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Abstract. Rectangular barrettes have been increasingly used as foundations for many infrastructure projects, but the vertical
vibration of a barrette has been rarely addressed theoretically. This paper presents an analysis method of dynamic response for a
rectangular barrette subjected to a time-harmonic vertical force with the aid of a modified Vlasov foundation model in
multilayered viscoelastic soil. The barrette-soil system is modeled as a continuum, the vertical continuous displacement model
for the barrette and soil is proposed. The governing equations of the barrette-soil system and the boundary conditions are
obtained and the vertical shaft resistance of barrette is established by employing Hamilton’s principle for the system and thin
layer element, respectively. The physical meaning of the governing equations and shaft resistance is interpreted. The iterative
solution algorithm flow is proposed to obtain the dynamic response of barrette. Good agreement of the analysis and comparison
confirms the correctness of the present solution. A parametric study is further used to demonstrate the effects of cross section
aspect ratio of barrettes, depth of soil column, and module ratio of substratum to the upper soil layers on the complex barrette-
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head stiffness and the resistance stiffness.
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1. Introduction

The rectangular barrettes are the large cross section
bored piles (drilled-shafts) constructed as the same as a
panel of diaphragm wall. A rectangular barrette has the
larger specific surface area than circular pile with the equal
cross-sectional area, and can bear the larger vertical load
through the shaft friction (Lei ef al. 2005, 2007a), and can
improve the ability to bear the larger horizontal load and
moment with the appropriate size and arrangement in a
certain direction. In the past few decades, rectangular
barrettes have been widely used as the foundations for
many tall building, viaducts, subway stations and
transmission tower structures (Zhang 2003, Lei et al. 2005,
Ukritchon and Keawsawasvong 2018).

Considering the research of barrette foundations, the
earlier studies have been performed to study the capacity
and deformation of barrette by the field tests (Fellenius et
al. 1999, Ng et al. 2000, 2003, Zhang 2003). As to the
model tests, Lei and Ng (2007b) studied the shaft resistance
behavior of barrette in saprolites by static maintained
compression loading tests. Wakil and Nazir (2013) probed
the effect of the relative density, aspect ratio and loading
direction on the barrette lateral resistance in sand. The
theorectical methods are available for the analysis of
barrettes including the approximate three-dimensional semi-
analytical method employing the Mindlin’s solution (Lei et
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2007a), the composed coefficient technique (El Gendy ef al.
2018, 2019) and the analytical approach with aid of the
Winkler model (Hirai 2014). In particular, Basu et al
(2008) made a seminal extension of the settlement model of
circular piles proposed by Lee and Xiao (1999) and
Vallabhan and Mustsfa (1996), and developed a calculation
method for rectangular piles settlement by employing the
principle of minimum total potential energy. Seo et al
(2009) gave the further comparison of settlement property
of the circular and rectangular piles. These works exhibit
the significance for the studies of loading response of
barrettes. However, these studies mentioned above all
concern the static analysis of barrette, barrettes inevitably
bear dynamic vertical loads from the superstructure, and
few studies have been put forward for the vertically
dynamic response.

On the other hand, many literatures also have been
reported for the dynamic analysis of circular piles. The
related methods include the Winkler foundation model-
based analytical and numerical methods (Dotson and
Veletsos 1986, Nogami and Konagai 1987, Michaelides et
al. 1998, Wang et al. 2010, Kim and Choi 2017), the finite
element (FEM) methods (Kuhlemeyer 1979, Liu and
Novak, 1994), the boundary element (BEM) methods
(Mamoon 1990, Maeso et al. 2005), the finite element and
boundary element (FEM-BEM) coupling methods (Padron
et al. 2007, Millanand and Dominguez 2009, Ai and Li
2015), the rigorous analytical or approximate analytical
methods (Mylonakis 2001, Anoyatis and Mylonakis 2012,
Zheng et al. 2015, 2017a, b, Cui et al. 2015, 2018a, b) and
the variational methods (Das and Sargand 1999, Gupta and
Basu 2018). Among them, Winkler spring models are the
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simplest, popular and efficient ones computationally.
Despite of the advantages in its ability to simulate
nonlinearity, the Winkler model-based methods require
empirical calibration for accurate spring and dashpot
constants and disregard the continuity of soil medium. The
FE, BE and FE-BE coupling methods can obtain the true
three dimensional dynamic interaction between the soil and
piles, however, there exists the obvious limitations that
FEM requires the modeling of boundaries at infinity and the
convergence is sensitive to the frequency in BEM. The
rigorous analytical or approximate analytical methods take
into account the influence of damping in solution process,
even so, these methods have a complex solving process and
the explicit soil layering is neglected in the most analysis.

