation pressure. 

 
4.3 Effect of the anisotropy ratio of poisson’s ratio on the fracture initiation pressure 
 
Oriented perforating is performed for a horizontal well drilled along the minimum horizontal 

principal stress, which is used for the case study here. As shown in Fig. 17, the effect of the 
anisotropy ratio of the Poisson’s ratio on the fracture initiation pressure can be ignored, due to the 
fact that it is far smaller than that of the anisotropy ratio of the elasticity moduli on the fracture 
initiation pressure. 

 
4.4 Effect of principal stress ratio on the fracture initiation pressure 
 
As shown in Fig. 18, for a horizontal well drilled along the minimum primary stress direction 

with oriented perforation, the fracture initiation pressure increases with the increasing principal 
stress ratio when k is between 1.0-2.0 and n is less than 1.1. As n exceeds 1.1, the fracture initiation 
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Fig. 18 Effect of principal stress ratio on the fracture initiation pressure 

 

Fig. 19 Effect of ratio of tensile strength to pore pressure on fracture initiation pressure 
 
 
pressure decreases with the increasing principal stress ratio. The fracture initiation pressure 
decreased with the increase of the in-situ stress ratio when the anisotropy ratio of the elasticity 
moduli is greater than 2.0. The maximum decrease of the fracture initiation pressure is 1.8 MPa 
when the anisotropy ratio of the elasticity moduli is 3.0. The effect of the in-situ stress ratio on the 
fracture initiation pressure is greater than the effect of the anisotropy ratio of the elasticity moduli 
on the fracture initiation pressure. 

 
4.5 Effect of ratio of tensile strength to pore pressure on fracture initiation pressure 
 
As shown in Fig. 19, for a horizontal well drilled along the minimum primary stress direction 

with oriented perforation, the fracture initiation pressure increased linearly with the increasing 
ratio of the tensile strength to the pore pressure. At a constant ratio, the fracture initiation pressure 
decreases with the increasing anisotropy ratio of the elasticity moduli. The minimum decrease of 
the fracture initiation pressure is approximately 2.65 MPa when the ratio is 1. Hence, the effect of 
the ratio of the tensile strength to the pore pressure on the fracture initiation pressure in anisotropic 
reservoirs cannot be ignored. 
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5. Conclusions 
 
(1) The mechanical anisotropy of the formation exhibits an important effect on the stress 

distribution around the well in the shale gas reservoirs. Thus, the formation anisotropy 
should be taken into consideration while calculating the hydraulic fracture initiation 
pressure. 

(2) On the basis of the elastic mechanics theory, a prediction model for hydraulic fracture 
initiation pressure in the anisotropic reservoir is established by combining the failure 
criterion of tensile stress. This model can be used to solve for the fracture initiation 
pressure with any stratum dip angle, dip direction, principal stress orientation, well 
deviation angle and azimuth angle. The error of the prediction result for the shale gas 
reservoir in the southern Sichuan Province from the measured value is only 3.5%. 

(3) The fracture initiation pressure of anisotropic formation increases with the increase of the 
perforation angle, the ratio of the tensile strength to the pore pressure; while decreases 
with the increasing in-situ stress ratio and the anisotropy ratio of the elasticity moduli. The 
perforation angle has the largest effect on the fracture initiation pressure, followed by the 
in-situ stress ratio, ratio of tensile strength to pore pressure, and the anisotropy ratio of 
elasticity moduli as the last. The effect of the anisotropy ratio of the Poisson’s ratio on the 
fracture initiation pressure can be neglected. 
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Appendix 
 

Based on the solutions to the anisotropic plane problem provided by Lekhnitskii (1981), 
Amadei (1983), Aadnoy (1987) and Ong (1994), the stress distribution model around the wellbore 
in anisotropic formations have been established. As shown in Fig. A1, the following assumptions 
are made: 
① The formation is considered as a linear elastic, continuous, and homogeneous anisotropic 

body, which needs 21 elastic parameters for the mathematical description. In case that not 
all of these parameters can be obtained, this model is simplified as orthotropic or transverse 
isotropic body. 

② The length of the wellbore is assumed as infinite, along which the strain is zero, i.e., the 
stress distribution around the wellbore in the anisotropic formation is approximated as a 
plane strain problem. 

