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Abstract. For rock materials, a transversely isotropic failure criterion established through the extended
Lade-Duncan failure criterion incorporating an anisotropic state scalar parameter, which is a joint invariant
of deviatoric microstructure fabric tensor and normalized deviatoric stress tensor, is verified with the results
of triaxial compressive data on Tournemire shale. For torsional shear mode with 0 < 5 < 0.75, rock shear
strengths decrease with o increasing until the rock shear strength approaches minimum value at o = 40°, and
after this point, the rock shear strengths increase as a increases further. For the torsional shear mode with b >
0.75, rock shear strengths are almost constant for o <40°, but it increases with increase in o afterwards. The
rock shear strength variation against a agrees with shear strength changing tendency of heavily OCR natural
London Clays tested before. Prediction results show that the transversely isotropic failure criterion proposed
in the paper is reasonable.
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1. Introduction

The sedimentary consolidated clays, sands, and rocks in nature, exhibit strong inherent
anisotropy, which is manifested as a directional dependence of deformation and strength
characteristics. The anisotropy of these geomaterials is strongly related to their microstructure
called fabric, in particular the existence of grain arrangement, crack pattern, bedding, foliation, etc.
These materials are often encountered in foundations of a broad range of civil structures, in
underground excavations, highways, as well as tunnels.

Over the last few decades, experimental studies, including sands (Oda 1972, Ochiai and Lade
1983), clay (Nishimara et al. 2007), and shale (Niandou et al. 1997), show that geomaterials
present different failure strengths depending on the load orientation relative to their material
principal axes. In the past, most geomaterial failure criteria were proposed based on a
homogeneous media; therefore, an extended failure criterion incorporating material fabric tensor,
inevitably has important theoretical and practical values.

Recently, an anisotropy state scalar parameter, which is a joint invariant of deviatoric
microstructure fabric tensor and normalized deviatoric stress tensor, was proposed by Pietruszczak
and Mroz (2001), Li et al. (2002), and Dafalias et al. (2004) respectively. Traditional isotropic
constitutive model incorporating the anisotropy state scalar parameter, which has been proven to
be a correct developing direction to deal with deformation and strength characteristics of natural
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structured geomaterials, makes it possible for further developing the failure criterion for
transversely isotropic materials with a relatively simple expression form.

In this paper, first of all, a transversely isotropic failure criterion, established through the
extended Lade-Duncan failure criterion (Yang ef al. 2006a) incorporating the anisotropic state
scalar parameter, is verified against Tournemire shale triaxial compressive testing data. Secondly,
Tournemire shale strength characteristics on meridian and T planes, with different relative
orientation between stress tensor and fabric tensor and with different stress level, is then revealed
and discussed in detail, and these research results are further compared with data of heavily OCR
natural London Clays published before. Finally, conclusion remarks are given.

2. Isotropic failure criterion of rock material
2.1 Lade-Duncan failure criterion
The sign of a stress component is taken to be positive for compression, and stress appearing in

the article is meant to be effective stress. Under general stress states, some invariants of the stress
tensor are expressed as

I, =0y (D
I,=0,0,/2 2)
Iy=0,0,,0,13 3)
J, = S5Sy /2 4)
Sy =858 1Sy |3 (5)

in which 7}, I, and I; are the first, second and third invariants of the stress tensor, respectively. J,
and J; are the second and third invariants of the deviatoric stress tensor, and s;; is deviatoric stress

tensor with s; = 6;; — 1,6;; / 3, where J;; is a Kronecter symbol.
Lode angle 6, relating to J, and J;, is written as

\/_ Sy 7

Tep <™ 6
0, < (6)
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Lade and Duncan (1975) proposed the following failure criterion for sands

P =k ©

in which k; is a parameter of the material.
Making B = /(k, — 27)/k, , an alternative expression (Yang ez al. 2006b) of Eq. (7) is

Vs = \/—g(e ) (®)

where g(6,) is an interpolating function written as
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making k = g(-30°) / g(30°), the shear stress ratio k on the x plane is written as
Ty sing E Lsin
L ,_Ji:g( 6):s1n(3+3sm B) (10)
Jae g(%) sin( %— %sin -1 B)

