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Abstract.

The present article is concerned about the study of disturbances in a homogeneous nonlocal magneto-thermoelastic

medium under the combined effects of hall current, rotation and two temperatures. The model under assumption has been
subjected to normal force. Laplace and Fourier transform have been used for finding the solution to the field equations. The
analytical expressions for conductive temperature, stress components, normal current density, transverse current density and
displacement components have been obtained in the physical domain using a numerical inversion technique. The effects of hall
current and nonlocal parameter on resulting quantities have been depicted graphically. Some particular cases have also been
figured out from the current work. The results can be very important for the researchers working in the field of magneto-

thermoelastic materials, nonlocal thermoelasticity, geophysics etc.
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1. Introduction

Thermoelasticity is the theory of study of stresses and
strains due to temperature changes. Hall effect is produced
due to the electric current flowing along a conducting
material with an attached magnetic field to it. As most of
the natural bodies like earth are rotating with an angular
velocity and have magnetic fields associated with them, so
the hall current and thus hall effect are very important
research fields. The effects have been correlated with
nonlocality in this study. The concept of nonlocality is
well established. It considers that the stress at a point is not
just dependent upon strain at that point only but the strain
due to the points all over the whole body.

Two temperature theory was developed by Chen and
Gurtin (1968). Edelen et al. (1971) and Edelen and Law
(1971) developed the concept of nonlocal continuum
mechanics. Eringen (2002) derived nonlocal continuum
field theories. Youssef (2005) gave the theory of two-
temperature-generalized thermoelasticity. Youssef and Al-
Lehaibi (2007) studied the state space approach of two-
temperature generalized thermoelasticity. Marin (2010)
discussed the concept of thermoelasticity in detail for
dipolar bodies. Abbas et al. (2011) studied the propagation
of plane waves in a fiber-reinforced, anisotropic
thermoelastic half-space under the effect of a magnetic
field. Abbas and Othman (2012) studied thermoelastic
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interaction in a fiber-reinforced anisotropic half-space.
Othman and Abbas (2012) studied generalized
thermoelasticity of thermal-shock problem. Abbas (2014)
constructed a model based upon two temperature
generalized thermoelastic theory. Atwa and Jahangir (2014)
investigated the two temperature effects on plane waves in
generalized thermo-microstretch elastic solid. Marin and
Florea (2014) investigated behaviour of solutions in
thermoelasticity of porous micropolar bodies Mokhtar et al.
(2015) used hyperbolic shear deformation theory for post
buckling analysis of beams. Sharma et al. (2016) and
Kumar ef al. (2016) described the effects of hall current in a
transversely  isotropic =~ magneto-thermoelastic ~ two
temperature medium with rotation due to normal force.
Marin and Nicaise (2016) and Marin et al. (2016) extended
the thermoelasticity concepts to porous micropolar bodies.
Rakrak et al. (2016) used nonlocal elasticity theory for
analyzing free vibration in a carbon nanotube. Ebrahimi et
al. (2016) applied Eringen’s nonlocal elasticity theory for
vibration analysis of FG nanobeams. Othman and Marin
(2017) studied effect of thermal loading due to laser pulse
on thermoelastic porous medium. Ezzat and El-Barrry
(2017) studied the magneto-thermoelasticity based on
memory dependent derivatives. Abdelmalek et al. (2017)
discussed the hygrothermal effects on the free vibration
behavior of a composite plate.

