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Abstract.  Estimation of fracture initiation pressure is one of the most difficult technical challenges in 
hydraulic fracturing treatment of vertical or horizontal oil wells. In this study, the influence of in-situ stresses 
and pore pressure values on fracture initiation pressure and its profile in vertical and horizontal oil wells in a 
normal stress regime have been investigated. Cohesive elements with traction-separation law (XFEM-based 
cohesive law) are used for simulating the fracturing process in a fluid-solid coupling finite element model. 
The maximum nominal stress criterion is selected for initiation of damage in the cohesive elements. The 
stress intensity factors are verified for both XFEM-based cohesive law and analytical solution to show the 
validation of the cohesive law in fracture modeling where the compared results are in a very good agreement 
with less than 1% error. The results showed that, generally by increasing the difference between the 
maximum and minimum horizontal stress, the fracture pressure and its profile has been strongly changed in 
the vertical wells. Also, it’s been clearly observed that in a horizontal well drilled in the direction of 
minimum horizontal stress, the values of fracture pressure have been significantly affected by the difference 
between overburden pressure and maximum horizontal stress. Additionally, increasing pore pressure from 
under-pressure regime to over-pressure state has made a considerable fall on fracture pressure in both 
vertical and horizontal oil wells. 
 
Keywords:    hydraulic fracturing; in-situ stress; pore pressure; fracture pressure profile; cohesive 
elements; finite element; XFEM-based cohesive law 

 
 
1. Introduction 
 

Two of the most important parameters which have significant effects on fracture pressure 
initiation are in-situ stresses and the pore pressure condition which is illustrated by under-pressure, 
normal and over-pressure states (Fjaer 2008, Valco and Economides 1997). According to the 
fracture mechanics and reservoir engineering literature, in-situ stresses and pore pressure act 

                                                 
Corresponding author, M.Sc., E-mail: erfansaberhosseini@gmail.com 



 
 
 
 
 
 

Seyed Erfan Saberhosseini, Reza Keshavarzi and Kaveh Ahangari 

inversely to each other which mean that for example increasing minimum horizontal stress or 
decreasing pore pressure causes massive rise on fracture initiation pressure (Fjaer 2008). Also, 
from the geological point of view, tectonic forces which are originated from underground 
geological activities strongly influence the hydraulic fracture initiation pressure in horizontal and 
vertical oil wells by changing in-situ stresses such as vertical and horizontal stresses or pore 
pressure regimes (Fjaer 2008). The in-situ stress and pore pressure changes are initiated from those 
geological actions and have great effects on fracture initiation pressure (Valco and Economides 
1997). Therefore, a numerical study of in-situ stress or pore pressure effects on fracture initiation 
pressure can be so beneficial for geological and reservoir studies in oil and gas fields. 

The cohesive elements method has its origin in the concepts of a cohesive zone model for 
fractures which originally proposed by Dugdale (1960) and Barenblatt (1962) are used to simulate 
the fracture initiation in the ABAQUS program. The finite element method is applied for 
constructing the surrounding materials and the cohesive elements with XFEM-based traction 
separation law (cohesive law) are used for fracture initiation into the model. The cohesive 
elements damage calculations are based on XFEM-based traction-separation law (ABAQUS 
2011). 

Among many studies which were conducted in the past in hydraulic fracturing area and the use 
of cohesive elements for designing the fracturing process, there is a research gap regarding the 
effect of pore pressure and in-situ stress condition on hydraulic fracture initiation pressure which is 
a very important technical challenging parameter in oil and gas reservoirs stimulation. Nonetheless, 
many authors have worked on various cases of hydraulic fracturing; Sarris and Papanastasiou 
(2011), have investigated the influence of cohesive process zone in hydraulic fracture modeling; 
Chen et al. (2011) have applied the cohesive element method to model a viscosity dominated 
hydraulic fracture; Zhang et al. (2010) have worked on three-dimensional finite element 
simulation of hydraulic fracture for horizontal well; Chen et al. (2009) have focused on cohesive 
zone finite element based modeling of hydraulic fractures; Settari and Cleary (1984) worked on 
three-dimensional simulation of hydraulic fracturing; Zhu et al. (2014) have studied on hydraulic 
fracturing experiments of highly deviated well with oriented perforation technique; but the lack of 
details in study of in-situ stress and pore pressure changes on fracture initiation pressure is still 
sensed. In our study the focus would be on the influential in-situ stresses and pore pressure 
regimes which are affecting the fracture pressure and its profile. Since our study is performed in a 
normal stress regime, this means that in our investigation in vertical wells (which is drilled in the 
direction of overburden pressure) the difference between maximum and minimum horizontal stress 
is considered and for example in a horizontal well drilled in the direction of minimum horizontal 
stress, the difference between overburden pressure and maximum horizontal stress is taken into 
account. Therefore a new geo-mechanical approach based on numerical modeling is considered in 
vertical and horizontal oil wells in three depths with the normal fault regime assumption for 
investigating the effect of in-situ stress conditions and pore pressure regimes on fracture initiation 
pressure and its profile. 