2.2 Extended Lade-Duncan failure criterion

Based on research done by Hashiguchi (2002), an alternative form of Lade-Duncan failure
criterion is proposed as

3 o . _
I g 1peglosinde  gltsing, | I+sing,
1 1+sing, l-sing. 1-sing,

(11)

where ¢. is the frictional angle at the triaxial compression state.
According to the Mohr-Coulomb failure criterion, the ratio £ on the z plane can be written as

k= 3+s%n " (12)
3-sin ¢,
Rearranging Eq. (12), then sing, is expressed as
. k-1
sing, =3—— 13
¢, P (13)

k is a function of /; and meets its boundary value condition £ = 1~2, so its the simplest
functional form should be proposed as

fe=1+e¢ "/ (14)

in which # is a material parameter and f; is uniaxial compression strength of rock material.
Substituting Eq. (14) into Eq. (13) produces
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. 36_7711/fc
s ¢C =W (15)
Substituting Eq. (15) into Eq. (11), Eq. (11) is further expanded as
38_’711/f4» 36_’71|/fc 36_7711/fc
3 | I+ — 1+ —
[1 2+e7711/f: 2+e’7[|/fc 2+e7711/fc 2
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On the other hand, for more general geomaterials with the cohesion ¢ and the tensile strength,
in order to include the contribution of the cohesion and the tensile strength in the failure criterion,
a translation of the principal stress space along the hydrostatic axis should be performed (Lade
1982, Houlsby 1986). Thus a stress item is added to the normal stress as follows

oy =0y ta, /.
Oy =0yp+a,f (17

oy =0ynta,f,

in which ¢, is a material parameter. The value of ¢, - f. reflects the effect of the tensile strength o, of
geomaterials.

Therefore, for more general geomaterials with cohesion ¢ and tensile strength, a more general
Lade-Duncan failure criterion is expressed as

36_77[71/fc 36_7Ii1/fc 36_77171/.7(4
- b= Yo Y
Lok =12+8 te +6 te +( e )? (18)
I, 3011 3 o /. 3 o/ e
1+ = - -
24 e*’711/f( 2 4 e*’lll/f(- 24 e*ﬁfl/f(-

where the first and third stress tensor invariants 7, and /; could be calculated based on the new
stress tensors ©,,, O,, and 0;;, separately.
Similar to the solution of Eq. (7), an alternative form of the Eq. (18) is obtained as

BI,
J,=—~g(@ 19
V=5 580 (19)
in which B and g(0,,) are formulated as
o k=2 (20)
ky
26,)= 1 ~T<g,<T @)

sin(g + ;sin_l (B'sin36,)) 6 6

Therefore, the more general Lade-Duncan failure criterion containing two unknown material
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parameters 7 and o,, could describe strength characteristics of geomaterials such as friction, tensile
strength or cohesion, and curved meridian in the three-dimensional principal stress space. The Egs.
(18) and (19) are further explained by Fig. 1(a) in the meridian plane and by Fig. 1(b) in the #
plane, separately. The Eq. (18) was further verified to be reasonable for predicting strengths of
rock materials by Yang et al. (2006a).

3. Failure criterion of transversely isotropic rock materials
3.1 Fabric tensor

Shale is a widespread sedimentary rock containing obviously visible bedding structures, which
can be described by material fabric tensor Fj;. It can be proved that the F; is symmetric, and
therefore, it can always be described by three material principal values, such as F, F»; and Fi;. If
the reference frame is coincident with the material principal axes, then the fabric tensor can be
written as

e 0000
F/=[0 F, 0 (22)
0 0 F

33

In most cases, rock material is transversely isotropic, which means that two of the principal
values, say, F» and F3;, are equal. The F;; possesses a unit trace, thus Fj; = 1-2F3;. Oda and
Nakayama (1989) showed that the fabric tensor for such material can be written in the following

form:
| 1-A 0 0
Fj = 0 1+A 0 (23)
T3+
0 0 1+A

where A = a measurable quantity called the vector magnitude, which indicates the magnitude of the
anisotropy of the preferred orientation of the particles. A = 0 corresponds to a fabric formation
isotropically, A = 1 implies a fabric formation in which major axes of all the particles are
uniformly distributed in the horizontal bedding plane.