Belmahi et al. (2018) discussed the vibrations of
nanobeams under different boundary conditions. Belkacem
et al. (2018) investigated buckling of plates under different
boundary conditions. Dihaj et al. (2018) used nonlocal
elasticity theory for analyzing free vibrations of a carbon
nanotube embedded in an elastic medium. Karami et al.
(2018) developed a nonlocal strain gradient theory. Hassan
et al. (2018) studied convective heat transfer and Zenkour
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(2018) studied generalized thermoelastic problem of a
thermo-mechanically loaded beam. Abouelregal (2019)
studied the rotating magneto-thermoelastic rod due to
moving heat sources via Eringen’s nonlocal model.
Abualnour et al. (2019) analyzed antisymmetric laminated
reinforced composite plates. Balubaid ef al. (2019) used
nonlocal two variable refined plate theory for investigating
free vibrations of a plate. Belmahi er al. (2019) used
nonlocal elasticity theory in their study. Belbachir et al.
(2019) analyzed bending of cross laminated plates under
thermal and mechanical loadings. Lata and Singh (2019)
discussed nonlocal effects for their study. Soleimani et al.
(2019) also used nonlocal elasticity theory to prove their
results. Marin et al. (2019) discussed energy partition
concept for thermoelastic materials. Medani et al. (2019)
discussed the behavior of a plate and used energy principle
for the study. Jahangir et al. (2020) studied reflection of
photothermoelastic waves. Lata and Kaur (2019) studied
effects of hall current in transversely isotropic magneto
thermoelasic rotating medium due to normal force. Tildji et
al. (2019) studied the wvibrations for a microbeam.
Mahmoudi ef al. (2019) proposed a new refined quasi shear
deformation theory. Bensattalah et al. (2020) theoretically
analyzed the effects on critical buckling load of triple
walled carbon nanotubes under the effects of nonlocal
elasticity theory. Bousahla ef al. (2020) studied the behavior
of CNT beams using shear deformation theory. Chikr et al.
(2020) proposed a new four unknown integral model for
plates resting on elastic foundations using Galerkin’s
approach. Gafour et al. (2020) used nonlocal shear
deformation theory for their study. Kaddari et al. (2020)
gave a new model and used it to study structural behavior of
plates on elastic foundation. Lata and Singh (2020)
discussed time harmonic interactions in a mnonlocal
thermoelastic medium. Zenkour (2020) investigated the
effects of magnetic field parameter and different
thermoelasticity theories. Bellal et al. (2020) studied
buckling behavior of a graphene sheet using a nonlocal
integral model. Hosseini (2020) investigated a size-
dependent coupled thermoelasticity analysis using a new
modified nonlocal model of heat conduction, based on the
GN theory and nonlocal Eringen theory of elasticity.
Rahmani et al. (2020) studied the influences of boundary
conditions on bending and free vibration behavior of plates.
Refrafi et al. (2020) discussed the effects of hygro-thermo-
mechanical conditions on FG plates. Tounsi et al. (2020)
proposed a four variable plate theory for studying AFG
plates resting on a two-parameter elastic foundation.

From above discussion, it has been observed that work
has already been carried out in recent years on hall current
effects. But the effects of hall current on the variations in a
nonlocal thermoelastic solid have not been examined yet.
As, we are already aware of the fact that nonlocal theory of
thermoelasticity is a vital theory due to its dependence for
properties on all the points of a body rather than being
concentrated on a single point as most other theories do.
Also, hall current is produced in a rotating medium with a
magnetic field attached to it and as such effects are
prevalent in heavenly bodies such as earth, moon etc. and
thus it is of utmost importance for researchers. So, in this
paper an effort has been made to study the effects of hall

current on a magneto-thermoelastic medium under the
effect of non-local parameters. The analytic expressions for
the displacements, stresses, current density and temperature
change have been obtained in two-dimensional transversely
isotropic magneto-thermoelastic solid.

2. Basic equations

Following Eringen (2002) and Abouelregal (2019), the
equation of motion for a homogeneous nonlocal magneto-
thermoelastic solid rotating with a wuniform angular
velocity Q = QOn, where n is a unit vector demonstrating
the direction of the rotation axis and taking into account
Lorentz force is

O+ 20)V(V. 1) — (VX V X u) — BVO

+ (1 - e2VH)F
=p(1—62V2)[il+Q><(qu) (1)
+2Q xu]

where, F = pg (f X E;) denotes the Lorentz force, ﬁ(;
is the external applied magnetic field intensity vector, [ is
the current density vector, u is the displacement vector, u,
and &, are the magnetic and electric permeabilities
respectively. The terms Q X (@ X u) and 2Q X . are the
additional centripetal acceleration due to the time-varying
motion and Coriolis acceleration respectively.

