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1. Introduction 
 

With the rapid development of tunnelling technology, 

many tunnels have been successfully built in very complex 

geological conditions throughout the world (Kimura et al. 

1987, Barla 2016, Niedbalski et al. 2018, Chen et al. 2019a, 

Sun et al. 2019, 2020, Tian et al. 2019, Wang et al. 2020, 

Wu et al. 2020a, Yuan et al. 2020). Especially, squeezing 

grounds are usually encountered by rock engineers during 

the whole tunnelling process, where time-dependent large 

deformations are prone to occur (Hu et al. 2019, 2020, Qiu 

et al. 2020, Liu et al. 2020). Overstressing of support 

caused by large deformations is still a big challenge for rock 

engineers to ensure the support structure safety and tunnel 

stability. 

Basically, there are two main principles for tunnelling in 

squeezing grounds: the resistance principle and the yielding 

principle (Barla 2016). Heavy support system can be 

referred to as tunnel support structures following the 

resistance principle, where rock deformations are strictly 

restrained (Hoek 2001). Lessons learned from several 

unsuccessful cases in heavy support system have shown that 

the method of strengthening support structures may be  
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practically infeasible to address the problem of 

serioussqueezing deformations because time-dependent 

deformations, reportedly, even contribute more than 70% of 

the total tunnel convergences in such geological conditions. 

Dalgıç (2002) pointed out that although the successful 

application of heavy support system was achieved in Bolu 

tunnel, the total thickness of primary lining and Bernold 

lining excluding the secondary lining had reached 1.0 m. 

Based on a better understanding of deformation mechanism 

of squeezing rocks, more and more attentions have moved 

to the yielding supports (Wu et al. 2020b). The idea behind 

the so-called “yielding supports” is that the rock pressure 

will decrease by allowing the ground to deform (Lackner et 

al. 2002, Barla 2016, Wu et al. 2020c). The yield in 

supports has been implemented by rock engineers in 

different ways. Cantieni and Anagnostou (2009) considered 

that the purpose of allowing rock to deform without support 

damage can be achieved through arranging a compressible 

layer between rock mass and stiff lining. Wu and Shao 

(2019a, b) have carried out analytical investigations on the 

influence of compressible layer on tunnel performance. 

Hoek and Guevara (2009) addressed the severe squeezing 

problems occurring in Yacambú-Quibor tunnel by the use of 

simple sliding joints in steel sets. Moritz (2011) discussed 

the mechanical properties of ductile tunnel linings based on 

yielding elements, and this type of support form was 

successfully applied in several projects, for instance Saint 

Martin La Porte access tunnel (Barla et al. 2011), Ceneri 

Base tunnel (Merlini et al. 2018) and Yangshan tunnel (Qiu 

et al. 2018). Multi-layered primary support, as one major 

type of yielding supports, has been well recognized as one 
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effective method to address serious squeezing deformation 

problems (Chen et al. 2019b). However, it has to be 

admitted that there are still two main critical problems in 

this method. Herein, only double primary linings is 

discussed. One is the supporting opportunity of the second 

primary lining (also can be referred to as allowable 

deformation of the first primary lining), and the other is the 

distribution of stiffnesses of the first and second primary 

linings. 

Analytical method should be able to provide a possible 

approach to address such problems. As well known, stresses 

and displacements around tunnels can be effectively 

predicted by using analytical solutions (Tian et al. 2020). 

Furthermore, a better understanding of how final solutions 

are influenced by parameters involved could be obtained. 

Many elastic or elastic-plastic solutions for stresses and 

displacements have been available in many literatures 

(Hefny and Lo 1999, Bobet 2001, Exadaktylos and 

Stavropoulou 2002, Kargaret et al. 2014). Considering the 

time-dependent properties of squeezing rocks (Malan 2002, 

Paraskevopoulou and Diederichs 2018), some time-

dependent solutions are also provided by some researchers 

(Sulem et al. 1987, Nomikos et al. 2011, Brichall and 

Osman 2012, Song et al. 2018a, b, Chu et al. 2019, 2020a, 

b). However, it can be found that although a variety of 

factors were taken into account in literatures above, 

analytical solutions for stresses and displacements around 

tunnels with multi-layered primary supports have never 

been available. 

In this study, a theoretical investigation into the 

mechanical response of a lined circular tunnel with double 

primary linings in squeezing rocks is carried out. The 

squeezing behavior of rocks is described by the viscoelastic 

Burgers model. Analytical solutions in closed form for 

stresses and displacements around tunnels are derived. 