In terms of the variational methods, Das and Sargand
(1999) made the pioneering contribution to present the
dynamic response of a single circular pile subjected to
horizontal loading at the head on the basis of works of Sun
(1994a). This approach is based on the modified Vlasov
foundation model, which was proposed by Vallabhan and
Das (1988, 1991a, b) for the static analysis of beams on
elastic foundations and has the advantage of accounting for
the shear interaction between the adjacent springs over the
Winkler spring model. With the same method, Gupta and
Basu (2018) achieved the study in vertical vibration of a
circular pile. However, the aforementioned studies are
confined to the pile embedded in a semi-infinite
homogeneous soil or the ending-bearing pile in
homogeneous soil deposit. Nevertheless, it is not realistic to
assume that the soil under the pile bottom has the infinite
thickness or features the same properties as the soil around
in engineering practice.

This paper aims to cover the cap in the literature and
present a numerical approach based on the modified Vlasov
foundation model to analyze the dynamic response of
rectangular barrette embedded in multilayered soil resting
on a rigid bedrock, and when the barrette is subjected to a
vertical harmonic load at the top. The finite soil layers
under the barrette base are deem as a soil column with the
same cross-sectional area of barrette, i.e., fictitious soil pile
proposed by Yang and Wang (2010), Wu et al. (2016, 2020)
and Cai et al. (2020). The rational displacement model is
proposed for barrette-soil system. The governing equations,
the corresponding boundary conditions and the shaft
resistance of barrette along depth direction are derived by
employing Hamilton’s principle and variational calculus.
An iterative algorithm procedure is executed to uncouple
displacement functions of the barrette, soil column and the
soil stratum. Then, the proposed method is verified by
comparing special cases of our model with the existing
solutions. Finally, some examples are performed to
investigate the influence of cross section aspect ratio, depth
of soil column and soil layer module ratio on the dynamic
response of barrette.

2. Statement of the problem

A rectangular barrette with dimensions ByxB,, cross-
sectional area A=B.xB,, length L, Young’s modulus £}, and
density p, is embedded in a total of n viscoelastic soil

F(t)=Foe'"
barrette Ep, pp
B,
V4 X
—
Es, Va1, &, ps1
4 Qq
Ex, Va2, &0, ps2
- .
Esi, Vsi, S, psi
= 2
A — -
-+ —H
Eqm+, Vsme1, Csmivt, Psm+t ‘ H
. ‘ / miL

Es, \/lsj:"tsj, Psj

X*
I HJ
Ean, Ven, & P Rigid bedrock H

Fig. 1 The vertically loaded rectangular barrette in
multilayered viscoelastic soil

stratum resting on the rigid bedrock. The barrette crosses
over m soil layers, and there are n-m soil layers below the
barrette base. H* is the thickness of the substratum layer,
extending from the barrette base to rigid bedrock. The soil
underneath the barrette base is assumed to be rectangular
soil column with the area of barrette. The barrette head is
subjected to an axial steady-state harmonic load with
F(f)=Foe" where w=circular forcing frequency, Fo=applied
force amplitude, and =time in Fig. 1. The barrette head is
flush with the ground surface. The vertical depth of the ith
intermediate layer’s bottom to the ground surface is defined
as H;, and the depth of the ground surface is considered as
Hy=0. The barrette-soil system is modeled as a continuum,
and each soil layer is considered as homogeneous, isotropic,
and viscoelastic material with a density of py, Poisson’s
ratio of vy, Young’s modulus of E; and hysteretic damping
ratio of ¢&;. Lame’s constant of soil wus=FEq/{2(1+v)}
As=Esivei/ {(1+vs)(1-2vs)}, and the complex Lame’s

constant (Kramer 1996) Ho =ty (L 2i8,) and % =4 (L+2i) ,
where the subscript i denotes the ith layer.