Note that if the sample has rotated, and /or the reference frame has changed, the components of
the fabric tensor F; will be subjected to an orthogonal transformation as follows

F;,- = QkinjF k'l (24)

where O, =¢] e, is the cosine of the angle between e/, the i" base vector in the original frame,
and e;, the ™ base vector in the new reference frame. In general, the off-diagonal components of F, i
do not vanish.

3.2 The anisotropic state parameter

Recalling the definition of the intermediate principal stress ratio b = (02, - 6 33) / (¢ 11- 0 33) in
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terms of the three principal stresses, one can write 6, = b 011+ (1-b) 033 and p = 0;;/ 3 = [(1+b) 013
+ (2-D) o33], then further define s and subsequently the unit deviatoric tensor n; = s; / |s| in terms
of b. Then the following expression for the components #;; of n is written as

2-b 0 0
n :-——3——3———77 0 2b-1 0 (25)
[6(6> ~b+1)] 0 0 —(+b)

Based on Eq. (25), the unit deviatoric tensor n satisfying Trn = 0, and Trn? = 1(Tr = trace),
therefore, presents the direction of the deviatoric stress tensor in principal stress space, and does
not contain the deviatoric stress tensor amplitude. Furthermore, the result of F:n can be considered
as a physically motivated measure of interaction of the fabric tensor and stress tensor, portrayed by
F and n, respectively. Because Trn = 0, the F:n further reflects the interaction of the deviatoric
fabric tensor and the unit deviatoric stress tensor in nature. Similar to the definition proposed by
Dafalias et al. (2004) with a small difference, the anisotropic state parameter 4 in this paper is
directly expressed in the following form

A=F.n. = F.{[n.. (26)

in which F =F; -F,5,/3.

3.2.1 Torsional shear tests

For the torsional shear tests shown in Fig. 2, the F; are given by Eq. (24), while in reference to
the axes of oy, 0, and o3, the n; are given by Eq. (25). This enables the calculation of the
anisotropic state parameter 4 from Eq. (26) written as

A=\/Z a_ > ! 1/2(1+b—3005205)=2#1/2(1+b—3005201) 27)
3344 (BP—b+1) (B> —b+1)

in which D =,/2/3A/(3+ A). It can be seen that the anisotropic state parameter 4 is a function
containing the variables A,b and a. Fig. 3 gives variation of the anisotropic state parameter 4
against angle a at different b values and at a given D =0.0447.

Cr=02

Fig. 2 Rotation of principal stress directions and definition of angle a in torsional shear tests
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Fig. 4 Application of major, intermediate and minor principal stresses to specimen with bedding planes
in true triaxial tests (after Lade (2008))

Under rock uniaxial compressive state, with & = 0 at the state, the anisotropic state parameter A

in Eq. (27) is further simplified as

3.2.2 True triaxial tests

A=D(l1-3cos’ @)

(28)

For true triaxial tests, the b value varies from b = 0 at triaxial compression to b = 1 at triaxial
extension in each of the three sectors, as shown on the octahedral plane in Fig. 4. In this figure the
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major, intermediate and minor principal stresses are indicated as o1, 0, and o3 respectively, and
further shown in orientation relative to the bedding planes of the samples for each of the three
sectors.

(1) Sector I

As shown in Fig. 4, the anisotropic state parameter A in sector I based on Eq. (27) is expressed

by
2 A b-2
A=F.n.=|=. . 29
N3 35A 0 -br ) 29)

At triaxial compression, b =0, 4 =-2D. At triaxial extension, b =1, 4 =-D.

(2) Sector 11
Shown in Fig. 4, the anisotropic state parameter 4 in sector II based on Eq. (26) is written as

2 A 1-2b
AzF"’n”':\/;3+A'(bz—b+1)l/2 (30)

At triaxial compressio, b = 0, 4 = D. At triaxial extension, b =1, 4 =-D.

(3) Sector 111
As shown in Fig. 4, the anisotropic state parameter 4 in sector IIl based on Eq. (27) is
expressed as

2 A 1+b
AzF"""=\/;3+A'(bz—b+1)l/2 Gl

At triaxial compression, b =0, A = D. At triaxial extension, b= 1, 4 =2D.