Then, the effectiveness and reliability of theoretical 

formulas provided are well validated by using the numerical 

method. Finally, based on the analytical solutions, a 

parametric investigation on the effects of allowable 

deformation and distribution of support stiffness on tunnel 

performance is conducted. 
 

 

2. Problem definition and assumptions 
 

This paper involves a lined circular tunnel with double 

primary linings in squeezing rocks. The tunnel is driven at 

such a great depth compared with its dimension that the 

tunnel can be assumed to be an axisymmetric hole, 

subjected to a uniform stress state at infinity (Kargaret et al. 

2014). The rock medium is isotropic and homogeneous, 

which time-dependent squeezing behavior can be described 

by viscoelastic Burgers model (Nomikos et al. 2011, 

Brichall and Osman 2012, Chu et al. 2019, Wu et al. 

2020d). Primary support is characterized by linear-elastic 

response under loading without failure. In this paper, 

mechanical response of a circular tunnel with double 

primary linings is discussed. 
The Burgers model is coupled in series by a Maxwell 

unit and Kelvin element, as presented in Fig. 1. Maxwell 
unit is formed by a linear elastic spring and a linear dashpot 

connected in series. Under a constant stress immediately, 
the Maxwell model displays an elastic instantaneous strain 
firstly followed by a steadily increasing and irreversible 
creep behavior. The constitutive equation of Maxwell can 
be expressed as Eq. (1). Kelvin model consists of a linear 
elastic spring and a linear dashpot connected in parallel. 
Once by an instantly applied load, the strain in Kelvin 
model increases asymptotically to its final value. The 
constitutive equation of Kelvin model takes the form in Eq. 
(2). 

 
(1) 

in which the overdot denotes the time derivative. The 

superscript M is the components of the corresponding 

variables in the Maxwell unit. sij and eij represent the 

tensors of stress and strain deviators, respectively. G and η 

denote the spring constant and viscosity coefficient of 

dashpot, respectively. 

 
(2) 

where the superscript K denotes the components of the 

corresponding variables in the Kelvin element. 

Goodman (1989) pointed out that for many practical 

purposes Burgers model was preferable, because only four 

unknown parameters were involved in this model and 

different deforming stages of rocks, including elastic strain, 

decay creep and steady creep, could be well displayed by 

using Burgers model. The deforming curve of Burgers 

model under the constant stress is presented in Fig. 2. For 

Burgers model, the constitutive equation can be given by 

 

(3) 

By substituting Eqs. (1) and (2) into Eq. (3), Eq. (3) can 

be rewritten as 

 

(4) 

 

 

 

Fig. 1 Physical model (a) Maxwell model, (b) Kelvin 

model and (c) Burgers model 
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Fig. 2 Curve for creep behavior of Burgers model 

 

Table 1 Coefficients of Ak and Bk in Burgers model 

k 2 1 0 

Ak 1 GM/ηM+GM/ηK+GK/ηK GMGK/ηMηK 

Bk 2GM 2GMGK/ηK 0 

 

 

For simplifying the above differential equation, the 

linear differential time operators Q and P are employed, 

which are given by 

 
(5) 

in which Ak and Bk are listed in Table 1. 

Thus the Eq. (4) can be re-expressed as 

 
(6) 

Furthermore, Eq. (6) in r, θ, z becomes in cylindrical 

coordinates 

 
(7) 

 
(8) 

 
(9) 

In the equation, the stress and strain components are 

functions of r, θ and z, respectively. σmean and εmean denote 

the mean stress and strain, respectively, calculated as 

 

(10) 

 

 

3. Prediction for stresses and displacements 
 

3.1 Fundamental formula 
 

As previously mentioned, the lined circular tunnel can 

be considered as a hole, which is subjected to the 

hydrostatic pressure. The mechanical model of the lined 

 

Fig. 3 Mechanical model of pressure hole 

 

 

tunnel is presented in Fig. 3. Based on the elastic-

viscoelastic correspondence principle, the stress field can be 

written as 

 

(11) 

in which p0 represents the uniform stress and p(t) is the 

internal pressure. R and ρ denote the hole radius and 

distance between element and hole center, respectively. 

Then, the deviatoric stress field of this mechanical model 

can be calculated as from the Eq. (11). 

 

(12) 

where ∆σrr and ∆σθθ are the radial and tangential deviatoric 

stresses, respectively. 