The horizontal soil displacements generated by the
axially loaded barrette are ignored in this study, the similiar
assumption is employed in the vertical settlement analysis
of piles (Basu ef al. 2008, Seo et al. 2009, Lee and Xiao
1999, Vallabhan and Mustsfa 1996). The vertical soil
displacement field is given as a separation of a
displacement function and is mathematically expressed in
the following manner

w(z,t)u(x)v(y) » 0<z<L

w, (z,t)u(x)v(y), L<z<H, M

9, (%, y,Z,t)={

where  w(z,f)=w(z)e'' represents the vertical barrette
displacement (with a dimension of length) along the z-
direction when z<L  and wi(z,0)=ws(2)e!’ denotes the
vertical displacement of rectangular soil column when
L<z<H_ u(x) and v(y) are the dimensionless displacement
decay function along the x and y axes, respectively. To
ensure proper barrette—soil contact and no slippage or
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separation, the values of the functions u(x) and v(y) should
be 1 for —B./2<x<B./2 and —B,/2< y<B,/2, and u(x)= v(y)=0
at x= o0 and y = +oo.

3. Mathematical formulations of the barrette-soil
system and solutions

3.1 Governing equation of the barrette-soil system

According to elasticity, the non-zero components of
strains can be expressed by the displacements as follows

T
T 00: 10g9. 1aog:

22, Ex2, Eyz =—— e —— ——— 2

tom n.80} {62 2 ox 26y} @

Likewise, the nonzero stress components corresponding
to the non-zero components of strains can be given as

T
T agz - agz * ng
{Gzz,sz,Z'yz} :{ (/1 +2 ) oz y — M ox y T A ay} (3)

The barrette can be modelled as an elastic axial
compression member, and the functional of the potential
energy V of barrette-soil system we can give

2 2
V= LlEbA(@] dz+jH1ESA M\ 4z
02 oz L2 oz

+m' o 2 (;—a\;vjz utv2 + L w? (Z—UZ v?

where the €5 and s, denote the infinitesimally horizontal
soil domain outside the barrette and soil column,
respectively. The first and second items represent the energy
from the compression of barrette and soil column, and the
third and fourth items account for the strain energy of the
soil domain surrounding the barrette and soil column.

The kinetic energy T of the barrette-soil system is shown
to be

ow H ow, \?
T= A dz+ —p. A S | dz
pb (6':] ps (GIJ

il F‘W“”} ®
+m N { W“V)} dxdydz

The kinetic energy T is comprised of four items, i.e., the
barrette, soil column motion and the soil motion outside the
barrette and the soil column.

For the work W performed by the vertical force F(¢), we
have

W=Fw_, (6)

The vibrations of the system are governed by
Hamilton’s variational principle (Dym et al. 1973)

t t
jh ST —V)dt + L swdt =0 (7)

where J(-) denotes a variation. The variable ¢ is of course
the time.

Performing the partial integration on the terms
associated with d(0w/0f) and 6 {O(wuv)/Ot} with respect to ¢,
similarly, d(0wy/0f) and J{O(wsuv)/0t} with respect to ¢,
0(0w/0z) with respect to z, and J(0u/Ox) and &(0v/Oy) with
respect to x and y, respectively in Eq. (7). The governing
equation of the barrette-soil system can be obtained.

3.2 Displacement of the barrette and soil column

Collecting the items with dw and Jws and considering
the multilayered soil stratum, we get the following equation

meH, o°w, o°w, 2w, o°w,
ZJ‘H‘(EDA? kw, +t, —- P — Kpy e - Py e ]é‘wdz

noeH, d’w %W, o°W, o%w
+_z J‘HH(ESi dZ kIWSI +t 2 _Kpsi 2 _psiA

i=m+1 62 8t 6t2
H H )
—pgA w0z + —t,—ow,
’ ] Z|: H,,1 62 H,1:|
H; H;i
+Zl: aWS' Swy| -t W, Sw, :|+F5W =
"oz ' =0
i=m+1 Hiy Hia

where

k. =.UDXy;15, [ij v2dxd y+” 'us'(dyj uZdxdy 9)
_” L+ 2;15,

K:J.J.ny u?v2dxdy (11)

Juv2dxdy (10)

Since the variation of w; is unknown previously within
Hi.<z<H,, (i=1,2,...,m), ow#0, the governing equation of
barrette can be obtained

o*w, o*w, o*w, o*w,
E A —kw, +t, —+ —1—p A L= 12
b az az Kpsl atz pb 8t2 ( )

The five terms with different physical mechanisms are
included in the dynamic equilibrium equation (12). The first
term represents the axial resistances as the compression of
the barrette; the second term describes the resistance of soil
against shearing and can be considered as Winkler spring
constant; the third term quantifies the soil resistance
generated from the soil compression; the fourth indicates
the vertical inertia forces of soil around the barrette; the
fifth item represents the axial inertia forces of the barrette.
The sum of the second, the third and the fourth represents
the dynamic shaft resistance of barrette and the physical
mechanisms will be interpreted later on.