It should be noted that the relative orientation of stress tensor and fabric tensor in sector I in
Fig. 4 is equivalent to the relative orientation of stress tensor and fabric tensor for the torsional
shear tests with a = 0° shown in Fig. 2. The anisotropic state parameters at b = 0 in sector I and at
b =0 with a = 0° for the torsional shear tests are both equal to the same value 4 =-2D.

The relative orientation of stress and fabric tensors in sector III in Fig. 4 is equivalent to the
relative orientation of stress and fabric tensors for the torsional shear tests with @ = 90° shown in
Fig. 2. The anisotropic state parameters at b = 1 in sector Il and at » = 1 with a = 90° for the
torsional shear tests are both equal to the same value 4 = 2.

3.3 Failure criterion of transversely isotropic rock materials

Following the framework developed in Pietruszczak et al. (2001, 2002), and based on
definition of the anisotropic state parameter 4, assume that the failure criterion of transversely
isotropic rock materials can be expressed in a simplified form

f =10y F)=f1,J5,J5,4) (32)

For an isotropic rock material with 4 = 0, the corresponding failure criterion is expressed by Eq.
(18). For transversely isotropic rock material with 4 # 0, the corresponding failure criterion can be
developed by the Eq. (18) incorporating an anisotropic state scalar parameter. In order to account
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for inherent anisotropy, assume that f; is affected by the orientation of the sample with its stress
tensor, and its variation is described by incorporating a distribution function as

f. = f(1+EjnU + Fyyig + Fig Hee0) (33)

ijklmn " *ijklmn

A special case of the representation corresponds to introducing the following expression
as Fyyny = d\FFyngng s Fy P, = dyFyFGF,,nunn,, , ete. Further, Eq. (33) is expanded as

ijkimn " *ijklmn mn'*ij mn ®

£ = fI+ Eyny +dy(Fyny) +dy (Fyny) +dy(Fyny)* +++]
= fll+A+d A +d, A +d A +--] (34)
= i+ D= 3c0s’ @) + d [ D(1-3c0s* @) +dy[ D(1—3c0s> @) +dy[D(1 ~3cos’ )]+

In Eq. (34), [ ,d,, d, ds,... are constants to be identified further.

Then, the failure criterion of the transversely isotropic rock material is easily obtained through
replacing f. of Eq. (34) into Eq. (18).

4. Parameter determination

4.1 Parameter determination for Eq. (34)

Consider first Eq. (34), which describes the variation of the uniaxial compressive strength f..
The relevant experimental data is provided by Niandou ef al. (1997) in Fig. 5, which shows the
variation of £, with the orientation of bedding planes measured in terms of the angle a.

If item A4 = Fyn; of degree up to 1 is kept, the Eq. (34) is further simplified as

£, = fTl+D(1-3cos a)] (35)

Based on Eq. (35) combined with uniaxial compressive strength testing data of Tournemire
shale, then /' =28.46 MPa and D = 1 can be obtained through the best fitting technique.
If item 4 = Fyn; of degree up to 2 is kept, the Eq. (34) is simplified as

1. = Fl+ D1=3co€ @)+ d,[D(1-3cof )T | (36)

Based on Eq. (36) combined with uniaxial compressive strength testing data,
then /' =20.36MPa, D = 0.31583 and d; = 4.1816 can be obtained through the best fitting
technique.

If item 4 = Fyn; of degree up to 4 is used, the Eq. (34) is simplified as

1. =i+ D1=3¢08 @)+ d,[D1—-3cos @) +d,[D(1-3cof ) +di[D1-3cof )| (37)

Based on Eq. (37) combined with the uniaxial compressive strength testing data,
then f =22.56 MPa, D = 0.0447, d, = 51.831, d> = 2949.6912 and d; = 42962.887 can be obtained
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Fig. 5 Testing uniaxial compressive strengths of Tournemire shale with its theoretical predicting results

through the best fitting technique.

Comparisons of the rock uniaxial compressive strengths with the theoretical predictions, which
are calculated by Egs. (35), (36) and (37) respectively, are shown in Fig.5. It is shown from the
figure that Eq. (37) containing item 4 = Fn; with degree up to 4, giving the best fitting for the
results, thus can be applied to the transversely isotropic rock material with obviously fabric
difference between Fj; and F3;. On the other hand, Eq. (35) containing term A = Fjn; of degree up
to 1 predicting f. as a gently decreasing value as the angle a increases, thus can be applied to
structured soils with relative weakly fabric difference between Fj; and Fi;.

