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Fractional order GL model on thermoelastic interaction in porous media
due to pulse heat flux
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Abstract. In this paper, the thermoelastic interactions in a two-dimension porous body are studied. This problem is solved by
using the Green and Lindsay (GL) generalized thermoelasticity model under fractional time derivative. The derived approaches
are estimated. with numeral results which are applied to the porous mediums in simplifying geometrical. The bounding plane
surface of the present half-space continuum is subjected to a pulse heat flux. We use the Laplace-Fourier transforms methods
with the eigenvalues approach to solve the problem. The numerical solutions for the field functions are obtained numerically
using the numerical Laplace inversion technique. The effects of the fractional parameter and the thermal relaxation times on the
temperature field, the displacement field, the change in volume fraction field of voids distribution and the stress fields have been
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calculated and displayed graphically and the obtained results are discussed.
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1. Introduction

Biot (1956) presented the coupled thermoelastic model
to overcome the first lack of classical thermoelastic model,
that it presented two conflicting phenomenons with the
physical observation. (Lord and Shulman 1967) have
presented the generalized thermo-elastic theory with one
relaxation time for the particular state of an isotropic media.
In this model an improved law of thermal conduction that
includes both the heat flux and its temporary derivatives
replaced the conventional Fourier law. (Green and Lindsay
1972) obtained the second theory of generalized of
thermoelasticity with two relaxation time. The thermal
equation associated with this model is hyperbolic and,
therefore, removes the paradox of infinite propagation
velocities inherent in thermoelastic coupled and uncoupled
theories. (Green and Naghdi 1991, Green and Naghdi 1993)
introduced a new generalized thermoelasticity theory by
depend on the displacement-heating gradient among the
separate constitutive variables. (Lata and Kaur 2019)
studied the deformation in the transversely isotropic
thermoelastic medium using new modified couple stress
theory in the frequency domain.

The generalization of the concepts of derivatives and
integrals to a non-integer order has been the subject of
several methods and various alternative definitions of
fractional derivatives have emerged. In the context of
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generalized thermoelastic theories, (Youssef 2010, Youssef
and Al-Lehaibi 2010) have presented the generalized
fractional-order thermoelastic of low and high thermal
conductivities. Based on a Taylor expansion of time-
fractional order, (Ezzat and El Karamany 2011) have given
other model for a fractional order generalized thermo-
elasticity. A new model is presented by using the heat
conduction law as in (Sherief et al. 2010). As an important
branch of mechanical properties of solid, the literature
(Abbas 2006, Youssef 2012, El-Naggar, Kishka et al. 2013,
Othman et al. 2013, Sarkar and Lahiri 2013, Abbas and
Kumar 2014, Deswal and Kalkal 2014, Kakar and Kakar
2014, Sur and Kanoria 2014, Hussein 2015, Wang et al.
2015, Abbas and Alzahrani 2016, Alzahrani and Abbas
2016, Lata and Kaur 2019, Othman and Abd-Elaziz 2019,
Lata and Singh 2020, Othman et al. 2020, Othman and Sur
2020, Sarkar and Mondal 2020, Sur 2020a, b, ¢, Sur et al.
2020a, b) have considered different problems by numerical
and analytical methods. (Ezzat et al. 2016) used the
memory-dependent derivative model in generalized
thermoelasticity theory. (Sarkar 2017) studied the effects of
fractional-order two-temperatures model on waves
propagations in magneto-thermoelastic solid half-space.
(Hobiny and Abbas 2020) studied the fractional order
thermoelastic wave assessment in a two-dimension medium
with voids. (Aouadi et al. 2017) have presented a porous
thermoelastic diffusion theory of types II and III. (Singh
2007) have investigated the thermoelastic interactions of
wave propagations in media containing voids. (Bachher et
al. 2014) studied the impacts of fractional-order derivative
heat transfer in infinite thermoelastic mediums containing
voids subjected to instant thermal sources. (Ezzat 1994) has
studied the state-space approach to unsteady two-dimension
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free convections flow through a porous medium. (Lata and
Zakhmi 2019) presented the fractional-order generalized
thermoelastic study in the orthotropic medium of type GN-
III. Several authors (Marin et al. 2017, Milani Shirvan et
al. 2017a, b Ellahi et al. 2019, Monda et al. 2019,
Sheikholeslami et al. 2019, Zeeshan ef al. 2019) have given
the solutions of others problems for porous media under
various models.