The above equations are supplemented by generalized
Ohm’s law for media with finite conductivity and including
the hall current effect

J L<E+u0(uxH— ! ]XH0)> 2)

T 1+m? en,

The heat conduction equation with multi-dual-phase-lag
and constitutive relations by Zenkour (2020) for a
homogeneous non local thermoelastic solid is given as

K'L,V20 = Ly5-(pC"60 + B6uy ), 3)
where,
T aT‘
L,=1+3%L 22 “)
3 R T ar
Lq:Q+TOE+ZTin_T% (5)

Here t,, 7, and 7, are thermal memories in which
T, is the phase lag of the temperature gradient while 7, is
the phase lag of the heat flux (0 < 7, < 7). Generally, the
value of Ry = R, = R may reach 5 or more according as
refined multi-dual-phase-lag theory required while o is a
non-dimension parameter (= 0 or 1 according to the
thermoelasticity theory).

The constitutive relations are given by,
tij = luk_kSij + ,u(ul-,j + u]',,:) - ,866” (6)

where A,u are material constants, € is the nonlocal
parameter, p is the mass density, u = (u,v,w) is the
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displacement vector, 8 is absolute temperature and 6, is
reference temperature, K* is the coefficient of the thermal
conductivity, C* the specific heat at constant strain, f =
(BA+ 2p)a where o is coefficient of linear thermal
expansion, () is the angular velocity of the solid, e;; are
components of strain tensor, ey, 1is the dilatation, &;; is
the Kronecker delta, t;; are the components of stress
tensor.

3. Formulation of the problem

We consider a perfectly conducting homogeneous non
local isotropic magneto-thermoelastic medium, which is
rotating uniformly with an angular velocity () initially at
uniform temperature 6, The rectangular Cartesian
coordinate system (X, y, z) is introduced, having origin on
the surface (z = 0) with z-axis pointing normally
downwards into the half space. The surface of the medium
is subjected to normal force acting at z = 0. We restrict our
analysis to two-dimensional problem with

u =(u,0,w). (7
We also assume that
E=09=(0.00). ®)

Now, using Eq. (7)
Jy= 0. 9

The current density components J, and J, using Eq.
(2) are given as:

_ OoloHg ou _ow
Jx = 1+m? (m at at)’ (10)
__ OoMoHp (Ou 6_w
J2 = 1+m?2 (at+mat)' (1D

Using Eq. (7) in Eq. (1) and Eq. (3), yields

(/1+2u) S+ (/1+u)axaz U g—ﬁg—
(1- ezvz)uoszo p(1 — €2v?) {a Y_0u+  (12)
295},
(/1+2,u) +(A+'u)6az 622 IBE—
(1- EZVZ)HO]xHo = p(1 — €2V?) {ﬁ ~Qw— (13)
ow
295},

(22 = £y g oo pon (2] 19

we define the following dimensionless quantities
Ly

B6o’
6 Q

Q_’Q’ = _,T{; = a)l‘[,,,‘[(') =(15)
0 w1

L
W1T, Tg = W1 Ty.

(x',z",u',w) = (;)—;(x,z, w,w), tj; = t' =

!

(‘)% li
w4t, a'=-a o' =
1

u
cfz; and w; =

pCicf
ca (16)
Upon introducing the quantities defined by Eq. (15) in
Eqgs. (12)-(14), and suppressing the primes, yields
0%u ’w  9%u a0

1 - - - R
(1+a) dx? ta 6xaz+ 022 Zax

_ 22 Qu _ow az_”
=a EV)[1+m2 at™ at) ot (17)
—a3QZu+ZQE]
%u 22w
(1+a1)62+ 16x62 ﬁ_ﬁaz_(l_ (18)
ev?) | (m a—“—‘9—“”)+"—‘”—a ?w - 202
1+m?2 at ot at2 3 atl’

Lva4(327§+‘;27§)=,c 2laso+p(Z+2)] a9

A+ 2 w42 K*'w
where, a1:_#a azzﬂa asz_lz; a, = :
u Hu C1 €1

as =pC* and M =6°“°pi°2.
The initial and regularity conditions are given by
u(x,z,0) =0 =u(x,z0),
w(x,z,0) =0 =w(x,z0),
0(x,2,0) =0 =6(x,20) for z>0,—00 < x < 0, (20)

u(x,z,t) =w(x,zt) =0(x,2t)=0 for t>
0 when z — oo.