 
 

2. Traction-separation law 
 
The traction-separation or cohesive law defines the relationship between the traction tensor t 

and the displacement jump δ across a pair of cohesive surfaces (Tomar et al. 2004). A cohesive 
potential function φ is defined so that the traction is given by 

234



 
 
 
 
 
 

A new geomechanical approach to investigate the role of in-situ stresses 

 

Fig. 1 Schematic view of fracture and fluid flow 
 

 
 

Fig. 2 Typical traction-separation law 
 
 






t                                   (1) 

 
This law assumes that the cohesive surfaces are intact without any relative displacement, and 

exhibit linear elastic behavior until the traction reaches the cohesive strength Tmax (Tensile 
strength) or equivalently the separation exceeds δ0 (Initial displacement at initiation of fracture). 
Beyond δ0, the traction reduces linearly to zero up to δf (Final displacement at complete failure) 
and any unloading takes place irreversibly (Chen 2011) as shown in Fig. 1. 

The mechanical constitutive behavior of the cohesive elements can be defined by using a 
constitutive model specified directly in terms of traction versus separation. When pore pressure 
cohesive elements are used in soils procedures in ABAQUS, the fluid constitutive behavior of the 
cohesive elements can be defined by considering the tangential fluid flow relationship, and by 
defining fluid leak-off coefficients (ABAQUS 2011). 

 
2.1 Damage initiation 
 
Damage initiation refers to the beginning of degradation of the response of a material point. 

The process of degradation begins when the stresses satisfy certain damage initiation criteria and 
after this point the non-linear behavior of the traction-separation will be started as damage 
developed (Camanho and Davila 2002, Zhang et al. 2010). According to Fig. 2, 000  and   , tsn ttt  
represent the peak values of the nominal stresses; 000  and   , tsn ddd  are the displacement peak values 
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at initiation of damage and 
f

t
f

s
f

n ddd  and   ,  are the displacement peak values at complete failure in 
the normal and shear directions. 

 
2.2 Maximum nominal stress criterion 
 
Damage is assumed to initiates when the maximum nominal stress ratio (as defined in the 

expression below) reaches a value of one. The symbol <> signifies that a pure compressive 
deformation or stress state does not initiate damage (Zhang et al. 2010, ABAQUS 2011). Figs. 3 
and 4, show the peak values of fracture initiation pressure (kPa) at the depth of 2175 m for both 
vertical and horizontal wells which their values are presented in Table 5 and 6. Several damage 
initiation criteria are available but the maximum nominal stress criterion (MAXS) is considered 
because of its convenience and efficiency. A value of 1 or higher indicates that the initiation 
criterion has been met. This criterion can be represented as 
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Fig. 3 Fracture initiation pressure contours in the vertical well (at the depth of 2175 m) 

 

 
 

Fig. 4 Fracture initiation pressure contours in the horizontal well (at the depth of 2175 m) 
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3. Fluid flow into the fracture 
 
3.1 Tangential flow into the fracture 
 
The fluid flow model in the fracture consists of tangential and normal flow (Fig. 5). The term 

of tangential flow of fluid is referred as the flowing of fluid just into the fracture gap (Chen 2011). 
To allow tangential flow, gap flow property has to be defined in conjunction with the pore fluid 
material definition. The fluid is assumed to be incompressible with Newtonian rheology. 

 
3.2 Newtonian rheology 
 
Tangential flow within the gap is governed by the lubrication equations (Batchelor 1967), 

which is formulated from Poiseulle’s law. 
 

 
w

pk
q ft .
                               (3) 

 
Where the q is flow rate of tangential flow into the gap; Kt is the tangential permeability that is 

defined below; .Pf is the fluid pressure gradient along the cohesive zone and w is the gap 
(fracture) opening and the Kt is defined in the following equation. 
 

12

3w
kt                                   (4) 

 is the fluid viscosity. 
 