This article investigates the effects of fractional time
derivative and thermal relaxation times in a two-dimension
porous material based on Green and Lindsay model. By
using the eigenvalue approach and Fourier-Laplace
transformations, the governing equations are processed by
the analytical-numerical method. The effects of the
fractional parameter and the thermal relaxation times on the
temperature field, the displacement field, the change in
volume fraction field of voids distribution and the stress
fields have been calculated and displayed graphically and
the obtained results are discussed.

2. Basic equations

We consider an isotropic, homogeneous and porous
thermoelastic half-space. The governing equations under
(Green and Lindsay 1972) model, according to (Singh
2007) in absences of heat sources and body force can be
presented by:
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By taking into consideration the above definition can be
expressed by
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where If is the Riemann-Liouville integral fraction
introduced as a natural generalization of the well-known
integral I g(r,t) that can be written as a convolution
type.

1BB(r,t) —J (¢~ (ﬁ) g(r s)ds,B >0, (6)

where g(r,t) is a Lebesgue’s integral function and T'(B)
is the Gamma function. In the case where g(r,t) is
definitely continuous, then it is possible to write
fgr,t) ag(rt)
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where the different values of fractional parameter 0 <
B <1 cover two types of conductivity, S =1 for
normal conductivity and 0< f <1 for low
conductivity, u; are the components of displacement, g;;
are the components of stress, ¢, is the specific heat at
constant strain, p is the density of material,
Wy, @, b,m, Y, {; are the voids material constants, 7,, T;
are the thermal relaxation times, A,u are the Lame's
constants ©@=T-T, , T, is the reference
temperature, K is the coefficient of thermal conductivity,t
is the time, y, = (3A+ 2w)a;, a, is the coefficient of
linear thermal expansion and i,j,k = 1,2,3. Taking into
account a two-dimension porous material, the components
of variables can be expressed as
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Therefore, the Egs. (1)- (4) are expressed as:
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3. Applications

The initial conditions of the problem can be defined as

dou(x,y,0) av(x,y,0)
u(x,y,0) = = 0,v(x,y,0) = % = 0,
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_099(xy,0)

ot =0



Fractional order GL model on thermoelastic interaction in porous media due to pulse heat flux 219

The boundary conditions of half-space (x = 0) are due
to the gradient temperature exponentially decaying pulse
with heat flux by

t

_g YD _ o e Py (15)
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where H is the Heaviside unit step function, g, is a
constant and 7, is the pulse heat flux characteristic time.
We assume that, on the boundary x = 0, the change in
volume fraction field of voids distribution ¢ and the
displacement u of the body does not depend on x and the
material is subjected to a rough and rigid foundation enough
to prevent the displacement v and hence one can be
obtains
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For conveniences, the non-dimensional varibles can be
defined as
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where ¢ = [22£ and n = —. In these non-dimensional

terms of the variables in Eq. (17), the basic equations with
initial and boundary conditions are presented as the
following forms (the star has been deleted for

conveniences)
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with initial and boundary conditions as
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4. Laplace-Fourier transforms

Now, the Laplace transform for every function
f(x,y,t), are given as

flx,y,s) = fowf(x, y, t)e Stdt,s > 0, (25)

while, the Fourier transforms for every function f(x,y,s)
are defined as (Debnath and Bhatta 2014)

Freoas)=[" flx,y s)edy. (26)

Thus, the basic Eqs. (18)-(22) under initial conditions
(23) with the problem boundary conditions (24) are
presented to obtain the ordinary differential system as
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where d = T B+01)' The matrix-vector differential relations
of Egs. (27)-(30) are given by
av
— = AV (33)
dx

where A and V can be defined as in appendix A. By using
the eigenvalue method which presented by (Das et al. 1997,
Abbas 2015), the analytical solutions of Eq. (33) can be
presented. Then, the characteristic equation of the matrix A
can be written as:

Es_m156+mzf4+m3€2+m4:0 (34)

where mq, m,,m; and m, can be defined as in appendix
B. To get the solutions of Eq. (32), the eigenvalues and its
eigenvectors of matrix A are calculated. In the cases