Similarly, ows#0 since the variation of wy; is not known
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within Hi.1<z<H;, (i=m+1,..
equation of soil column

.,n-1) we get the governing

62 o*wy oW oW,
—kw, +t; S k. SL_p A SL=0 13
S az 1 si + a 2 KpSI atz pS atz ( )

E.A

Furthermore, substitution of w(z,f)=w(z)e'”’ in Eq. (12)
gives

d?w, _
(EbA+ti)?—{ki—(ppA+Kpsi)a)}Wi—0 (14)

Substitution of w(z,)=ws(z)e’ in Eq. (13) gives

dwy

(EgA+t)—=* " {ki —(psiA+Kpsi)a)2}Wsi=0 (15)

The boundary condition at the (i.e., z=0) is given by

dw,
(BA+t)- -t =-FK (16)

2=0

The Eq. (16) means that the vertically applied load is
equal to the axial force at the barrette head.
At the interface between the ith and (i+1)th soil layer

(i=1,2,...,m-1), the boundary conditions are given by
Wi, =W,y (17)
dw, dw,,
(EbA+ti)d— =(E,A+t,,) . L (18)
7=H; z z=H;

At the barrette base (z=L), the boundary conditions are

Wl =W | (19)
T e =N L M 20
b m dZ L s,m+1 m+1 dZ . ( )

Similarly, at the interface between the ith and (i+1)th
layer (i=m+l1,...,n-1) within soil column the boundary
conditions are derived as

Ws,i 2=H; = Wsin 2=H; (21)

( E A+tl+1) dWs,i+1

dw,
E. A+t )—
( si |) dZ S,i+1 dZ

(22)

z=H;

At the soil column base (z=H,), the boundary conditions
is
W, =0 (23)
The general solutions of Egs. (14) and (15) are given by
W (z)=ce™ +ce ™ i=12,....m (24a)

W, (2)=cye™ +ce™ i=m+l, mt2,...,n

SI

(24b)

where ci; and c»; are unknown constants for the ith layer.
The parameters v and 7 are given by

ki _(P A+Kpsi)w2
fyi = prA——H i=12,....m (252)

! E A+t i=m+l,m+2,...n (250

r _\/ki_(psiA+Kpsi)w2

In Eqgs. (24a) and (24b) there are 2n unknown constants
for a total of n layer soil stratum. Egs. (17)-(22) produce 2n-
2 boundary condition equations at the. n-1 interfaces (two
equations at each interface), and Eqs. (16) and (23) produce
2 boundary-condition equations at the barrette head and the
soil column base, respectively. This results in a matrix
equation consisting of the 2n unknown constants and we
express the equations in matrix form in Appendix A.

3.3 Decay functions u and v for soil displacement

Collecting the coefficients of Ju, we then get the
governing equation for the decay function u(x)

d?u
dx?

a= 0% : 27)

:Ivzdy(ij:' LW dz+ Zn: .[: SIWs,dzJ (28)
i=1 "t i=m+1”

k=0 (26)

where

- jvzdy(ij.:lpyw, dz + Z j ) pSIWidZJ

i=m+1
m 2
+J.v2dy{ZJ‘: (72 +2u (dd";’ij dz
dw )’
+ Z J' 1(/1;+2y;)(d—;j dz}

i=m+1”

+I[j—§] [Zf 1 .2d2+2j ys,ws,dz]

(29)

i=m+1

with the boundary conditions x=+B,/2, u =land x=00, u=0.
For the boundary conditions u, the solution of u(x) is
given by

e*B/2) o x<—B, /2
u(x)= { ” o/ (30)

a(x-B,/2)
,B,/2< x <+

Similarly, collecting the coefficients of dv, we have the
governing equation for the function v(x) as follows:

dv  ,

—-pBv=0 31
along with the boundary conditions y=+B,/2, v =1 and
y==00, v=0.