Applying Laplace & Fourier Transforms defined by

fxzs) = [ f(x,zt) e sdt, (1)
f&zs) =2, f(xzs)e™dx. (22)
On Egs. (17)-(19), we obtain a system of equations,
[(1+ @) (%) + D? = (1 + €28 — D)) (s +
- M
st — a392)] it + [ta €D — (H%5~+ ZQs) a+ @3
€282 — €?D?)|W — [ a,]6 =0,
[ta,éD — (1+ =S+ 52— ZQS) (1+ €22 - 2DZ)]a +
[ +a)D? -8+ (1+ €28 —e (24)
a3QZ)] W — [a,D]6 = 0,
[quﬁ(tfﬁ + DVT/)] +[ ~anss + L, a,(—D?+ (25)
&6 = 0.
where,
L,=1+ Zf;l%sr, and L, =0+ o5 + Zfiz%sr. (26)

From Eqgs. (23)-(25), we obtain a set of homogeneous
equations which will have a nontrivial solution if
determinant of coefficient [ii, W, 8]7 vanishes so as to give
a characteristic equation as
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[D® + QD* + RD? + S|(%, W, 8) = 0. 27
where,
Q= %{ﬁazfsflo + (§1 — {380 — 88D + (C8811) ({30 —
€2 = G (@®G® — 238506)}

R= %{(51 - {7)[/3“2(92{10 + 011 (G1&* + 3300) + aslyo((y +
030 — (€387 — €811 (31182 + Gg + {304) + aslglao] +
(a1280? = 2850506) (G112 + agr0) — $3°¢s06Cun),

§= %{{356[[?“2{9{10 +¢305(1182 + Groas)] + ({387, —
§9[Ba28oC10 + (61182 + $10a5) (§162 + T38|}

P =3011({1 — §7) — 4506511

d M
where, D:E , 1=14a,, (2=ms, {3=1+
€28, {4 =0+ s — a0, {5 = ({;m+s*—20s)e?,

{6 = ((em +2Qs)e* , {; = ({ +az0P)e?
{4€%, {9 = (€, Cio = LgS, $11 = Lyay.

The roots of the Eq. (27) are +4,(i = 1,2,3) satisfying
the radiation condition that i, W,8 —» 0 as z — o, the
solutions of equation can be written as,

i =Ae ™7 + A,e 27 4+ Aze 7, (28)

e =1+

W =d;Are M7 + d,Ae 2% + dyAse 37, (29)

0 =LAe ™% +1,Ae %% + [;A,e 737, (30)
where,
P A +Q* A2 +R . _
di = s L= 123 @31
L = PTA +QT AT +R™ i=1,23.

T A+ U 22 +V
P* = {gl11,
Q" = —[¢11(G1 + §304) + 45 (81187 + {10a6)],
R* = Bazde®Cio + ({1182 + (10as)($16% + {304),
T =11(G =37, (32)

U = =(¢ = ) (Ga1 + aslio) + Bazlio + G114 ({387 — §2),
= —as{10({3¢7; — £%),
P = {(31 = §7) — {sde,
Q" = —[(61 = {)(618% + ¢38a) — $a({387 — &7 — 283506l

(6182 + 382) ({37 — €2) — {5 sl

4. Boundary conditions

We consider on the half-surface (z = 0) normal force
is applied. The boundary conditions are

(D) t(x,z,t) = G (x), (33)

2) t,(x,z,t) =0, (34)

(3) 0(x,zt) =0, (35)

where §(x) is dirac delta function of x and G(t) is a
function defined as

0; t<o0
G ={Tio 0<t<t, (36)
Ti; t>t,

where t, indicates the length of the time to raise the heat
and T; is a constant, this means that the boundary of the
half space, which is initially at rest and has a fixed
temperature t,, is suddenly raised to a temperature equal to
function G(t)6(x) and maintained at this temperature
afterwards.