By substituting ρ=R into the Eq. (12) the deviatoric 

stress at the hole wall can be given by 

 

(13) 

Based on the displacement-strain relation, the tangential 

strain difference can be calculated as the Eq. (14) in the 

form of displacement. 

 
(14) 

in the equation, ∆εθθ represents the tangential deviatoric 

strain and u(r,t) is radial displacement. 

Thus, on the hole wall, i.e., r=R, the Eq. (14) becomes 

 
(15) 

where uR(t) is the radial displacement at the hole wall. 

According to the assumptions above, the response of a 

lined circular tunnel with the double primary linings is  
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investigated in the following section. The first primary 

lining with weak stiffness is applied immediately after the 

tunnel excavation completed. As the tunnel displacement 

under the circumstance of the first primary lining reaches a 

predetermined value u0 at time t=t0, the installation of the 

second primary lining with high stiffness follows. 

 

3.2 Analytical prediction at the first stage 
 

Fig. 4 illustrates the 1/4 mechanical model for 

interaction between surrounding rock and the first primary 

lining. In Fig. 4, p1(t) is the interaction force between the 

surrounding rock and the first primary lining. As shown in 

Fig. 4(a), the model of surrounding rock can be considered 

as a pressure hole, with the interaction force p1(t) being the 

internal pressure. 

Because the first primary lining is constructed after the 

underground excavation finished, the pressure p1(t) induced 

by rock time-dependent deformation can be given by 

 
(16) 

in which KS1 represents the stiffness of the first primary 

lining and uR(0) is the instantaneous radial displacement at 

the tunnel wall after excavation. 

Substituting Eq. (16) into Eq. (13) provides the 

tangential deviatoric stress at the tunnel wall as 

 
(17) 

Thus the displacement governing equation in the 

surrounding rock/first primary lining interface can be 

expressed by substituting the Eqs. (15) and (17) in to Eq. 

(8) as follows 

 

(18) 

Remarkably, the Eq. (18) is a linear second-order 

differential equation in the form of uR(t) and thus two initial 

boundary conditions are required to obtain the analytical 

solution for displacement through solving the Eq. (18). The 

first should be the instantaneous radial displacement after 

tunnel excavation completed at time t=0. Based on the  

 

 

property of Burgers model and geometric parameters of 

tunnel, it can be calculated as 

 
(19) 

From the installation of the first primary lining, the 

coordinate deformation in the surrounding rock/first 

primary lining interface needs to be achieved. The other 

initial boundary condition should be the displacement rate 

at time t=0, being computed as 

 

(20) 

Using the Eqs. (19) and (20) the tunnel displacement of 

the Eq. (18) at the first stage could be solved as 

 
(21) 

with a1,2 being the roots (both negative) of the following 

quadratic equation: 

 

(22) 

and F1, F2 are given by: 

 

(23) 

 

(24) 

Then substituting the Eq. (21) into Eq. (16) provides the 

analytical solution for p1(t) as follows 

 

(25) 
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3.3 Analytical prediction at the second stage 
 

When the tunnel displacement reaches a predetermined 

value u0 at time t=t0, in other words, the rock deformation 

has been released to some extent, the second primary lining 

with higher stiffness needs to be installed promptly to keep 

the tunnel stability. After the installation of the second 

primary lining, two primary linings work together to resist 

the time-dependent deformations of surrounding rock (See 

Fig. 5). The rock pressure acting on the two primary linings 

can be referred as p(t), and the loads undertaken by the first 

primary lining and second primary lining are as p1(t) and 

p2(t) respectively, where p1(t) can be calculated by p(t)- 

p2(t). 

From time t= t0, the load acting on the second primary 

lining p2(t) can be written as 

 
(26) 

where KS2 denotes the stiffness of the second primary 

lining. 

Substituting the Eqs. (16) and (26) into Eq. (13) 

provides the tangential stress in the surrounding 

rock/primary support interface as 

 
(27) 

Then by substituting the Eqs. (15) and (27) into Eq. (8), 

the following displacement equation can be given by 

 

 

 

(28) 

Similarly, two initial conditions are also required in 

order to obtain the solution of the equation (28). Based on 

the Eq. (21), the initial displacement at time t=t0, could be 

expressed as 

 

(29) 

Since the installation of the second primary lining with 

higher stiffness at time t=t0, the increase of contact surfaces 

results in the complexity of theoretical analyses. Two 

coordination conditions in the surrounding rock/first 

primary lining interface and the first primary lining/second 

primary lining interface should be met at the same time. 