Where

A (32)

:juzdx( J' yS,Wldz+ZI yS,wdzj (33)
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M dxdydzo w,uv)
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+Iu2dx{g]‘:l (45 +24 ( ) dz
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For the boundary conditions v, the solution of v(y) is
given by

dx

2
+ Lgw? d—ué(d—u)vz + pGw? [d—u] VOV + 1, W, Sw,u? {g—vj + u5wusu [ jv] + ugwu? Q«S( dv H dxdydzdt
y y

ERING

(34)

e/j(y+By/2},—OO <y<-B,/2
V(y)_{ -B(y-8,/2) V/ (35)
e B, /2<y <+
3.4 Solution algorithm

It can be observed that the displacement functions w(z)
and wy(z) is coupled with the function u(x) and v(y), herein,
an iterative algorithm similar to Vallabhan and Das
(Vallabhan et al. 1988, 1991a, b) is executed to obtain the
solutions in this study. The basic steps are as follows.

(1) The initial values of parameters a and f are guessed,
for example a=f=1.

(2) The functions u(x) and v(y) are determined from Eq.
(30) and (395).

(3) Calculate the values of #;, k;and « in Egs. (9)-(11).

(4) Calculate the values of rv;and rg in Egs. (25a) and
(25Db).

(5) Assemble the matrix Eq. (A-1), and solve the
barrette and soil column displacements wi(z) and w(z) by
Egs. (24a) and (24b).

(6) A new values of a and f are obtained by Egs. (27),
(28) and (29) and Egs. (32), (33) and (34), respectively.

(7) Check if the difference of new a and £ with the olds.

(8) Repeat steps (1)-(7) until the absolute difference
between new a and £ and the olds fall below a prescribed
tolerable limit, such as 1/1000.

Shaft resistance

. dx
e , Coordinate (x,Y,2) g, ﬁy
By X v

Displacement
wi(z,t)

Esi, Vsi, &si, psi

Vel %

Fig. 2 The external force on the thin layer element

(40)

dy \dy

2 ZJdXdde+T, (z,t)&widz}dt =0

4. Physical mechanisms of the proposed model

The thin layer element of the soil is intercepted at the
depth z within the ith soil layer (H;.1<z<H,, i=1,2,...,m), as
indicates in Fig. 2. The potential energy Viayer of thin layer
element with the thickness dz is given by the form of strain
and stress components

Iayer =5 J.J- [ 06, + Z(szgxz +T 5 )]dXdde (36)

The kinetic energy Tiayer Of the thin layer element is

1 (&g,
Tier = jmygpsi[ ;j dxdydz (37)

The work Wiyer of the thin layer element performed by
the external force is given

0
Wlayer = .”.ny (’)OZ-Z

Hamilton’s variational principle is employed for the thin
layer element as follows

Il 0 (2

7% | ijy[augu+2(rngn+r & )]dxdydz} (39)

2 6 z
ol 11, %

Performing the partial integration on the terms
associated with 6{0(wuv)/0t} with respect to ¢, we get Eq.
(40). Collecting all the terms associated with dw;in Eq. (40)
and equating their sum to zero, the following equation can
be got

(2.t)wdz (38)

j dxdydz

i(zrt)VVidZ:|dt:O

I (Il

Al s3] s (5 oo “n

+HDW(A;, +2445 )uv? (”;ZZVZ' dxdy +7, (z,t)}ﬁwidzdt =0

We obtain the dynamic shaft resistance z,(z,f) of axially
loaded barrette as follows

2
7 (z,t)=kw, —t; %"'Kps. aatV;l

(42)

The dynamic shaft resistance of barrette is composed of
three individual parts: the first part is the linear term of the
displacement w; and is considered as the so-called Winkler
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spring k;, and we can find from the deduction of Egs. (39), Barrette displacement w (mm)

(40) and (41) that Winkler spring k; is produced by the 02 3 4 5 6 7 8
. . . . T T T T 7"

shearing stress .. and 7. in soil layer. The second part is F,=8000kN l arrette &

. barrette g =15MPav,=0.4 ;
generated from the stress o, as a result of the modified sl Fam ] v oA |
Vlasov foundation model, and this part accounts for the L= | 10m E,,=25MPa v,=0.3 /7
. . . . ) . = Y | [/
interaction of Winkler spring k,_ The third part denotes to thg 40 |30m 1om] E=30MPav,=0.3 1
contribution of the participating mass of the soil £ em * | |E.=100MPa v54=0.151«(/"
surrounding the barrette. . . . 2 5l Hm1sm E.-100MPa {/ - |