&,—81,8,—&, &,—&;,&, and —¢&, are the eigenvalues,
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the conforming eigenvector of eigenvalues & are presented
as in appendix C. Hence, the analytical solutions of Eq. (33)
can be expressed as:

4
VGrq.s) = ) Bilie (35)
i=1

Therefore, the general solutions of the physical
quantities are considered for g,x and t as:
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where By,B,,B; and B, are constants which are
determined by using boundary conditions of the problem
such that the terms containing exponentials of rising nature
in the spatial variable x have been discarded due to the
regularity condition of the solution at infinity, while
u;,v;, T; and ¢; are the corresponding eigenvector
components. Now, the inverse of Fourier transforms for
f*(x,q,s) can be defined by

fl,y,s) = J%ff; f*(x,q,5)e'dq, (42)

Finally, to obtain the general solutions of the change in
volume fraction field of voids distribution, the displacement
components, the increment of temperature and the
components of stress versus x distance and y distance for
any time t, the numerical inversion (Stehfest 1970) scheme
was used. In this scheme, the inverse of Laplace transforms
for f(x,y,s) are considered by

foy,0) =228 f (xy,n"2), (43)

where
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where N is the term number.

5. Numerical outcomes and discussion

For numeral example, the magnesium material was
chosen for objective of numerical estimations. The
magnesium (Mg) parameters values as porous media can be
talking from (Othman and Marin 2017)

w, = 0.0787 X 1073(N)(m™2)(s ™), p = 1740(kg)(m~3),a =
3.688 x 1075(N),

4 = 1475 x 1010 (N)(m=2), A = 2.17 x 101°(N)(m=2), u =
3.278 x 101°(N)(m~2),

¥ =1.753 x 10715(m?),a, = 1.98 x 10-6(k~1),T, =
298(k),K = 1.7 (W)(m D (k™1),

B = 2.68 x 105(N)(m~2)(k™1), c, = 1040 ()(kg~ (kD)
t=03,a=0.25,

b = 1.13840 x 101°(N)(m2),m = 2 x 108(N)(m~2)(k~1).

On the basis of the above dataset, Figs. 1-12 show the
considering variables are calculated numerically with
respect to differences values of x and y. The above data
have been applied to study the different among the
fractional Green and Lindsay (FGL) model, the Green and
classical

Lindsay (GL) model and the dynamical
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Fig. 1 The variations of temperature ® with respect to x
for different theories when y= 0.5
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Fig. 2 The changes in volume fraction field of voids
distributions ¢ with respect to x for different theories
when y= 0.5
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Fig. 3 The variations of horizontal displacement u with
respect to x for different theories when y= 0.5
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Fig. 4 The variations of vertical displacement v with
respectto x for different theories when y= 0.5
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Fig. 5 The variations of stress o,, with respectto x for
different theories when y= 0.5
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Fig. 6 The variations of stress gy, with respect to x for
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Fig. 7 The variation of temperature ® with respect to y
when x= 0.5 for different theories
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Fig. 8 The changes in volume fraction field of voids
distribution ¢ with respect to y when x= 0.5 for
different theories
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Fig. 9 The variations of horizontal displacement u with
respect to y when x= 0.5 for different theories
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Fig. 10 The variations of vertical displacement v with
respect to y when x= 0.5 for different theories

coupled (CT) model in the variations of temperature ©, the
displacement components u, v, the components of stress
Oxx, Oxy and the change in volume fraction field of voids
distributions ¢ . The material is considered to be an
isotropic two-dimensional porous medium.

Fig. 1 displays the variation of temperature with respect
to the distance x. It is noticed that it starts from maximum
value according to the problem boundary condition and
reduces with the increasing x to closed to zero. Fig. 2
shows the change in volume fraction field of voids
distribution ¢ along to the distance x. It is observed that it
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XX

Fig. 11 The variations of stress g,, with respect to y
when x= 0.5 for different theories