Applying Laplace and Fourier transform to Eq. (33), we

get,

P — — _p—St

8(¢,0,5) = G(s), where G(s) =T, ="

0

Applying the Laplace and Fourier transform defined by
Egs. (21) and (22) on the boundary conditions (33)-(35) and
then using the dimensionless quantities defined by Eq. (15)
and using Eqgs. (4) and (6) and substituting values of
2, w,0 and @ from Egs. (28)-(30), and solving, we obtain
the components of displacement, stresses and conductive
temperature as

~ (1—e~5t0) _2:
=Ty g (X Mue ™}, 37)
~ (1 e~sto) )
=T g (T diMye ™} (38)
~ 1 e~Sto
=T AtSZ){Z _1 LiMye ™7}, (39)
~ (1—E_St0) l —2:
¢ =T 52 S, e Mue ), (40)
~ (1—e~sto)
tzz - Tl Ato s2 { R Mll } (41)
~ (1-e~st0)
lyx =T Atos? { AZLMll }a (42)
—~ 1—-e~Sto 2.
fo = Ty S (S SiMye ™), 43)
- 1—e~Sto 1
Jo = TS5 (B Uidye™7), (44)
~ (1—e~5t0) A
Jz=T Atos? {Zi3=1 ViMy;e A‘Z}: (45)
A= ¥ MyN;. (46)
where,
Myq = Appl33 — Azplp3, Mip = ApyAz3 — Azilp3, Mi3 =
Azplpy = Az183, Mzg = Applg3 + Azplp3, M3y = ApyAzz +

Azq453, M3

Dyy=Ed; — Ay, Agi= LA, Ny = 4id;(A+2p) + Bl, R; =
Aid; A+ 2p) + BOol;, U; = (m — d) Zotetles

14m?2 ’

= Azz851 + A3145,,

Vi=(1+m d)"°”°”°s S; = &(A+2w) — BBl i =1,23.
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5. Particular cases

i) If a=0, then from Eqgs. (37)-(45), the
corresponding expressions for displacements, stresses,
current density and conductive temperature for nonlocal
isotropic solid without two temperature are obtained.

(i) If € = 0, then from Egs. (37)-(45), the
corresponding expressions for displacements, stresses,
current density and conductive temperature for local
isotropic solid with hall current and two temperature are
obtained.

(i) If e=a =0, then from Egs. (37)-(45), the
corresponding expressions for displacements, stresses,
current density and conductive temperature for isotropic
local thermoelastic solid are obtained.

(iv) If m=€e=0, then from Egs. (37)-(45), the
corresponding expressions for displacements, stresses,
current density and conductive temperature for local
isotropic solid without hall current are obtained.

6. Inversion of the transformation

For obtaining the solution of the problem in physical
domain, the transforms in Egs. (37)-(45) need to be
inverted. Here all the displacement components, stress
components and conductive temperature are of the
form f(¢,z,s), being a function of z and the parameters
of Laplace and Fourier transforms s and ¢. For obtaining
the function f(x,z,t) in the physical domain, we first
invert the Fourier transform as used by Sharma et al.
(2008), using

fGzs) == [0, e7 [, 2,5)dE =
— [ lcos(§) f, — i sin(£x) fo d€.

where, f, and f, are respectively the even and odd parts
of f(&,z5). Thus the expression gives the Laplace
transform f(x,z,s) of the function f(x,z,t), which can
be inverted Following Honig and Hirdes (1984).

The Last step is to calculate the integral in Eq. (47),
which is evaluated by the method as described in Press et
al. (1986). It involves the use of Romberg’s integration with
adaptive step size. This also uses the results from successive
refinements of the extended trapezoidal rule followed by
extrapolation of the results to the limit when the step size
tends to zero.