The sum of the second, the third and the fourth item in & 2 [soil column || ve=0.15 A
the governing equation (12) is identical to the shaft e VA
resistance 1Az,f). Therefore, the governing differential 20 Rigid Base - . B,=2.7m 7
equation of barrette motion is essentially the dynamic — Present solution £,

o . . . 95| — - Seoetal(2009)  /, B :1,2@ |:| i
equilibrium consisted of axial force, shaft resistance and the - - - Hirai (2014) [
vertical inertia force. b

The stiffness of the shaft resistance, generally used in 30 ' ' BE— '
elastodynamics, can be obtained by dividing the dynamic Fig. 3 Comparisons of barrette displacement under
shaft resistance by the corresponding settlement. dimensionless frequency ao=0 by proposed model with

Substituting the wi(z,/)=wi(z)e!’ and Eq. (24a) into the those by Seo et al. (2009) and Hirai (2014)
Eq. (42), we get the resistance stiffness p; wihtin the ith soil

layer as follows Axial Force (kN)
) -1000 O 1000 2000 3000 4000 5000 6000
Pk =t (r) —xpo0° (43) 0 T T T / T T 7
—— Present solution I ;
o TS |
5. Result and discussion ]/,
— gl ag=0 0
The response for laterally and vertically loaded circulars % <1,'
piles has been creatively studied in the literature (Sun g ) 5 E,=31Gpa
1994a, 1994b, Vallabhan and Mustsfa 1996 and Lee and 812r barrette
Xiao 1999) based on the modified Vlasov foundation model 1 Ey=25MPa|
by assuming the rational displacement field in the soil mass. 16 | E"S:%'S’MM
Guo and Lee (2001) and Basu et al. (2008) found that the 52220,15
displacement model of the soil-pile system in the Sun’s 0l X € —100MPe
(1994a, 1994b) analysis resulted in artificially stiff pile _H=26m | ois
response. The stiffer load-settlement response of piles than YA ) ?O" column | #
o4 Wbt Rigid Base, : -

finite element solution are also observed in the analysis (
Vallabhan and Mustsfa 1996 and Lee and Xiao 1999 ) In F]g 4 Comparisons of axial force of barrette under

fact, the soil Lame’s constant Aq=Eqve/ {(1+vsi)(1-2v)} is dimensionless frequency ap=0 by proposed model with
high sensitive to Poisson’s ratio vy, and when the soil those by Seo et al. (2009) and Hirai (2014)

Poisson’s ratio v is close to 0.5, As; will be infinity, which

causes the incredible stiffer response of pile. In order to 1.20 . . . 0.40

.
remove the artificial stiffness and make the pile response Present solution F=Foe"“1 barrette

tend to the reality, the modified shear modules (a similar LIST o Mylonakis(2001) pp=1.25 1%%
modification was put forward by Randolph 1981) were used 110F B ] 4*5'):0_05,\,5:()_4' 0.30
in the literatures (Basu et al. 2008, Basu and Salgado 2008, ros| 8] [] s8-8 E/E=300 lg.25
Seo et al. 2009, Gupta and Basu 2016a, b, Tehrani et al. ’ o Rigid Base

2016, Gupta and Basu 2017, 2018). So, the Lame’s
constants Ay and u are also replaced in this study by the

Real(K /K)
-
o
o
N
o
Imaginary((K,/K)/2)

O 0.95 o o 0.15
modified ones j;=0and ;=06 (1+1.25052i), by using = 010
which the accuracy of settlement response of rectangular '
piles was verified against comparing equivalent three- 0.05
dimensional finite element analysis (Basu et a/. 2008 and P OrOnT { 0.00
Seo et al. 2009). 0.0 0.1 02 03 0.4 05

To facilitate the parametric study, a dimensionless Dimensionless frequency, a,=cwrg/V

dynamic barrette-head stiffness K, defined as Fig. 5 Comparison of the normalized head stiffness by

= proposed solution with Mylonakis’s solution (2001)

K,=—"— (44)
HsiTeWo

where Fo= forcing amplitude at the barrette head; layer; r.c - eqlrnvalent radius (B, B.y/ ” )-
wo=settlement at the head; us1= shear module in the first soil A dimensionless frequency ao is introduced as
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r,

v (45)

a0=

w= circular forcing frequency; V= shear wave velocity
of the first soil layer (\u/p, ). The static barrette-head
stiffness is denoted as Ky when the circular forcing
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Fig. 8 Effect of aspect ratio of barrette on the complex
barrette-head stiffness (L/re=30)

frequency @ is equal to zero (i.e., the dimensionless
frequency ao=0).