3.3 Normal fluid flow into the fracture 
 
The normal flow is defined as a flow of fluid from rock matrix into the fracture gap due to 

pressure difference between the formation pore pressure and the fracture gap (Fig. 5). Normal flow 
can be defined as fluid leak-off properties in ABAQUS which contains top and bottom constant 
coefficients (Valco and Economides 1997). The normal flow or the rate of normal flow at the top 
and bottom of the cohesive elements are defined as follows 
 

 tftt ppcq                                 (5) 

 
 

 
Fig. 5 Schematic view of tangential and normal fluid flow into the fracture 
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 bfbb ppcq                                 (6) 
 

Where Qt and Qb are the top and bottom flow rate respectively; Pf is cohesive element middle 
pressure. The terms Pt and Pb are top and bottom pressure of the cohesive elements respectively; 
Ct and Cb are the top and bottom leak-off coefficients. 

 
3.4 Governing equation of fracture fluid flow 
 
The continuity equation of mass conservation which is presented below is the governing 

equation of fluid flow into the fracture and the adjacent porous material (Peirce and Detournay 
2008). The continuity equation of mass conservation is 
 

     yxtQqqq
t

w
bt , . . 




                       (7) 

 
Where q is the fluid flux of the tangential flow; w is the crack opening; Q(t) is the injection 

rate; qt and qb are the normal flow rates into the top and bottom surfaces of the cohesive elements 
respectively which reflect the leak-off through the fracture surfaces into the adjacent material. 

By combining Eqs. (3), (4) and (7), the extracted Reynolds lubrication equation (Eq. (8)) can 
show the fluid conjunction and continuity between adjacent porous medium fluid and the fracture 
fluid flow. 

         yxtQpwppcppc
t

w
ftfbtft , . ..

12

1 3 






            (8) 

 
 
4. Numerical results 
 

4.1 Single-edged notch specimen verification 
 
Stress Intensity Factor (SIF) is widely used in fracture mechanics; and its accurate estimation 

for postulated flaws under given load conditions is an important aspect of the use of fracture 
mechanics (Tada et al. 1973, ABAQUS 2011). To verify the capability of XFEM-based 
traction-separation law for modeling fracture used in this study, a linear elastic plane strain 
single-edged notch specimen under mode I loading, is considered as shown in Fig. 6, which Bowie 
(1964) has provided a series solution for the stress intensity factor. For the plane strain case, a 
three-dimensional model is used (Fig. 7) with one layer of elements in the thickness direction to 
verify the fracturing process (XFEM-based traction-separation law) and the capability for 
evaluating the SIF. The specimen is loaded in Mode I by uniform tension force applied to its top 
and bottom surfaces. The symmetry about x = 0 can be used to model only half of the plate. 

Fig. 8 shows the fracture initiation of the XFEM-based cohesive approach model and the Mises 
stress contours within the enriched or cohesive area. When the extended finite element method is 
used, the mesh is not required to match the cracked geometry. The presence of a crack is ensured 
by the special enriched functions in conjunction with additional degrees of freedom. This approach 
also removes the requirement to explicitly define the crack front or to specify the virtual crack 
extension direction when evaluating the contour integral such as stress intensity factor (Huang et 
al. 2003). The XFEM-based crack results obtained by ABAQUS program and the results gained 
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by analytical solution (Huang et al. 2003) for the stress intensity factor  a  are in a very 
good agreement with less than one percent error. 

This verification implies that the XFEM-based cohesive law is strongly consistent with 
analytical results. The comparison between XFEM-based, analytical and normalized SIF (XFEM 
SIF/analytical SIF) versus tension forces for the single-edged crack model are presented in Table 
1. 
 

 
 

Fig. 6 Analytical single-edged crack 

 

 
 

Fig. 7 XFEM meshed crack model 
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Fig. 8 XFEM-based cohesive modeling of a single-edged crack after fracture initiation 
 
Table 1 XFEM, analytical and Normalized SIF versus tension forces for the single-edged notch crack 

problem 

Tension force (lb/in2) SIF analytical )( a  SIF XFEM Normalized SIF 








)( a
lK


 

100 560.35 0.994251 

150 840.53 0.994246 

200 1120.71 0.994244 

250 1400.89 0.994239 

300 16.81.07 0.994241 

350 1961.24 0.994243 

400 2241.42 0.994244 

450 2521.6 0.994241 

500 2801.78 0.994242 

550 3081.96 0.994240 

600 3365.14 0.994241 

 

 
 