(47)

7. Numerical results and discussion

Magnesium material has been selected for the purpose
of numerical calculation which is transversely isotropic and
according to Dhaliwal and Singh (1980), physical data for
which is given as

A1=94x10"Nm™?, p=3278x10"°Nm™2, K" = 1.7 x
102Wm™ K™, p=1.74x 103Kgm™3,0, = 298 K,C" =
104 x 10%/Kg~'deg™", p, = 4w x 107"Hm™*, 5, =

107°

—Fm YLHy=1Jm 'n b7}, a=0.05.
36m
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Fig. 1 Variation of displacement component u with
displacement x
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Fig. 2 Variation of displacement component w with
displacement x

Using the above values, a comparison of values of
displacement  components u and w ,  stress
components t,,, ty,, t,e, current density components J,,
J, and conductive temperature ¢ for a transversely
isotropic nonlocal magneto-thermoelastic solid with
distance x has been made and the effects of hall current and
nonlocality have been studied.

1)  The solid green colored line with center symbol
square corresponds to local parameter (¢ = 0) and m =
0.

2) The solid reddish colored line with center symbol
circle represents local parameter (¢ =0) and m = 1.

3)  The solid blue colored line with center symbol
upward triangle corresponds to nonlocal parameter (€ = 2)
and m = 0.

4) The solid purplish colored line with center
symbol downward triangle represents nonlocal parameter
(e=2) and m = 1.

Fig. 1 shows the variations of the displacement
component u for isotropic magneto-thermoelastic nonlocal
medium with hall effects. It is clear that the values of u
follow oscillatory pattern. For ¢ =0 and m =1, the
variations are increasing rapidly for 0 < x < 2 while later
on it follows oscillatory path but the oscillations are less as
compared to other values. All other values for different e
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component t,,

and m follows perfectly oscillatory path from beginning to
end. Fig. 2 depicts the variation of values of displacement
component w w.r.t displacement. The pattern is oscillatory
with a clear difference between values for local and non-
local parameters. For all the values w follows oscillatory
pattern. For e =0 and m = 0, the variations are
following oscillatory path with highest magnitude of
variations. Fig. 3 describes the variations of the stress
component t,,. Here too the behavior followed is

Fig. 8 Variation of transverse current density J, with
displacement x

oscillatory while the variations are perfectly oscillatory for
all the values but the effects of hall effect and nonlocality
are clearly visible. Fig. 4 shows the variation of stress
component t,, . Here too the behavior followed is
oscillatory with nonlocality effects clearly having more
magnitude of oscillations for both vaues of m. Fig. 5 shows
the variation of stress component t,,. The behavior
followed is oscillatory with more magnitude of oscillations
fore=0, m=0 and €e =2, m=0. Fig. 6 shows the
variation of conductive temperature ¢ . The pattern
followed is oscillatory for all the values with the magnitude
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of variations less for € =0, m =0 and maximum for
€ =2, m = 0. Fig. 7 shows the variation of normal current
density vector J, wrt. x. The pattern followed is
oscillatory with the maximum magnitude of variations for
€ =2, m=0 and minimum for € = 0, m = 1. Also, the
effects for nonlocal parameter and hall current are clearly
visible. Fig. 8 shows the variation of transverse current
density J, w.r.t. x. The variation for all values is oscillatory
with almost same type of trends followed. The difference
for all values shows the effects of nonlocality and hall
current.

8. Conclusions

From above discussion, it is clear that there is a great
impact of nonlocal parameter and hall current on the
components of displacements, stress components, current
density and conductive temperature in an isotropic
magneto-thermoelastic medium. It is observed from the
figures (1-8) that nonlocality is playing a significant effect.
Under the combined effects of nonlocality and hall current;
all the components are following an oscillatory path with
respect to variations in x. This paper gives an inspiration to
study the effects of nonlocalty further in magneto-
thermoelastic materials. The results obtained in this paper
can be useful for the people interested in the fields of
nonlocal thermoelasticity, nonlocal material sciences and
material designing. The results provide a motivation to
investigate conducting thermoelectric materials as a new
class of applicable thermoelectric solids. The research has
more importance as the interaction of hall current, rotation
and nonlocality together has not been studied yet and so can
found various applications especially for the researchers
working in the field of optics, acoustics, geomagnetic, and
oil prospecting, geophysics, marine engineering, acoustics
etc.
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