5.1 Comparison and verification

To the author’s knowledge, there is no study conducted
to solve the dynamic response of rectangular barrettes or
piles subjected to a vertical harmonic load. To demonstrate
the accuracy of the proposed method, the solutions in this
study are firstly degenerated to investigate the response of
the vertically loaded barrette with dimensionless frequency
a0=0, i.e., under static loading. Fig. 3 and Fig. 4 show the
comparison of the vertical displacement and axial force
profiles of the barrettes with those by Seo et al. (2009) and
Hirai (2014). The input parameters used are given in Fig. 3
and Fig. 4, respectively. The results from present method
are well agreement with solutions by Seo et al. (2009). The
reason of good consistence is that the Seo’s solutions are
the special cases of our present study when the circular
forcing frequency w is equal to zero. Also, the slight
difference between our analysis and Hirai’s solution can be
observed in that the two methods are used in solution
approaches. The modified Vlasov foundation model based
on continuum analysis is employed for the barrette
responses while the corresponding results from Hirai’s
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Fig. 9 Effect of soil column depth on the complex
barrette-head stiffness (L/r.=10)

method were performed using a Winkler model approach.

As shown in Fig. 5, a comparison of the normalized
square barrette head stiffness K./Ky from the present model
is performed with the results of end-bearing circular piles
obtained by Mylonakis (2001), who proposed an
approximate continuum-based analytical solution. The
square barrette and circular pile maintain the equal cross-
sectional area and length, i.e the same equivalent radius and
slenderness ratio. The material and geometrical parameters
are used as follows: pv/ps=1.25, v=0.4, &=0.05, Ev/E~=300,
B.=B,, 0<a¢<l1, L/re=10 and L/re=20. As can be seen from
the Fig. 5, the normalized head stiffness of square barrette
provided by present method are good agreement with the
solutions of circular pile given by Mylonakis (2001).

In order to further examine the present method, as
shown in Fig. 6, the normalized stiffness of a floating
square barrette in viscoelastic soil layer overlaying a rigid
base is compared against the analytical solution of floating
circular piles proposed by Gan et al. (2020) with the equal
cross-sectional area and length. The parameters are
employed as follows: pu/ps=1.25, v~=0.3, &=0.05,
Ev/us=1000, B=B,, 0<ao<5, L/r.=10 and H'/r.=50.
Excellent match between the present results and the
available solutions (Gan et al. 2020) is observed within the
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Fig. 10 Effect of soil column depth on the complex
barrette-head stiffness (L/re=30)

range of loading frequency in Fig. 6.
As discussed above, the all agreements confirm the
correctness of the proposed model.

5.2 Influence of cross sections aspect ratio of
rectangular barrette

Figs. 7 and 8 show the effects of the cross section aspect
ratio of rectangular barrettes on the dimensionless dynamic
barrette-head stiffness K, with slenderness ratio L/r.=10 and
L/r=30 for the same substratum layer thickness H"/r. =0.5.
It is clear that both of the real and imaginary part of
barrette-head stiffness increase with the increasing aspect
ratio By/By, in that the greater shaft resistance with the
increase of the aspect ratio is produced by the larger
perimeter of rectangular barrette for the equal cross-
sectional area (Seo et al. 2009, Hirai 2014). However, the
effect of aspect ratio is dependent on the slenderness ratio.
The additional stiffness increases slightly with increase in
the cross sections aspect ratio for the stubby barrette with
slenderness ratio L/re=10, as shown in Fig. 7, while the
increment is more pronounced for the slender pile with
L/re=30 in the frequency range 0.5<ao<1.75, as depicted in
Fig. 8. Besides, observe by the comparison with Fig. 7 and
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Fig. 8 that the values of real and imaginary part of barrette-
head stiffness increase as the slenderness ratio of barrette
increases. This is a result of the fact that the dynamic pile-
head stiffness is mainly dependent on its static stiffness at
the low frequencies, and the static pile-head stiffness of a
floating pile increases with increase in slenderness ratio
(Poulos 1989, Zheng et al. 2017b).