Fig. 9 The 3D view of vertical well hydraulic fracture model (at the depth of 2175 m) 

Enriched (cohesive) area 
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Fig. 9 Continued 

 

 
 

 
 

Fig. 10 The 3D view of horizontal well hydraulic fracture model (at the depth of 2175 m) 
 
 

4.2 Reservoir hydraulic fracture model and its material 
 
In this study, the reservoir top depths for both horizontal and vertical wells model are in the 

depths of 2100 m, 2600 m and 3100 m from surface. Whole reservoir area is considered as a large 
semicircular with the radius of 250 m and the height of 150 m for vertical well model (Fig. 9) and 
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Table 2 Formation materials 

Void ratio Elastic module (GPa) Permeability (md) 

0.2 40 1 

 
Table 3 Cohesive zone materials 

tn (MPa) ts (MPa) tt (MPa) f
nd (m) Gap flow viscosity (Pa.s) 

6 2 2 0.005 10-3 

 
 
a semi-rectangular is considered with 250 m length, 100 m width and 150 m height for the 
horizontal well model (Fig. 10). Both horizontal and vertical well hydraulic fracture models are 
symmetric about Y-Z plane. 

The fracturing operation started with the flow rate of 10 bbl/min which has been accomplished 
after 20 minutes injection of fracturing fluid. There are two basic materials in the models; the 
cohesive zone material and formation material (adjacent porous medium). Cohesive zone material 
is located in the middle of the model and is tied to the sides of the formation rocks. The formation 
and cohesive zone materials are defined for both horizontal and vertical wells model in Tables 2 
and 3. 

 
4.3 The influence of in-situ stress on fracture initiation pressure 
 
The in-situ stresses in each depth are presented in Table 4 with default Kmax = 0.9 and Kmin = 

0.8 where Kmax is the ratio of maximum horizontal stress to vertical stress; Kmin is the ratio of 
minimum horizontal stress to vertical stress. For investigating the effect of in-situ stress on 
fracture initiation pressure in vertical well, the focus would be on Δσh (the difference between 
maximum and minimum horizontal stress) and overburden pressure was assumed to be constant 
and different values of Δσh and Kmin were considered as shown in Table 5. The results show that, 
any decrease in Δσh leads to increasing the fracture initiation pressure (Table 5). Based on Table 5, 
the values of fracture initiation pressure in the three depths of 2175 m, 2675 m and 3175 m have 
been considerably affected by Δσh values. In other words, for example at the depth of 2175 m 
when Δσh has changed from 13.05 MPa to 8.7 MPa the value of fracture initiation pressure has 
increased from 22.83 MPa to 33.56 MPa or at the depth of 3175 m as Δσh has decreased from 
19.05 MPa to 6.35 MPa the value of fracture initiation pressure has increased from 30.71 MPa to 
67.92 MPa. Also, to analyze the role of in-situ stress conditions in horizontal wells drilled in the 
direction of minimum horizontal stress, Δσv (the difference between overburden pressure and 
maximum horizontal stress as well as Kmax have been taken into account (Table 6). The results  
 
 
Table 4 Default values of in-situ stresses and pore pressure in three various depths 

Depth (m) σv (MPa) σH (MPa) σh (MPa) Pore pressure (MPa) 

2175 43.5 39.15 30.45 21.31 

2675 53.5 48.15 37.45 26.21 

3175 63.5 57.15 44.45 31.11 
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Table 5 The effect of Δσh (σH-σh) on fracture initiation pressure (Pf) in a vertical well 

Depth (m) σh (MPa) Δσh (MPa) Kmin Kmax Pf (MPa) 

2175 26.1 13.05 0.6 0.9 22.83 

 30.45 8.7 0.7 0.9 33.56 

 34.8 4.35 0.8 0.9 43.09 

2675 32.1 16.05 0.6 0.9 27.71 

 37.45 10.7 0.7 0.9 41.3 

 42.8 5.35 0.8 0.9 55 

3175 38.1 19.05 0.6 0.9 30.71 

 44.45 12.7 0.7 0.9 43.52 

 50.8 6.35 0.8 0.9 67.92 

 
Table 6 The effect of Δσv (σv-σH) on fracture initiation pressure (Pf) in a horizontal well 

Depth (m) σH (MPa) Δσv (MPa) Kmin Kmax Pf (MPa) 