%107

Fig. 12 The variations of stress gy, with respect to y

when x= 0.5 for different theories

reduces with the rising x till reach zeros. Fig. 3 depicts the
variation of horizontal displacement u along x. It is clear
that it starts from maximum value after that reduces with
the rising x to come to zeros. Fig. 4 shows the variation of
vertical displacement versus x. It is noticed that the vertical
displacement starts from zero which satisfied the problem
boundary condition after that it rising up to maximum
values at a particular location proximately nearby the
surface after that the vertical displacement decreases to
close to zeros. Figs. 5 and 6 display the stress components
variations oy, and oy, with respect to the distance x. It
is clear that the stress magnitudes, always started from the
maximum values and then decreases with the increasing the
distance x to reach to zeros. Figs. 7 and 8 show the
temperature variations © and the change in volume
fraction field of voids distribution ¢ along the distance y
and they indicate that the variations of temperature and
the change in volume fraction field of voids have maximum
values at the length of heating surface ((|y| < 0.5)) and
they start to reduce completely close to the edge ((Iyl <
0.5)) where they reduce smoothly and ultimately come to
the zero value. Figs. 9 and 11 display the horizontal
displacement variation u and the stress component oy,
with respect to the distance y and it point that they have
maximum values at the length of the thermal surface
(lyl < 0.5), and they start to reduce completely close to
the edge (y = £0.5), then decreases to zero values. Figs.

10 and 12 display the vertical displacement variation v and
the stress component o, with respect to y. It is noticed
that they begins increasing at the starting and ending of the
thermal surface (|y| < 0.5), and have small values at the
middle of the thermal surface, then they start increasing and
come to maximum value just near the edges (y = +0.5),
then it decreases to reach to zero. As expected, it can be
found that the fractional parameter has the great effects on
the values of all the physical quantities. According to the
numerical results, this new fractional Green and Lindsay
(FGL) model of thermoelasticity offers finite speed of the
thermal wave and mechanical wave propagation.

6. Conclusions

The results of this paper discuss the fractional-order
generalized thermo-elastic model as a new improvement in
the field of thermoelasticity. According to this model, we
have to construct a new classification for all the materials
according to its fractional parameter, where this parameter
becomes a new indicator of its ability to conduct the
thermal energy. Accordingly, we can consider the
generalized thermo-elastic model with the normal
conductivity and the low conductivity as an advancement in
the investigate of elastic porous medium. The non-
dimensional resulting has been solved employing the
Laplace and Fourier transformations techniques and have
been solved by the eigenvalue approach. The great effect of
the fractional derivative parameter are discussed for all
physical quantities.
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Appendix A

The matrix A = [aij] =0,i,j =1...8 except for ayg =

1, a37 = 1, a26 = 1, a15 = 1,

_ 2 2 _ _ _
as; = s* +51q%,as6 = —iq(1 — 51),a57 = —S5,a58 =
2 2
(s2+q?)
53(1 + STI), a62 = 5 o
_ _ S2iq _ s3iq _ _iq(1-s1) _
Az = ———,0gq = (A +579),a65 = ———,07, =
S1 S1 S1

S41q, az3 = s%sg + q% + s5 + S¢S,
Q74 = —S7,075 = Sy, Agy = S10iq(s + nsd), ags =
So(s + nsd), agy = q* + (s + sd),

ags = (s + nsd)s,;o and V=

[ﬁ* - (T)* 6* dw*  av*  dg* d@*]T

dx dx dx dx

Appendix B

my = A73 + As7Q75 + Agy + Agp T As6Qes5 T Asglgs T+ Asg.

My = Q51073 — Qgalgy — Asglesdgy — A740g3 —
as5g0750g3 + AsgAs1 gz — Ag3l7z — As7Qe5A72 + Agr0g5 —
(56064085 T A50730g5 — As70740g5 t A510g4 + Q084 +
As560650g4 T Q73084 T+ A57075084 + Ag2073 + As6Ae5a73 +

A570A62075 — A56A630A75,

M3 = —Qg073084 T AsglezA75083 — As7064072085 —
(58062073085 — AsglesA720g3 T A51064082 T
As560640730g5 T Asgle3A720gs + As7062074085 —
As56063074085 — A56065073084 — A57062075084 +
Q5106307 — A51A73084 — A56A64075083 — A51062084 —
A58063075087 T A57064075087 — Agal720g3 +
(58065073082 T Aga07305; T (56063075084 +
Q51074083 + Ag2074083 T Q57065072084 +
Q56065074083 — (51062073 — Ag3A740g2 T Q3072084 —

A57065A74033,

My = A51Q630740g2 T Q51062073084 — A510620740g3 T
A51064A72083 — A510640730g, — A51063072084.
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