4.2 Parameters in failure criterion

4.2.1 Parameter a;

Based on the test data of the Tournemire shale provided by Niandou et al. (1997), both the
uniaxial compressive strength f. = 46 MPa for a = 0° and the triaxial tensile strength o, = 4.6 MPa
are given. Therefore, the calculated value of o, =0,/ f. = 0.1.

4.2.2 Parameter n

Rearranging Eq. (15) produces
o/ _ _28ing,

- 38
3—sing, 38
Then material parameter # based on Eq. (38) is expressed as
In(3-sing,) — In(2sin g,
y ING=sing) ~In(2sings) 39)

I/f,
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sin [, in Eq. (39) can be given based on the Tournemire shale conventional triaxial compressive
data (011, 022 = 033), expressed as

sing, = (i;”-o_;ﬁ)/fc - (01, —033)/ [. (40)
(6 +o3)/ f. (o, +033)/ f.+2¢a,

c

Therefore, based on the # set triaxial compressive failure data (o, 02, = 033) of the Tournemire
shale, n set sin [, values can be calculated based on Eq. (40), and » set # values can be obtained
further based on Eq. (39). In a larger range of applied confinement stresses such as o33 = 0 ~ 50
MPa,  will change as the stress level I,/ f, changes. In order to correctly simulate the strength
curve in the meridian plane, # should be further adjusted as

n=n,+m5L/f.+m1 /1) (41)

Combining the # values given by the above Eq.(39), the parameters#o=0.22702, - _ 7453 X 107
and 7, = 4.5601 x 10™* in Eq. (41) can be obtained through the best fitting technique.

5. Verification
5.1 Verification by torsional shear tests

Putting f, of Eq. (37) into Eq. (18), then failure criterion of transversely isotropic rock material
is obtained. By using the new failure criterion with the above identified parameters, theoretical
prediction curves of \/J_z ~ a with b = 0 being plotted for the Tournemire shale, under different o33
stress levels, are compared with the experimental rock triaxial shear strengths as shown in Fig. 6.

Based on the new failure criterion with b = 0.25, 0.5, 0.75, 1.0 respectively, additional relations
of \/J_z ~a for the Tournemire shale are predicted for different g3; stress levels, as disclosed in
Fig. 7.

]
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Fig. 6 Testing triaxial shear strengths of Tournemire shale with its theoretical predictions for b =0
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Based on Fig. 6, the new failure criterion, i.e., the improved Eq. (18), can give reasonable

prediction results of the strength of Tournemire shale. The main reason should be due to the
normalized quantify [7-7,/f.(a)]in Eq. (18), by which the anisotropy of the transversely
isotropic Tournemire shale, depending on the interaction of the fabric tensor and the unit deviatoric
stress tensor, is gotten rid of naturally.
Under the torsional shear mode shown in Fig. 2, some 10.5 m bgl (below ground level) natural
London Clays are anisotropically consolidated (AC) and other 10.5m bgl natural London Clays are
isotropically consolidated (IC) before shearing, respectively. The peak stress ratios, ¢/ p, observed
for b = 0.5, are plotted in Fig. 8(a) against the o values applied at failure for the 10.5 m bgl natural
London clays. Fig. 8 (b) shows the anisotropy of the undrained shear strength S,. The shear
strength anisotropy is clearly recognizable in these cases. Comparison of the Fig. 7(b) with the Fig.
8 shows that for the Tournemire shale and the natural London Clays, their peak shear strengths
both have the same tendency for change against the a values.