5.3 Influence of soil column depth

Figs. 9 and 10 show the influences of the soil column
depth H* on the complex barrette-head stiffness for two
slenderness ratio L/r.=10 and L/r. =30. We can observe that
resonance frequencies decrease with the increase of soil
column depth, and the oscillation amplitudes of the
complex barrette-head stiffness decrease with increasing
depth of soil column, obviously seen in Fig. 10. Moreover,
the real and imaginary components of complex barrette-
head stiffness are insensitive to the depth of soil column
when H'/r. exceeds 5. That means that there exists a
“critical depth” of the soil column, and beyond it the
complex barrette-head stiffness do not exhibit significant
variations.

Meanwhile, it can be found by comparing the Fig. 9 and
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Fig. 12 Effect of module ratio of substratum to the upper
soil layers on the complex barrette-head stiffness
(L/re=30)

Fig. 10 that the variation amplitudes of the real and
imaginary components decrease as the slenderness ratio
increases. This results from the fact that the effect of
substratum soil layer becomes weaker as the slenderness
ratio of barrette increases.

Fig. 11 presents the influence of soil column depth in
the complex resistance stiffness with slenderness ratio
L/re=10. Note that the depth of soil column underlying the
barrette base has a prominent influence not only on the
oscillation amplitudes of the complex resistance stiffness,
but on the resonance frequencies, both of which decrease
with the increasing H". Results depicted in Fig. 11 reveal
also that when the frequencies exceed the resonance
frequencies, the resistance stiffness is independent to the
thickness of soil column. This behavior can be understood,
given that the wave generated from the vertical vibration of
pile is inclined to propagate horizontally regardless of the
vertical dimension (Anoyatis and Mylonakis 2012,
Mylonakis 2001).

5.4 Influence of soil layers module ratio

Fig. 12 presents the effects of module ratio of
substratum to the upper soil layers on the complex barrette-
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head stiffness in two layers, while maintaining the depth of
soil column as a constant (H*/r.=1). It can be found that the
oscillation phase of the complex barrette-head stiffness is
sensitive the module ratio of substratum to the upper soil
layers Eq/Es, and the oscillation patterns is practically
opposite for the cases Eo/Eq=1 and Eo/Eg=c. This is
mainly due to the phase difference between the natural
frequencies of the friction barrette and end bearing barrette.
In addition, the resonance frequencies increase with the
increase of module ratio of substratum to the upper soil
layers, and the oscillation amplitudes also increase as the
relative modulus increase. This indicates that even the
bearing capacity of ending barrette is larger than that of the
friction barrette, the seismic effect of ending barrette is not
as good as the friction barrette.

6. Conclusions

A semi-analytical method is proposed for investigating
the dynamic response of axially loaded rectangular barrette.
The method overcomes the complexities and difficulties in
analyzing the non-axisymmetric mechanical behavior of
rectangular barrette, and well captures influence of the
rectangular section and finite soil layers underneath the
barrette toe on the vertically dynamic response. And
through using the modified Vlasov foundation model and
employing Hamilton’s variational principle, the governing
equations for the unknown displacement and separable
functions are directly derived. The solution is obtained by
virtue of the iterative algorithm. Numerical examples are
carried out to study the effects on the complex barrette-head
stiffness and resistance stiffness. The following conclusions
can be summarized:

(1) The dynamic equilibrium equation of barrette motion
i1s composed of the axial resistances, shaft resistance and the
axial inertia forces of the barrette. The shaft resistance and
the resistance stiffness of barrette with rectangular cross
section were obtained analytically as the sum of three parts.
The first part can be considered as the Winkler spring due to
the soil resistance against shearing, the second represents
resistance of the soil against vertical compression, and the
third accounts for the contribution of the participating soil
mass.

(2) The aspect ratio of rectangular cross sections affects
the complex barrette-head stiffness, and the real and
imaginary part of the complex stiffness increase as the
aspect ratio increases. The real and imaginary part of the
complex stiffness increase with the increasing slenderness
ratio of barrette.

(3) The oscillation amplitudes and resonance
frequencies of the complex barrette-head stiffness decrease
as the depth of soil column increase, but there exists a
critical depth of the soil column, and beyond it the complex
barrette-head stiffness do not exhibit significant variations.
The oscillation phase and oscillation amplitudes of the
complex barrette-head stiffness increase with the increasing
module ratio of the substratum to upper soil layers.
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Appendix A. The solution fo 2n unknown constants

We express the algebraic equations in matrix form as
follows

MC=B (A-1)
where

CT:{cu Cy G C L ¢ ¢ L ¢, ¢, L g Czn} (A'2)

B'={-F, 0 0 0L 00L 0O0TL 00} (A3

by
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