 
(1) Governing equation 
 
Neglecting the gravity, the stress in the wellbore coordinates should satisfy the equilibrium 

differential equation 
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Fig. A1 Wellbore coordinates of anisotropic formation 
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Applying the generalized Hook’s law, the constitutive equation for the anisotropic equation is 
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If it is written in the matrix form, we have 

 
}]{[}{  A                              (A.3) 

 
where, strain tensor {ε} = {εx  εy  εz  εyz  εxz  εxy}

T; [A] is the flexibility coefficient matrix for 
anisotropic formation, [A] = aij (i, j = 1~6); the stress tensor {σ} = {σx  σy  σz  σyz  σxz  σxy}

T. 
Based on the plain strain conditions and the constitutive equation, as εz = 0, σz can be expressed 

with 
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In the generalized plane strain theory, strain components are independent of z. Thus, the 

consistency equations are 
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(2) General solution to the plain strain problem of anisotropic formation 
 
There exist functions F (x, y) and ψ (x, y) satisfying 
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First substituting Eqs. (A.3) and (A.4) into Eq. (A.6), and then taking the results into the 

consistency Eq. (A.5), the Beltrami-Michell equation can be obtained 
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where L2, L3 and L4 are the second order, third order and fourth order differential operators, as are 
denoted by 
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where βij is the reduced tensor of strain coefficient 
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Solving Eq. (A.53), a sixth order differential equation is attained 
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The characteristic equation corresponding to Eq. (A.56) is 
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There are six characteristic roots for Eq. (A.11) μk (k = 1~6); μ1, μ2 and μ3 are the three of them, 

while μ*
1, μ

*
2 and μ*

3 are the corresponding conjugate roots. λ1, λ2 and λ3 are defined as 
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Lekhnitskii (1981) presented the general expressions for F (x, y) and ψ (x, y) 

424



 
 
 
 
 
 

Hydraulic fracture initiation pressure of anisotropic shale gas reservoirs 

      

      









333222111

332211

Re2

Re2

 zFzFzF

zFzFzFF
               (A.14) 

 
where Re is the real part of the expression in the braces; F(zk)(k = 1, 2, 3) is the function of the 
complex variable, zk = x + μk y; x and y are the coordinates of the stress, strain, and displacement to 
be solved. Meanwhile, Lekhnitskii defined three analytical functions ϕk of zk 
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Combining Eqs. (A.5), (A.13) and (A.14), the expressions for stress components around the 

wellbore are 
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where σx,h, σy,h, σz,h, τxy,h, τxz,h and τyz,h are the stress components induced by the boundary conditions 
of the borehole and borehole wall. 

 
 
(3) Analytical model of stress around wellbore in anisotropic formation 
 
The boundary condition on the borehole wall is 
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where ξx, ξy and ξz are external stress components in the x, y and z directions exerted on the 
borehole wall. Substituting Eq. (A.5) into Eq. (A.17), the boundary condition can be written as 
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Integrating Eq. (A.18) from S = 0 gives 
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By differentiating Eq. (A.19), the combination of Eqs. (A.15) and (A.19) yields 
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Substituting Eq. (A.20) into Eq. (A.14), the stress distribution around the wellbore in 

anisotropic formation can be achieved. For the plane strain problem, the boundary conditions 
generated from in-situ stress field σij,0 (i, j = x, y, z) on the borehole wall are 
 

   

   

   

















ynxn

ynxn

ynxn

zyzxz

yxyy

xyxx

,cos,cos

,cos,cos

,cos,cos

0,0,0,

0,0,0,

0,0,0,













                  (A.21) 

 
 

 









dsdxyn

dsdyxn

,cos

,cos





                       (A.22) 

 
 RddsRyRx  ,sin,cos                   (A.23) 
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where r is the borehole radius. Substituting Eqs. (A.22) and (A.23) into Eq. (A.21) yields 
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Similarly, the boundary conditions induced by the drilling fluid column are: σx,0 = σy,0 = pw, and 

τxy,0 = τyz,0 = τxz,0 = 0 
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Since the boundary conditions generated from in-situ stress field σij,0 (i, j = x, y, z) are opposite 

to the wellbore coordinate directions, thus they should be transformed by multiplying -1. Then the 
boundary conditions induced by the in-situ stress and drilling fluid column can be expressed as 
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Substituting Eq. (A.26) into Eq. (A.20) and applying the Fourier series expansion 
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Lekhnitskii (1981) put forward the expression for conformal transformation 
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where x and y is the coordinates of the stress point to be solved. It is known that 
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On the borehole wall 

 

3 2, 1,,),sin(cos  keRz i
kkk

                (A.32) 
 

Assuming that 
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Substituting Eqs. (A.28)~(A.33) into Eq. (A.27), we have 
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where 
 

   2331313212                  (A.35) 
 
 

Differentiating Eq. (A.35) and combining Eq. (A.28) with Eq. (A.31) gives 
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i.e., 
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Therefore, the circumferential stress can be calculated by superposing the stresses induced from 

far field in-situ stress and the boundary conditions of both the wellbore and borehole wall, with the 
following equation 
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This model can be used to solve the fracture initiation pressure problems with any wellbore 

deviation and azimuth, in-situ stress field, stratum dip angle, and dip direction in anisotropic 
formations. 
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