It is of interest to compare the anisotropy of the natural London Clays (with OCR>9) with the
more familiar patterns known for low-OCR reconstituted soils. Fig. 9 shows the S, anisotropy of

2o " 300 -
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4 10-5 m bgl (Series IC)

156 .
200

100

Peak g/ip
s o
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O3 by
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1] \ N 1 L | n J 1] H L | L

0 30 ) 60 90 ul 30 60 - ac
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(a) (b)
Fig. 8 Variation tendency of peak shear strength of natural London Clay as « being changed with b =
0.5 (after Nishimura (2007))
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Fig. 9 Undrained shear strength anisotropy of low-OCR k-reconstituted soils and natural London Clay
(after Nishimura(2007))
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Fig. 10 Failure envelopes of Tournemire shale in I, II and III sectors on corresponding 7 planes

the natural London Clay for b = 0.5, normalized by the S, at o = 0°. The shaded area indicates the
range of results from previously published tests on low-OCR (OCR = 1~4) ko- reconstituted soils
including clay, silt, and clayey and silty soils. The low-OCR soils generally exhibit S, falling
monotonically against a values, giving S, ,-90° / Si,a=0°=0.3~06, Which was shown by Lade (1990),
and Whittle ef al. (1994). However, the upper data curve for the London Clay obtained from AC,
follows the opposite trend with the S, ,-o¢° / S, 4= - ratio being as high as 1.5. Whereas this upper
data curve is considered to reflect the influence of both the micro- and the macro- fabric, the lower
data curve obtained from 5.2 m bgl may further reflect the discontinuous, high fissured
macrofabric. Heavily overconsolidated London Clay (with OCR > 9) appears to change the
microstructural anisotropy from that seen at low OCR, while discontinuities developed, most
probably during or after the overconsolidation, modify the anisotropy further.

If the microstructural fabric of Tournemire shale is similar to that of the heavily
overconsolidated the London Clay, this may provide a reasonable explanation regarding the peak
shear strength variation against the a in Fig. 7(b) being approximately the same as that of the
London Clay shown in Fig. 8.

5.2 Verification by true triaxial tests

For true triaxial tests, substitution of Egs. (29), (30) and (31) into Eq. (34) respectively, then
different formulation of £, in sectors I, II and III, is expressed as follows

. b2 b2 b2 b2
I f£=£f1+D- +d|[D- *+d[D— P +d[D———T (42a)
1=t { G e M Gy A G el T (bz—b+1)V2]}
. - 1-2b 1-2 1-2
I: £ =f1+D- +d[D- *+d[D——— T +d[D—————7 42b
Je=t { S e L T (b2—b+1)V2]} (20
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Substitution of Eq. (42) into the Eq. (18) and combined with the given parameters identified

above, the failure envelopes of the Tournemire shale calculated by the improved Eq. (18) in sectors
I, I and IIT on & planes with different stress levels, are plotted in Fig. 10.

From Fig. 10, it is seen that the Tournemire shale has obviously transverse anisotropy at lower

stress levels, and the anisotropy is further constrained as the stress level is increased, which makes
the Tournemire shale develop toward the state of a homogeneous media.

6. Conclusions

(1) For rock materials, a transversely isotropic failure criterion, established through the
extended Lade-Duncan failure criterion incorporating an anisotropic state scalar parameter,
which is a joint invariant of deviatoric microstructure fabric tensor and normalized deviatoric
stress tensor, is proposed in this paper. The theoretically predicted results being consistent with
the Tournemire shale test data at peak failure shown in Fig. 6 indicates that the transversely
isotropic failure criterion is reasonable.

(2) For the torsion shear mode with 0 < b < 0.75, the rock shear strength decreases with o
increasing until the rock shear strength approaches a minimum value at a =~ 40°, and after the
minimum value, the rock shear strength increases as a increases further. For the torsion shear
mode with b > 0.75, the rock shear strength is almost kept constant when a < 40°, and after that,
the rock shear strength increases as o increases further. The rock shear strength tendency
against o agrees with the shear strength variation against o of the heavily OCR natural London
Clays tested before.

(3) From Fig. 10, it is seen that the strength anisotropy of the Tournemire shale is further
suppressed as o33 being increased continuously, which makes the Tournemire shale develop
toward the state of a homogeneous media. This phenomenon coincides our engineering
experiences.

(4) Parameter 5 of Eq. (41) being a polynomial function of 1, / /. can be treated flexibly
according to the stress range such that when the confinement stress variation range is larger, we
can choose the item 7, / /. with degree up to 2 or higher value to obtain the correct Eq. (41) to
describe the variable parameter 7. When confinement stress variation range is narrow, we can
choose the item 7,/ f, of degree up to 1 or even null to simulate rock material failure correctly.
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