2175 30.45 13.05 0.6 0.7 28.36 

 34.8 8.7 0.6 0.8 40 

 39.15 4.35 0.6 0.9 51 

2675 37.45 16.05 0.6 0.7 37.8 

 42.8 10.7 0.6 0.8 55.4 

 48.15 5.35 0.6 0.9 72.77 

3175 44.45 19.05 0.6 0.7 42.14 

 50.8 12.7 0.6 0.8 62.53 

 57.15 6.35 0.6 0.9 75.34 

 

 
 

Fig. 11 The effect of Δσv (σv-σH) on fracture pressure profile in the horizontal well 

 
 
imply that increasing Δσv would lead to decreasing the value of fracture initiation pressure. For 
instance, at the depth of 2175 m when Δσv has decreased from 13.05 MPa to 4.35 MPa the value of 
fracture initiation pressure has increased from 28.36 MPa to 51 MPa or at the depth of 3175 m as 
Δσv has changed from 19.05 MPa to 6.35 MPa the value of fracture initiation pressure has 
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Fig. 12 The effect of Δσh (σH-σh) on fracture pressure profile in the vertical well 

 
 
increased from 42.14 MPa to 75.34 MPa. Also, the effect of in-situ stress on fracture initiation 
pressure is represented in Figs. 11 and 12. 

 
4.4 The Influence of pore pressure on fracture initiation pressure 
 
In this section, three values of pore pressure have been assumed from under pressure to over 

pressure regime in the three different depths with Kmax = 0.9 and Kmin = 0.8 as the constant values 
for in-situ horizontal stresses. The hydrostatic pore pressure with 10 kN/m3and 9.8 kN/m3 as water 
and oil specific gravity are considered as the normal pore pressure regime for each depth. The 
results showed that, by increasing pore pressure from under pressure to over pressure state, the 
fracture pressure is influenced severely for both vertical and horizontal wells as shown in Table 7. 
According to the results, increasing pore pressure from under-pressure to over-pressure regime, 
caused a considerable fall on fracture initiation pressure and its profile in both vertical and 
horizontal wells. For instance, at the depth of 2675 m when pore pressure value has increased from 
16.735 MPa to 36.735 MPa the value of fracture initiation pressure for vertical well has been 
decreased from 63.33 MPa to 43 MPa while for the horizontal well this value has been decreased  
 
 
Table 7 The effect of pore pressure on fracture initiation pressure (Pf) in both vertical and horizontal wells 

Depth (m) Pore pressure (MPa) 
Fracture pressure in 

a vertical well (MPa) 
Fracture pressure in 

a horizontal well (MPa) 

2175 11.735 57.75 68.34 

 21.735 43.09 52.79 

 31.735 35 49.38 

2675 16.735 63.33 72 

 26.735 55 66.99 

 36.735 43 51.08 

3175 21.735 75 87.76 

 31.735 67.92 80.89 

 41.735 57 71.32 
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Fig. 13 Fracture pressure profiles for the horizontal well in different pore pressure regimes 

 

 
 

Fig. 14 Fracture pressure profiles for the vertical well in different pore pressure regimes 

 
 
from 72 MPa to 51.08 MPa (Table 7). Also, the effect of pore pressure regime on fracture 
initiation pressure is represented in Figs. 13 and 14. 

 
 

5. Conclusions 
 
In this study, a numerical modeling approach has been proposed based on XFEM-based 

cohesive elements for modeling hydraulic fracture initiation problem in three-dimensional 
fluid-solid coupling model based on the ABAQUS software to account for the role of in-situ stress 
and pore pressure regimes on fracture initiation pressure in both vertical and horizontal oil wells. 
To verify the XFEM-based traction-separation law, a single-edged notch specimen was modeled; 
the SIF in both analytical and numerical models were compared to show the validation of the 
cohesive law. The compared results were in a very good agreement whereas the error was less than 
one percent. It’s been concluded that in-situ stress conditions would affect hydraulic fracture 
initiation pressure significantly in both vertical and horizontal wells whereas in vertical wells the 
difference between the maximum and minimum horizontal stress is the influential parameter while 
in horizontal wells drilled in the direction of minimum horizontal stress the difference between 
overburden pressure and maximum horizontal stress plays an important role on the value of 
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fracture initiation pressure. Also, it’s been clearly observed that the formation pore pressure 
regime would have considerable effects on hydraulic fracture initiation pressure. The pore pressure 
decline in various depths has increased the fracture pressure in both horizontal and vertical wells. 
The results from this study can be applied to explain the different values of fracture initiation 
pressure in various conditions of in-situ stress and pore pressure in both vertical and horizontal 
wells. 
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