Based on the analyses of tunnel deformation, the initial 

displacement rate at time t=t0 could be expressed as 

 

(30) 

By use of the Eqs. (29) and (30), the analytical solution 

for tunnel displacement after the installation of the second 

primary lining can be calculated as 
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Fig. 5 Mechanical model of double primary linings at second stage 
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(31) 

with a3,4 being the roots (both negative) of the following 

equation: 

 

(32) 

and F3, F4 are given by 

 

(33) 

 

(34) 

Based on the Eqs. (16), (26) and (31), the pressures 

acting on the first and second primary linings from time t=t0 

can be expressed as follows, respectively. 

 

(35) 

 

(36) 

 

 

4. Results and discussion 
 

4.1 Verification 
 

In order to ensure the reliability and effectiveness of the 

theoretical analyses, numerical calculation using finite 

element software Abaqus is carried out in this section. The 

detailed information of the numerical model is shown in 

Fig. 6. Notably, the tunnel radius, initial ground stress, rock  

Table 2 Calculation parameters 

Geometry and loading 

Tunnel radius R /m Initial ground stress p0 /MPa 

4.572 6.895 

Rock parameters 

GK /MPa ηK /MPa·year GM /MPa ηM /MPa·year 

344.738 655.758 3447.379 131183.409 

Support properties 

E /MPa ν KS1 /MPa KS2 /MPa 

16547.42 0.2 508.4 2033.6 

 

 

Fig. 6 Illustration for numerical model 

 

 

Fig. 7 The curves of displacement and pressure in the 

condition of u0=8 mm 

 

 

parameters and support properties employed in this 

numerical calculation are all derived from Goodman (1989) 

and listed in Table 2. In order to numerically simulate the 

case of double primary linings in tunnel, the stiffness of 

lining in Goodman’s study is divided into two parts 

according to the ratio of 2:8, and these two values of 

stiffness are assigned to the first primary lining and second 

primary lining, respectively. In addition, the installation of 

the second primary lining is placed with the predetermined 

value u0 reaching 8 mm. 

As shown in Fig. 7, curves for pressure and  
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displacement by use of analytical solutions and numerical 

results are plotted, respectively. A good agreement between 

them exhibits the effectiveness and reliability of theoretical 

analyses. It can be seen from the pressure curve in Fig. 7 

that there exists a change of slope at time approximately 

t0=1 month, which implies the placement of the second 

primary lining. It is safe to conclude that the installation 

time of the second primary lining and the distribution of 

stiffnesses of the two primary linings can pose a great 

influence on the calculation results. 
 

4.2 Parametric investigation 
 

Design of the tunnel support structures is usually  

 

 

constructed based on an understanding of the influence of 

different parameters involved. For double primary linings, 

the predetermined deformation value u0 is one of the very 

important parameters. According to the above theoretical 

formulas, the investigation on the effect of predetermined 

value u0 on the displacement and pressure is performed. As 

illustrated in Fig. 8, curves for displacement and pressure 

with different predetermined values u0 are plotted, which 

are drawn for u0=0, 10, 12, 15, 20 mm. Notably, when the 

value u0 is equal to zero, it means the double primary 

linings becomes the traditional stiff support again. 

As shown in Figs. 7 and 8, the predetermined 
deformation value u0 has a great influence on pressure and  

 
(a) Traditional stiff support u0=0 mm 

  
(b) u0=10 mm (c) u0=12 mm 

  
(d) u0=15 mm (e) u0=20 mm 

Fig. 8 The curves of displacement and pressure versus time 
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displacement. Generally, the pressure and displacement in 

above cases all present a same development law, which 

should be closely associated with rock rheological 

properties. Their evolution trend could be divided into three 

stages, quickly increasing stage, slowly increasing stage and 

steady stage. In addition, it could be found that the pressure 

acting on the primary support decreases and displacement 

increases with the increase of predetermined deformation 

value u0. This is because a great release of rock deformation 

can be achieved as value u0 increases. 

Further, in the diagrams of Figs. 7 and 8, the pressures 

with different predetermined values u0 at t=10 year 

calculated by closed form solutions hold about 5.05 MPa, 

4.69 MPa, 4.52 MPa, 4.35 MPa, 4.10 MPa and 3.68 MPa, 

respectively. In order to better show the effect of u0 on 

pressure, the pressure under traditional stiff support (u0=0) 

is selected as a reference. It could be found that compared 

with traditional stiff support, pressure acting on the double 

primary linings are reduced by 7.78%, 11.79%, 16.08%, 

23.24% and 37.23%, respectively. It could be concluded 

that it is feasible to improve the support stress condition by 

the use of double primary linings. However, this is also 

never the case that larger u0 indicates better supporting 

effect. It is obvious that, if the predetermined value u0 is 

designed too large, pressure on the first primary lining with 

weak stiffness would exceed its bearing capacity and it may 

fail to work before the installation of the second primary 

lining. Then, the theoretical analyses provided in this paper 

may be not applicable any more. 

Results above also show that tunnel displacement 

continues to increase with the predetermined deformation 

value u0, which is unexpected in the practical engineering. 

However, it is useful to use the solutions in this paper in 

order to evaluate the final deformation in the design stage 

and then combine a certain amount of over-excavation to 

accommodate the deformation in tunneling construction, 

which would not cause exceeding clearance limit of support 

and threaten safety of tunnel. 

The distribution of stiffnesses of double primary linings is 

one of the main problems confusing rock engineers and its 

effect on the pressure and displacement is here also studied. 

As shown in Fig. 9, these diagrams are drawn for the 

predetermined deformation value u0=15 mm. Five cases of  

 

 

ratios of the first primary lining stiffness to second lining 

stiffness are 1:9, 2:8, 3:7, 4:6, 5:5, respectively. 

In the diagrams of Fig. 9, the variations of primary 

support pressure and tunnel displacement at time t=10 year 

under different cases are shown. From Fig. 9, in the linearly 

viscoelastic rocks, the primary support pressure presents a 

linearly increasing trend and tunnel displacement decreases 

linearly with ratios of stiffness. Results in Fig. 9 show that 

although under the same predetermined deformation value 

u0, the primary support pressure decreases with reduction of 

stiffness of the first primary lining, which also validates the 

advantages of double primary linings. However, the first 

primary lining with weaker stiffness would bring about 

greater displacement. As mentioned before, such problem 

could be addressed by over-excavation according to the 

calculation results. 

Remarkably, in order to effectively release the rock 

deformation and make the first primary lining co-deform 

with surrounding rock, it does not imply that stiffness of the 

first primary lining should be as small as possible. Because 

of the low strength and weak self-stabilization of squeezing 

rock, there would be a high risk of tunnel instability after 

excavation finished. Rock engineers need to promptly 

provide strong resistance force to guarantee the rock 

instability, which requires the first primary lining with 

sufficient stiffness. In sum, the determination of optimal 

stiffness of two primary linings in practical engineering 

involves a comprehensive investigation combining rock 

properties and tunnel design requirements. 

 

 

5. Conclusions 
 

Multi-layered primary linings have been proved to be 

highly effective for tunneling in severe squeezing grounds. 

But there still has not existed well-established design 

method for it. Basically, there are two main critical 

problems in this method, including determinations of 

allowable deformation and distribution of support stiffness. 

In this study, focusing on the design of double primary 

linings in squeezing tunnels, viscoelastic solutions in closed 

form for stresses and displacements around tunnels with 

double primary linings are derived. The following 

  
(a) Tunnel displacement (b) Primary support pressure 

Fig. 9 Curves for tunnel displacement and primary support pressure under different stiffness ratios 
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conclusions are drawn from this study: 

In tunnels supported by double primary linings, where 

the time-dependent behavior of rock represented by Burgers 

model, the evolution trend of rock pressure and 

displacement could be divided into three stages, quickly 

increasing stage, slowly increasing stage and steady stage. 

Rock pressure and tunnel displacement are significantly 

influenced by the allowable deformation described by 

predetermined deformation value in this study. It could be 

found that compared with traditional stiff support the rock 

pressure are reduced by 7.78%, 11.79%, 16.08%, 23.24% 

and 37.23% with u0=0, 10, 12, 15, 20 mm, respectively. 

However, tunnel displacement gradually increases with the 

increase of this value.  

The distribution of stiffnesses of double primary linings 

is one of the most important parameters for tunnel 

performance. Under the same predetermined deformation 

value, the primary support pressure presents a linearly 

increasing trend and tunnel displacement decreases linearly 

with ratios of stiffness in the linearly viscoelastic rock. 

However, this does not imply that stiffness of the first 

primary lining can be as small as possible. Because there 

would be a high risk of rock instability after excavation 

completed, the first primary lining also should provide 

sufficient and prompt supporting force to keep the stability 

of surrounding rock before the installation of the second 

primary lining. 
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